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ABSTRACT

Based on the s — d exchange model, we investigate the temperature-dependent
resistivity arising from the scattering of electrons off fractona and magnons in dilute Heisen-
berg ferromagnets on three-dimensional bond percolation network. The results indicate
that the contribution of fracton scatterings to the resistivity varies from T3 '2 to T* de-
pendence as the concentration of bonds approaches the percolation threshold, while the
magnon scattering contributes a resistivity varying as T3/2 regardless of the changes in
concentration of bonds.



1 Introduction
The electrical transport properties in randomly diluted magnets are a subject of con-

siderable interest. Spatial disorder in the arrangement of magnetic and nonmagnetic
atoms leads to fluctuations of exchange energy, and consequently to a drastic change
in the spectrum of magnetic excitations. In this case, one may expect contributions to
the electrical resistivity from spin-dependent scattering between electrons and magnetic
excitations in additional to the effects due to the structural disorder.

Many attempts have been made to find the contribution to the resistivity due to the
electron scattering by magnetic excitations in dilute ferromagnets.1'2 The temperature
dependences of the resistivity of the magnetic origin are found to fall into two categories
both in the theoretical and experimental investigations: One is a T2 dependent term,314 the
other were found to be a T3 '2 dependent term.2'5'6 This difference involves the details of
the interaction between electrons and magnetic excitations, which remains an unresolved
problem.

For any ferromagnet at sufficiently long wavelengths we may ignore the details of the
atomic interactions, and apply linear spin wave theory at low temperature. We then
should expect that the long wavelength magnetic excitations wiil be conventional spin
waves, and this was confirmed in the first studies of the spin dynamics. At shorter wave-
lengths the inherent randomness of dilute magnets will manifest itself, and this random-
ness qualitatively changes the nature of the magnetic excitations in this regime. As we
know, the magnetic diluted systems may be considered as the bond percolation networks.
Percolation networks appear to be homogeneous at length scales L longer than the percola-
tion correlation length £, and thus support propagating phonons or magnons. For shorter
length scales a < L < £ {a is the lattice constant), the random networks exhibit fractal
characteristic so that one would expect localized excitations called fractons.7'8 The theo-
retical investigation of the low-energy excitation spectrum for magnetic excitations on a
percolation ferromagnet showed a crossover from magnons at lower frequencies to fractons
at higher frequencies.9 The experimental evidence of the magnon-fracton crossover has also
been found by LVmura et al.10'11 in the dilute antiferromagnet MnxZni^^Fj. Based on
this picture, the density of states was derived for magnon and fracton excitations,11'12 and
the results have been employed to explain the deviations from the Bloch T3^ taw which
observed in dilute amorphous magnets13 and the temperature dependence of normal-state
resistivity in high-7*,. cuprates.14

In this paper, we present a comparison of the contribution from the fracton and
magnon scattering to the temperature-dependent resistivity in a dilute three-dimensional
ferromagnet, It is our attempt to take the effect of the disordered spin-coupling into
consideration and to understand the details of the interactions between the electrons and
magnetic excitations in the randomly diluted ferromagnetic systems.

2 Theoretical Calculation
We consider a ferromagnetic system with certain number of randomly distributive

bonds. The interaction between conduction electrons and magnetic excitations (magnons
and fractons) is assumed to be s-d exchange coupling. So, the Hamiltonian takes the
following form.

(1)

where C ^ and Ctu are the creation and annihilation operators for electrons with wave
vector k and spin n, S\ is the localized spin operator resided on site Rj, u is the Pauli
matrix, / is the s-d exchange parameter, and N is the number of the lattice sites.

The Heisenberg Hamiltonian H4 is given by,

The random distribution of the bonds is expressed by the effective exchange coupling
constant J,j, which follows the probability density,

(3)

and the concentration of the ferromagnetic bonds is p.
The one-particSe retarded Green's function for electrons is defined as follows,

G(k, E) = « C^Cf, » = [E-ek- S(k, / • ) ] " ' (4)

For the second order in /, we obtain the self-energy £(k, E) for electrons,

= -JS + ^

(5)
We introduce the Dyson-Maleev transformation for the Heisesiberg ferromagnet Hamil-

tonian / / j ,

(6)\ Sf = a+a, - S , S,+ = ^

Then, the Heisenberg Hamiltonian Eq,(2) is changed into,

The expression for the self-energy Eq.(5) contains two Green's functions,

and

=Pw{E)

Their equation of motion can be calculated as follows,

(E - tv)Gu-(E) =< 2S,'C£,jC*-1*,,. + SfSp



(8)

and

[E -ek-)Pw(E) =< S'S'.6vit»-SfC£niCw6w > +53>/ij< a*ai >[Pn'(E)~Pjf{E)\ (9)

In order to obtain Eq.(8) and Eq.(9), we have used the decoupling approximations,

di QjfXifXi £3 < d; o, > fli di

and

+ + ~ ^ „+ ^ +„
J J J 4 J ' J J

It is obvious that we have
< afcij >=< a+a, >

In order to proceed the calculation, we introduce the Fourier transformation for operators
a* and ai.

tf = Jv-I /Te~ iqx (io)
q

Eq.(8) and Eq.(9) are in the site representation, and their Fourier transforms are not
simple because of the presence of the randomly distributive bonds. We treat them in
the effective-medium approximation15'16 in which Jij is replaced by a uniform coupling
constant J(E), J(E) is chosen in such a way that the scattering produced by one bond,
for which the original coupling constant J is maintained, is zero on the average.
According to Ref.15, we obtain J(E) for a cubic lattice,

- p.) - - Pc) - EG0(t)]
2 + SEG0{t)J

with

Go(0 - H
Jo

where t = EjJ(E), pc is the percolation threshold, and /o(i) is the modified Bessel func-
tion of order 0. Thus, we can take the Fourier transformation of the Eq.(8) and Eq.(9).
Consequently, these two equations of motion are changed into,

(E - £t.)G(q, E) = [2(F(0) -

+ 2ZJ(q,

2S(1

, E) (12)

with
F(0) =< df«i >=< a+a0 >= jj

7 ' ~ Z

and

(E-eh.)P(q,E) = NS[S -

with

' + ZJ(q}E)\I(6) - I{q)]P(q,E) (13)

From Eq.(5), through Eq.(12) and Eq.(13), we find the self-energy for electrons,

£1-/5 I P

The relaxation rate r t
 l of a carrier with momentum k is given by,

So, we finally get,

(15)

- 5)]

ek) (16)

After making use of the Drude formula, we arrive at the following expression for the
resistivity arising from the scattering of electrons by magnetic excitations,

p — m'/ne2r (17)

where m* is the effective electron mass, n is the concentration of the conduction electrons,
and r"1 is given by,

r"1 = / T^Wte/p) dck (18)

with A/"(ef) the density of states of the electrons on the Fermi Surface.
The first term of the expression (16) is the relaxation rate of electrons scattering with

spin flip, it is due to the coherent scattering of electrons by spin waves. In the second term
of this expression, the transferred momentum is not coupled to the magnons momentum,
i.e., in the scattering process electron momentum is not conserved, so it contributes an
incoherent scattering to electrons. At the same time this term does not include any factor
p ( the J(q,E) contains p in the first term), i.e., incoherent scattering is more essential
than coherent scattering.



3 Numerical Study

For the dilute ferromagnet, dynamics can be introduced by making an assumption
concerning the length dependence of the exchange coupling constant as following,17

"^constant, r > (19)

The exponent 0 was first introduced in the context of anomalous diffusion by Gefen et
al.18 From the delta function of Eq.(16), we can see that the excitation energy of the
magnetic excitations (fractons or magnons}, which involves the scattering processes, is
given by 2ZJ(q, E)(l - 7,)(F(0) - S). Thus, the excitation energy of magnons has the
form,

hw = 2J{E)(F(0) - S)<?V (20)

and the excitation energy of fractons has a different form according to Eq.(19),

hu> = 2J(E)(F(0)-S)(qa)
i+e (21)

where we have used the approximation 1 - fqfzq2 a2 / Z for the cubic lattice. Following
the conjucture of Alexander et al.,7 we define the fracton dimension d as d = 2D/(2 + 8),
with D the fractal dimension of the network. It is expected that d and D equal to 1.42
and 2.5 respectively, for a three-dimensional percolation network.7

Corrospondingiy, the magnon density of states is given by,

/V(lt)J <-~ LJ , (uj < CJc) (ii]

where d is the Euclidean dimensionality, and OJC is the crossover frequency of magnons
and fractons which is related to the percolation correlation length f, by ufc ~ £~DI .

For frequencies above uic, the density of states of fractons is given by,

N(u) ~J'\ («>wc) (23)

As a result, the sum over q in Eq.(16) can be transformed into an integral according to,

? (24)
i

for the magnon excitation, and

(25)

for the fracton excitations, where KQ = •KD/T{D/2).
The percolation correlation length £ exhibits the relation,19

(26)

By using of Eqs.(16),(17) and (18), we can calculate the temperature dependences
of resistivity due to the scattering of electrons by magnetic excitations (magnons and
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fractons). The results are presented in Figs.(l),(2),(3) and (4). In Fig.(3), the resistivity
versus square temperature from fracton scattering at p—pc=0.01 are plotted. It is shown in
Fig.(l), (2) and Fig,(3) that as the concentration p of the ferromagnetic bonds approaches
the percolation threshold pc, the contribution from fracton scatterings to the resistivity
varies from a T3 '3 to T2 term. However, the contribution from magnons scatterings
changes very slightly, which always contributes a T3 '2 temperature dependence to the
resistivity as shown in Fig.(4). Thus, in a dilute ferromagnet the resistivity, due to
the scattering by magnons, is proportional to T3'2, rather than to T2 as in an ordered
ferromagnet. It coincides with the theoretical result derived by Richteret al,6

From Eq.(26), we can see that the percolation correlation length £ increases as p
approaches pc. As have been argued above, on length scales smaller than £ both the finite
clusters and the infinite clusters are self-similar or exhibit the fractal characteristics. So
one would expect that the relative weight of the scattering of electrons by fractons will
become more and more large, and the T1 dependent term in the resistivity will be diminate
when p — pc is small enough. When the concentration p deviates from the threshold pc

(p > pc), the correlation length becomes shorter and shorter, and on a longer length
scale, the system is homogeneous. Therefore, the weight of the scattering to electrons
from magnons increases with the deviation of p from pc. Meanwhile, the contribution
from fracton scattering to resistivity also chanpes from T2 dependence to T^/2 ones. We
may therefore conclude that the T7 dependence term of resistivity only appears when the
concentration of ferromagnetic bonds approaches the percolation threshold pr, otherwise,
the contribution of magnetic origin to the resistivity has a T3^ dependence term.

We point out that at sufficiently low temperatures, a minimum is observed in the
p(T) curve for the majority of metallic glasses which can be described based on the
percolation model.20 Below this minimum, the resistivity increases as the temperature is
lowered. This phonomenon is belived to be dependent on the competition between several
scattering mechanisms in these materials,20'31 and is beyond the scope of this paper.

4 Conclusion
We have adapted the fracton model to discuss the temperature dependence of resis-

tivity arising from the spin-dependent scattering of electrons and magnetic excitations in
a dilute three-dimensional ferromagnet based on the bond percolation network. The dy-
namics is introduced when to each ferromagnetic bond a scaling law Eq.(19) is assigned.
The appearance of fractal structure at short length scale induces a crossover from magnon
to fracton dynamics at the percolation correlation length £,.

When the concentration of bonds p approaches the percolation threshold pc, we found
that the contribution to resistivity from the scattering of electrons by fractons varies
from a T3/i dependent term to a T2 dependent term, while the scattering of electrons by
magnons contributes a T3 / ! dependent term regardless of the changes of p — pc. It suggests
that near the percolation threshold, one would expect a T2 dependent contribution of
magnetic origin to the resistivity, which arises from the scattering of electrons off fractons.
Otherwise, it would makes a contribution to the resistivity proportional to T3/2, which
results from both the magnon and fracton scatterings.
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FIGURE CAPTIONS

Fig.l Resistivity vs | power of the temperature, which arises from the scattering of
electrons by fractons. The Fermi energy of the conduction electrons tekes the value of 5.0
eV. Curves (a),(b),(c), correspond to p - pc = 0.1, 0.07, 0.04.

Fig.2 Resistivity vs \ power of the temperature, which arises from the scattering of
electrons by fractons. The Fermi energy of the conduction electrons tekes the value of 5.0
eV. Curves (a),(b),(c), correspond to p - pc = 0.03, 0.02, 0.01.

Fig.3 Resistivity vs square temperature at p — pc =0.01, which arises from the scat-
tering of electrons by fractons. The Fermi energy of the conduction electrons tekes the
value of 5.0 eV.

Fig.4 Resistivity vs | power of the temperature, which arises from the scattering of
electrons by magnons. The Fermi energy of the conduction electrons tekes the value of
5.0 eV. Curves (a),(b),(c), correspond to p - pc = 0.1, 0.05, 0.01
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