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1 Introduction 

Spinning particles, such as Dirac fermions, can be described by pseudo-
classical mechanics models in which the spin degrees of freedom are charac
terized in terms of anti-commuting Grassmann variables [l]-[5]. Although 
such variables do not admit a direct classical interpretation, the Lagrangians 
for these models have a natural interpretation in the context of the path-
integral description of the quantum dynamics. In particular, the pseudo-
classical equations of motic > do hold in the sense of the Ehrenfest theo
rem: they are valid when averaged over inside the functional integral. In 
the semi-classical regime, in which higher-order quantum correlations can 
be neglected, it should then be allowed to replace appropriate combina
tions of Grassmann spin-variables by real numbers, to wit the corresponding 
quantum-mechanical expectation values. Some applications of these ideas 
to spinning particles in external fields have been discussed in refs.[l],[6]-[10]. 

In addition to such direct physical applications, generalisations of Rie-
mannian geometry based on anti-commuting variables have been found to be 
of wide mathematical interest; for example, supersymmetric point-particle 
mechanics has found applications in the area of index theorems, whilst BRST 
methods are widely used in the study of topological invariants. For all of 
these reasons, the study of the geometry of graded pseudo-manifolds with 
both real number and Grassmann co-ordinates seems well justified. 

In a previous paper [11] we described the relation between symmetries 
of graded pseudo-manifolds and constants of motion for spinning particles. 
This relation is more complicated than in the case of scalar point particles 
moving in a Riemannian manifold, for two reasons. First of all, the presence 
of anti-commuting variables modifies the Killing equations themselves. Sec
ondly, constants of motion are no longer constructed out of Killing vectors 
only: to each Killing vector there corresponds in principle an associated 
Killing scalar, which must be added to the expression involving the Killing 
vectors in order to obtain the quantities of motion which are conserved dur
ing time evolution. 

In the present paper we apply the generalised Killing equations derived 
in [11] for the symmetries of spinning particles in curved space-time to the 
case of static, spherically symmetric gravitational fields. We show how they 
can be used with profit to integrate the equations of motion, and discuss the 
physical aspects of the solutions in some detail. 

This paper is organised as follows. In sect.2 we present the starting point 
of our work by summarizing the relevant equations for the motion of spinning 
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particles in curved space-time; we briefly discuss their physical interpreta
tion. In sect.3 we recall the generalised Killing equations for spinning space 
and describe the derivation of constants of motion in terms of the solutions 
of these equations. In sect.4 these results are applied to the case of static, 
spherically symmetric gravitational fields, as described by the Schwarzschild 
solution of Einstein's equations. In sect.5 we discuss specific solutions, and 
derive an exact equation for the precession of the perihelion of planar orbits. 
In sect.6 we summarise the results and present our conclusions. Throughout 
this paper we use natural units in which ft = c = 1. 

2 Spinning Space 

According to Einstein's theory of gravity, the world lines of classical point 
particles in curved space-time are time-like geodesies. Since geodesies are 
curves of extremal length, the equation for the worldline of a point parti
cle can be obtained from an action principle, with the action any smooth 
monotonie function of the space-time interval along the curve: 

ds2 = g^Wdx^dx" = -dr2. (1) 

Here dr denotes the corresponding interval of proper time, which equals the 
geodesic length as expressed in the last equality, but only in the absence of 
external forces, like electro-magnetic dipole forces [10]. 

Spinning spaces are graded extensions of ordinary Riemannian mani
folds, with additional fermionic dimensions parametrised by vectorial Grass-
mann co-ordinates ^ [6, 8, 11]. Since the number of bosonic and fermionic 
dimensions is the same, and the Grassmann variables rfc** transform as one-
forms dx^, we can realize a supersymmetry in the geometry of the graded 
manifolds, acting on the co-ordinates as 

*z" = -ieifr", &V = ex", (2) 

where the overdot denotes a derivative with respect to proper time. A 
manifestly supersymmetric action to define the extremal trajectories in such 
a graded manifold (modulo boundary terms) is given by 

S = mj'dT (lg^X)i»?+lg^{Z)rj!P}. (3) 

At this point m is an undetermined constant of proportionality not affecting 
the equations for the trajectories. In order for 5 to have the dimension of 
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action, m must have the dimension of mass. The covariant derivative of V'M 

is defined by 

Drb» - » 
- ^ r = ^ + i % ! V - (4) 

The trajectories, which make the action stationary under variations vanish
ing at the endpoints, are given by 

(5) 
DV'" 

= 0. 
DT 

Clearly, it is consistent to replace xp" by zero everywhere. In that case the 
solutions for *M(r) are ordinary geodesies in the bosonic submanifold. 

More interesting solutions are those for which one or more components 
^ do not vanish. We briefly describe the physical interpretation of such 
solutions. For that purpose we introduce the anti-symmetric tensor 

S"" = - i V V \ (6) 

which describes the relativistic spin of the particle; the first of eqs.(5) then 
implies the existence of a spin-dependent gravitational force [6]-[10] 

D2x^ 1 
^ T = \ ^ R ^ , (7) 

which is analogous to the electro-magnetic Lorentz force, with spin replacing 
the electric charge as the coupling constant. Indeed, the second equation 
(5) asserts that the spin is covariantly constant: 

^ — = 0. (8) 

The interpretation of S>"/ as the spin tensor is corroborated by studying 
electro-magnetic interactions of the particle [l, 5, 7, 10]. These show the 
space-like components S ,J to be proportional to the particle's magnetic 
dipole moment, whilst the time-like components S'4 represent the electric 
dipole moment. Of course, for free Dirac particles like free electrons and 
quarks we require the time-like spin components (electric dipole moment) 
to vanish in the rest frame. This can be written as a covariant constraint 
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grxW" ix = 0. (9) 

In terms of the Grassmann co-ordinates it is equivalent to 

g^(x)i^=0. (10) 

This constraint has an elegant interpretation in terms of supersymmetry. 
We return to this point in a later section. 

An interesting consequence of equation (7) is, that for real S*1" the spin 
can be measured directly via its coupling to the gravitational field, instead 
of indirectly by determining its associated electro-magnetic dipole moments. 

3 Symmetries of Spinning Space 

In classical mechanics there is a well-known relation between symmetries 
of the configuration space and conservation laws, as expressed by Noether's 
theorem. For particles moving in an arbitrary curved space-time this relation 
can be summarized as follows. Let the action 

S = mj dTl-g„v{x)x»iv (11) 

be invariant under transformations 

Sx" = R»(x); (12) 

then the quantity 

J(x,p) = j>„JP(*), p„ = mg^x", (13) 

is a constant of motion. The necessary and sufficient condition for a vector 
R* to generate a symmetry of the action S is that it satisfies the Killing 
equation 

Rw + Rw=Q- (14) 

We now generalise these statements to the graded configuration space of 
spinning particles [11]. Let the action (3) be invariant under the transfor
mations 

6x» = «"(*, V), H» = S"(x, V-); (15) 
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then there exists a constant of motion 

J(* ,p ,V')=B(* ,V')+ ?„*"(*.*) , (16) 

where pM is defined as before3, eq.(13), and B(z,ilr) is a solution of the 
graded differential equation 

Here the quantity RK\UII on the right-hand side denotes the Riemann cur
vature tensor of the bosonic submanifold. 

A necessary and sufficient condition for a vector J?" to generate a sym
metry in the graded configuration space is, that it satisfies the generalised 
Killing equation 

R^ + «KM + $TJr + $TJ*- = o- (") 
The corresponding vector 5M is given by 

5"= iar ar - R"T* ^ + ̂ ^W' (19) 

More elaborate symmetries of the actions (11),(3) generating higher-rank 
extensions of eqs.(14), (17)-(19), can be found by studying symmetries in 
phase space, rather than the configuration space [11, 12]. In this paper the 
restriction to configuration space suffices. 

Two kinds of conserved quantities may be distinguished. First, there are 
constants of motion which exist in any theory of the type discussed here, 
even though the specific functional form may depend on the metric g^x); 
these we call generic constants of motion. In addition there may also exists 
constants of motion which result from the specific form of the metric g^v{x). 
These are model dependent, and hence non-generic. 

In ref.[ll] it was shown, that for spinning particle models as defined by 
the action (3) there exist four independent generic constants of motion. The 
two most important and most obvious ones are the world-line Hamiltonian 

ff=2^<T(*)P,P,, (20) 

and the supercharge 

'Note that in this cue pM is the gauge invariant, not the canonical momentum. 
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Q = P»V- (21) 

A canonical analysis shows that in terms of the appropriate Poisson-Dirac 
brackets they satisfy the supersymmetry algebra 

{Q,Q}=-2imH. (22) 

The other two generic constants of motion are the dual supercharge 

Q'=k ^ e " " « » P ' W V , (23) 
and the chiral charge 

r'=h S^6»»** WVi>x. (24) 
The conservation of the supercharge Q is actually crucial for the consistency 
of the physical interpretation of the theory. Indeed, the condition for the 
absence of an intrinsic electric dipole moment of physical fermions (leptons 
and quarks) as formulated in eq.(10) becomes 

Q = 0. (25) 

The conservation of Q guarantees that this condition can be satisfied at all 
times, irrespective of the presence of external fields. At the same time this 
observation provides a clear physical interpretation of world-line supersym
metry. 

As was discussed in ref.[10], the physical condition (10) can actually be 
satisfied for particles which obey an equation like (7) only if the spin tensor 
S*u is of the form (6). Thus there seems to be a connection between spin 
and statistics even at the level of classical mechanics. 

4 Spinning Schwarzschild Space-Time 

We now apply the results of the previous sections to the case of a spinning 
particle moving in a static and spherically symmetric space-time. Such a 
space-time can be described by a Schwarzschild co-ordinate system: 

ds2 = - (l - £ ) dt2 + ü—^jdr2 + r2 (d92 + sm26d<p2) , (26) 
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(28) 

where a = 2GM is the Schwarzschild radius, with M the total mass of 
the object which is the source of the field and G is Newton's constant. The 
in variance of the metric under time translations and spacial rotations is gen
erated by four ^'-independent solutions Jt<Q)"(x) of eq.(18), (a = 0,--- ,3) . 
The corresponding vector fields have the form 

D(a) B jtf«)M(x)3M> (27) 

and are given explicitly by 

DW = - s in^^T + cot 6 cosy»-—, 
oV Of 

Z?(2) = « » p — - cot»sintp—, 

Di3) = f • dtp 

They generate the Lie algebra o( l , l ) x so(3): 

[l?(«),DW] = -e*<&'\ (o, 6, e = 1 , 2 , 3 ) 

(29) 
[z>(°),z>w] = o. 

In the purely bosonic case these invariances would correspond to conser
vation of energy and orbital angular momentum. However, for a particle 
with spin only the sum of the orbital and the spin angular momentum is 
conserved. This is exactly the content of eq.(16): the usual contribution of 
the Killing vector gives the orbital angular momentum, whilst the contri
bution of the spin is contained in the Killing scalars B^a\z,ip) defined by 
eq.(17). Using the R(a\x) as given by eqs.(27) and (28) we obtain for the 
corresponding Killing scalars 

7 



/? ( 1 ) = ir sin ̂ fi^p -f ""sin0 cos 0 cos <fi[/rilrv - ir2 sin2 0 cos ^ ' ' v ' , 

2?(2> = - ir cos <?vT%'* + ir sin 0 cos 0 sin tpil^xi?*' - ir2 sïn20sin<^i ,'v*\ 

£<3> = - ir sin2 0vrtl?" - ir2 sin 0 cos Oiff. 
(30) 

Rewriting this in terms of S*1" defined in (6) one finds four conserved quan
tities J' a ' 

V r / dr 2r~ 

J(D = -rsinv? (mr^- + 5 r ' ) - cos? (cot0J<3> - r2S'*) , 

(31) 

j(2> = r cos if (mr^ + 5 r ' ) - sin <p (cot 0J<3> - r2S'*) , 

J<3> = rsin20 (mr^ + 5'") + r2sinflcosflS'". 

In addition there are the four generic constants of motion described in the 
previous section. Finally we know from eq.(5) that V7*1 is covariantly con
stant. This gives 

dT 2 r * ( l - f) \dr* dr J' 

<fy' 1 (dr ,. d$ , , \ . „ .dip IU> 

r \dr dr / dr 

(32) 

dr 

df 
~dT 

\dr d9\ Iia I dip , , „dip . 

= - \--r +cot9— v*- —r-i>T-io\d-f-$'. 
\r dr dr) r dr dr 

8 



Altogether we have twelve equations from which we want to solve four ve
locities and four components of y. Of course, as one expects only eight 
equations are independent. A convenient set incorporating physical bound
ary conditions is constructed as follows. We consider motions for which 

or equivalently 

H = -J> <33) 

^Vtfv + m2 = 0. (34) 

This implies that the motion is geodesic, as defined by eq.(l). Eq.(33) can 
be used to express f in terms of the other velocities. These are found by 
inverting eq.(31). The result is 

d4- = - ^ (-J^ s\n<p +J™cos?-rS"), 
dr vnr1 v ' 

(35) 

d<p 1 j(3)_ —sr*- —cotes'*, 
dr mr2 sin2 6 mr m 

From another independent linear combination of jW and J(2) we derive 

r sin OS'* = J^sinf l cosy» + J<2> sin 0 sin <p + J<3) cos 0. (36) 

This equation expresses the fact that there is no orbital angular momentum 
in the radial direction: the total angular momentum in that direction equals 
the spin angular momentum. 

The supersymmetry constraint Q = 0, eq.(25), enables us to solve for ij)1 

in terms of the spatial components ip' 
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1 _ _ — v' = j - - r — v + *2
 r V + sin20-ï- f . 37 

V r) dr (1 _ a) rfr
 y \dr dr J v ' 

As a result, the chiral charge T, and the dual supercharge Q* vanish as well: 

r, = Q' = 0. (38) 

The expression (37) solves the first of eqs.(32). The others can be rewritten 
in terms of the spin tensor components 51-*, (i,j = r,$,>?) as 

= —5 + sm0cos0—S * - rsin V 1 ) — S ^ \ 
rdr dr \ 2r / dr 

d^ „ (\dr d9\ ( Za\ d0 . 

Ü£ = I£S"-i£s~-(*£ + «.,£) 5*. 
dr rdr rdr \r dr dr J 

(39) 
It may be checked that the equation for S9* is automatically solved by (36). 

Eq.(37) also allows us to rewrite all time-like components Sa in terms of 
the space-like S1^. For example, using the anti-commuting character of the 
^-variables, and the expression for dt/dr we can write 

Combining this result with the first of eqs.(35) we find 

dr 

dSr* 

dt 

m IE \dr dr )]- (41) dr (1 - «) 

The four equations for the velocities given by (35) and (41) and the two 
equations for ST* and STV given by eq.(39) can be integrated to solve the 
equations of motion for the coordinates and spins. 

5 Special Solutions 

In this section we solve the equations given in the previous section for the 
special case of motion in a plane, for which we choose 6 - T / 2 . For scalar 
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particles any solution would actually describe planar motion, because the 
orbital angular momentum of scalar particles is always conserved. However 
this is no longer true in general for spinning particles, for which only the 
total angular momentum is a constant of motion4. Therefore planar motion 
of spinning particles is strictly possible only in special cases, in which orbital 
and spin angular momentum are separately conserved. We prove that this 
happens only if either the orbital angular momentum vanishes, or if spin 
and orbital angular momentum are parallel. 

The equations of motion (35),(39) with 0 = T / 2 and 6=0 become: 

dt_ 
dr ( l _ i ) \ m

+ 2E dr ) " 

dr 
ST" ('-7m)'-7-'K)(£) 

211/2 

dip 

~cfr 
.J(») 

= -(*-*)'"*%• 

—(rSr*) = 0 
dr 

(42) 
The last equation and the equation for <p express the fact that the orbital 
angular momentum and the component of the spin perpendicular to the 
plane in which the particle moves are separately conserved: 

rSr* = S, 

dr 

(43) 

where both £ and L are constant. At this point we can already remark, 
that the gravitational redshift is modified by the presence of spin-dependent 

4 Although we still expect planar motion to be a good approximation whenever the spin 
is much smaller than the orbital angular momentum; this is generically the case whenever 
the instrinsic spin is microscopic (quantised), whilst the orbital angular momentum is 
macroscopic (classical). 
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forces; indeed, the first eq.(42) becomes 

dr (E a \ , , 

If the orbital angular momentum L ^ 0 there is an additional contribution 
to time-dilation from spin-orbit coupling. This shows, that time dilatation 
is not a purely geometric effect, but also has a dynamical component [10]. 

Continuing the analysis of the equations for planar motion, we observe 
that eq.(36) symplifies to 

r2Se* = J ( J ) cos p-f-J ( 2 ) sin <p, (45) 

whilst eq.(35) and the equation 0 = 0 give 

rSr,= i - J ^ s i n p + ^ c o s p . (46) 

Combining these two relations we obtain 

£(rS'e)=-r2Ss*¥. (47) 
dr dr 

If we compare this with the fourth of equations (42) we find that there are 
only two possibilities indeed: 

(t) ^ = 0, ( « ) S * = 0. (48) 

(i) For tp = 0 the orbital angular momentum vanishes. This solution de

scribes a particle moving along a fixed radius, for which we choose if = 0, 

from or towards the source of the gravitational field. For a distant observer 

the motion of the particle is described by 

as in the case of a spinless particle. Since there is no orbital angular mo
mentum, the (Cartesian) spin tensor components are all conserved: 

r2gêv = <7(l) j 

rSr* = J{2\ (50) 

r 5 r „ _ j(3)# 
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( i t ) I f ^ O eq.(48) implies Silfi - 0 and therefore 

J(D = J(2) = 0. (51) 

Then from eq.(46) we find that also 5 r ' = 0 which means that the spin 
is parallel to the orbital angular momentum. Eqs.(42) for r and ip give an 
equation for the orbit of the particle 

(52) 
r* \d<fj 

(E* - m2)T2 

In terms of dimensionless variables 

this becomes 

2 2 

€ 

I 

x2 + , 

E 
= —, x = 

m 

ma 

•*• (£) ' • ' 

ma I 

r 
j a 

S 

V 

i 
X 

mr 

I2 

mr I 

(1 + A) 
X3 

(53) 

(54) 

All of our manipulations so far are rigorous, keeping in mind that A is a 
bilinear combination of anti-commuting variables ifr*. In order to analyze 
possible motions of the spinning particle based on eq.(54) we need to assign 
a numerical value to A. As mentioned in sect. 1 this may be done by 
averaging A over some suitable density, as in the path-integral. Henceforth 
we assume that such an averaging procedure has been performed, and treat 
A as a classical variable. However, to avoid inconsistencies we use these 
semi-classical approximations only to first order in A. Thus we presuppose 
the numerical value of A to be small: A <%. 1. 

Returning to eq.(54), an effective potential UR(X,12) can be defined by 
subtituting the expression (42) for <p on the right-hand side. Then 

12 (dx\2 2-2 2 , 1 & ' 2 ( 1 + A) , „ . , , , , „ , 

This equation is the same as one would find for a one-dimensional problem 
with a potential UR(X,12). The particle in the one-dimensional problem is 
subject to a radial force 
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Figure 1: Effective potential for large values of orbital angular momentum 
of a particle in Schwarzschild space-time. 

F(x,l)= j - x (56) 

which is the effective force that the three-dimensional particle feels in the 
radial direction, including a contribution from the centripetal acceleration. 
A picture of a possible potential UR(X,12) is given in fig.5. 
Since the radial kinetic energy is non-negative, the right hand side of eq.(55) 
must be non-negative as well. Hence we distinguish four possibilities: 

1. The energy of the approaching particle is such that t\ exceeds the 
maximum of the potential UR at x+. Far away it is subject to an attractive 
effective force, for dUft/dx > 0. Passing the minimum of the potential at 
x_ the effective force becomes repulsive, but the particle has enough kinetic 
energy to reach x+, where the direction of the effective force changes again. 
The particle will then be attracted until it hits the object which is the 
source of the gravitational field, or in the case of a black hole it passes the 
Schwarzschild radius at x = 1. 

2. A particle approaching with 1 < t\ < UR(X+,12) from infinity is also 
subject to an attractive force. However, it does not have enough energy to 
reach x+. Subject to the repulsive effective force after passing z_, dx/df 
becomes zero in the perihelion xph and the particle disappears to infinity 
again. These orbits are referred to as scattering states 

3. For Un(x-, (2) < t\ < 1 there are two values of z where dx/d<p = 0, 
the perihelion at zp^ and the aphelion at xa>,. The particle moves between 
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Figure 2: Effective potential for various values of angular momentum. 

these two extreme values of x. The orbit is not necessarily closed, but the 
particle cannot disappear to infinity. Hence this type of motion represents a 
bound state. As long as relativistic effects are small, these orbits approach 
precessing ellipses; therefore they are also refered to as quasi-elliptic orbits. 

4. If (4 = UR(Z^,12) < 1 the energy equals the minimum of the potential 
and the values of xph and xah coincide. The particle is not subject to a net 
effective force in the radial direction: dU/t/dz - 0, and the orbit is a circle. 
A picture of the effective potential UR(X, I2) is given in fig.5 for several values 
of I2. If/2 < 3 (1 + A), curve [1], no bound states with e < 1 are possible, 
and all particles approaching with e > 1 will finally hit the centre. 

For I2 > 3 (1 + A), curves [2] - [4], UR(Z, I2) has a minimum for i_ and 
a maximum for z+ given by 

„=,(1 ± , / , - ï<!^). < W , 
Then bound states are possible for t < 1. They correspond to quasi-elliptic 
and circular orbits. In this last case the radius of the orbit is defined by x = 
z_. If I2 = 3(1 -f A), UR(Z,17) has a point of inflexion which corresponds 
to a circular orbit with radius 
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r = / 2 = 3 ( l + A ) . (58) 

This is the smallest circular orbit which is possible. For this critical orbit, 
taking into account that we only expand to first order in A, the energy is 
given by 

& * = i ( 8 + A ) . (59) 

We discuss quasi-elliptic orbits shortly. 
Scattering orbits are possible for I2 > 4(1 + A), because in that case 

UR(X + ,£2) > 1. Particles coining in from infinity with energy 

1 < € 2 <UR(x+,t2) (60) 

approach the central mass until they reach their perihelion and then disap
pear to infinity again. 

In the classical case of Kepler-type orbits, bound state solutions are 
circles and ellipses, parametrized by 

* = - -. -. (61) 
1 + ecos{tp - <po) 

Here K = k/a with k the semilatus rectum, and e is the eccentricity, with 
0 < e < 1 for ellipses and c = 0 for a circle. For ellipses the perihelion xph 
is reached for <p — <po- However in Schwarzschild space-time we expect the 
perihelion to turn during the motion of the particle because of relativistic 
effects. Hence we replace if o by a function w((p). 

x = . (62) 
1 + ecos(<f - w(y>)) 

The perihelion and aphelion are now defined by 

f(
p

kH ~ « ( ¥ $ ) = 2 * T , ?<*> - «,(?[*>) = (2* + 1)*. (63) 

At the angle <pV the particle reaches its kth perihelion and u>(yL ) is the 
angle over which the perihelion has turned after k revolutions. In particular, 
the precession of the perihelion after one revolution is found to be 

Ati; = w(^) - w(<p$) = <#> - v $ - 2* H A ? - 2*. (64) 
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The energy e is a constant of motion and at the perihelion/aphelion it is 
given by 

e2 

Comparing both expressions for t2 one can eliminate I2 in terms of K and e 

K 2 

' = 2 K - ( l + A)(3 + e 2 ) - ( 6 6 ) 

Eq.(52) can now be rewritten in terms of w(<p) and <p, by substituting the 
parametrization (62) for x, the expression for (2 in the perihelion or aphelion 
given by eq.(65) and eq.(66) for I2. The result is 

( l - ^ ) 2 = l - ^ ( 3 + e c o s ( ^ - ^ ) ) ) . (67) 

If we define 

y = <p-w(<p), (68) 

the final result is 

dtp = V (69) 
^ l _ i ? ± £ l ( 3 + eco»y) 

Integrating this from one perihelion to the next one: 0 < y < 2ir, one finds 
A(p as denned in eq.(64) 

dy 

with 

yj\- £cosy 

a = l - 3 F , 6 = e F , F = ( 1 + A ) . (71) 
K 

The relativistic effects and all A-dependence are contained in F. We there
fore expand the elliptic integral (70) in a power series in F around the 
classical (Kepler) solution, and integrate term by term. We use the expan
sion 
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(i-*r* = £>(n)«-, ^)=i(2
n")- (72) 

and the integrals 

f. 
2ir 

dycos'ny = 2xA(n) 

L 
o 

2ir 
(73) 

s2n+l 

This way we find an expression for Af as a series in F 

dy cos J n + 1 y = 0 
o 

A9 = 2*{l + ̂ -+JTiF
k+2[A(k + 2)3k+2+ 

fc=o 

n=0m=0 \ / 

. 2,{1 + ^ a + A, + ^ ( e ' + 1 8 ) ( l + A > ' + . . . } . 
(74) 

In evaluating this expression we again disregard terms of order A2 . For 
A = 0 the second term in the expansion is the well known lowest-order 
contribution to the relativistic precession of the perihelion. Keeping terms 
of first order in A, we find that in principle the spin of a particle already 
contributes to this lowest-order precession. 

A similar effect is expected for scattering states: for given energy and 
angular momentum the scattering angle depends on the spin of the parti
cle. In discussing the scattering, it is convenient to compare the relativistic 
orbit with the solution of the newtonian theory satisfying the same initial 
conditions. The energy of the particle in units of the mass is given in the 
classical theory by 

0 ldx\2 1 I2 

(75) 

• ? ( £ ) +*<"*-
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Figure 3: Effecive potential for a non-relativistic particle in a Kepler orbit. 

Since there is no contribution to the classical energy from the rest mass, this 
is to be compared with the quantity (2 — 1 in the relativistic case, eq.(55). 
The effective potential (fc{x,t2) for the newtonian case is given in fig.5. 
Note that a particle starting out at large distance x —• oo with a given value 
of angular momentum I and a given value of dx/dip has a relativistic energy 
whose square, after subtraction of the rest mass squared, equals twice the 
classical energy for the same initial conditions: 

€2 - 1 = 2e r ia#. (76) 

In the following we always compare the relativistic orbit with this particular 
classical solution. 

The only difference between the relativistic and newtonian effective po
tentials is the l /z3- term, which causes UR(X, I2) to approach — oo for x —> 0, 
instead of +oo as for Uc{x, l2)- However, if I2 is large and e7 - 1 is small, 
such that 

l<e2<UR(x+,t% (77) 

then the particle never reaches the region where the l /z3- term dominates, 
past the maximum at x + , and the orbit is almost classical (Kepler type). 

The scattering angle is calculated from eq.(55). Denning 

" = -7T=T' (78) 

it reduces to 
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Figure 4: Scattering angle 0 for quasi-hyperbolic motion. 

( ? ) = l + * « " « 2 + 7 « 3 = -W{u,6,i). (79) 

where 

* = ^ = T ' 7 = < ' (80) 

are constants of motion. Note that for the classical hyperbolic orbit one can 
express 8 in terms of the eccentricity 

£ - « ' - ! . (81) 

The classical orbit is obtained by solving eq.(79) in the limit of vanishing 7. 
Small relativistic corrections can be computed by expanding to first order 
in 7. 
The (exact) scattering angle 0 (fig.5) is given by the elliptic integral 

fu*h du 
0 = » - 2 / . (82) 

Jo y l + ou - ul + 7u J 

In the perihelion dx/dif = 0. Hence zp/, is one of the roots of eq.(58) 

(2-UR(x,t2) = 0. (83) 

This expression is cubic in l/x and in the case of scattering orbits that we 
consider here it has three roots, x\,Z2,xpfl, fig.5. 
One of them is negative, which is of course not realistic. These roots corre
spond to the three roots U\,U2,UPH of W(u,S,^/), defined by eq.(79), which 
is illustrated in fig.5. 
The integral in eq.(82) can now be written as 

L 
U J "> du 

(84) 0 \J"t{^2 ~ ")(«ph - « ) ( « - Wl) 
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Figure 5: Graphical solution of eq.(83); the negative root xi is unphysical. 

Figure 6: The cubic polynomial W(u, 6,1). 



with «i,U2 and up/, given up to 0(~/2) by 

Ul = — 2 27PTÏ 7 + ° ( 7 ) ' 

V> = J + 27P+4 7 + 0 ( 7 ) ' ( } 

U2 = I _ s - (62 + 1)7 + C( 7
2 ) . 

The root u2 is singular for 7 -» 0. This corresponds to the fact that in 
the classical case T^ and thus u2 do not exist: in that case W(u,S,0) is a 
parabola with roots u\ and uph, given by eq.(85) for 7 = 0. Indeed the 
factor 7(«2 — u) —» 1 for 7 —• 0. We use this to solve the elliptical integral 
(84) as a series in 7. We write it as 

Jo 
du 

>/7(«2 - «) ^ ( u p f c - u K u - u , ) 
(86) 

The second factor is the same as in the classical case, except for the 7-
dependent terms in U\ and tip/,. The first factor can be expanded to first 
order in 7 and then the integral can be performed. The result still depends 
on ui and up/, and is again expanded to first order in 7. The result is 

0 = 7 r - 2 ( l + f 7 ) a r c c o s ( - v / g ) + y | i ï 7 + ö(72) , (87) 

where it should be remembered that for the classical hyperbolic orbit, ob
tained as 7 —> 0, 

S2 1 
-r, (88) 62 + 4 

where e is the eccentricity: 

e = y/l + SlUda, > 1. (89) 

The terms linear in 7 can be trusted as a good approximation for small 
relativistic corrections only if the co-efficients of terms of ö(ip) forp > 1 do 
not blow up because of their dependence on 6. We checked explicitly that 
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terms of 0(tp) are of 0(*«) with q < p. This implies that the expansion (87) 
contains terms of 0(((2 — l)p~q/ip+9), and converges under the condition 
(77). 

Note, that the relativistic corrections to the scattering angle include 
contributions from spin. Again we find that the deflection of a particle 
in a gravitational field is spin dependent. This confirms the existence of a 
gravitational analogue of the Stern-Gerlach type forces well-known to appear 
in electro-magnetic phenomena. 

6 Discussion and Summary 

A main aim of this paper has been to show, how generalizations of the usual 
Killing equations and Noether's theorem for particles with internal degrees 
of freedom like spin can be used to obtain information about the solutions of 
the equations of motion of these particles in curved space-time. The model 
we have considered is actually one of the simplest available, and describes 
a classic->.l limit of the Dirac equation in which the spin degrees of freedom 
are described by anti-commuting co-ordinates. Therefore the results we ob
tain apply most directly to the formal aspects of the motion of fermions 
like electrons or, possibly, massive neutrinos (or photinos, gravitinos, etc.) 
in an external gravitational field, in particular that of a heavy spherically 
symmetric object like a Planck-mass particle or a star. Such formal aspects 
include the proof of spin-orbit coupling and the corresponding fine-splitting, 
resulting from dependence of the energy on the values and relative orienta
tion of the orbital and spin angular momentum. This leads us to predict, 
for example, spin dependence of the time-dilation in a gravitational field, 
of the perihelion precession for bound state orbits, and of the scattering of 
particles by gravitational fields (a gravitational Stern-Gerlach interaction). 

In this respect it is important to emphasize once more, that the equations 
of motion (7), (8) remain valid when averaged inside a functional integral 
with the exponential of the action (3) in the integrand, i.e. if we replace 
S*4" = -i^ij)" by its quantum mechanical expectation value (5M"). This 
allows one to consider our results as a semi-classical approximation to the 
quantum Dirac theory, and gives a procedure for numerical evaluation of 
the components of the spin tensor, at least in principle. Of course, this 
approximation can only hold to first order in the spin, because in general 
(5*"')2 ^ (5M"2) = 0. Hence in numerical evaluations we do not attempt to 

23 



go beyond leading order in the spin variables. 
Physically it is clear, that in a macroscopic gravitational field like that of 

a star the effects of microscopic intrinsic spin of particles such as electrons 
can be completely neglected. Indeed, for an electron orbiting the sun the 
ratio A, eq.(53), is of the order 10"17. Hence effects of particle spins pre
sumably play an appreciable role only in strong gravitational interactions at 
short-distances, near the Planck-scale. 

We can also compare our classical equations of motion with models for 
the motion of macroscopic spinning bodies in an external gravitational field. 
Such models, in which spin is identified with the angular momentum of the 
parts wich make up the spinning body, lead to equations of motion very-
similar to our eqs.(7), (8), but containing higher derivatives of the velocity 
and spin5. These are not unlike the well-known Lorentz self-interaction 
terms in classical electro-magnetic theory. Therefore these classical theories 
presumably suffer from the usual difficulties with runaway solutions and 
pre-accelaration when taken in the limit of point-particles. 

However for small velocities and large distances (when the fields do not 
change rapidly) these additional terms can be neglected, and the predictions 
of these theories co-incide with ours. Thus our results contain at least qual
itative hints to possibly observable effects in the motion of neutron stars 
and similar macroscopic spinning objects. Applying them to a system with 
parameters like the binary pulsar PSR 1913 + 16 one then finds that A is 
of the order of 10"5. Hence in this case the effect of spin on the motion 
of the pulsar, for example on the precession of the periastron, eq.(74), be
comes comparable in magnitude with the second order general relativistic 
corrections. 
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