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1 Introduction 

It has turned out that the BRST quantization method is a quite general and useful 
method to construct quantum theories for systems with first-class constraints. How
ever, there are systems for which some of the first-class constraints at the classical level 
turn out to be second-class constraints at the quantum level. Such systems are known 
as anomalous theories and for those the usual BRST procedure fails. 

Since the discovery of anomalies [1] a lot of work has been performed to unravel their 
general structure and to construct consistent quantum theories for those systems. In 
this context Electrodynamics (Schwinger model) and Yang-Mills theory coupled to 
chiral fermions in two dimensions have served as instructive and interesting toy models. 
For recent work on this topic see e.g. [2, 3, 4, 5] and references therein. 

The study of 2 dimensional Yang-Mills (YM) theories is closely related to the study 
of Kac-Moody algebras since the constraint functions for the phase space of YM the
ory on a circle are maps from S1 to the algebra of the gauge group. The anomaly 
appears at the quantum level as a central charge for the Kac-Moody algebra. There 
is a natural complex structure for Kac-Moody algebras and therefore the generalized 
BRST formalism developed in [6, 7, 8] can be applied to this system which will lead 
to a complex non-Hermitian BRST operator. The BRST-quantization of Kac-Moody 
algebra has been studied by several authors [9,10,11]. However, they have constructed 
Hermitian BRST operators which turned out not to be nilpotent for a non-vanishing 
central charge. 

This article is organized as follows. Section 2 contains the canonical analysis of 2d 
YM-theory with the derivation of the classical constraint system which is a Kac-Moody 
algebra without a central charge. In section 3 we construct a quantum mechanical state 
space for this system. Instead of choosing a coordinate representation for the operators 
corresponding to the classical fields we shall quantize the system in an oscillator basis. 
As a consequence we find an anomalous term already for the pure Yang-Mills system. 
In section 4 we give a brief introduction to the general BRST formalism for holomorphic 
second-class constraints which is applied to 2d YM-theory in section 5. The BRST-
Laplacian and its gauge-fixing properties are disussed in section 6. In section 7 we 
analyse the general structure of the cohomology of the non-Hermitian BRST operator 
and we will study 5ï/(2)-YM-theory as a specific example in section 8. We end this 
article with some conclusions in section 9. 
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2 Canonical Structure of YM-Theory on S1 

The action for 2 dimensional YM-theory on a circle coupled to chiral fennions is given 
by 

5 = Jd*x (-\FIF? - *-¥ Jfol(l + 75)*J) • (2.1) 

F£, = d\»K] + fbcAiAl d e n o t e s t h e field strength of the gauge potential A" of some 
simple gauge group G with algebra Q where the structure constants f^ are chosen 
to be completely antisymmetric. The fermions are real Majorana fermions in some 
representation of Q. The generators of the algebra in this representation are given by 
pa\. For the ^-matrices we choose the the following convention 

^- ( jv ) .^ - ( : i )^ - (v : ) 
and Pij = fóij + AaPa ij ls *ne covariant derivative. Denoting by ^f\ = ~(1 + 75)¥* 
the right handed component of the spinor, we find for the canonical momenta: 

* 5 = 0 , (2.2) 
6doAZ{x) 

cq 

i e » = **Ul) • (2-4) 
Eq. (2.4) leads to the usual second-class constraint for fermions which can be eliminated 
by introducing the Dirac bracket. We therefore have the standard bracket for the 
fermions: 

{ • • + ( x ) f * i ( y ) } = i * ( « - y ) ^ (2.5) 

Eq. (2.2) is a primary constraint and the requirement that it be a constant in time 
leads to the secondary constraint, the Gaufi law: 

Ga(z) = dxEa(x) + fihA\x)Ec{x) - I , . y r + (* )* ' + (* ) = 0 . (2.6) 

With this we can now write down the Hamiltonian as 

H = f*dx ~EaEa + i * ' + D , y » i , (2.7) 

where A% has been eliminated since it contains no dynamical degree of freedom. 
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In the next step we transform the fields to their momentum representation which on 
the circle has the nice property that it is discrete. The Fourier components of the fields 
are given by 

< = f£- *-I*V(z), (2.9) 

K = f— zn-lA*(z) , K = f— z-*E*(z) , n e Z (2.8) 

where the integration is taken along the unit circle in the complex plane. The Fourier 
index of the fermions is either integer valued for periodic Ramond (R) fermions or half 
integer for antiperiodic Neveu-Schwarz (NS) fermions. Since all fields are real their 
Fourier components are restricted to 

< f = A\ , E« = Eln , < f = uin . (2.10) 

The canonical Poisson brackets for these variables are 

{A*n,Eh
m} = - ^ n , - m , R , < } = -iïj6n,-m • (2.11) 

We can now also transform the constraints to the momentum representation by 

and rewrite them in terms of Fourier modes of the fields 

cra = inE: + £ f:bA>_rE:+» - £ ^ > r ~ V + P , (2.13) 
reZ reZ l 

where p = 0 in the R-case and p = | for the NS-case. In these variables the Hamiltonian 
reads 

ngZ ^ m € ^ ' 

The algebra of the constraints in this representation is given by 

{<£,<??} = £ b GT m (2.15) 

and we also have 

{G2,H} = 0 . (2.16) 

Eq. (2.15) shows that the constraints generate a Kac-Moody algebra with vanishing 
central charge which is a consequence of the fact that the constraints are first-class, 
corresponding to the gauge symmetry of the system. 

3 



3 Canonical Quantization of 2d YM-Theory 

In order to construct a quantum theory for this classical system one has to replace the 
classical variables by operators and the fundamental Poisson bracket relations become 
(anti-) commutators. Since at the quantum level the fields are represented by operators, 
one has to specify the space on which they act. This can be achieved by a choice of 
vacuum because all other states can then be created from the vacuum. For the fermions 
there is not much freedom for the choice of vacuum because the Hamilton operator has 
to be bounded from below. A suitable vacuum can be defined by its property 

< |0> = 0 , n > 0 . (3.1) 

In the NS-case we can take the vacuum to be a non-degenerate single state, whereas in 
the R-case the vacuum has to carry a representation of the Clifford-algebra, generated 
by the zero modes of the fermions. As a consequence of the condition (2.10) on the 
classical variables, which has to be respected by the inner product of the quantum 
theory, we have 

< 0 K „ = 0 , n > 0 . (3.2) 

The physical picture of this is that the ket-states contain only right moving particles 
and the bra states only left movers. 

For the YM sector we first note that the operators A", ££, do not have the correct rela
tions under Hermitian conjugation for the interpretation as creation and annihilation 
operators. We therefore have to transform them to a new set of canonical operators. 
A convenient choice is 

K = ^{K + iK) . *: = ^{K - iE°n) , (3.3) 

which leads to the following commutation relation for the new operators 

[*:,<] =0 , m.tn} = SabSn.-m , K X ] = 0 . (3.4) 

With this definition we see that the reality condition (2.10), in terms of the new 
variables is 

* : * = * - « • (3.5) 

The Hamiltonian for the YM-fields becomes in this variables 

neZ net 
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From this we see that again the boundedness of the Hamiltonian restricts the possible 
choices for the vacuum. However, a vacuum which separates the right and left moving 
fields again allows for a bounded Hamiltonian. We therefore define the vacuum for the 
YM-fields 

*a
n\Q> = 0 , n > 0 , * > > = 0 , n > 1 , 

(3.7) 
<0|#!:n = 0 , n > 1 , < 0 | Ü n = 0 , n > 0 . 

The choice of a vacuum also implies a normal ordering prescription for the operators 
which says in our case that all positive frequencies have to be moved to the right. It 
is this normal ordering prescription which changes the algebra of constraints. Indeed, 
we find for the constraints, which read in the new variables1 

G* = -?=(*: - Tm) + £ ft -- t T : - E Ui : «?"T"V+P : , (3-8) 

that their commutator algebra differs from the classical Poisson bracket algebra by a 
central charge: 

[<%,<*] = i&Gc*"1 + a m * * * . . - . (3.9) 

The central charge 

<XT = -QYM + -Z<*M (3.10) 

is given by 

*YMSat, = -fifL > 0 . «Jf*-* = -Pajfii > ° • ( 3 - n ) 

Thus we see, that the contribution of the YM-fields to the anomaly has a negative 
sign and its absolute value is the index of the adjoint representation of Q, whereas the 
fermions contribute with one half of the positive value of the index of their representa
tion of Q. Note, that if 2ay\f > OCM the total central charge is negative, i.e. in the case 
of pure YM-theory the constraints form a Kac-Moody algebra with negative central 
charge. 

This central charge destroys the first-class nature of the constraints and all constraints 
with non-zero Fourier index have mutated to second-class constraints. However, they 
have a natural complex structure, induced by the reality condition (2.10), which is valid 
also at the quantum level. This complex structure relates the positive and negative 
Fourier modes: 

G2] = G~n (3.12) 

': : denotes the the normal ordered product of operators 
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Therefore we can apply the Gupta-Bleuler method and impose the constraints with 
positive Fourier index on the ket states 

G ; | * > = 0 n > 0 . (3.13) 

Hermitian conjugation leads to 

<¥|G;n = 0 n > 0 , (3.14) 

and therefore eq. (3.13) guarantees the vanishing of all expectation values of the 
constraints on physical states, i.e. we have for all physical states 

<*jG£|¥> = 0 n e Z . (3.15) 

Note, that all physical states are highest weight vectors of the Kac-Moody algebra 
which are singlets under the action of the finite dimensional algebra. The fact that 
Kac-Moody algebras with negative central charge have no unitary highest weight rep
resentations therefore is not a problem in principle since at most one state out of each 
representation is a physical state. 

4 BRST-Quantization of Holomorphic Constraints 

In the usual BRST-quantization procedure for first class constraints one constructs 
a Hermitian nilpotent BRST operator it. The physical states are than given as the 
solutions of 

ft|¥>=0, (4.1) 

i.e. physical states are BRST-closed. However, the physical states are only defined up 
to some equivalence, i.e. two states are equivalent when they differ by a BRST-exact 
term: 

|¥> ~ |¥'> <*• | ¥ > = | * ' > + ft|A> (4.2) 

Using that ft is a Hermitian operator one can easily check that BRST-exact states have 
zero norm and that the inner product does not depend on the choice of a representative 
out of a equivalence class 

In order to construct the BRST operator one introduces for each constraint a pair of 
anti-commuting Hermitian variables c°, ba with the anti-commutation relation 
[c°,6&]+ = 8%. Quantities depending on the ghosts can be labeled by their ghost number 
which is defined on the ghost variables as 

gh(ca) = 1 , gh(ba) = - 1 . (4.3) 
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The BRST-operator 11 then takes the form 

ft = c"G. - \<?(*fabe + ... with (4.4) 

il2 = 0 and gh{H) = l, (4.5) 

where the Ga are the Hermitian first-class constraints and the higher order ghost terms 
occur when the algebra is open and/or the constraints are reducible (for a detailed 
review of this construction see [12]). The BRST-closed states with ghost number zero 
fulfill the Dirac condition 

Gc |¥> = 0 . (4.6) 

Let us now turn to a system which has in addition to the Hermitian first-class con
straints Ga some second-class constraints which allow for a holomorphic split at the 
quantum level, i.e. the second-class constraints are given by Gr and G\. and their 
commutation relations read 

{G^G,} = &GC 

[Gr,Ga] = fl
TaGt + flGh 

(4.7) 
[Gr,G.) = K.Gt + K.G. 

[Gr,G\\ = ZT. + Kfit + K.G\. 

Since the constraints are not Hermitian, a BRST-operator constructed as O in eq (4.4) 
cannot be Hermitian and therefore the BRST-exact states do not necessarily have zero 
norm: 

|A°>=ft|A> , |||An>||2 = <A|ft,ft|A> (4.8) 

This can be understood in the following way. In the case of first-class constraints 
the constraints generate symmetry transformations on the constraint surface. This 
symmetry is also present in the quantum theory and leads to equivalence classes in the 
BRST-cohomology, where different elements of one equivalence class differ by a zero 
norm state, i.e. by a symmetry transformation. In the case of second-class constraints 
there are no such symmetry transformations. Although one can split the constraints 
into two sets such that the commutator on each set is in involution, one cannot interpret 
the elements of one set as symmetry transformations, since the implementation of one 
set on the the ket-states automatically implements the other set on the bra-states via 
Hermitian conjugation. In other words, an implementation of the symmetry on the 
ket-states introduces also a gauge fixing on the bra-states. 

However, a scenario where a non-Hermitian BRST-operator can be used to introduce 
a gauge fixing of first-class constraints has been disussed in [6, 7]. This is achieved by 
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changing the inner product for the ghost variables such that Imfl, i.e. the space of 
BRST-exact states, contains no degenerate states in this new inner product space. With 
this inner product ft and the co-BRST-operator ft' are different and the gauge fixed 
states are found as the zero modes of the non trivial BRST-Laplacian A = ft'O+ftft', 
or equivalently as BRST-closed and co-BRST-closed states. It has been shown that a 
non-degenerate inner product on the subspace I mil or equivalently Keril is equivalent 
with a complete gauge fixing. 

We have already seen that the BRST-operator for holomorphic constraints is not Her-
mitian and that we therefore cannot expect the BRST-exact states to be of zero norm. 
The holomorphic nature of the constraints together with a natural choice for the in
ner product guarantees that we have a nilpotent BRST-operator ft together with a 
nilpotent co-BRST-operator, such that the BRST-Laplacian A is non-trivial. 

In order to make this more precise we have to introduce the ghosts for the holomorphic 
and anti-holomorphic constraints. Since the constraints are non-Hermitian it appears 
natural to choose the ghosts such that they have the same complex structure as the 
constraints. Hence we define k pairs of ghosts r}r,rjT such that if and T}T are related 
by Hermitian conjugation2. The ghost numbers are assigned as usual, i.e. gk(r}T) = 1 
and gh(fjr) = - 1 . An inner product which relates the ghosts and ghost momenta via 
Hermitian conjugation can be defined by using the Hodge duality on the ghosts (details 
of this definition can be found in [6]). The anti-commutation relations are defined as 

[if ,w*]+ = 0 , [rjr,TJ.]+ = 0 , fo',?.]+ = P. . (4.9) 

Since Hermitian conjugation changes the ghost number of the holomorphic ghosts, 
the ghosts c°,6{, for the first-class constraints also have to be related by Hermitian 
conjugation. Otherwise the co-BRST-operator is not an eigenstate of the ghost number 
operator. With this ghost system the BRST-operator for the holomorphic constraints 
is constructed as usual and (to cubic order in the ghosts) takes the form 

ft = caGa + rjrGr- (4.10) 

- \cachrj>c - \vrcafLh - \rfcaKj. - \vrv'f!.vt - ^V/ ,% + ». 

The co-BRST-operator is obtained by Hermitian conjugation, 

ftt = baGa + 7fGl- (4.11) 

- \^rabcc - l-Tfb*&cb -
 l-irbaf:aVê - ^rfrt'^m - \wft.c*+... 

The BRST-Laplacian is then 

^ = [ftf, fi]+ = G\Gr + GaG
a + ghost terms (4.12) 

3This is different form the choice introduced by Kugo and Ojima [13] since we are dealing with 
second-class constraints and gauge fixed first-class constraints. 
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and the ghost numbers of these operators are 

gh(U) = 1 , gh(&) = - 1 , gh(A) = 0 . (4.13) 

The ghost vacuum is chosen such that it is annihilated by the ghost momenta. The 
physical states are given by the zero modes of the BRST-Laplacian. The zero modes 
are also BRST-closed and co-BRST-closed, i.e. we have for physical states: 

« !*> = 0 and ftf|¥> = 0 . (4.14) 

BRST-closed states with ghost number zero are solutions of 

Gr |* (0 )> = 0 and G«|* (0 )>= 0 . (4.15) 

On the other hand all states with ghost number zero are co-BRST-closed since Ï1* has 
gh(Qt) = — 1. This shows that there is a Gupta-Bleuler realization of the constraints 
on the zero modes of the BRST-Laplacian with ghost number zero. For further details 
see [8]. 

The choice of the ghost system for the holomorphic constraints and the requirement 
that the co-BRST operator is an eigenstate of the ghost number operator has led to 
non-Hermitian ghost system for the first-class constraints. This corresponds to a gauge-
fixing of the first class-constraints [6, 7]. This point will be discussed in some more 
detail in the case of 2d-Yang-Mills Theory in section 6. 

Before we construct the BRST operator for 2d YM-theory we want to make a remark 
about the possible limitations of the general construction. Suppose an anomalous sys
tem admits a complex structure such that the constraints can be split into holomorphic 
and anti-holomorphic constraints and we have performed the BRST construction de
scribed in this section. Although we have seen that for the cohomology class at ghost 
level zero there is a Gupta-Bleuler type realization of the constraints on the states, it 
is not guaranteed that this defines a consistent physical quantum theory. E.g. it is not 
clear that the inner product on the cohomology class at ghost level zero or any other 
ghost level is positive definite. Also the renormalizability of such a theory in more than 
1 space-dimension is an open problem. However, it has been shown that anomalous 
YM-theories coupled to chiral fermions in 1 space-dimension can be quantized via the 
Gupta-Bleuler method, see [2, 3, 4] and references therein. Therefore we may expect 
that for such a system a BRST quantization along the lines described in this section 
will lead to meaningful physical results. 

5 The Ghost System for 2d YM Theory 

From the algebra of the constraints (3.9) for 2d YM theory we see that the zero modes 
of the constraints remain first-class at the quantum level. They generate the finite 
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algebra Q. Furthermore, the constraints with positive Fourier index generate a closed 
subalgebra which is first-class. They represent the holomorphic constraints in our 
example since they are related to the negative modes of the constraints by Hermitian 
conjugation. The BRST operator corresponding to a Gupta-BIeuler quantization of 
this system should therefore only contain the constraints GJJ with n > 0. As in the 
previous section, we introduce pairs of ghosts c^n1^ but this time only for n > 0, i.e. 
for the zero modes and positive modes of the constraints. Again the ghosts have the 
standard anti-commutation relations 

[c*n,cfc_m] = 0 , [c"„,4,] = S*6^ , foil = 0 . (5.1) 

We already saw in section 4 that a natural choice for the complex structure of the ghosts 
for the holomorphic constraints is that they obey the same relations under Hermitian 
conjugation as the holomorphic and anti-holomorphic constraints. We therefore have 

c'J = K . * > 0 • (5.2) 

It is now only natural to extend this complex structure to the ghosts for the first-class 
constraints 

<Sf = * • (5-3) 

The canonical choice of the ghost vacuum is 

c (̂0> = 0 , n > 0 . 

With this definition the inner product on the ghost space is positiv definite. 

We can define a representation of the algebra of constraints on the ghost states 

3 T = - « T / * ^ + n » > 0 , (5.5) 

r>0 

^ = -* Ê frir-nZ *>° • (56) 
However, these operators do not form a Kac-Moody algebra since these ghosts arc 
constructed only for the zero modes and positive modes of the constraints. Therefore 
we have 

PT.ÏT1 = irjT** n,m > 0 , (5.7) 

[T-n,Tb-
m] = ifUr"* n,m > 0 , (5.8) 

but 

[Ï?. Tb'
m] = i / a

c JT m -I n,m > 0 . (5.9) 
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We see that the operators T? generate the algebra of the holomorphic resp. anti-
holomorphic and the first-class constraints, but they fail to generate the full Kac-
Moody algebra. However, those operators obey the same relations under Hermitian 
conjugation as the constraints 

l ? f = T.-" . (5-10) 

With the definitions given above we can now construct the BRST operator. The BRST 
operator corresponding to a Gupta-Bleuler quantization is given by 

« = E £.(c:+kr) . (5.11) 
n>0 Z 

One can check that this operator is nilpotent, i.e. 

ft2 = 0 . (5.12) 

According to the complex structure of the ghosts and the constraints the co-BRST 
operator, the adjoint operator of it, is given by 

« = £ ( G r + k r ) < s . (5.13) 
n>0 L 

Like the BRST operator, this operator is also nilpotent 

ft2 = 0 . (5.14) 

We note that the nilpotency of both the BRST 11 and the co-BRST operator O does 
not depend on the central charge of the Kac-Moody algebra. 

6 The BRST-Laplacian 

We can now use the nilpotent BRST operator it and its adjoint Q to construct the 
BRST-Laplacian 

A = [n,fl] = I(GJ + T°J + i (2a r + aYM)(L0 + A>) , (6.1) 

w here 

A> = £ nc\<ra (6.2) 
n>0 
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is the ghost momentum operator and 

1 
L0 = 

2aj + OYM 
(Ga

0G°a + 2 £ G*_nG2) (6.3) 
n>l 

stands for the energy momentum operator of the Virasoro algebra obtained via the 
Sugawara construction. The generators of this algebra are given by 

Ln = 
2OLT + OtYM -n 

Here :::: denotes the normal ordering 

E sGvsr-s (6.4) 

f G^G? n<m 

G?GT :: = { (6.5) 
GTG? n>m 

The commutation relations of the Virasoro generators with the constraints are 

[Ln,G?} = -mG?+n (6.6) 

and the commutation relations of the Virasoro generators with themselves are 

[LnjLm] = (n - m)Ln+m + 
6{2aT + aYM) 

n(n2 - l)k,_ (6.7) 

It is straightforward to compute the commutator of the Virasoro generators with the 
BRST-Laplacian and we obtain 

n [A,In] = - - ( 2 a r + a y M ) I n (6.8) 

We can now also try to construct a Virasoro algebra for the ghosts. However, the 
definition 

f E , x > r c V r n » > 0 
Dn = { (6.9) 

. E r > o ^ r + n ^ n<0 

does not lead to the desired result, since only the commutator of generators which have 
positive resp. negative indices gives the correct result 

[Dn, Dm] = (n - m)Dn+m nm > 0 

whereas the commutator (n,m > 0) 

[ ™2 Er>o c°_r(Ta
+m-n - E^'o1 <£,<Ta

+n~m n>m 

(6.10) 

[Dn,D-m] = {n + m)Dn-m-{ (6.11) 
. n Er>0 C^ f + n _ m C; - £ ? = 0 C l r + n - m ^ Tl< JU 
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fails to give the commutation relation of a Virasoro algebra. This result is similar to 
the one we obtained in eq. (5.9). However we find for the commutator of the Dn with 
the BRST-Laplacian 

[&,Dn] = -^(2aT + aYM)Dn n e Z . (6.12) 

We note that all terms of the BRST-Laplacian given by (6.1) commute with each other 
and we can therefore diagonalize them simultaneously. The spectrum of the BRST-
Laplacian is then given by the combined spectrum of its summands. The first term 
of (6.1) is the quadratic Casimir operator of the finite dimensional algebra Q in a 
representation acting on the extended state space (i.e. it also acts on the ghosts). The 
spectrum of this operator is positive. The last term is the momentum operator and 
the sign of its spectrum is determined by the sign of the prefactor 2aj + OLYM which 
is negative for a pure YM-system. In this case the spectrum is negative. Also the 
spectrum of the second term ~ LQ depends on the sign of 2ar + OLYM. It is positive 
and bounded by zero for 2ar + <*YM > 0 a-nd it is unbounded for 2c*r 4- OLYM < 0-
Therefore we expect that the BRST-Laplacian (6.1) does not necessarily lead to a 
gauge fixing of the first class-constraints G° in the case 2aj + ay\t < 0. A positive 
contribution of the Casimir acting on a non-trivial representation of Q can be cancelled 
by a negative contribution of (2aj + ay^)(Zo + Do). In fact, as we will show below, 
the BRST-operator 12 can be written as a sum of two commuting nilpotent operators 
Jl+ and fi0 where the spectrum of the Laplacian for Jlo is always positive definite and 
the Laplacian of fl+ contains the indefinite part of A. From this we conclude that the 
indefinite part of A and the Casimir operator have to vanish seperately for gauge fixed 
states. Otherwise they would be in a doublet representation of the algebra generated 
by fl+ , 11+ resp. Ho, ill and therefore they would also be in a doublet representation 
of the algebra generated by 11,12* [7], 

In order to remove the gauge symmetry from Ker A let us study in a little more detail 
the relation of the first-class resp. second-class constraints to the BRST-Laplacian. 
The BRST-operator (5.11) has been constructed for both the first-class and second-
class constraints. However, we also can consider a nilpotent operator containing only 
second-class constraints, 

«^E^öa-^E/aV-m^) • (6-13) 
n>l L m>\ 

One can check that this operator is nilpotent 

ill = 0 . (6.14) 

This operator defines a cohomology only on the second-class constraints and does not 
take into account the first-class constraints (7°. For those we can construct the nilpotent 
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operator 

"o = 4(G°a - j&cfé + Ga) (6.15) 

with 

Ga = -iZ &c-«^ , Gl = G. (6.16) 
n>l 

and 

n^ = 0 . (6.17) 

This operator differs from the usual BRST operator for a gauge algebra Q generated 
by the G°ah by the last term Ga in the bracket in eq. (6.15) which is due to the fact 
that the first-class and second-class constraints do not commute. This term defines a 
representation of Q on the ghosts for the second-class constraints. It also guarantees 
that 

[n+,n0]=o . (6.18) 

The adjoints of ft+ and ft0 are given are given by 

n>l L m>\ 

Oj = (GJ - \U&0 + GaK • (6-20) 

With those operators we now can construct the BRST-Laplacian for the first-class 
constraints, 

Ao := [«},«<,] = \{<?m + Gaf + i (G! + Ga - | f c c & ) a . (6.21) 

This operator is the sum of two squares of Hermitian operators and therefore we have 

A o | ¥ > = 0 <* (G°a + Ga)\*> = 0 A -"&<&?!*> = 0 • (6.22) 

The operator Ao is equivalent to the BRST-Laplacian studied in [6]. There it was 
shown that it completely fixes the symmetry generated by the algebra Qf i.e. Ker Ao 
contains only one state out of each set of gauge equivalent states. 

The BRST-Laplacian which is related to fi+ is gi/en by 

A+ := [nV,n+] = -G'G°a - \öaGa + S ( G - n ^ + \(2aT + *YM)nc\<%) . (6.23) 
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Computing the anti-commutator of &o with Ï2+ we find 

[fto,ftl] = 0 (6.24) 

and therefore we can write the full BRST-Laplacian as 

A = A0 + A+ (6.25) 

with 

[A o ,A + ]=0 . (6.26) 

From this we conclude that the representatives of the cohomology classes of the full 
BRST-operator ft are those states which are simultaneous solution to 

A0 |*> = 0 (6.27) 

and 

A+|¥> = 0 . (6.28) 

Furthermore we can rewrite A+ restricted to KerA0 as 

A + k = 0 = -(2aT + aYM)(L0 + A>) . (6.29) 

We see that A+ |^0 = 0 takes the simple form of the energy momentum operator and 
hence ft+ and il\. are in some sense the "square-roots" of this operator. 

Moreover we have seen that although the full BRST-Laplacian does not fix a gauge 
for the first-class constraints one can split this operator into two parts corresponding 
to the first-class and second-class constraints such that the intersection of the kernels 
of the two new operators contains only gauge fixed states. A similar method has been 
used in [14] for string theory. 

7 The Cohomology of ft 

The cohomology classes of ft are represented by solutions to the eqs. (6.27) and (6.28), 
i.e. we have split the full BRST symmetry generated by fi into two parts such that 
we can now study the cohomology problem of two different BRST operators ft0 and 
fi+. Fixing a gauge for one of them (we will choose ft0) we will still have the BRST-
symmetry generated by the other operator (fi+). In other words, there is a BRST-
symmetry generated by il+ on the space of representatives for the cohomology-classes 
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of ft0. One has to choose a second gauge fixing, this time for ft+, in oider to remove 
the remaining BRST-symmetry. 

A complete gauge fixing for fl0 is given by eq. (6.27), which was studied in ref. [6] where 
it was found that the solutions are states which are singlets of the algebra of first-class 
constraints, which in our case is generated by G% + Gay i-e. the representatives of 
the cohomology of ft0 are given as solutions to (6.22). For a characterization of these 
solutions it is convenient to distinguish between the ghosts for the first-class constraints, 
which have zero momentum, i.e. the pairs (cg,c*j) and the ghost for the second-class 
constraints with non-zero momentum, the pairs (<£n,c£), n > 1. Let Hgh^ denote the 
space spanned by the eg. The full extended state space 7itXt can than be written as 

We*t = Hi ® "Hgho • (7-1) 

We now see that the two eq. (6.22) are conditions on states in different spaces, i.e. we 
have 

{G°a + Ga)\*> = 0 , \*>eHx (7.2) 

and 

- £ & # ! l * ' > = 0 , | * ' > € 7 U - (7-3) 

Solutions of (7.3) are of course the vacuum state and the state with all ghost levels 
filled. Further solutions are given by states where the algebra indices of the ghosts are 
contracted by total antisymmetric tensors which are invariant under the action of (/, 
e.g. the state 

l* '> = /«6ccScte|0> (7.4) 

is such a solution. Let us denote the space of solutions to (7.3) by H'g^. 

The space Hi can be written as a tensor product of the original state space Ho, i.e. 
the state space without ghosts, and the space spanned by the ghosts with non-zero 
momentum Hgh+ • 

Hx = HQ®Hah, . (7.5) 

However, eq. (7.2) cannot be split any further and the statement that the solutions 
of (7.2) are singlets under the action of Q does not imply that the states in Ho are 
singlets unless all ghost levels in Hgh+ are empty. Of course, there are also non-trivial 
ghost-states on which Q acts trivially, e.g. the invariant tensors which lead to solutions 
of (7.3) can be used to construct such states in Hgh+- Since ghosts can have different 
momenta there are even more possibilities to construct singlet states in Hgh+ e.g. 

|*> = * • * £ „ £ J 0 > (7-6) 
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is such a state. However, in general the ghost-states do not transform trivially under 
Q but they are in some representation of Q which can be generated by taking anti
symmetric and symmetric tensor products of the adjoint representation of Q. 

The condition on a state 

|tf> = |A> |*> , |A> G Ho , |*> € Hgh+ (7.7) 

to be a solution to (7.2) is that both |A> and | $> are in the same representation 
of Q such that they are together invariant under the action of Q. In the case of pure 
YM-theory, where the states of Ho are generated by operators which are in the adjoint 
representation of (/, any state in Ho is in a representation which can be generated from 
tensor products of the adjoint representation and hence there is a ghost state in Hgh+ 

such that they together form a singlet. Conversely, we can infer from the fact that the 
state space of pure YM-theory is always contained in Ho that all states in Hah+ appear 
as solutions to (7.2). The situation is different in the case of YM-theory coupled to 
matter. If the matter fields are in the fundamental representation of Q then the states 
of Ho appear in all representations of Q. But not all representations can be obtained 
by taking tensor products of the adjoint representation. Therefore in this case not all 
states of Ho appear as solutions to (7.2). Let us denote by H[ the space of solutions 
in ft,. 

So far we have considered only the cohomology of fio and we have given a description of 
the space of representatives of its cohomology classes. In order to find representatives 
of the cohomology classes of the full BRST operator O we have to fix a gauge for 
the remaining BRST symmetry generated by 0 + . This can be done by imposing the 
vanishing of f2+ on the states. We first note that A+ acts trivially on H'^: 

A + | *> = 0 , V\9>eWBh, , (7.8) 

from which we infer that the general structure of the space of solutions Htoi to (6.27) 
and (6.28) is given as 

H,ol = Hto*®H9^ (7.9) 

with 

HlM = {|*> 6 H[\ A + | *> = 0} ; (7.10) 

i.e. we have to look for solutions of (6.28) in the space of solutions of (6.27). On this 
space eq. (6.28) reduces to (6.29) and it is simply the sum of the Virasoro energy-
momentum operator and the momentum operator of the ghosts. Depending on the 
value of 2aj + &YM, which according to eq. (3.10) is 

2 a r -I- O-YM - ~<*YM + OLM (7-H) 

we can distinguish three different situations: 
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1. aAf > <*YMi which is genetically the case if the representation of the fermions 
coupled to the YM-fields is higher dimensional than the adjoint representation 
of Q. In this case the spectra of both, [au - <XYM)LO and (a*f - ayA/)A)j are 
positive and bounded from below by zero. As a consequence both operators have 
to be zero separately. D0 acts only non-trivially on W,H+ and the only state on 
which Do vanishes is the trivial state. Therefore the space of solutions is of the 
form 

H»* = "H»ci2 ® H'gho (7-12) 

with 

Hloli = {|*> e Wol A+|*> = 0 A G°a\*> = 0} . (7.13) 

We see that the only non-trivial ghost-states are contained in H'ghi) and that space 
of solutions in Ho at non-zero ghost level is simply a copy of the space of solution 
at ghost level zero. Thus the cohomology generated by fi is completely equivalent 
to the cohomology of Q generated by HQ. 

2. a*f < OYM, which is generically the case if the representation of the fermions 
is lower dimensional than the adjoint representation. Now the spectrum of 
(ajtf — otYAf)Do is negative and bounded from above by zero. But the spectrum of 
(aM — <*YM)LO is unbounded. In addition to the solutions we found for the first 
case there are now also solutions where a positive contribution of (OCM — ÜTAT )^o 
acting on a state in Ho is cancelled by a negative contribution of (am - CIYM)DQ 

acting on a state in Hgh+, i.e. we have for solutions to (6.27) and (6.28) in Hi 

(G°a + Ga) |*> |*> = 0 A Zo!*> | * > = - D o | * > |*> (7.14) 

with 
|#> e Ho , |$> € Hgh+ • (7.15) 

We will discuss this case in more detail for pure S£f(2)-YM-theory below. 

3. <XM = <*YMi which is generically the case, if the fermions are in the adjoint 
representation. In this case the ghost momentum operator D0 vanishes in A+ 
because its prefactor becomes zero. Also the operator LQ cannot be defined as 
before since the prefactor in (6.3) is zero. One has to define LQ without that 
factor and A+ becomes than 

A+ = \<?aGl + £ G\Ga
n . (7.16) 

We see that A+ imposes no further restrictions on Hgh+ and hence according 
to our discussion given above the entire space Heh+ appears in the space of 
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solutions to (6.27) and (6.28). This case is also special from the point of view 
of representation theory of Kac-Moody algebras since the Sugaw*ra construction 
(6.4) also fails in this case. One may define the Virasoro generators in (6.4) 
without the prefactor, but the operators obtained in this way commute with the 
generators of the Kac-Moody algebra. This case is called critical representation 
[15]. 

So far we have discussed the general structure of the cohomology of 12 for a Kac-Moody 
algebra related to an arbitrary simple Lie group. We have found a rich structure for 
negative values of the central charge a r < — \<*YM-

8 The Cohomology of pure SU{2)-YM Theory 

We now wish to analyse in some more detail the cohomology of SU(2)-YM theory 
without matter coupling. This is the only case for SU(2)-YM theory which fits into 
case 2. of the previous section (if one does not allow for chiral bosons coupled to the 
YM-fields, which would contribute with negative values to the central charge). 

Since all fields of the theory (YM-fields and ghosts) are in the adjoint representation, 
all representations of SU{2) appearing in Ht*t can be labelled by a positive integer fc, 
denoting the highest weight of that representation. 

As a first step we note that the only solutions in Tigt^ are the states with no ghosts or 
three ghosts. There is no non-trivial invariant anti-symmetric tensor at ghost level 2. 

We now turn to solutions of A+ in H[, i.e. solutions in the space generated by the 
YM-fields and ghosts with non-zero momentum, which are together singlets of Q. The 
representations of Q on Hgh+ and %$ are products of the adjoint representation and 
therefore they are the integer representations of SU(2) labeled by a positive integer k. 
Let |¥> be a state in the representation k, then the quadratic casimir C on this state 
is 

C|#>=Jfe(fc+l)|¥> . (8.1) 

From this we see also that with this normalization we have 

<*YM - 2 . (8.2) 

Let us denote by |k> a highest weight state of the 5"?7(2)-Kac-Moody algebra in Ho, 
which is in the representation k of the finite dimensional SU(2), i.e. 

G£|k> = 0 , n > 1 , (8.3) 
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Since |k> is a highest weight state the eigenvalue of L0 for this state is given by the 
Casimir operator and hence 

A+ |k> = ^ ± 2 ) | k > . (8.4) 
it 

This eigenvalue of |k> has to be compensated by a corresponding negative eigenvalue 
of a ghost state, which is also in the k representation of SU(2). The ghost state with the 
smallest momentum for a given (non-trivial) representation is the one with the smallest 
ghost number. Hence the ghost state in representation k with smallest momentum is 
given by a state with k ghosts, where each of the first k momentum levels is filled by 
one ghost. Let us denote such a state by \k,k>gh • More generally, a state at ghost 
level / in the representation k will be denoted by jl, k> . The eigenvalue of A+ for this 
state is given by 

A+ |k ,k> y h = - Ö ± i l | k , k > , h . (8.5) 

Thus we see that this state has the same eigenvalue with opposite sign as jk>. Thus 
we infer that a highest weight state |k> in 7t0 appears in the cohomology of 12 at ghost 
level k: 

A+( |k>|k,k>9fc)0 = 0 , (8.6) 

where the subscript 0 denotes Q invariant components of the tensor product. 

We now turn to states in Ho, which are not highest weight states, but are generated 
from them by applying G~n on a highest weight state. The eigenvalues of A+ for such 
states coupled to ghost states such that they are singlets under Q are (using (6.6) and 
(6.29)) given by: 

A+(G;"|k> |»> ffc)o = (~^- - n - ngh)(G;n\k> |»> gh)0 , (8.7) 

where na\ denotes the momentum of the ghost state. We see that the contribution of 
the state in 7i0 to the eigenvalue is decreased by applying G~n to it. We also note that 
the new state G~n|k> is in a different representation of SU(2). The new representation 
is given by the tensor product 

k x l = (k + l ) + k + ( k - l ) (8.8) 

Since we have seen that applying G~n on a state decreases its eigenvalue for I 0 we 
conclude that only states which are in the representation (k — 1) can be solutions. 
According to our discussion given before we infer that there are solution at ghost level 
k - 1 of the form 

A + ( G ; n | k > | k - l , k - l > , h ) o = 0 , (8.9) 

20 



if n satisfies 
n<k . (8.10) 

There are also solutions at ghost level k of the form 

A + (G; n | k> | k , k - l>gh)0 = 0 , (8.11) 

if n satisfies 
n<k-l . (8.12) 

In order to determine all ghos*. levels which allow for solutions containing the state 
G~T lk> we note that the minimal momentum of a ghost state |l,k — l>gh at ghost 
level / in the representation (k — 1) is 

A,|l, k - 1 > ^ < - ( | l ( l +1) + (* - 1 ) ( * _ i _ i ) ) |i,k - 1 > , | / < ( f c - l ) < / - l . 

(8.13) 
With this relation we conclude that there are solutions at ghost level I of the form 

A + (G; n | k> | l , k - l>gh)0 = 0 (8.14) 

if the conditions 

n<2k-l-l-hl-k)(l~k-l) A n > l (8.15) 

can be satisfied. 

For states of the form G~niG~"' |k> there are also solutions of the form (8.14) but 
the conditions on the Fourier indices of the Kac-Moody generators are now 

n < 2fc - / - 1 - (/ - k)(l - k - 1) A nj > 1 A n2 > 1 . (8.16) 

However there are now also states of the form G~"1 G~"3 |k> which are in the (k - 2) 
representation. For those states there are new solutions with ghosts in the representa
tion (k - 2). They can be constructed in a completely analogous way. 

In general we can construct solutions for any state |$> generated from a highest weight 
state |k> by determining its eigenvalue for Lo, which will be its contribution to the 
eigenvalue of an eigenstate for A+ as in (8.7). Furthermore one has to find out in which 
irreducible representation of SU(2) it falls. With this information one can construct 
the corresponding ghost state in the same representation at a given ghost level. With 
the knowledge of the minimum momentum of this ghost state one can easily derive 
conditions like (8.15) and (8.16) which are necessary and sufficient for a solution to 
exist. 

So far we have only given in (8.13) the minimum momentum of a ghost state |1, k>gh for 
the range | / < k < I. We now list the minimal momenta for the remaining possibilities. 
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For this we have to distinguish between the cases where k is even and the case where 
k is odd. It is also convenient to rewrite / as 

/ = 3/x + r , 

with 
/i = int(l/Z) , r = / - 3/x . 

With this definition the minimum momenta are 

(8.17) 

(8.18) 

1. k = 2Jfex and 1 < k < §/: 

DQ\\,k>ah > - (|«i(Ji + 1) + *i + r d + !)) II k > * ; 

2. k = 2k - 1 and 1 < Jfe < |/: 

(8.19) 

- (!*,(!, + 1) + k.ih + 1) + l) |l,k>lffc r = 0 , 
D0\l,k>gh>{ (8.20) 

- (fiiClx + 1) + M*i + 1) + r(h + 1)) \\,k>gh r ? 0 ; 

3. * = 0: 

A>|l ,0>, f c>-< 

' - | ^ ( / 1 + 1)|1,0>^ r = 0 , 

- ( | / i ( / i + l) + /i + 2)|l,0> i f c r = l , 

k -(\h(h + l) + 2h + 3)\l,0>gh r = 2 . 

(8.21) 

With these informations it is possible to construct all solutions for a given state in a 
highest weight representation along the lines of our discussion given above. 

From this we see that at ghost level k > 1 all representations 1 of the finite dimensional 
SU(2) with I < k appear as zero modes of the BRST Laplacian. However, the inner 
product on these higher ghost levels is indefinite. To show this we construct Ouc of a 
solution at ghost level k a new solution at the same ghost level which has a norm with 
a sign opposite to the norm of the first one. To do this it is convenient to rewrite the 
SU(2) Kac-Moody algebra in terms of step operators: 

[£?,£?] = £ 7 + n - 2m6m-n , 

[E?,E2] = -2m6m'-n , (8.22) 

[E?,E%\ = ±E%+n . 
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As the first solution we take the highest weight state |k> with k > 1. As we have 
seen this state appears as a solution at the fcth ghost level. Since the inner product on 
the ghost states is positiv definite we only need to consider the inner product of the 
YM-states. We set the norm of |k> to 

|||k>|| = M * 0 . (8.23) 

According to (8.11) we can construct a new solution out of |k> at ghost level k by 
applying a step operator on this state with condition that the new state is in the rep. 
k — 1 of SU(2). Such a state is given by 

|¥> = (ET - ^ErE°- - k^k-l)^^-^) | k > ' (8-24) 

where n has to fulfill 
n < f r - l . 

We may check that |*"> is a highest weight state of the finite dimensional 5(7(2) in 
the rep. k — 1, i.e. 

E°+\*> = 0 A £ £ l * > = ( f c - l ) | ¥ > . (8.25) 

The norm of this state is given by 

|||*> ||2 =<k| (El - IE*£5 - jjjJ-jySj^JjEü) (Ezn - \E;nE» ~ sflhyE?E-E°-
= ( f c _ l _ I _ 2 n ( l + I + ^ ) / t * * 

(8.26) 
Setting n = k — 1 in (8.26) we obtain 

from which we conclude that the norms of |<J?> and |k> have opposite signs for k > 1. 
Thus we have shown that the inner product on the cohomology classes at higher ghost 
levels is indefinite. 

9 Conclusions 

In this article we have studied 2-d YM-theory on a circle which has an anomaly already 
for the pure YM-system, when quantized in an oscillator basis. The constraints gen
erate a Kac-Moody algebra with negative central charge for a pure YM-Mills system, 
which becomes positive when chiral fermions in a sufficiently large representation of 
the gauge group are coupled to the system. 
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We have performed a BRST quantization for that system and constructed a non-
Hermitian BRST operator which is nilpotent for any central charge. We used this 
BRST operator to define the BRST-Laplacian and used it to study the cohomology 
of the BRST operator. We showed that a split of the BRST operator into a part 
which corresponds to the first-class constraints and part corresponding to the second-
class constraints can be used to fix a gauge of the system. We noted that the BRST 
operator for the second-class constraints on the gauge fixed state space is the "square 
root" of the energy momentum operator. 

Furthermore it was shown that the cohomology of the non-Hermitian BRST operator 
for a Kac-Moody algebra with central charge aj > —QYM is equivalent to the cohomol
ogy of the corresponding finite-dimensional Lie-algebra. For Kac-Moody algebras with 
ax < —<*YM w c found an infinite set of solutions which were discussed in some detail 
for a 5^(2)-Kac-Moody algebra. However, the inner product on these cohomology 
classes turned to be indefinite. 
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