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SUMMARY
Starting from the rigorous formulation of the conservation equations for mass, momen-
tum and enthalpy, derived for a two-phase flow by volume averaging microscopic balance
equations over Eulerian control cells, the article discusses the formulation of the terms
describing exchanges between the phases. Two flow regimes are taken into consideration,
bubbly flow applicable for small or medium void fractions and annular flow for large
describing exchanges between the phases. Two flow regimes are taken into consideration,
bubbly flow, applicable for small or medium void fractions, and annular flow, for large
void fractions. When lack of knowledge of volume averaged physical quantities make the
rigorously formulated terms useless for computational purposes, modelling of these terms
i d i d
rigorously fo
is discussed.

INTRODUCTION

The state of the art of ongoing research in two-
phase flow modelling was presented in the monograph
by D.A. Drew and R.T. Wood [1]. Following the guide-
lines given in this reference, the authors presented a
more detailed derivation [2] of the fundamental equa-
tions for two-phase flow. Starting from the governing-
equations and jump conditions written in the local form,
volume averaged conservation equations and jump con-
ditions were derived for the separated phases. A com-
prehensive classification of average variables for the
phases was given. Then conservation equations and
jump conditions for the fluid mixture were derived
through suitable definitions of averaged variables. •

The review presented in reference [3] summa-
rizes the work presented in detail in [2] and additionally
presents an overview of the numerical treatment of the
governing equations.

In the jjresent article, starting from the rigorous
formulation or the conservation equations for mass, mo-
mentum and enthalpy for the two-phase flow based on
the separated phases model, we discuss the formulation
of the terms describing exchange between the phases.
Two flow regimes are taken into consideration, bubbly
flow, applicable for small or medium void fractions, and
annular flow, for large void fractions. When lack of
knowledge of volume averaged physical quantities
makes the rigorously formulated terms unsuitable for
computational purposes, modelling of these terms is dis-
cussed. The pragmatic modelling presented relies both
on recent literature and on the computational praxis of
one of the authors made with the development of the
computer programs BACCHUS-3D/TP [4] and
COMMIX-2 [5J.

MODELLING OF MOMENTUM EQUATION

In the following text we use the notation of refer-
ences [2] and [3], but omit overbars, denoting mean val-
ues, for single symbols. Overbars are used for symbols
consisting oT two or more factors.

The following equations are written with refer-
ence to a liquid phase sharing a space domain with the
corresponding vapour phase, but considerations similar
to those made hold for the vapour phase.

Momentum equation for the liquid phase

The rigorous form of the momentum equation for
the liquid phase is [2]

(2)

(3) (4) (5)
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with
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Eq. (1) is suitable for modelling annular flow re-
gimes. For modelling bubbly flow regimes, it is better to
derive the following alternative form. The relation be-
tween the instantaneous value of interfacial forces, giv-
en by eq. (3), and the turbulent fluctuations of interfacial
forces

M't=.lt..vxe - .

is [2]
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with the definition

M"

"a *at +M1'

(4)

(5)

(S)

+Me



p t i x t . i t . i x t
(7)

This definition is useful for modelling interfacial
forces through constitutive equations because the term
M(<1 contains all interfacial interactions (e.g. viscous
drag, lift forces, virtual mass forces, etc...) except for the
mean interfacial pressure ptiVa; and the momentum ex-
change due to interfacial mass transfer v« V(. Using
these definitions eq. (1) can be rewritten as
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In the following we discuss terms to be modelled
in eq. (1) for annular flow regime and in eq. (8) for bub-
bly (low regime. We start from the former, which is con-
ceptually simpler because it is based on the assumption
that the two phases occupy two contiguous continuum
regions.

Modelling annular flow regime

In an annular flow regime the liquid phase is as-
sumed to wet structural surfaces in form of a liquid film
of thickness 5, while the vapour phase does not come in
contact with structural surfaces, unless a. = 1 is
reached in dry-out regions. Modelling of this flow is
based on equation (1).

Term (4) of eq. (1) can be computed exactly with

- (9)

where u « is the laminar viscosity of the liquid and
\(t = -2 uif/3. Superscript T denotes transpose. The di-
vergence term is usually negligible. Terms (5), (7) and
(8) of eq. (1) need modelling. By analogy with term (4),
the Reynolds stress tensor in term (5) is modelled by

"it (10)

In the BACCHUS code, which describes two-
phase flow in bundle geometry, the turbulent viscosity
utf is obtained by means of a generalized mixing length
concept which takes into account the heterogeneity of
the rod bundle. In the COMMIX-2 code utf is computed
applyingthe k-c-model to the liquid phase alone, but so
far insufficient experience has been gained as to the va-
lidity of this approach.

Letting Tf = M, T< = - M, thus considering M
positive by evaporation, term (7) is modelled by

Term (8). the momentum exchange between the
phases, is usually modelled following the original nro-
posuls of reference (61, by setting H

X( - - (12)

Complex analytical expressions for the momen-
tum exchange function K" are given in [7J. In reference
[4] wejustify the formula

2 Vi Pg u.

D.

(13)

applied for every velocity component UJ.

In the momentum equation, analogous to eq. (1),
written for the vapour phase, the momentum exchange
term (8), would be modelled likewise by

(U)

Two Poisson-like equations for the pressure dis-
tribution can be derived independently from the two mo-
mentum equations for the separate phases. If, by as-
sumption, p'o = p*o = />„ the two equations can be for-
mally combined into only one Poisson equation

V
(15)
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In this equation index o refers to the computa-
tional cell considered and P runs over the six

I neighbouring cells in the three coordinate directions. If
this approach is followed the modelling of the exchange

, terms must be done with caution. In the summation pro-
' cess contributions like those represented by eq. s (12)

and (14) cancel each other and the modelling is reduced
'. to that of an homogeneous (low. To avoid this difficulty
; only one term is retained in the corresponding momen-
: turn equation. Usually, in modelling the annular (low re-
I gime, with large void fractions, the term in the vapour

momentum equation is retained. Further details about
: pragmatic modelling of exchange terms are given in [4].

Modelling bubbfy flow regime

A bubbly (low regime is usually modelled from
boiling inception up to a void fraction of about 0.6. Term
(4) of eq. (8) is computed by

(16)

Terms (5), (7) and (8) [(8a) through (8d)J of eq. (8)
need modelling. For the Reynolds stress tensor in term
(5), G.S. Arnold et al. [8] propose

l | f* =0.05

while ref. [1] proposes

(17)
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Theoretically, for an isolated spherical bubble
the virtual mass coefficient and the lilt coefficient are
given by Cum = 1/2, and £, = - 2p* Cum, respectively, cor-
responding to the limit of low void fraction. The range of
validity of the bubbly flow regime modelling has been
extended by Davidson [10], by setting

with a; = 1/6, be = -1/2.

Term (7) is usually modelled by

with

<z =

(19)

(20)
2 C

Term (8a) has been derived theoretically for po-
tential flow around a sphere [9] as

"tipl = " ipt l vSf'2 ' ( 2 1 )

with ^ = 1/4. Equation (21) has been modified by [10] in
successful numerical simulations of gas injection into a
liquid pool, by setting S; = a(IA, thus imposing that the
pressure difference pa - pt approaches zero at nigh void
fractions.

Terms (8b), (8c) and (8d) of eq. (8), which corre-
spond to M*( of eq. (7), are given in the review by Drew
[11]as

"8
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with
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(24)

The three terms at the right side of eq. (22) describe
interfacial drag forces, virtual mass force and lift force,
respectively. The coefficient Dtn = vu has been used in
ref. [10] for taking into account turbulent dispersion of
liquid droplets in the gas phase.The momentum ex-
change function K" has been computed [10] by

*tpl
(25);

where n> is the bubble radius. The drag coefficient Co is
given in [12] for different flow regimes. The computa-
tion reported in reference [10] suggested the addition of
the factor, at in formula (25), which is missing in the '
original work of Cook and Harlow [13], to give the cor-,
rect limit at high void fractions. '••

<26)

L=-ae"e • (27)

thus ensuring that both coefficients vanish at the upper
limit of ag = 1.

A completely new approach to physical
modelling of virtual mass effect in bubbly flow, which
holds also for relatively high flow velocity, is made in
reference [14]. In this approach a fraction fag (0<f<*l)
of the liquid phase is considered to be dynamically bound
to a vapour bubble. Terms respresenting virtual mass ef-
fects are derived taking into account the momentum
t r a n s t d t i i t i th f i ld l th li
uid p
to the vapour.

ects are derived taking into acc et
ransport due to viscosity in three fields, namely the liq-
id, tne vapour and the liquid layer dynamically bound
th

Numerical computation of momentum exchange terms

When momentum exchange terms between
phases or components (both referred to as "fields") can be
expressed in terms of velocity differences between the
fields, their numerical treatment can be made in a gen-
eralized way which reduces the momentum equations for
the fields to a system formally identical to that for a sin-
gle field.

Let us refer to consecutive nodes, labeled 0 and 1,
in an arbitrary coordinate direction with velocity compo-

' nent u. Let 1/2 label the interface of the cell* around the
two nodes. Following the notation of reference [5], the
momentum equation for a single field, discretired at the
staggered mesh 1/2 can be written

ui/2
( " • " ) •

(28)

Let us consider now N fields, with volume frac-
tions o.j (i= 1, 2, ...N), and with momentum exchange
terms represented by

[i,j= 1,2,... N) (29)

The discretized momentum equations for all
fields can be written

N (30)

or rearranging

(31)



Eq. (31) can be written in matrix form as

*• vxn *°in-(D*p)M (32)

where A is a NxN square matrix and 0, ID VP) are vec-
tors of length N. Numerical inversion of the small-size
matrix A is straightforward and yields the system

p l /2 (33)

which is formally identical with the system formed by
eqs. (28), just replacing a row with N rows.

MODELLING OF ENTHALPY EQUATION

The rigorous form of the enthalpy equation for
the liquid phase is [2]

(1)

(3)
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Term (3) is computed using the Fourier law q = -\ VT.
The mass transfer rate in term (5) has been computed
rigorously [15] taking into account both the power trans-
ferred directly to the liquid phase and pressure oscilla-
tions ("flashing"). In the latter reference it has been de-
rived

vr) Ve
(a)

(6)

(36)

hr« = hgS - hfs is the vaporization enthalpy, subscript s
denoting saturation conditions along the liquid and
vapour lines in a state diagram, u; are the velocity com-
ponents. We set4> = 4>g + <P(, with

0
8 M hh =M (k + A )

\ ti ft/

*t = — "

(37)

(38)

. - - liquid due to the
evaporation (or condensation). Furthermore we defined

(39)

(40)

(41)

T"

These terms represent entropy flux, interfacial
entropy source and entropy source due to viscous dissipa-
tion, respectively. Term (a) in eq. (36) gives the mass
transfer rate due to the power released to the liquid.
Term (b) represents the vapour generation rate due to
conductive transfer and viscous dissipation. Term (c) re-
presents the contribution due to time and space vari-
ations of pressure. If heat power (term (a)) is suppressed,
term (c) becomes dominant.

Terms (4), (8), (9), (11) and (12) in eq. (34) need to
be modelled, for lack of rigorous analytical expressions,
while all other terms can be computed exactly. However,
most computer codes simply drop terms (4), (8), (11) and
(12) while term (9), representing an interfacial heat flux,
is sometimes ([6], [7]) replaced by KB {\vt - vH2). Com-
plex analytical expressions for the function K& are given
in the latter reference.

FURTHER DEVELOPMENT WORK

In reference [8] an equation (eq. (26)) is derived
by combining a balance of total energy (internal, kinetic
and turbulent kinetic energy) with an entropy inequal-
ity. This equation allows in principle to check whether
the set of constitutive relations chosen in a computer
code satisfies the entropy inequality. Thus a consistency
check of the constitutive relations is made. Though we
basically agree with the methodology applied in the
above reference, doubts are cast about the correctness of
Uie derivation of this equation. Further work is aiming
at founding an alternative (or correct) formulation of
this entropy inequality and at applying it to the chosen
set of constitutive equations.



The application of mathematical and physical models as
described above aims at simulating dispersed gas-liquid
two-phase flows on the base of selected experimental da-
ta. Experiments are performed at KfK [16] to investigate
the spatial development of local properties of air-water
bubbly flows (i.e. gas fraction, turbulent fluctuations in
the liquid phase, bubble velocity and bubble size) along
vertical test channels. The experimental apparatus con-
sists of two plexiglas tubes with inner diameters of
D =0.070 m and lengths of 5.500 m for upward-directed
and downward-directed flows. The observation of phase
separation processes along the test channels shows the
gaseous phase migrating towards the channel wall in
upward flow and accumulating in the channel center in
downward flow. Fig. 1 represents radial profiles of the
gas fraction for three different cases of the superficial
liquid velocity V, / with average volumetric gas frac-
tions p=0.10, measured with X-ray computer tomo-
graphy at z=7C D downstream from the channel en-
trance. The average volumetric gas fraction is defined as
p= Jg/(Jg + J( ) with Ja and J( the volumetric flow
rates of the gaseous ancf liquid phases, respectively.
Fig.l shows clearly the distinctive peaks of gas fraction
close to the channel wall with the effect of radial bubble
migration more pronounced for higher superficial liquid
velocities. Fig. 2 illustrates the influence of flow direc-
tion on the transversal phase separation with peaks of
gas fraction near the channel wall in upward flow and an
accumulation of the gaseous phase in the channel center
in downward flow. An important parameter for practical
applications is the specific interfacial area density
(interfacial area per unit volume). Fig. 3 shows its de-
pendency on the local gas fraction deduced from mea-
sured gas fraction, bubble number frequency, bubble ve-
locity and bubble size. In all test cases the bubble diam-
eter was in the range of 3 to 4 mm.

The comparison of analytical results with experimental
data will be an essential part of future model assessment
activities.
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Fig. 1: Radial profiles of gas fraction in upward-directed
— air-water bubbly Row atz = 70 D (D = 0.070 m)

downstream; V, «: superficial liquid velocity,
P: average volumetric gas fraction; results of
measurements with X-ray computer tomogra-
phy.

a

a
CO

C C\i

O up«»,-d/700 1.80/0.10
X da.ruard/700 1.80/0.10

OURL-SENSOR RESISTIVITY PROBE

- 3 5 . 2 - 2 3 . 1 1 - 1 1 . 7 0 . 0 11 .7 23.<4 3 5 . 2
Radius CKIIDZ!

Fig. 2: Comparison of radial profiles of gas fraction in
upward- and downward-directed air-water bub-
bly flows with Vj,r = 1.80 m/s and P = 0.10;
results of measurements with a dual-sensor
resistivity probe.
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ments of gas Fraction, bubble number frequency,
bubble velocity and bubble size with a dual-
sensor resistivity probe.

NOMENCLATURE

Remark: Dimensionless quantities are denoted by (-).

aum acceleration accounting for virtual (m/s2)
mass effects

friction coefficient (-)

virtual mass coefficient (-)

coefficient multiplying pressure (m^s/kg)
increments in a linearized momentum
equation

D innerdiameteroftestchannel (m)

Dtff coefficient accounting for turbulent (m%)
dispersion

Co

Cum

d
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hki
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K'
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Mk
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p

Pki

q
ARe
Ik
Q

rh

rk

t

T

T

I°k'
a

a

V

v *

hydraulic diameter

entropy source of phase k, due to
viscous dissipation

interfacial entropy source of phase k

gravity acceleration

specific enthalpy

mean enthalpy of phase k

mean enthalpy associated to interfacial
enthalpy flux of phase k

identity tensor

volumetric flow rate of phase k

(tn)

(W/m3 K)

(W/m3 K)

(m/s2)

(J/ke)

(J/kg)

(J/kg)

(-)

(m3/s)

function describing interfacial heat flux (Ja/mS)

momentum exchange function

lift coefficient

evaporation rate

momentum exchange of phase k
per unit volume ana time

turbulent interfacial force of
phase k per unit length

interfacial force in phase k per
unit length

thermodynamic pressure

interfacial pressure of phase k

heat flux

turbulent enthalpy flux of phase k

power source

bubble radius

mean energy source of phase k

time

stress tensor

thermodynamic temperature

mean Reynolds stress of phase k

velocity component

velocity component at previous
iteration step

velocity vector

mean velocity of phase k

mean velocity associated to interfacial
momentum flux of phase k

(kg/m33)

(kg/m3)

(kg/m38)

(N/m3)

(N/m3)

(N/m3)

(N/m2)

(N/m2)

(W/m2)

(W/m2)

(W)

(m)

(W/kg)

(s)

(N/m2)

(K)

(N/m2)

(m/s)

(m/s)

(m/s)

(m/s)

(m/s)

" J.A

X

xh
X

ak

P

rA
X

Kek

»*

p

iki

*

<p

f

g

i

j

k

t

Re

t

t

T

i superficial velocity of phase k

coordinate direction

phase indicator function

axial measuring position along the
test channel

Greek

volume fraction of phase k

average volumetric gas fraction
{=Jgl(Jg + Jt ))

mean mass production rate of phase k

thermal conductivity

= -2u r t /3

laminar dynamic viscosity of phase k

turbulent dynamic viscosity of phase k

turbulent kinematic viscosity of liquid

density

shear stress

mean shear stress of phase k

interfacial shear stress of phase k

specific power source

mean entropy flux of phase k

friction coefficient

Indices

fluid

vapour

interface

general coordinate direction

phase index

liquid/laminar

Reynolds

entropy/saturation

turbulent

transpose
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