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Abstract

We present a new method to implement the Lund Model fragmentation
distributions for mul'i-gluon situations. The method of Sjöstrand, implemented
in the well-known Monte Carlo simulation program JETSET [1], is robust and
direct and according to his findings there are no observable diffeiences between
different ways to implement his scheme. His method can be described as a
space-time method because the breakup proper time plays a major role.

The method described in this paper is built on energy-momentum space
methods. We make use of the x-curve, which is defined directly from the energy
momentum vectors of the partons. We have shown that the .r-ciirve describes
the breakup properties and the final state energy moment MM distributions in
the mean [2j.

We present a method to find the variations around the .r-curve, which also
implements the basic Lund Model fragmentation distributions (the area-law
and the corresponding iterative cascade). We find differences when compar-
ing the corresponding Monte Carlo implementation REVJET to the JETSET
distributions inside the gluon jets.
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1 Introduction

The Lund Model contains a set of basic concepts which cannot easily be changed
without major inconsistencies in tLe model. Among these are that

• Quarks, q, and antiquarks, q, are treated as excitations at the endpoints of
the force field and gluons, g's, are internal excitations. The massless relativis-
tic string is used as a (semi-classical) model for the force field. The above-
mentioned excitations move like localised particles carrying energy momentum.
They are acted upon by the string tension so that the q and q feels K and the
g's feel 2K from the connected string pieces at rest.

• The original energy momentum of the partons is in this way transferred to
the force field. The final state hadrons stem from the decay of the string
along its space time history. Each breakup corresponds to the production of
a new (qq)-pair. In the Lund Model this is done by means of a quantum
mechanical tunnelling process in the force field. This process provides both
for the relative flavor, transverse momentum and, at least qualitatively, for the
particle production rates.

• The final state consists of a set of string pieces, in general yoyo-mode states,
with a mass corresponding to a meson in the pseudoscalar and vector nonets (an
extension to include tensor mesons is straightforward). There is also a mecha-
nism, the popcorn mechanism, providing for baryon-antibaryon production at
the level of around 10% of the meson production.

• For the particular case when there are no gluonic excitations, then the string
field is stretched over a flat space-time surface. This surface is spanned between
two lightcone directions, corresponding to the directions of motion of the q and
q at the endpoints. In this case it is possible to show that there is a unique
stochastic process for the breakup of the string.

• Apart from the regions in phase space close to the endpoints, the fragmentation
regions, which each is of the order of 1 2 units in rapidity, the process leads
to an inclusively flat rapidity distribution for such a state.

• The surface spanned by the massless relativistic string is always a minimal
surface. This means that, all the properties of its interior is determined by the
boundary. The boundary curve, which we will call the directrix, is in turn
completely determined by the original excitations, ie by the partonic energy
momenta.

A second essential property of a minimal surface is that it is stable against
small disturbances. In particular this means that the string space-time surface
is infrared stable.



The breakup process on the flat surface can be generalised to a process on the more
complex "bent" space-time surface, corresponding to multigluon states, under the
particular assumption that a piece of a string can, if it fulfills the mass-shell condition,
be projected onto a hadronic state with the same probability, irrespectively if it
contains on the semi-classical level internal excitations or bends on the string.

Such a generalisation has been given by Sjöstrand [3]. We will provide a brief de-
scription of his method in the next section. There is in this generalisation a set of
possible choices and it is shown in [3] that inside the scheme these differences do not
lead to observable differences.

In this paper we will present a rather different approach to the fragmentation of a
multigluon state. We will make use of the results in (2, 4], where it is shown that

The directrix, which is built by the energy momenta of the original q, q and
g's, corresponds to a space-time curve with an everywhere light-like tangent. Tt
is possible to define a smooth time-like curve, which we will call the x-curve.
The ; curve approximates the light-like directrix in the same way as a set
of .• : ;cted hyperbolas approximates the lightrays which corresponds to the
a '' / :>tes of the hyperbolas.

' '. ./ tal state hadrons produced in the Lund Fragmentation Model, in accor-
<;> ,o with the unique stochastic process and Sjostrand's generalisation, will in
a' i. elusive sense come out along the x-curve. In other words, in case we ask
'.' he mean behaviour of the fragmentation process then we may partition the

into pieces corresponding to the possible final state hadron masses.

In th'..- way, the final state particles, produced along the x-curve, will contain energy
morac .turn stemming from two or more adjacent original partons. By adjacent we
mean >lor-connected in the same way as the color force field, modelled by the string,
is stri-;;hed from the q via the internal ^-excitations, ordered in color to the q.

This is the Lund Model correspondence to the Local Parton Hadron Duality concept,
brought up by the QCD theorists from the present St Petersburg [5j.

We will in this paper define the fragmentation process as fluctuations around the
x-curve. Compared to Sjostrand's method, in which he all the time keeps to the
string surface, in particular also when passing the gluon corners, our process moves
close to the surface but not necessarily in the surface.

We feel tnat, as quantum mechanics does not really allow any precise localisation,
this difference is of little interest. Both methods contains a local conservation of both
flavor and energy momentum at each step of the decay process.



Using an intuitive picture one could say that Sjöstrand is using space-time notions
along the string surface, while the method presented in here is based on energy-
momentum space properties. In both cases semi-classical notions are used and none
of the methods contain a full quantum mechanical treatment.

But it is never possible to implement any stochastical process in a practical way
into a Monte Carlo simulation program without compromises. The way we do the
fragmentation, which is conceptually very different from the well-known Sjöstrand
Monte Carlo, JETSET, contains in this sense different compromises and therefore
serves as a useful complement.

The method presented in here is also available as a Monte Carlo simulation program,
REVJET [6], which is part of the Lund MCf-t- project [7;. All the comparisons are
made between the JETSET and the REVJET Monte Carlo results in such a way
that we have arranged the parameters so that the mean multiplicities of the events
are the same.

Physically we find some interesting differences in particular for the properties of the
particles inside the gluon jets. We find that the heavier particles in a gluon jet in
general have larger momenta along the jet axis in REVJET than in JETSET. We
also find systematic differences in the two-particle correlations.

The paper is organised in such a way that we present, in section 2, a brief account of
Sjostrand's method together with the necessary formalism to define the relationship
between the directrix, the string surface and the r-curve. Then in section 3, we
exhibit our method in some detail and we end in section 4 with some comparisons
between the results of the two methods.

2 String Fragmentation a la Sjöstrand, the String
Surface, the Directrix and the x-curve

2.1 The Relationship between the String Surface and the
Directrix

In order to describe the string space-time surface we will consider a simple example
of string motion. There will be a (q,g,q)-state, starting from a conimon origin with
the q and q going out in opposite directions with the same energie, E, and the g will
go transversely with the energy E2 < E (cf Fig 1).

Using a snapshot description at a few times the state will behave in the following
way



Figure 1: A half-cycle in the motion of a (qgq)-sta.le as described in the main text

1. After a time St the three partons have moved the distance 8t along their direc-
tions and two field fronts have been created. The field fronts move upwards-
outwards with the velocities v cos(O) (transverse to the field fronts). The an-
gle d is for this configuration 9 — 7r/4 and is marked out in the figure. The size
of the velocity is determined by the fact that the three partons all move with the
velocity of light c = 1. The length of the wavefronts is 81 = 2s'm(0)8t = \28t.

The front energies are K81/\/1 - v2 = 2n8t. The corresponding longitudinal
momenta are ±n8lv coz{9) I y/\ - v2 = kn6t and the transverse momenta simi-
larly n8t for each of the fronts.

The q and the q has lost the energies n8t and the longitudinal momenta ±n8t,
while the g has lost the energy and transverse momentum 2n8t. This means that
the total energy momentum is accounted for. In the same way the remainder of
the motion can be understood basically by local energy momentum conservation
arguments.

2. This part of the motion continues until the g has lost its energy momentum,
ie until 8t - /?2/(2K). Then the qq continues outwards and a new segment
is dragged out according to the Fig 1. The fronts follow outwards and serves
as transporters of the energy momentum from the qq to the new segment.
This motion continues until the qq has lost their energy momentum, ie until
6t -- E/K.

3. After that the q and the q are dragged upwards by the wave fronts, absorbing



Figure 2: The space-time diagram of the motion described by the (qgq)-sta.te

the energy momentum of the fronts until the time (E + E2/2)/n when the string
momentarily is at rest and the qq have the transverse energy momenta E2/{2K).

4. After that the qq continue upwards creating two inward-moving fronts. After
the further time £2/(2*) they have lost all their energy momenta to the fronts.
They start moving towards each other, dragged by the fronts, which transports
energy momentum from the flat string piece in between back to the qq.

5. After that the wave fronts meet and the g is recreated in the crossing of the
wave fronts. Finally all three meet again, this time, however with the q and q
moving 111 opposite directions to the starting situation.

It will take another half-cycle of the string motion before they are back with
the original states of motion. The time it takes for the full cycle is then T =
(4E + 2Ei)lK and the meeting point after the full cycle is A - 2E2/K.

It is a general property of the string motion that the full cycle takes the time T —
2EM/K and the string then moves A - 2P,O(/K. In Fig 2 the corresponding space-
time diagram of the motion is depicted, with the string shown at some different
times.

The most not ceable thing is that the original parton energy momenta completely
determines the properties of the surface. Thus the right hand boundary curve (along
which the q moves) can be described in turn by the energy momentum vector of the



q, kq, of the g, hg, and of the g, Â . Similarly the (/-orbit is described in turn by kq,
kg, kq. It is a general phenomena of string motion that anything the q does is done
in the opposite order by the q. We have used a scale such that K = 1 in order to
describe the space-time properties.

The whole thing clarifies if we define the four-vector valued function A. We will do
it for a general string state containing n color-connected g's with energies e3 and
energy momentum vectors kj. The corresponding quantities for the q and q contain
the indices 1 and n + 2.

= fci-, 0 < £ < e ,

n + 1

, = 1

.4(0 = A(t + 2Etot) -2Ptoi

The function >4 is the directrix and Eq (1) provides a general definition for an open
string with excitations. The last line is specific for the case when the whole string
passes through a single point.

We note immediately that the orbit of the q is given by A(t), while the orbit of the
q correspondingly is given by (A(t + Etot) -f A(t - Etot))f2. The general motion for
any point on the string is given by

where cr is the energy in the string between the qr-endpoint and the point parame-
terised by <r.

The description in Eq (2) can be understood as two forward and backward moving
fronts along the string, containing a stream of energy grains. During the first part
of the the motion there are according to Fig 2, grains leaving the q towards the q.
Together with the grains leaving the g towards the q, they form the right-moving
front.

After that, the "original" ^-grains form together with the g-grains the flat string
region between the two bends. The q absorbs half the ^-grains (the rest goes towards
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Figure 3: The causality diamond between the points EFGH described in the main
text.

the q-side) and then emits them again. Together with the q-grains they form the
inwards moving front from the q-side. Finally the q absorbs the q-grains.

It is of some interest to learn about the energy momentum content of different parts of
the string. We first note, that the velocity vector, vj., is always transversely directed
to the string direction while the tension, T, in each point is along the tangent,

dx
Vl = Jt

- dx
T = do <3>

Furthermore the condition that the derivative of the directrix is always lightlike

means that

vx f = 0
v\ + f2 - 1 (5)

We consider the causality diamond between the points EFGH, in Fig 3. This region
is bounded by two curve-sets t±o = constant so that eg E and H has the same value
of t - cr and G and H the same value of t + a. We obtain for the energy momentum
floating across the EG equal-time line (using dp — davx,de — da):

PEC = [Gda~
JE dt

G , A{t + a) + A(t - a)
do

s x ( H ) _



In the same way we obtain for the energy momentum transfer across the line u =
constant which joins FH.

PFH ^ f" dtf , åhäLj^^ > ~ ^ l l — L L L I Z J = X(G) _ x(£) (7)
JF 2

(there is no energy component in the last equation and we have used the notation
±G meaning (t ± <r)G with eg + G ~ t-H etc).

The results can be generalised to the c'se when we consider the energy momentum
content between two points on the string with a space-like difference. Then we obtain
for the energy momentum floating across any space-like curve between them the
difference vector between the corresponding tips of the causality diamond. Similarly
the energy momentum passage along the string across any time-like curve joining two
time-like points is given by the difference vector between the other two tips of the
causality diamond.

2.2 The Unique Lund Fragmentation Process for a Flat
String

A particularly simple example of string motion is provided by the case when there
are no gluonic excitations and only an energy momentum carrying (qq)-pair at the
endpoints. Then the lines t ± a corresponds directly to the lightcone directions along
which the q and q moves (cf Fig 4).

In this case it is possible to show that there is a unique process for the fragmentation
of a string into final state hadrons with given masses. The general result for the
(non-normalised) probability that the string breaks up into a n-particle final state is

dPn = f[ NådPi6(p) - m])S(J2Pj - PM)exp(-bA) (8)

with A equal to the area spanned by the string before the breakup (shown in the
figure as hatched). The formula contains a product of the phase space for the n
particles together with the exponential area suppression.

There is one parameter, b1 for the area suppression which is general for all kinds of
particles. The relative probabilities Nj contains both flavor-, particle species and
transverse momentum fluctuations.

The two terms generally compete so that in order to increase phase space one would
like to make many particles. This is, however, countered by the area suppression and
the compromise is that the particles tend to come out along a hyperbola. This means
that there will be a basically flat rapidity distribution of the final state particles.
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Figure 4: The breakup of as flat string with the total area, the area related to the
first particle and also two vertices in the middle with a particle produced in between.

The expression in Eq (8) has very simple factorisation properties and this means
that it is possible to subdivide it into an iterative cascade, where the particles are
produced in a step-wise process. In case we sum over all n and integrate over all energy
momenta we obtain a function of the only remaining Lorentz invariant, Pfot — s,

Pn = g{a) (9)

Furthermore if we rewrite dPn into a term corresponding to the first particle and all
the rest we obtain

dPn(Ptot) — N\dpi8(j)\ - m\)e\p(-bAi)dPn-i(Ptot - pi) (10)

where the area A\ is the one marked out in the figure. If we integrate and sum over
all the remainder but the first particle we obtain for the right hand side

dzx 2

with pi+ = Z\W+ and sx = {Ptol - p,)2 = (1 - - zi)(s - ^L). We have here introduced
the lightcone fraction Z\ and the transverse mass mLX of the first particle and calcu-
lated the area A\ in the exponent and the mass-square of the remaining system S\
in terms of them.

The result is an integral equation

9(s) = jN^ (12)



which have asymptotic power-solutions g(s) oc 5° in case the power a fulfills

1 = / Nx
d2l{l ' Zl)" txpi-bmiJzr) (13)

This corresponds to an eigenvalue problem and it is possible to show that there is a
unique value of a which fulfills the equation. From this we conclude that the inclusive
distribution of the first particle will be

(14)

It is possible to show that different flavors may correspond to different a-values. The
corresponding generalisation of the fragmentation function fap is seldom used in the
Lund Model,

fa0dz = Na0
dz{1 ^^za"-a» exp(-6m^/z) (15)

The indices are such that we go from a vertex with flavor a towards a vertex with
flavor 0 with the production of the particle. We will use this form in connection with
heavy quark fragmentation.

The distribution / is used in both the simple (<jg)-situation and in Sjostrand's gener-
alisation as well as the one presented in here. It has the unique property that it does
not matter whether the fragmentation is done in one or the other directions along
the string. It is completely symmetrical and it can even be proved that in case the
string is subdivided into similar subsystems then each of them can be fragmented in
the same way independent of the others.

One such subdivision is provided eg by concentrating upon a single breakup space-
time point, which we will call a vertex (cf Fig 4 where two adjacent vertices are
marked out with the space-time coordinates (x+J,x_ j). Any such vertex subdivides
the event into two parts, the final state particles which move "to the left' (ie towards
the g-end) and those moving to the right.

We will make two comments on these vertices,which we will need later:

VI The total energy momentum content of the particle jet which moves towards
the q end with respect to the vertex, with index 1, is (W± - KX+1,KX_I).

Similarly the energy momentum content of the jet moving towards the <j-end
is (KZ+I, W_ - ax _i). Then it is possible to describe the situation in terms of
the diagram in Fig 5.

10
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Figure 5: A multiperipheral ladder diagram with the momentum transfers corre-
sponding to the vertices in the space lime breakup of the Lund String.

The two original partons come in. the q with H"_ and the q with V.'_. have
an energy momentum transfer (from q towards q) of K(X^I. — X-i) and emerge
as the two final jets. Actually all the vertices in space-time can in this dual
language be described as such energy momentum transfers.

In this way the Lund Model appears as a multiperipheral kind of model. The
factorisation properties and the ensuing integral equations are all similar to the
use of multiperipheral results in the unit.irity equations of the 5-matnx. In this
language the parameter a derived above would be a Regge-intercept parameter.

The dual relationship between the vertex positions and the momentum trans-
fers is of course the same relationship as we exhibited at the end of the last
subsection on the energy-momentum transfer across two points with a timelike
connection.

V2 We assume that the particle with transverse mass mL, which is produced in
between the vertices 1 and 2 in Fig 4 takes the positive lightcone fraction z of
the remaining energy momentum. That means K(X+I X+2) — ZKX + \. Then we
obtain immediately for the relationship between the two proper-time-variables
(or squared momentum-transfers) F ; — n2x±jX-j that

m (16)

Inside the same approach as when the symmetric Lund fragmentation function
/ was derived it is possible to show that there is a unique dis'ribution H(V)
with the property that

H{T2) ~- [dzf{z)H{l\)dTi6(T2
J

which is

(17)

(18)
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Figure 6: The segment (qg) shown in the rest-frame, where they go apart with the
velocity of light.

The two relations in Eqs (18) and (16) provides the inclusive F-distribution and
the correlation between two adjacent F's.

2.3 Sjostrand's Method to Fragment Multigluon Strings

In case we would boost to the restframe of one oi the two fronts which is spanned
between the qg or gq in the (qgq)-sta.te shown in Fig 1 then we obtain Fig 6. The q
and the g goes apart in opposite directions and there is no real differences between
the q-region in this case and in the case discussed in the last subsection.

The same would be the case for the region Ijacent to the q in the restframe of the
gg-segment. We note, however, that ther ^ some problems to continue the space
time discussion too close to the g corner.

To see the problem assume that there is a qiqi-pair produced along the qg-segment.
Then the string piece between the qq^ is just an ordinary flat string and we may use
the methods of the last section. For the newly produced qx a continuation of the
classical motion will, however not lead to a simple result. The 71 will be dragged
upwards by the remaining front and actually go out of the original string surface.

There are other problems also related to the fact that a break around a (/-corner
does no longer bring back a system of the same kind as we started with. The way
Sjöstrand approaches the fragmentation is then to consider the space-time surface of
the original parton state as "frozen" and to apply the stochastic string fragmentation
process as a process in this surface.

Thus one considers the partonic state as a quantum state and the ensuing string

12



Figure 7: A few points are shown along the string surface with their coordinates as
described in the text.

surface with its directrix as a description of the state in connection with the decay
process. We will in this paper use the same interpretation.

The general idea in Sjostrand's method is to generalise the proper time notion to an
arbitrary point along the string space-time history. In Fig 7 we show the space-time
surface of the (qgq)-sta.te again, with a few points marked out. We note that any
point inside the front regions, like eg the point B is of the same character as the flat
field case we discussed in the last sub-section. 1'he point B can be described in terms
of the coordinates

D C L, A- C In —< 1

with aqg the mass of the two index partons.

(19)

For the point C there is a corresponding coordinate description, but this time con-
taining all three parton vectors:

C = (3kq + i,kg + fcfc, (20)

The proper time variable Tc can be described in terms of these coordinates and the
sub-masses of the partons. The coordinate £4 - j /2 in this case. It is easy to convince
oneself that any point on the string surface has such a coordinate description with
some constraints.

It is also possible to calculate the energy momentum, which floats between B and C.
We may then use the results of Eq (6) or directly the coordinates shown in Fig 7.

13



Figure 8: The breakup of the string along two hyperbolas in the front regions and
some particles around the gluon corner.

The result for the energy momentum is

Puc = tfi-6)fc, + ( l / 2 - (21)

We assume that in the cascade we have reached the point B (ie we know the coor-
dinates £i and fa). Then we would like to produce a particle with a given squared
mass m2

BC - P\c by a step to the point with a given T = Te- From the equations
we find two unknown coordinates (£3, £s). The two equations, corresponding to the
cutting point of two hyperbolas, then provide a precise answer for the point C.

Sjöstrand then uses the relation in Eq (16) in order to obtain the value Fc, knowing
the value Ffl. He chooses all the time the parameter z by means of the symmetric
Lund fragmentation function / with the right mass inserted.

His procedure is exact as long as he is producing points in simple regions containing
only two lightcone directions (flat string segments) and provides a well-defined way
to go around the gluon corners as we have shown above. The method is, however, not
unique because the parameter z does not have a precise meaning, as eg the remaining
energy momentum fraction, in connection with the corners.

Using his method we would obtain as a typical breakup situation the two yoyo-hadron
regions close to two hyperbolas which are exhibited in Fig 8. The invariant length of
a hyperbola corresponding to the mass square s is ~ log(s/a0) and the corresponding
length is in this case ~ \og(sqg/a0) + \og(3g^/s0)-

It is easy to generalise the result to a multigluon state like the one we discussed in
connection with Eq (1). Using the same notations we expect a generalised phase

14



Figure 9: The particles produced in connection with the fragmentation in space-time
are redrawn along the directrix.

space length, corresponding to (n -f- 1) hyperbolas

n+l

K = (22)
J = l

It turns out that the quantity An is a very good measure of the final state particle
multiplicity with the two requirements

Al: It is necessary to make a suitable choice of the scale so-

A2: It is necessary to stop the partonic cascade such that all mass squares between
adjacent partons is above Jo-

in the next section we will extend this result to an infrared stable definition of the
quantity A.

15



2.4 The x-curve and an Infrared Stable A-Measure

In order to understand the idea behind the i-curve, consider Fig 9. In this picture
the yoyo-hadrons, which are produced around the two hyperbolas in Fig 8, are drawn
instead as hyperbolas spanned along the directrix. It is of course the same hadrons
but while their producticn points are emphasized in Fig 8 it is instead their energy
momentum vectors which play the role of connectors in Fig 9. The curve exhibited
in this way is essentially the ar-curve.

For a mathematical description we define a functional T(() = exp(A) and a vector
q(£) along the directrix A by means of the differential equations

dT (qdA)T

ml
dq = i A - ^ (23)

tn0

For the vector q we obtain formally, with the boundary value q(( — 0) = 0 that

W) JtdAU>m>) (24)

Thus q is a weighted mean of the partonic energy momentum vectors as described
by the directrix. Similarly we obtain for T with the boundary value T(£ = 0) = 1:

(25)

This means that T is the exponent of an area because the area element spanned by
the vectors q and dA is d£ = J(qdA)2 - q2dA2 = qdA. If we multiply the second
line of Eq (23) with q we also find that

V = 2(1 - £)qdA => q2(0 = m»(l - T"2(0) (26)

Thus q becomes time-like and its invariant length quickly approaches the value m0.

If we introduce the case when the directrix is built up by the finite light-like parton
energy momentum vectors as in Eq (1), then we can construct the quantities T and
q recursively by

T
Li-

1

2 7 j + i ) * j + J (2 7)

1

16



We note that in this way

go = 0

<h = *i (28)

q2 = fcj/2 + (*,+V2)/(l+W"J)=:V2
etc. Similarly for T we have

T, = 1

r, = i + £ j (29)
T - i A . ( i

4mj, 16mJ

etc. The highest power in T always has the generic form

3l2 323

4T7ijj 4mo 4m2

This means that

(30)

Tl: In general log(T) is a good approximation to the quantity A, denned in the last
section.

T2: In case any of the partons become collinear or soft then the next order term in
T will take over so that A, defined in this way, is infrared stable.

T3: The result in Eq (25) that log(T) is the area between the x-curve and the
directrix provides an intuitive understanding of the relationship between the
fragmentation process and the partonic state as described by the directrix.

It is possible to find a solution for the vector q, which we will call q which is periodic
in the same sense as the directrix is periodic. For the case above this means that
hi = <7j+2(n+2)- 1° this case q2 = TO2,. The vector q can to a good approximation be
constructed by iterating Eqs (27) a few periods around th • string directrix.

We will from now on only work with this periodic q-vector and therefore we drop the
hat-notation. The i-curve is then defined in terms of this periodic q as

*(fl = 4(0-9(0 (31)
From this result we obtain that the vector q is the tangent of the z-curve in every
point with a length such that it reaches from the i-curve to the directrix:

^ (32)

Finally it is possible to do exactly the same construction as we have done from the
<7-end also from the q-end and to define the corresponding q-vector and i-curve in
that case.

17



Figure 10: The situation in the restframe of the q-vector with the "new" A-vector,
fc2, and the vectors kx ~ l-i. The first fragmentation step is marked out together with
the "new" g-vector along the handrail directrix.

3 The Method to Fragment Along the z-Curve

3.1 The Ordinary Case with Light Flavors

We note that the i-curve is basically obtained by a motion in each segment (kj, kj+\)
such that there is a tangent vector q, with fixed invariant length, which connects to
the directrix like "an arm on a handrail". This is the way we are going to fragment
along the x-curve. We start on the curve and then take "steps" in a generalised
segment, determined by the curve and the directrix, but all the time keeping the arm
on the handrail, ie the directrix.

To see the procedure in detail consider the situation in the restframe of the vector
gi, obtained as the periodic solution after we have passed k\ (cf Fig 10). We have
in the figure exhibited both q\, k\ and k2- We will then from the vectors q\ and k2

construct another light-like vector l\ in the plane of these two,

/> - 2gi - -rp^—zki (33)

where we have used the notation 7̂  from Eq (27). The factor 2 on the g-vector can
be understood from the Eq (28). In general the vector l\ is close to the vector k\.

The basic idea is now to fragment the state defined by (l\, k2) as if we were fragmenting
a flat string segment.

We assume that we know the flavor of the endpoint q (for the moment we assume that
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it is a light-muss flavor, wh'ch can be treated as massless). Then we use the same
ideas as in JETSET to produce a new flavor, transverse momentum (cf below) and
thereby the first rank hadron from the q-side. (We will use superscripts to describe
rank and subscripts to describe the steps along the directrix).

Then we use the Lund fragmentation function / , with the correct (transverse) mass,
to produce a fractional energy momentum along the defined /i-direction, z ^ / j . In
order to reconstruct the transverse mass, m / ' we assume that the corresponding
fraction of fc2, z'^k2, making up the first rank particle energy momentum, jkx\
fulfills

=
 l-zMz*%k2 = (m^Y (34)

We next construct a new ^-vector by choosing q\ (the ^-vector after the first rank
particle has been produced) such that

Ulr = ml (35)
which fixes oSlK

After the first step we will be in one of three possible situations:

51 either the calculated quantities

z'(1) < 2

a(1> < 1 (36)

52 or

aW > 1 (37)

53 or

z'(1) > 2 (38)

For the case Si we just repeat the procedure and produce a second rank particle etc.

For the case S2 we have taken a step which is larger than we are supposed to do with
respect to the "handrail". There is then a new vector fc3, corresponding to the next
color-ordered gluon and we will just continue along that vector with the handrail.
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This means that we calculate the number a2 by

(q{2])2 = ml (39)

If necessary we continue "upwards" along the directrix in an obvious way. These
situations do not occur very frequently but in case the partonic cascade is continued
down to small invariant masses then there may be many soft gluons, which will be
"passed over" by the procedure.

In the case S3 we have taken a step which is larger than we are supposed to do with
respect to energy momentum conservation. In that case we go back to the place we
were before the step. Then we define from that point a new q-vector, q2 by means
of

(q{2})2 = rnl (40)

After that we construct a new /-vector, l2 by the same procedure as before (Eq (33))
from (q2 j (1 + a[ Jfe). Then we take the already defined step z along this vector,
define z' by

p(D =
 l-{zl2 + z'k3)

(P(1))2 = m\ (41)

and continue.

This case does not occur except when the first gluon vector, k2, is essentially collinear
to the q energy momentum vector k\ so that there is little energy momentum in the
first string segment (ki,k2).

The adjustment when the energy momentum is not sufficient is not a unique prescrip-
tion but we have not seen any traces of the procedure in the final state observables.
It is also manifestly infrared stable.

The formulas written above for the cases S2 or S3 are valid in case the problem occurs
already in the first step. If we have already taken a set of steps, thereby using up
some parts of "the handrail" then the vector k —» (1 - £ otj)k in the formulas above.

There are two further necessary parts to be defined in our method. The first is the
transverse momentum generation. This is done along the same lines as for JETSET,
ie we chose at every step with a gaussian distribution a transverse vector k and give
to the produced (gq)-pair, ±k, respectively. The transverse momentum of the final
hadron is obtained as the vector sum of the one from the constituent q and q.
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"Transverse" is then defined as transverse with respect to the space-direction spanned
by the relevant (jfe, Z)-combination at every step. When we pass a gluon corner the
'old' transverse momentum is not necessarily transverse with respect to the new
(Jfe, /)-combination. This is handled in the following way.

First we transform pi = (0,px,pv,0) to the system where the new (fc,/)-pair goes
back to back along the z-axis. Then we write the new px as a sum of three pieces

P± = (p±e,P±x,P±y,Piz) = (0,pi«,Piw,0) + (pi e ,0,0,p l e) + ( 0 , 0 , 0 , p i z - p l e ) (42)

The first term is the new transverse momentum. The second (= eCorr) and the third
(= Zcorr) terms are then corrected for in the following way. We change / —»/ — eCorr-
Then we take the ordinary step with the right transverse mass, ie we define a particle
with a certain momentum, p, along the z-axis. The momentum of this particles
is changed p —* p — ZCOTT and the energy is changed in order to keep the particle
on mass-shell. This means in general a small change in the chosen fragmentation
variable.

There is also the method of how to end the cascade. We have also here used the
same method as in JETSET. We take a step either from the q- or from the q-end
with equal probability. This means that we are after every fragmentation step left
with a certain total remaining mass of the state.

When this mass passes under a certain threshold mass, we then produce a final two-
particle state with flavor, transverse momentum and particle type in accordance with
the ordinary Lund probabilities. There are in general two solutions to the kinematical
equations and we have chosen them with an equal probability. This leads to an in
general flat rapidity distribution in the case of a simple (qq)-stnng fragmentation.

There is in our method a parameter mo. This parameter determines the resolution
of the partonic state in connection with the fragmentation. There is another such
parameter, which is directly linked to the end of the partonic cascade. In ARIADNE
[8], which implements the Dipole Cascade Model [9], this parameter is the smallest
allowed transverse momentum klcut-

In case mo is chosen essentially above klcut then several gluons may in general be
passed in a single step along the handrail-directrix. We have therefore in general
kept 77io ^ 0.3 - 0.4 GeV in the results reported in here, ie in general a bit below
the cascade cutoff. The results are not sensitive to the precise value we use for TTOO

(although we may have to make minor adjustments to the fragmentation parameters
(a, b) in order to keep to the same multiplicity, cf below).

21



in
dxE

4 -

3 -

2 -

1 -

0 . 2 0 .4 0 .6 0 . 8

Figure 11: The distribution of bottom mesons in JETSET and REV JET.

3.2 Heavy Flavor Fragmentation

According to the Lund Tunneling Scenario, in which the main parameter is the string
tension K ~ 1 GeV/ fm, the production of u : d : a-flavors is chosen as 3 : 3 : 1. The
tunneling formula, predicting the probability to produce a flavor corresponding to
mass fi behaves as ~ exp( —7r^2/«). It would not allow production of the c-flavor at
a larger rate than 10~9 and the 6-flavor at an astronomically small rate.

These flavors may, however, occur at the endpoints of a string, if they are produced
by the hard partonic cascade. In connection with our definition of the directrix it is
difficult to accommodate heavy flavors. They would not move along lightcones but
along hyperbolas which have the corresponding lightcones as asymptotes. It is then
necessary to take such corrections into account.

There has been a suggestion by Bowler [10], that for an area suppression law there
will be an appreciable correction from the hyperbola motion of the heavy flavor. The
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exponential factor in the fragmentation function / in Eq (14) is changed so that

Therefore if we introduce this area in the definition of / we obtain the particular
shape

^ » M I < 4 4 )

This is the distribution in Eq (15) with

aa = a, - a - bfi2 (45)

This means that the first a-parameter value should be diminished in a heavy quark
jet. Besides that we do not need to worry more about the fact that this first flavor is
heavy. We can use the traditional way to remake a massive q or/and q into a massless
one [3], and then apply this fragmentation function.

The result is that the prescription in JETSET for heavy quark fragmentation actually
will be changed appreciably hut the prescription is perfectly allowed in the Lund
Model. The derivation of the fragmentation function [llj, works just as well. The
result is a softer fragmentation function.

The distribution of bottom hadrons is changed very much in our approach compared
to JETSET. In Fig 11 we show the distributions for the two cases.

For the charmed mesons there are two contributions, one from directly produced
D"'s from charm-jets and one from the decay of 5-mesons. Taken together there is a
rather small difference between JETSET, our prediction and the data. It is, however,
probably possible inside the very large statistics from the LEP-experiments to trigger
on a semi-leptonic decay of one of the (6, b) or (cc) and investigate the fragmentation
of the other.

4 Comparisons Between JETSET and The Method
in This Paper

There are three major parameters both in JETSET and in REVJET, although
REVJET also contains an extra parameter m0. As we have said before m0 is chosen
to be smaller than the cutoff in the partonic cascade and then there are no traces of
it. If it is chosen differently then it is in our experience always possible to change the
6-parameter correspondingly so that m0 is really no new degree of freedom.
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Figure 12: The distributions of baryons inside a gluon jet, defined in accordance with
the text.

We have chosen the same default values in REVJET as in JETSET for the parameter
a, tta~ width of the gaussian transverse momentum. We have also, besides the heavy
quark fragmentation in the last section, chosen the same default value for the a-
parameter in the fragmentation function. For all the comparisons below we have
then arranged the 6-parameter in such a way that we obtain the same mean total
multiplicity in JETSET and REVJET.

The general result is that every inclusive single particle distribution coincide between
the JETSET and the REVJET simulations, at least outside of the gluon jets. In
connection with the gluon jets there is a systematic difference between the results of
the two methods. The heavy particles will in our method in general be faster along
the gluon jet axis than in JETSET. There is, however basically no difference between
the pions and kaons in the two methods.

In Figs 12 and 13 we show the results of a comparison in connection with a 50 GeV
gluon jet. We have plotted the zg-distributions for all particles inside a cone of the
size ±0.75 in rapidity around the gluon jet. The jet has not been developed further
by a partonic cascade. It means, however, that we tend to obtain a smaller total
multiplicity in a gluon jet, although it is a small effect.

There is an interesting systematics between the behaviour of the 6-parameter in the
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m
Figure 13: The distributions of pions inside a gluon jet.

two methods. In [12] it was pointed out that there is a moving interface in the Lund
Model between the partonic cascades and the fragmentation.

It is possible to obtain essentially the same final state hadron distributions in case
we stopped an ARIADNE [8] cascade at a value klmt = 7 GeV or any value down
to above the \QCD if w e chose the b-parameter accordingly. (There was no need to
change the a- and <r-parameters according to the findings in [12]). In Fig 14 we show
the corresponding values of 6 needed for JETSET and for REVJET. It is noticeable
that while the fr-parameter changes appreciably for JETSET there is actually a rather
small change for REVJET.

From the expression for / it is obvious that a larger value of b corresponds to a
larger value of the fragmentation parameter z and therefore to a use of more energy
momentum in the string in every step. Correspondingly the value of F in Sjostranri's
method decreases. This is necessary for a multi-gluon string surface which will occur
for small fe

Sjöstrand's method all the time keeps to the string surface. The method in this
paper will in general get more easily around the many small gluon corners because
it will basically pass over the corners and continue wherever it is possible. A string
containing many small gluons will in this way be "smoothed out" by the method
presented in here.
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Figure 14: A comparison between the 6-parameter needed in JETSET and REVJET
to describe the same physics in multigluon events.

The third place where we have found differences is in connection with the two-particle
correlations in the gluon jets. We have investigated in detail some simple gluon
configurations, in particular the case when we have a q and q going out in opposite
directions with energies Wq. There will be two gluon jets with energies Wg going in
the same azimuthal angle and symmetrically with the angles 6g with respect to the q-
and ^-directions. We have also investigated different other configurations but these
ones bring out the main features.

We have defined the following regions in phase-space. Each gluon jet is defined by
means of a cone around the jet corresponding to the size ±.75 in rapidity. There is
also a forward (backward) q (q) fragmentation region and finally, in case the angle
7T - 26g is sufficiently large, also a central region. Independently of the angles and the
gluon energies there are no differences in the two-particle correlations in the forward,
backward and central regions.

We have defined the two-particle correlations in the following way. We generate one
first event and consider the combined mass-distribution of all the relevant pairs. Then
we generate a second event and produce the same distribution from one particle in
the first and one ;n the second event. Then the procedure is repeated with the second
event taking the place of the first. We normalise the same event sample to (n2) and
the mixed event sample to (n)2 and present the ratio of the sample as a function of
the combined mass.

A
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Figure 15: The two-particle correlations between all produced particles in a gluon
jet.
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Figure 16: The same as Fig 15 but for the fastest half of the particles.
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Figure 17: The two-particle correlations for the final state pions after decay.

Inside the gluon jets there are everywhere larger two-particle correlations in mass from
the REV JET results compared to JETSET. This is noticeable in Figs 15 describing all
the produced particles without any decays. In Fig 16 we present the same results for
that half of the particles in a gluon jet which are the fastest. This result also survives
at least for the small combined masses also after we have decayed all particles and
sample only the pions, Fig 17.
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