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CTH-RF-92

Thermal neutron diffusion cooling coefficient for Plexiglass.

Krzysztof Drozdowicz

Abstract

The thermal neutron diffusion cooling coefficient is a -»acroscopic material

parameter. It is needed for description of the decay of the thermal neutron pulse in a

medium and gives information on the diffusion cooling of the thermal neutron

spectrum in a bounded volume. Experimental results from various measurements for

Plexiglass a'f; overviewed in the paper. A method for theoretical, exact calculation

of the par r <t ter is presented. The formula utilizes some other thermal neutron

paramet.- • /?< 1 a cooling function, i.e. the function which describes the deviation of

the neu1;. > )ectrum in a bounded system from the distribution in an infinite one.

The em rj.- < ependence of the function is obtained numerically from relations which

result U<c •?. the eigenvalue problem of the scattering operator when both the decay

constacl r.d the spectrum of the thermal neutron flux are developed in powers of the

geomrf ral buckling. The case of a 1/v absorption cross section is considered.

The c t ulation utilizes a synthetic scattering function elaborated for hydrogenous

media ŷ GRANADA (1985). The influence of some quantities used in the

calcula; on on the final result is investigated. The obtained value of the diffusion

cooling ..oefficient for Plexiglass is C = 6514 cn^s-1 at the temperature of 20 °C.

The unc.-rtainty is estimated to be ± 100 cm4s-1 within the physical model of the

scattering kernel used.
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1. Introduction.

The thermal neutron flux in a medium can be described on the basis of the

Pi-approximation, equivalent to the diffusion theory. The description gives a good

result for a homogeneous medium which is sufficiently large, that means infinite or

of a size which is much greater than the thermal neutron mean free path in the

medium. In a small volume of a material a leakage of neutrons from the investigated

medium is observed. The probability of the leakage of neutrons increases with their

energy and finally a shift of the thermal neutron energy distribution towards lower

energies is observed. The phenomenon is called diffusion cooling. The macroscopic

thermal neutron diffusion parameters used in that manner as for a large medium

become improper for the theoretical description in such a case. It is well known that

in small volumes a correction to the diffusion constant appears which is dependent

on the size of the m^'um and of the diffusion cooling coefficient. An inclusion of

this correction to the ..fusion approach gives very good results for media with size

equal even to only a few mean free paths.

For most materials it is easy and sufficient to find the most important thermal

neutron macroscopic parameters, i.e. the macroscopic absorption cross section and

the diffusion coefficient, the latter related to the macroscopic scattering (or transport)

cross section. The diffusion cooling coefficient is often of less importance.

However, for some materials the situation is different and is especially difficult for

hydrogenous media where the scattering of neutrons in the thermal energy region is

complicated and the diffusion cooling cannot be neglected in small volumes.

The thermal neutron diffusion cooling coefficient can be determined

experimentally or calculated theoretically. Both ways are complicated for

hydrogenous media. In fact, the neutron scattering has been intensively studied only

in water and heavy water. The situation is not so good for other materials used as

neutron moderators, as polyethylene or Plexiglass [i.e. poly(methyl methacrylate),

abbreviated as PMMA]. Plexiglass is generally known to have its thermal neutron

parameters close to those of water and is in many experiments much more

convenient for use. It is, for example, used as an outer moderator in a method for

measuremtnt of the thermal neutron absorption cross section of rock materials in a

two-region geometry (CZUBEK 1981, DROZDOWICZ 1981, WOzMCKA 1981.

CZUBEK et al. 1991). In a pulsed method for measuring thermal diffusion

parameters of non-moderating media (DEMÉNY et al. 1988) Plexiglass is now also

introduced instead of water (DEMÉNY et al. 1991).



For a theoretical base for those experiments, knowledge of accurate values of

the Plexiglass diffusion parameters is important. They were measured by different

experimenters by a well known pulsed method based on the concept of variable

geometrical buckling. The results for the absorption cross section and the diffusion

constant are in good agreement. Unfortunately, the values of the diffusion cooling

coefficient differ. In the present work a short overview of the experimental results

and problems is given and a theoretical calculation of the diffusion cooling

coefficient for Plexiglass is performed.

2. The pulsed method for determination of the thcnnal neutron diff"g'"n

An obsenation of the thermal neutron field after a burst in a finite medium can

give a lot of information on the material investigated. Let us consider the thermal

neutron flux in a homogeneous material in a finite source-free volume. The medium

is irradiated by a fast neutron burst. The neutrons are slowed down and a space-,

angle-, energy-, and time-dependent thermal neutron flux <I>(r,Q,£,f) is observed.

A separability of the flux integrated over all directions £2 can be assumed:

<t(r,£,0 = (1)

and then the time-dependent part is described (cf. KAZARNOVSKII 1975, SJÖSTRAND

1985) by a sum of decaying exponential modes an a continuum spectrum:

<P(0 = A e"V
>•*<>•'

i e (2)

where:

}.. - decay constant of the A:—th mode thermal neutron flux,

A - amplitude of the /t-th mode flux,

B. - function of the continuum spectrum,

>.c - Corngold's limit.



If >. < >.c the fundamental mode (Jfc=0) decay constant X. can be isolated

from the decay curve, Eq(2), registered under certain experimental conditions (cf.

KRYNICKA-DROZDOWICZ 1978, WoiNICKA 1987). It is related to the thermal

neutron diffusion parameters by the relation:

>.o = (vlj + DQB2 - CB4 + FB* - (3)

where the following parameters for thermal neutrons have appeared:

(v2 ) - absorption rate,

v - neutron velocity,

X - macroscopic absorption cross section,

D - diffusion constant.

C - diffusion cooling coefficient.

F - a correction,

and B is the geometrical buckling, defined as the lowest eigenvalue B . of the

Helmholtz equation for the flux space distribution:

= 0 . (4)

The buckling is determined by the geometrical boundary conditions and for some

simple geometries is known as:

- for sphere:

fiz = (5a)

- for cylinder:

(5b)

- for cuboid:

I
i-l

L a (5c)



where R, H, and a are the extrapolated dimensions, the radius, the height, and

the edges, respectively, and ;o is the first zero of the Bessel function of the first

kind of the order zero JQ(x).

Eqs (3) and (5) are the base of the idea of the pulsed neutron measurement

utilizing the concept of the variable geometric buckling. Namely, if one measures

the fundamental decay constant X at various sizes of the medium, an experimental

data set is obtained (B?, >»_.) which determines the parameters of the curve K_ =

>..(B2) described by Eq(3). However, two serious difficulties appear. The first one

is a proper isolation of the fundamental mode decay constant from the registered

curve. This influences the experimental values, XQ. . The second problem is to

know the precise value of the abscissa, B?, which depends not only on the

geometrical size but also on the extrapolated distance and through it — on the

diffusion constant DQ being just measured. Generally, any extrapolated dimension

( (where the neutron flux is assumed to vanish) can be expressed as:

( = f + d, (6)

where I is the geometric dimension and d. the extrapolation distance related to

this dimension. Note that for a slab the extrapolation distance has to be added at

both sides. The extrapolation distance is proportional to the transport mean free path

/ for thermal neutrons in the medium:

rf,= * ' t r , ( 7 )

and finally can be regarded as proportional to the diffusion constant (through the

consecutive dependences: mean free path — diffusion coefficient — diffusion

constant):

di - k,Do (8)

but the proportionality coefficient k. depends on the theoretical model assumed

(here a hydrogenous medium is a particular case), and on the size and curvature of

the surface of the investigated volume (ef. SJÖSTRAND 1977). Therefore, the

measured thermal neutron parameters are influenced by various factors. A more

detailed analysis of the problem was given by DROZDOWICZ (1983) and by

DROZDOWICZ and WOzNICKA (1987).



Table 1. Measured diffusion cooling coefficient for Plexiglass.

Reference

COPIc et al.
(1964)

GRAFFSTEIN et al.
(1966)

Temper-
ature

°C

-26.

not
reported

YOUROVA and 20.0
PANKRATENKO (1975)

DROZDOWICZ et al.
(1980)

DROZDOWICZ and
WOzNICKA (1987)

DEMÉNY et al.
(1991)

19.5

20.0

-25.

Geometry

rectangular

cubic or
near cubic

cylindrical

spherical

regular
cylindrical

flat
cylindrical

Extrapolation
distance
model

0.76/tr

0.34 cm

d(B*)

0.71/tr(?)

d(R)

dn = 0.76/ lr
</R =

0.76/lr/(/?)

0.7l/,r

C

cm4s~1

2800
±2200

5300
±1800

3510
±1800

5680
±1800

4280
±1800

6100
±500

7149
±615

6192
±457

4900
±137

a)
5247
±312

6200
±730

F

cnte-1

0

0

-1240
±2000

0

-940
±2000

0

0

1203
±400

0

0

0

») Calculated from the part of data for the B2 range corresponding to the range in

DROZDOWICZ et al. (1980).



The results from measurements of the diffusion cooling coefficient for

Plexiglass obtained by different authors are collected in Table 1. A final statement

of the value of the diffusion cooling coefficient C seems to be impossible from the

presented experimental data although it is probable to be C - 6000 cmV1 . If there

are given a few results by one author they refer to different elaborations of the raw

experimental data. The obtained values depend, for example, on the model of the

extrapolation distance used. It is also visible that a fit, which for the same data set

does or does not include the coefficient F at B6. changes the value of C itself. In

fact, if the measured decay constants Å are sufficiently accurate then neglecting

the coefficient F corresponds rather to a determination of a certain value C

equal to an average of (C - FB2), i.e. dependent on the measurement range.

Therefore, it seems interesting to try to analyse theoretically the problem of

diffusion cooling in Plexiglass to get some more information for interpretation of

thermal neutron experiments in which this moderator is used.

3. Theoretical description of the thermal neutron parameters.

3.1. Formulation of the problem.

Let us consider an isotropic scattering of neutrons in a homogeneous

non-multiplying source-free medium. The medium has been irradiated by a fast

neutron burst. After a certain time, a thermal neutron decaying flux 4>(r,Q£,f) is

observed. The Boltzmann equation describes the flux in the medium:

I

= f [ !(£'-£, ff-Q) <t>(r,G,E'.t) dQ'dF , (9)
Q £

where:

(£) - macroscopic total cross section of thermal neutrons.

10



X(£) = (10)

X (E). X (£) - energy-dependent macroscopic scattering and absorption cross

sections,

X(£'-£. Q-Q) - scattering kernel.

Eq(9) can be integrated over all directions (using a development in the Legendre

polynomials, truncated after the second term), and the space-, energy-, and time-

separability of the flux can be assumed, as in Eq(l). For the temporal part of the

flux we are interested in the fundamental mode only and then from Eq(2) we obtain:

with K m K
. (ID

All these steps lead (cf. WILLIAMS 1966. NELKIN 1960) to a relation between the

neutron parameters of the medium, the neutron energy distribution and the decay of

the fundamental mode flux in a volume defined by the geometrical buckling B2.

The relation is given by:

- £ + 2$(£) +Xa(£) + D{E)B2 i •(£) = J X0(F,E) ^F) dF , (12)

where:

X 0 (E\£) . Xo(£'-£),

*(£)

D(E) (13)

The integration is extended from zero to infinity for simplification. This is possible

because any energy spectrum of thermal neutrons which is close to a thermal

equilibrium with the medium vanishes exponentially for (£ - x ) .

In Eq(l2) we may define the scattering operator S which shows the difference

between the number of neutrons scattered into energy £ and those scattered out:

11



SKE) = I X0(F,E) •<£•) dF - Is(£) •(£) , (14)

and the notation simplifies formula (12) to.

[-f>Ia(£) + i)(£)B2] *(£) = S*(£) , (15)

The flux energy distribution can be developed in a series of B2 powers:

•(£) = (16)

The fundamental decay constant X has been represented in a similar way in Eq(3).

Now. both series can be inserted into Eq(15). Then the coefficients at equal powers

of B2 are equated, which yields:

L j
(17.1)

/ ] *0(£) = S*2(£) (17.2)

r D "
= S*4(£) (17.3)

(17...)

The set of the obtained Eqs(17) determines the thermal neutron diffusion

parameters. Before solving it we will give precise definitions of some quantities.

12
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3.2. Basic definitions and nomenclature.

Maxwellian distribution.

The Maxwellian distribution will be used here in the form defined for the

neutron flux energy spectrum:

A/(£)d£ = M(W)dW = We~WåW , (18)

where:

W = §- , (19)

E0 = \

with

it., - Boltzmann constant,

T - absolute temperature,

m - neutron mass,

v - the most probable velocity of the Maxwellian thermal neutron density

distribution.

The distribution in Eq(18) is normalized to unity. Some magnitudes will be used

averaged over the Maxwellian:

X

(x) . <*(£)> =J*(£)A/(£)d£ . (21)

Thermal neutron cross sections.

The macroscopic cross sections 1(E) are connected to the microscopic ones

o(£) by the simple dependence

13



1

2(£) = Ns (22)

where:

o.(£) - cross section of the i-th atom,

n. — number of /—type atoms in the molecule,

and

N
(23)

where:

p - mass density of the material,

N — Avogadro number,

M - gram-moiecule mass,m "

— absorption cross section:

The energy dependence for almost all nuclei for thermal neutrons is described

by the 1/v law. Therefore, it is sufficient to know the cross section at only one

energy, usually at the "table" velocity v = 2200 m s-1 • v^ '•

°a2 (24)

and then

(25)

and the macroscopic energy dependent absorption cross section is defined by Eq(22).

In calculations at a temperature not corresponding to the velocity V22 it is

convenient to use a formula equivalent to Eq(25):

V'> = T °J ' (26)

14



where

(27)

— scattering cross section:

For many elements the scattering cross section is precisely defined by the

formula for the free gas model. In most cases this corresponds in practice to a

constant scattering cross section for the free atom:

(28)

There is also in common use a value of the scattering cross section o for the

so-called bound atom'

where

m
A = N

m

sf (29)

(30)

- nuclear mass,

m - neutron mass.
n

However, for light nuclei and especially for hydrogen, a description of the energy

dependent cross section cannot be approximated in this way. The energy dependence

for the atom of the same element changes depending on chemical bindings. The

dependence (22) is still valid but the individual cross section a.(E) of the i-ih atom

in a particular molecule has to be known. The bound atom cross section o. is still

used as a certain constant defined by Eq(29).

15



Scattering kernel.

The angular dependence of the scattering kernel of neutrons I(£'-+£, Q'-*Q) in

an isotropic medium is determined only by the angle between the directions Q' and

Q in the laboratory system:

where

! (£ ' -£ , O-Q) = 2(£%£,

Ho = Q'- Q •

(31)

(32)

The scattering kernel can be developed (e.g. BECKURTS and WiRTZ 1964) in a series

of Legendre polynomials:

-tE, Ho) = (33)
i-o

where P^Ho) a r e Legendre polynomials and !.(£'->£) are called the Legendre

components of the scattering kernel. They are expressed by the formula:

1

ifE'-E) = 2* J Z(£'-£, MO) ̂ o )
-1

The most important are the two first components:

(34)

1

20(£'-£) = It J !(£'-£,
- l

(35)

-1

They define the well known quantities, the total scattering cross section:

s(F) = Jlo(£%£)d£ ,

(36)

(37)

16



and the average cosine [i of the scattering angle:

fx

•) = - L (38)

In the same way we may define a higher order coefficient, b^, which will be used

later:

f Z2(£'-£)d£
2 ~

The scattering kernel fulfils the detailed balance condition:

M(E') 2(F-.E) = A/(£)Z(£-F) .

(39)

(40)

Thermal neutron diffusion coefficient.

The validity of the dependences which result from the set Eqs(17) is extended

in a quite exact way onto the case of anisotropic scattering (cf. NELKIN 1960) by

introducing the transport cross section:

2tr(£) = [1 - (41)

where n(£) is the average cosine of the scattering angle. Then the thermal neutron

diffusion coefficient is defined as:

£>(£) =

and can be used instead of the relation (13).

(42)

17



3.3. Formulae for the thermal neutron diffusion parameters.

\

To get theoretical expressions for the neutron parameters introduced as the

coefficients ((vZ ), £> , C, F) in the expansion given by Eq(3) one has to solve the

set of Eqs(17) for the eigenfunctions 4> (F.) of the scattering operator S.

We do an important assumption that the absorption in the medium is of the 1/v

type, which is valid for most materials. This will influence the whole following

solution. Under this assumption we have:

(43)

and the average absorption rate is:

(44)

Then Eq(17.1) becomes:

S*o(£) = 0 ,

which corresponds to the eigenfunction:

•0(£) = M(E)

(45)

(46)

Physically that means that in a source-free infinite medium (i.e. £2=0) of a 1/v

absorption the thermal equilibrium spectrum of neutrons is pure Maxwellian [cf.

Eq(16)].

When the function ®Q(E) is known it is easy to find the diffusion constant DQ

by integrating over energy Eqs (17.2) and (17.3) and utilizing the relation:

d£ • 0 (47)

Then

18



f* D(£)A/(£)d£
(48)

Eq(4S) gives a rigorous relation between the thermal neutron diffusion constant D
and the diffusion coefficient £>(£) defined by Eq(42). It is interesting that in spite
of the existence of a diffusion cooling the quantities are averaged here over the
fundamental mode *0(£) of the energy spectrum •(£), i.e. over the pure
Maxwellian distribution. Sometimes a relation D = v D is used but here is
obvious that this is improper even in the case when a constant scattering cross
section is assumed. It can be used for the pure theoretical one-velocity model only
but then there is no relation to the experimental value of the diffusion constant.

A further analysis of the set of Eqs(17) gives the expression for the diffusior.
cooling coefficient:

1 x D
C = -—— [ [Z>(£) --^ R ( £ ) d£ .

D (l/v)J
0

 [ v J 2
(49)

The subscript D has been added here to emphasize that the result is obtained within
the diffusion theory approximation, and C = C_.

A similar calculation can be performed on the basis of the transport theory in
which the equation for the eigenvalues of the scattering operator is more accurate
and differs a little from Eq(15). NELKIN (1960) performed such an analysis and
applied the expansion of the energy function to the same order as has been presented
here. Then Eqs (17.1) and (17.2) remain unchanged and the formula for the
diffusion constant DQ is the same. A difference appears in Eq(17.3) which leads to
an expression for the diffusion cooling coefficient C given by a sum of two
components:

(50)

where C"D is exactly the same as obtained from the diffusion theory, Eq(49).
The C contribution is caused by deviations from the diffusion theory and is

called the transport correction. It is insensitive to a change of the neutron spectrum
from the equilibrium distribution:

19



1 ( l / v ) J
0

 1 1 5 [1 ~b2(E)] 2s(£) v i
d£ , (51)

where b^E) is given by Eq(39).

The behaviour of the C component as a function of the energy—dependent

cross section I (£) is very interesting. This is a correction only to the diffusion

cooling but the value can be either positive or negative. Namely, for a pure

scattering medium of a constant cross section, which is a very good approximation

for most elements, the result of Eq(51) is:

C = -
15 I

(52a)

sf

For a 1/v scattering cross section, which is used as a rough approximation for

hydrogenous media, Eq(51) yields:

D,
ct = i2 '

(52b)

where 2° is defined in the same way as o° in Eq(27).
S 3

One can conclude from Eqs (48) to (51) that the parameters D and C are

really material constants. They depend on the neutron cross sections of the material

only, mainly on the scattering kernel !(£'->£, Q'->£2) which determines the

scattering cross section I (£), the average cosine of the scattering angle n(£), and

the deviation <!•(£).

The calculation of the diffusion constant, D , is easy provided the energy

dependence of the diffusion coefficient, D(E), is known. This requires knowledge of

the energy-dependent cross sections, I (£) and 1 (£), and of the average cosine

of the scattering angle, n(£). As we stated, there is no problem with the absorption

cross section. The scattering cross section for many elements can be regarded as

constant or, better, described by the free gas model. The average cosine, n(£), can

be usually substituted by the approximate relation: pi = 2/(3A). However, this is not

the case for thermal neutrons in hydrogenous media where the dependence on energy

is very strong and each material has to be treated individually. For Plexiglass there

20



were no cata for the scattering cross section (neither experimental nor theoretical)

until it was measured in a limited thermal range by DROZDOWICZ (1989).

We have a worse situation with the diffusion cooling coefficient, C. The

calculation needs not only the D(E) and D but also the scattering kernel. This is

also necessary to find the deviation from the Maxwellian distribution, *_(£). A

construction of the scattering kernel for hydrogenous media is especially difficult. In

recent years GRANADA (1985a) and co-workers (GRANADA et al. 1987a) elaborated

a model of the synthetic scattering kernel and applied it to some hydrogenous media.

They have also measured the total cross section of Plexiglass in a wide interval of

energies for slow neutrons (SlBONA et al. 1991). This makes it possible to try to

calculate theoretically the diffusion cooling coefficient for Plexiglass from the

formulae given in Eqs (49) and (51).

For this purpose it is necessary to find the function $.,(£). It is defined by

Eq(l7.2) but a solution is not immediate. It is presented below.

4. Solution for the function $.,(£)•

The function $,(£) is determined by Eq(17.2). When we introduce the

obtained function ®JiE) and express the scattering operator S in a more explicit

way the equation is:

D

D(E) - •£ ] M{E) = J 1Q(E'& <t>2(£) d£ - (53)

The function being sought appears multiplied by other functions of energy, first

directly, and second - under a definite integral. We divide Eq(53) by 1 (£) and

rewrite to the form:

r n
HE') d£ - [ D(E) - -°

(54)
S S

21



It can be solved using a discretization by integrating in energy intervals. Let us

define the intervals:

A£,

'ck

— lower boundary of the fc-th interval,

— upper boundary of the Jt—th interval, equal to the lower one for the

next, ()t+l)-th interval,

— width of the fc-th interval,

— center of the Jfc-th interval,

(55)

= 1 K

(56)

They should cover the total energy interval [0,*). However, as it was mentioned, in

the case of thermal neutrons it is equivalent to the interval [0, £*] where £ * is the

maximum energy of thermal neutrons. Therefore, the upper boundary of the last

energy interval is

E (57)

For integrals over the /fc-th energy group a simplified notation will be used:

J/(£)d£ • | AE)
k £ k

(58)

We integrate Eq(54) over the energy £ in the &-th group introducing the following

symbols:

(59)

22



r2, = d£ df" (60)

(61)

which gives for the it-th energy interval:

Now for a numerical calculation we use the substitution:

(62)

(63)

and represent the integral over £' in Eq(60) as:

n-1

) d£' = I JA£) d£' -
n-1

}/(£') d£' (64)

Then we get for the terms T:

(65)

*.(£ )A£ (66)

Th ' v . l N a (E , ) '* J s sv c k '
(67)

where the group velocity is defined by:

vk = (68)

23



The details of the above evaluation and of some further steps are shown in the

Appendix. Let us now define some elements:

- generally:

-(£ .
2V ci

A£.
«

- in Eq(66) for the term T2k

- and

Then Eq(62) for the it—th group gives:

n-l

If we put K = N and define the matrices:

X =

the set of Eqs(72) can be written as:

with

AX = B

A = G-I ,

= 1 K.

(NxN)

(Mel)

(JVxl)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(77)

where I is the unity matrix (NxN). The solution of the matrix equation Eq(76) is:

24



X = A"1 B

and the elements of the matrix X determine the sought function •-(£) :

(78)

(79)

which can be used in the formula for the diffusion cooling constant C , Eq(49).

5. Scattering kernel for Plexiglass.

The cooling function •-,(£) has been found under an obvious assumption that

the scattering kernel of the material, 2(£"-£, Q'-Q), is known. As it was

mentioned, in the case of hydrogenous media it is always difficult to find a good

theoretical description of the scattering of thcrma' neutrons. RlTENOUR et al. (1989)

and (1990) have applied certain simple models of the scattering kernel to some

calculations for hydrogen. However, they have been found to be insufficient in the

case of Plexiglass in room temperatures. In recent years an advanced model of the

synthetic scattering function was developed by GRANADA (1985a) and GRANADA et

al. (1987a). The model takes into account the molecuiar dynamics of the medium

which is of course very important for bound hydrogen atoms. The Krieger-Nelkin

procedure is used for calculation of orientational averages resulting from the

translational, rotational and vibrational motions of the molecule. Finally, the

scattering is described using an effective mass, effective temperature, and vibrational

factors. All these magnitudes depend on the incident neutron energy, £', and on the

temperature of the medium, T.

The zero and first Legendre components of the scattering kernel [cf. Eq(33)]

are determined within the model. The bound atom scattering cross sections, a..,

are used as input constants. The Einstein oscillator modes which describe the

molecule frequency spectrum are defined by the following parameters:
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co. — L mode eigenfrequcncy,

6. — width of the above frequency line,

u.. — effective mass of the i-th atom for the L mode oscillator.

The set of effective masses u fulfils a normalization condition referred to the

actual molecular, A, and atomic, A., masses. A proper switching function P,(E')
I A*

includes into the formalism the consecutive effective masses u.. depending on the

relation between the incident neutron energy E and the energy fuo of the L mode

oscillator.

The model was tested for some hydrogenous media, such as light and heavy

water, and benzene (GRANADA 1985b, GRANADA et al. 1987b), and shows some

advantage when compared to the Gasket-Flange calculation. It was also applied for

a theoretical description of the thermal neutron scattering in another very popular

neutron moderator, polyethylene (GRANADA et al. 1987c). In all the mentioned

applications the structure of the molecule is simple: HO, D_O, CfiH6, (CH.) ,

but, of course, each one is characterized by its own spectrum of frequency modes.

The Plexiglass macromolecule, of a stoichiometric formula (CeHoO.) , is more

complicated:

H CH,

-£-£
H

and more difficult for description in terms of the molecular eigenfrequencies and

jffective masses. Granada and co-workers (SIBONA et al. 1991) elaborated the

model for Plexiglass based on data available for acrylic polymers (Bu et al. 1987).

They compared also the theoretical calculation to the experimental results for the

energy dependent total cross section obtained by them and by DROZDOWICZ (1989),

and a good agreement has been observed. Therefore, this synthetic scattering

function seems to be proper for use in the calculation of the diffusion cooling

coefficient for Plexiglass.
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SlBONA et al. (1991) have also calculated v

an approximate way, different from the one pres

approximation will be shown in the next section.

^fusion cooling constant but in

i" 'ere in sections 3 and 4. That

6. Calculation of the diffusion cooling coefficient for Plexiglass.

The diffusion cooling coefficient, C, has been calculated for Plexiglass using

the definitions of the thermal neutron parameters given in paragraph 3.3. The

cooling function $,(£)» which appears in Eq(49) for C , has been computed in

the way derived in section 4. Subroutines from PRESS et al. (1988) were utilized to

obtain the inverse matrix A-1 in Eq(78). They were adjusted to the present

calculation by changing the FORTRAN original variables to double precision.

The zero-order scattering kernel aQ(E'^E) has been constructed according to

the model given by GRANADA (1985a) and (1991). The down-scattering elements

have been obtained from direct formulae of the synthetic model and those for the

up-scattering process have been found utilizing the detailed balance condition

Eq(40). Three types of "atoms" have been distinguished. Two types of hydrogen,

H" and H" in the CH and CH, groups, respectively, have been introduced (cf. the

structural formula of Plexiglass). A contribution from the comparably heavy atoms

of carbon and oxygen has been included by an average atom Q. This creates the

following stoichiometric formula:

(80)

which is useful for calculation of the scattering kernel OL(£'-»£) for the molecule

when the individual kernels oQ.(E'-*E) for the particular atoms have been obtained.

The parameters which define the frequency spectrum of the molecule have

been taken after SlBONA et al. (1991). They are listed in Table 2. The used values

of the microscopic cross sections from MUGHABGHAB et al. (1981) and KOESTER

and YELON (1982) [after GRANADA (1991)] are listed in Table 3.

The energy dependent average cosine of the scattering angle n(£), which is

necessary for the calculation of the diffusion coefficient D(E), has been taken from

GRANADA (1991). The calculation has been performed for the temperature of 20 °C.

The density of Plexiglass is 1.18 g cm-3.
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Table 2. Molecular frequency characteristics for Plexiglass.

L

1

2

3

4

5

(eV)

0.022

0.045

0.090

0.155

0.335

(eV)

0.001

0.002

0.010

0.018

0.018

H"

16.26

100000.

12.0

1.972

2.958

\

H"

36.87

5.84

10000.

2.40

2.67

Q

17.65

10000.

210.

532.13

354.75

Table 3. Microscopic cross sections [ban] used in the calculation.

H O

81.67

0.3326

5.564

0.00353

4.234

0.00019

The CD component has been obtained from Eq(49) after all the above steps

performed. The second one, C , is defined by Eq(51). Here a problem appears,

namely the coefficient bJE) is unknown because the second Legendre component

of the scattering kernel is unknown [cf. Eqs (39) and (34)]. However, one can

notice that C is a correction term only and generally should not exceed a few per

cent of the main value. Moreover, it is influenced strongly by the energy

dependence of the scattering cross section as mentioned in paragraph 3.3. For

Plexiglass the actual situation is such that at low energies the dependence can be

regarded close to 1/v while for higher ones tends to a constant. Therefore, the C
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should be estimated at a level placed between the values for the two limiting cases.

They give the C corrections of opposite signs [cf. Eqs(52)]. That means that for

Plexiglass a value close to zero may be expected. This make it possible to calculate

it with a reasonable error in comparison to the CL. To test the dependence of the

C on b JE) one can assume two cases:

bJE) = 0 ,

corresponding to isotropic scattering, and

(81)

(82)

as the second order correction at anisotropic scattering. The results are shown in

Table 4.

Approximate calculation of the diffusion cooling coefficient.

The diffusion cooling coefficient can be found in an approximate way as shown

by BECKURTS and WIRTZ (1964). The analysis is based on the assumption that the

cooled thermal neutron spectrum can be represented still by a Maxwellian

distribution but at a temperature shifted to another value. This leads to the following

expression for the diffusion cooling coefficient:

(83)

where:

(84)

and M is the second energy moment of the scattering kernel averaged over the

Maxwellian:
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X X

Af2 = f f aQ(
00

E E M(E') d£'d£ (85)

This method of calculation was used for some moderators by GRANADA et al.

(1987b) and GRANADA et ah (1987c) and for Plexiglass by SlBONA et al. (1991). In

this way of determination of the diffusion cooling constant only the scattering kernel

has to be known, for calculation of the scattering moment M . This is of course

much simpler than to find a solution for the cooling function 4> (£) and the estimate

CD of the diffusion cooling coefficient can be obtained easily. The result of such a

calculation is also shown here in Table 4.

7. Results and conclusions.

The final result of the calculation, the diffusion cooling coefficient, is affected

mainly by two factors. The first one is the scattering kernel model assumed and the

second one is the numerical accuracy of computation. The influence of the

computational accuracy is easy to test by observation of the result while varying

some energy limits and number of intervals. Logarithmically increasing intervals

have been used. The accuracy of the obtained matrix solution X in Eq(78) has been

tested by a check of the original equation (76) [see the Appendix].

The scattering kernel model creates certain problems. One can compare the

energy dependent total scattering cross section calculated from the scattering kernel

[cf. Eq(37)] to experimental results. Such a plot is given in SlBONA et al. (1991).

One can observe a very good agreement for the neutron energy E > 5xlO~3 eV. In

the interval 2xlO~3 < E < 5xl(H eV the theoretical and experimental values

deviate from each other. No experimental data exist for lower energies, and the

present task needs a calculation for £ - 0.

The following procedure has been used. The total energy interval for

calculation has been defined as

£ z £th , (86)
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where f* = 1 eV [cf. Eq(57)] and E1 has been set to a few values (E2 -» 0)

according to the consideration on the consistency of the experimental and theoretical

data given above. For each limit [f2^01] the diffusion cooling coefficient has been

computed: the approximate value Cfi from Eq(83), and the accurate C_

component from Eq(49). The C component has been calculated from Eq(51) for

three different values of the coefficient b according to the remarks in paragraph 6

[cf. Eqs (81),(82)]. Then the final value, C, has been obtained. The results are

presented in Table 4.

One can observe a relatively large difference of the values obtained while using

£ z = 5xl0-3 eV or Ez = 2xl0-3 eV. This can be caused by two reasons: the

scattering kernel model can deviate from the real physical dependence and/or the

value Ez = 5xlO~3 eV is too far from zero and cuts a meaningful part of the

calculation, For the next steps of Ez -* 0 the results stabilize.

Table 4. Calculated diffusion cooling coefficient [cm4s~1] for Plexiglass at 20 °C.

[eV]

5x10-3 5241 6608
0.
0.05
0.1

0.

0.05
0.1

0.
0.05
0.1

21
143
277

-15
106
241

-22
100

235

6629
6751
6885

6436

6557

6692

6392
6514
6649

2x10-3 5100 6451

1x10-3 5078 6414

5x10^ 5071 6404
0.
0.05

0.1

-24

98
233

6380
6502
6637
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The values of the C component are small in comparison to the CD as

expected. Their variation is quite strongly dependent on the coefficient by a

change of the sign is even ob^rved. The result at 6 = 0 can be regarded only as a

limit example because the neutron scattering in the case of Plexiglass is anisotropic.

The value b = 0.05 should give a more probable result because it has been

obtained as b. - (u(£))2. The third one, b, = 0.1, has been used to observe the

variation of the Cf = Ct(fc2).

The approximate calculation of the diffusion cooling coefficient, C_, gives a

result about 20 per cent too low. However, such a calculation seems to be useful in

order to obtain some value for a material when no other result from a more

complicated computation is available.

From the performed analysis of the obtained data the following final value of

the diffusion cooling coefficient for the Plexiglass has been accepted:

6514 (87)

obtained for £ z = 10~3 eV and consisting of

and

= 6414

= 100 cm4s-i

(88)

(89)

calculated with b2 = 0.05.

The result can be regarded as about 100 cm4s~1 accurate, taking into account

the uncertainty in the CD and C values shown in Table 4. This corresponds to

about 1.8 per cent relative accuracy. This is an accuracy obtained within the model

of the scattering kernel used (GRANADA 1985a, GRANADA et al. 1987a). However,

one can remember that the calculated cooling function 4>2(£) is sensitive to the

above choice and finally affects the calculated diffusion cooling coefficient C.

Another quantity dependent on the model is the average cosine of the scattering

angle n(£) and then the diffusion coefficient £>0 which also influences the C

value. No experimental n(£) data exist for Plexiglass but for other hydrogenous

materials a very good agreement of the measured and calculated \x(E) values has

been observed. Also the energy-dependent total scattering cross section a (£)

obtained from the model fits very well the experimental data for neutron moderators
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(including Plexiglass) but for the incident neutron energy which is greater from a

certain minimum value, £ > Em. For light water £m - 2xlO-3 eV, and for E < Em

the experimental data lie a little below the theoretical curve. For benzene £m -

5x10-3 eV, and for E < £m the theoretical dependence a&(E) underestimates the

experimental data. The best agreement is observed for polyethylene where £m -

lxlO"3 eV. [All the above remarks are based on papers by GRANADA (1985a),

GRANADA et al. (1987b) and GRANADA et al. (1987c)]. The situation for Plexiglass

has been mentioned in the beginning of this paragraph. A conclusion is that the used

model generally should well describe the scattering kernel although deviations can

happen at very low energies £ - 10~3 eV. As is shown in Table 4, this can influence

the obtained result. One should also remember that such tests of the scattering

kernel are indirect. There can be construed models where the o (£) dependence

is perfectly recovered by the definition of the model formula itself (cf. RITENOUR et

al 1990) but the function 4>.(£) obtained can be false (usually underestimated).

In spite of the mentioned uncertainties the calculated value of the diffusion

cooling coefficient seems to be quite probable when compared to the experimental

results which have been obtained since 1975 from the measurements performed with

a quite high accuracy (cf. Table 1).
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Append».

Evaluation of the solution for the function $,(£).

A rr ethod of the solution of the equation (17.2) which detennines the function

) I

Eq(53):

<!>(£) has been outlined in paragraph 4. We start from the the formula given in

D(E) _ _0 ] M(E) = J - 2s(£) * / £ ) . (Al)

A division of Eq(Al) by the scattering cross section £ (£) K 0 yields:

r Z)olM(£)

S
(A2)

Then relation (22) between the macro— and microscopic cross section is utilized

with:

o,(£) =

and

(A3a)

(A3b)

which yields:

-i
S S

The energy intervals for integration to get a discretization of the equation have been

defined below Eq(54). Then we obtain for the it-th interval:



•2(f)d£ =

d £ - (A5)

We use a simplified notation:

Y f
J /WdE.J .
£ k *

(A6)

and define

* J*2(£)d£, (A7)

* l 0

d£ , (A8)

• J [ (A9)

and for the Ar—th energy interval we get:

Let us rearrange the formula for the term T2

(A10)
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n-l

d£ d£' =

°o<£>'£> 1
d£ d£' -

n-l

(All)

The behaviour of the function $.(£) has been found to be of such a type that for a

numerical integration the rectangles formula may be used:

(A12)

where Af is the width of the Ar—th interval and E. is the midpoint [cf. Eqs (55),

(56)]. A more advanced method of numerical integration is unnecessary while the

energy intervals used are sufficiently small. Then we have:

n-l

d£' =

n-l

ao(£ ,E .) A£.

a {E .) (A13)

which is Eq(66) in the main text.

The term 7V from Eq(A7) under assumption (A12) is at once defined by
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(A14)

In expression (A9) for the term T3 the neutron velocity appears. It is related

to the neutron energy by

£ = \m/ , (A15)

which together with Eq(20) gives:

v = vm
(A15)

Then we obtain:

D0
AT

(A17)

Now in the expressions for the terms T obtained in Eqs (A13),(A14),(A17), we use

the following substitutions:

(A18)

i = k or n,

oJE ,E ,) A£,
0v c« ek' k (A19)

(note the opposite order of the indices k,n at g and in the expression on the right
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side of the definition),

= Th • (A20)

Then from Eq(AlO) we get:

n-1

and after a rearrangement:

(A21)

I
n-1

9*A- ; = b, (A22)

We rewrite explicitly the set of Eqs(A22):

" %k = bA . (A23)

The function ^.(E) being sought is contained in the elements %.. Eq(A23) can be

reduced to the form:

If we now put

(A25)
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we obtain a set of N equations with N unknowns | . :

( g n - l ) £ 1 b l 1

(A26)

which may be written using a matrix notation:

g n - i g
92 1

12 91 3

22"1 92 3

•• 933-1

9*2 9*3

9*

hk
hk

»A*

g i

g
g

2N

3N

9kN

1
\2
»3

«*

=

b

"2

(A27)

We

- a

define

square

the following

(A/xA/) one:

matrices:

"flu
92i

9AI

9l2
922

9AI

• • flln
• • 9 2 n

. . . 9*n

• • • f l l A T
' ' ' 02AT

. . . 9 ^

• • • 9AW

(A28)
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- and column matrices:

X =

B =

We use also the (NxN) unity matrix:

I =

o i

and Eq(25O) can be written as:

Denoting

(G - I) X = B

A = G - I ,

(A29)

(A30)

(A31)

(A32)

(A33)

we obtain a linear matrix equation:

AX = B .

The solution is by an inverse matrix:

X = A"1 B

and the sought function is determined by the elements | . of the matrix X :

(A34)

(A35)
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I
5* (A36)

according to the definitions given in Eqs (A18) and (A29).

A check of the solution seems to be required. A possibility is to test whether

A"1 A = I ,

but a check by testing the original equation (A34) is better. We use the obtained

solution X and calculate the left side of Eq(A34):

C = AX (A37)

getting the elements of the column matrix C :

(A38)
n-l

Then we compare elements of matrices C and B setting a demand e of the

relative accuracy:

< £ . (A39)

This method has been used in the FORTRAN program for solving Eq(A34).
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