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Abstract 

A quantal inversion of the 1 6 0 - 1 6 0 scattering data at 350 MeV yields an optical potential which 

gives an excellent fit (X J/F = 1-65) to the measured cross-section. The real part of this potential is 

shallower than any potential used by others for distances between 2 and 6 fm. The imaginary potential 

is also relatively weak. This potential does not favour a rainbow interpretation of the structure in data 

observed at large scattering angles. 
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The extensive data set taken by Stilliaris et al. [l] for the elastic scattering of 350 

MeV l 6 0 ions off 1 8 0 targets is of considerable interest. The measurements were made up 

to 73* in the centre-of-mass frame and the ratio to Rutherford cross-section spans 5 orders 

of magnitude. The cross-section has pronounced Fraunhofer oscillations at forward 

scattering angles followed by a steady decrease offset by a sharp minimum at 43* and a 

notable maximum at 50*, a structure that was interpreted in [l] as the second Airy 

maximum of a nuclear rainbow. Subsequently a number of optical model potential 

scattering analyses [1-5] were made. They ranged, for the real part, from purely 

phenomenolcgical Woods-Saxon or Woods-Saxon-squared shapes [1,2] through spline fits 

[3,4] to the double folding of an effective nucleon-nucleon interaction [5]. All these 

analyses used purely phenomenological forms for the imaginary part of the optical 

potential. Woods-Saxon volume and/or surface derivative shapes were used with a typical 

radius of 6 to 7 fm. All of these calculations gave Fraunhofer oscillations in the forward 

cross-section and a broad maximum around 50*. But none provides a very satisfactory fit 

to the data. Kondo et al. [2] report x2 values per degree of freedom (x 2 /^) 0 * about 20. 

For the microscopically determined potential of Khoa et al. [5], one finds even larger 

values. 

We have sought to determine an optical potential employing a method of analysis 

completely different from past studies [1-5]. We use inverse scattering theory and, 

specifically, a form of fixed energy inversion [6] that is based on exactly solvable potentials 

of the Bargmann type and generalizations thereof. That procedure, which has been 

employed successfully ia many cases and particularly for heavy-ion scattering [7, 8], 

requires as input an S-matrix with which the data are fitted as accurately as possible. For 

this S-matrix we have used the form 

s(o = s c (0 s h a d (0 , (i) 

where 
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tt\ - rf/ + 1 * a*exp(-ft/b3) 4- ir/1 
{ l } ~ r[l + 1 + a2exp(-^/b2) - iT7j (2) 

is the Coulomb S-matrix modified to suppress the unphysical strong oscillations of the 

point-Coulomb S-matrix for small 1, and the hadronic part S, . is written in the following 

way: 

h a d z ( ^ m ) ) - ± i r ( o 
m x o 

(3) 

,M Here S (I) is an S-matrix of the Mclntyre type [8], 

SM{{)= |SM(*)|exp(2i5M(*)) (4) 

with the magnitude 

|SM(*)| 1 + exp 
I -L - l 

(5) 

and phase 

6M(t) = „ 1 + exp 
l-i\,-i 
&' (6) 

The Mclntyre S-matrix is supplemented by a sum of Regge pole terms with residues 

,H ,M, D(0 = D ̂  [1 - Re(SM(0)] (7) 

and widths 
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r«) = r ( m ) [i - Re(sM(0)] • (8) 

A 6-Regge-pole fit (altogether 31 real parameters of the data [1] is shown in fig. 1). 

The x 2 /F value of this fit is 1.6, which represents an order-of-magnitude improvement on 

the existing fits. The corresponding S-matrix is displayed by the continuous lines in fig. 2. 

Therein two Mclntyre function results are shown also for comparison. The first is the 

background function to the best fit S-matrix while the second is the Mclntyre function 

that by itself, gives the best fit to the data. The results are shown for the absolute value, 

the real part of the total phase shift and for the deflection function. The latter are defined 

as twice the derivative with respect to A of the real phase shift functions. 

While this choice of the S-matrix to fit the cross-section introduces a certain bias in 

the analysis, it is to be stressed that once this S-matrix is specified as a function of (real) 

angular momentum, the associated potential via inversion is uniquely fixed. 

The S-matrix of the form given by Eqs. (1) through (8) is inverted by using the 

inversion scheme [6] for which the S-matrix has to be represented as a rational function, 

,nx N A2-/P 
S(A) = S<0)(A) n p ^ (9) 

n=l n 

where A = l+\ is the angular momentum variable and a (/? ) are complex poles (zeros) of 

the S-matrix. The factor 

... ir?(A2+A2) 
S (0 )(A) = e c 

takes account of the Coulomb tail of the interaction; the cut-off parameter A = 3T? serves 

to simulate the effects of a finite charge distribution. An excellent representation has been 

found using 19 pairs of complex parameters {a ,/? }. 



/ ^fe 

5 

With this rational function the quantal inversion problem can be solved exactly by 

the methods specified in refs. 6 and 7. The result is a complex optical potential whose use 

in the Schrodinger equation reproduces the high-quality fit to the data with which we 

started (fig. 1). Our optical potential reproduces the measured cross-section at all angles 

and we predict a sharp minimum at 85*, as do most phenomenological calculations. The 

potential obtained by the inversion is displayed in fig. 3. For comparison we also show the 

potential obtained by inversion of the background Mclntyre S-matrix and of the best fit 

Mclntyre S-function alone. The potentials obtained by inversion of the Mclntyre 

S-functions are essentially smooth functions of radius and are reminiscent of the 

conventional Woods-Saxon forms for r > 4 fm. The best fit result is markedly different. 

Inside 6 fm, it is far less refractive and absorptive. There are also notable large scale 

oscillations in this potential; especially in its imaginary component. Clearly the Regge 

pole terms in the fitted S-matrix have major effects. Not only were they very necessary to 

specify the best fit S-matrix, for the low ^-values in particular, but also they lead to the 

particular balance of refraction and absorption needed to find a fit of such quality to the 

extensive data. Likewise our inversion result is different from any optical potential used so 

far in other analyses of the same data due largely we suspect to the fact that all of them 

constrain the imaginary parts to be strong and of Woods-Saxon form. The differences are 

evident from the results shown in fig. 4 where our results are compared. Of these only the 

potential (X) has any resemblance with our result by being generally weaker and deviating 

from the usual Woods-Caxon shape at short distances. This also seems to indicate a 

correlation between absorptive and refractive processes in this collision: the other 

potentials with stronger imaginary parts since all of the other potentials which have 

stronger imaginary parts than our inversion one, compensate by having deeper refractive 

real potentials. But at the price of a much reduced quality of fit to the data. 

The real part of the potential obtained by inversion is relatively smooth. It does not 

oscillate as much as potential (X). But there are noticeable oscillations in the imaginary 
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part. They are not artefacts of the method for they are essential to reproduce the S-matrix 

at the (even) integer values of angular momentum to better than 1 part in 1000, which is 

the accuracy needed to fit such an extensive (5 orders of magnitude) range of high precision 

data. Figure 1 shows the cross-section calculated from our S-matrix over the whole 

angular range from 0* to 90" (identical particles!). The behaviour at large angles where no 

data are available appears to be reasonable. We note that the real parts of our potential 

and the others are very similar for radii in excess of 6 fm, i.e. at and beyond the strong 

absorption radius. From 6 fm dovn to 2 fm our real potential is much shallower than the 

others. It rapidly deepens at even shorter distances, but that is of lesser significance for the 

scattering process. It is seen from the deflection function in fig. 2 that this potential does 

not support a "rainbow" at large scattering angles in the traditional sense. The deflection 

function corresponding to the best fit S-matrix does suggest rainbows at approximately 

9 = -36* for I = 30, at 6 - +6* for I = 38 and at 6 = -18* for I - 48. None of these, however, 

explain the structure in cross-section at angles in excess of 40*. 

We now turn to a discussion of the significance of these results. Our aim has been to 

determine an optical potential by first fitting the high-quality data of ref. [1] by an 

S-matrix of physically reasonable and well-tested form. As such we chose the Mclntyre 

shape. However, the Mclntyre S-matrix by itself is not flexible enough to achieve a fit of 

such accurate data, particularly in the region of large angles. We therefore introduce the 

Regge-pole terms, which allowed us to fit the data accurately (cf. fig. 1) with a significant 

value of x 2 /F ( ^ 2 ) . The complete S-matrix is however still sufficiently close to the 

Mclntyre shape (cf. fig. 2) that we may refer to it as belong to the "Mclntyre class". By 

considering only S-matrices of this class to fit the data we have, of course, applied a 

certain bias. However, we argue that fitting the S-matrix to the data, using a reasonable 

starting function, is at least as acceptable as fitting the potentials directly (within a 

generalised Woods-Saxon class). The S-matrix is a fundamental quality of quantum 

scattering theory representing the data without intervention of any model. 
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It is interesting to note that the potential X, which is not as constrained to belong to 

the Woods-Saxon class, tends to resemble our Mclntyre class potential much more than 

the others. The potential we have found appears to be stable. We have tested this by 

making fits with various numbers of Regge-pole terms and investigating the importance of 

different regions of I in S . and of r in V(r) by modifications in the spirit of a notch test. 

All these tests support the shape of the potential of the "Mclntyre class" shown in fig. 3 

(cf. also the preliminary result of ref. [10]). One may wish to investigate this more 

quantitatively by calculating error bands. However, it must be realised that using the 

Mclntyre S-matrix as starting point for the fitting procedure represents a certain a priori 

input. The width of the error bands depends on the weight one chooses to assign to this a 

priori input [11]. 

The error bands for our class of potentials may well not cover the whole potential 

curves, but this would mean only that they do not belong to the Mclntyre class. Similarly, 

analyses of the Fourier-Bessel type using Woods-Saxon-like potentials as starting point for 

the fit are again "model-independent" only within their class of starting potentials. Error 

bands calculated for each class provide no reliable criterium for choosing one class or the 

other as long as a measure of the "statistical weight" of the apriori input (i.e. the starting 

parameters of the fit) cannot be given quantitatively. 

We mention that a Fourier-Bessel analysis of theWoods-Saxon class of potentials has 

been attempted recently, but has remained inconclusive [12]. In view of the difficulties of 

providing a truly significant qualitative analysis of stability and uniqueness we present our 

potential with the arguments given above as a valid alternative to the deeper and more 

absorptive potentials known to date. 

Permanent address: School of Physics, University of Melbourne, Parkville, 

Victoria 3052, Australia. 
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Table 1: Parameter values of the best fit S-matrix 

a = 14.387 

b = 12.335 

I = 52.467 
g 

A = 4.154 

V = 31.324 
g 

A' = 8.308 /i = 594.83 

m D w r ( m ) 
0 

<t>M c 0 

1 3.22 18.33 68.46 35.62 
2 0.71 142.02 250.38 51.62 
3 2.82 17.33 317.95 26.67 
4 3.18 21.65 751.72 9.67 
5 4.71 22.83 571.80 10.80 
6 0.39 11.26 619.88 19.61 
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Figure Captions 

Fig. 1 The experimental data [1] of the l 8 0- l f l O cross-section at 350 MeV (ratio to 

Rutherford) and the fit obtained using the best fit S-matrix of fig. 2. 

Fig. 2. The S-matrix used to fit the cross-section of fig. 1 (solid curves): (a) its 

absolute value |S.\, (b) the real part of the phase shift 6. , and (c) the 

deflection function e(£). The best fit Mclntyre S-matrix S (t) is shown for 

comparison (dashed curves) with the following parameter values 

1 =53.45949373, p = 583.17001747, a = 21.47453883, A = 4.76352592, 

1 = 32.63718762, b = 10.33844805, A' = 7.24548566 and also the background 

S {C) the parameter values of which are given in Table 1 (dotted curves). 

Fig. 3 The real (V) and imaginary (W) parts of the potentials corresponding to the 

S-matrix of figs. 2a and 2b (solid curves). The results of inverting the 

Mclntyre S-matrices of fig. 2 are also shown (dashed and dotted curves). 

Fig. 4 Comparison of the optical potential of the present work (solid curves) with the 

potential X of Brandan and Satchler [3,4] (small dash curves), with the 

potential (A) of Kondo et al [2] (large dash curves) and with that of Khoa et al. 

[5] (dash-dot curve). The Coulomb potential employed in the inversion is the 

one used in references 2, 3 and 4. 
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