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НЕПЕРВНОРМИРУБМОСТЬ ТОПОЛОГИЧЕСКОГО 
ЗАРЯДА. 

КАК ПРОЯВЛЕНИЕ ТЕОРЕМЫ ОБ ИНДЕКСЕ ДЛЯ 
ОБРАТНОГО ПРОПАГАТОРА ГЛЮОНА 

А.А.Иогансен 

Аннотация 

Показано, что в теории Янга-Миллса исчезновение радиаци
онных поправок к матричному элементу топологического заряда 
является проявлением теоремы об индексе для оператора, кото
рый входит в билинейную часть действия Янга-Миллса в кали
бровке внешнего поля. 

(С) ЛИЯФ, 1991 
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Abstract 

It is shown, that in the Yang-Mills theory the vanishing of the radiative 
corrections to the matrix element of the topological charge is a manifestation 
of the index theorem for the operator, which enters the bilinear part of the 
Yang-Mills action in the background gauge. 

1 Introduction 

It is well known that the topological charge Q = / <PTr GG is not renormal-
izable in the Yang-Mills theory (G is the strength of the Yang-Mills field). 
Here we consider a somewhat unusual interpretation of this statement. 

The attention to this fact was drown due to the problem of the renor-
malizability of the axial anomaly in context of the supersymmetric theories 
[l]-[5]. It was shown [3]-[5] that we should distinguish the renormal-
ization properties of the operator equations and the existence of multiloop 
corrections to the matrix elements of operators. The existence of radia
tive corrections to the operator equations depends on the definition of the 
operators. In particular the Adler-Bardeen theorem about the nonrenormal-
izability of the axial anomaly in the operator equation for the divergence 
of the axial current is valid only for a certain regularization of the axial 
current [3]-[o]. However the matrix elements of operators (their dependence 
on external momenta to be exact) are determined unambiguously up to a 
finite renormalization of the operators. Therefore considering the renor-
malization properties of the topological charge we shall concentrate on the 
matrix element of the topological charge in the external gluonic field. 

It was shown in [5] that in the pure Yang-Mills theory with the SU(N) 
group the one-loop matrix element of the operator Тт GG (Fig.l, the waved 
line means the propagator of gluon in the external field) calculated in the 
background gauge is as follows: 

(TrGG) = (2>GG)„, • {l + ^ g P (l - J*2/M) -

-<-i>W-K«£+«£H- (1) 



4 

where к = ki + кг, ki$ are momenta of external gluons, (G)ext is the 
strength of the external field. In eq.(l) the function Too of the external 
momenta is defined as [5, 6] 

Im{kl *|,*ifc2) = / dx f dy[x(l - x)k\ + y(l - y)k\ + 2xyk1k2]-\ 
Jo Jo 

(2) 
The matrix element (1) depends on the gauge parameter a because 

the external gluonic field is off mass-shell. We cannot go to the mass-
shell because this expression is singular at the mass-shell, k\2 —• 0. 

Let us consider the case of the vanishing total momentum of the external 
gluons к = kt + k2 —» 0. This limit corresponds to the transition from the 
local operator TrGG to the topological charge Q = Jd^xTrGG. From 
eq.(l) we get 

{Tr GG) *-̂ ° (TrGG)el, x 

.{.•2да-(.-вЗДй-(.-.ОД. « 
At the first glance eq.(3) could mean that the matrix element of the 

topological charge in the external field has the radiative corrections. As far 
as I understand, this is the conclusion of [8, 9] where the authors got the 
radiative correction to the matrix element of the topological charge which 
coincides with eq.(3) at a = 1. Below we shall argue that really eq.(3) is 
not right. To find a right version of eq.(3) we have to trace the dependence 
of this matrix element on external momenta. In the right version of eq.(3) 
the expression in brackets cannot include any dependence on the external 
momenta, and it can depend only on the normalization point of the operator 
TrGG. Therefore the radiative corrections to the matrix element of the 
topological charge are absent up to a finite renormalization of the operator 
TrGG: 

{ ( fxTrGG) = / d*x(TrGG)ezt. (4) 

In this paper we analyse the dependence of {/ d*x Tr GG) on the external 
momenta to check eq. (4). It is found that the vanishing of the radiative 
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corrections to eq. (4) can be interpreted as a result of the index theorem 
[4] for the inverse propagator of gluon, i.e. for the operator in the bilinear 
part of the Yang-Mills action in the external field. This index theorem is 
responsible for the cancellation of the "anomalous" contribution of eq. (3) 
and that of zero modes of the inverse propagator of gluon. 

Moreover, we shall see that no finite1 renormalization of the matrix ele
ment {/ <z4x7Y GG) is needed at a certain (natural) definition of the oper
ator TTGG. 

A comparison of results of ref. [7, 8] and results of this paper will be 
given below. 

The organization of the paper is as follows. In Sect. 2 we consider 
the radiative corrections to the matrix element {FF) in the external gauge 
field in QED {F is the electromagnetic strength). In Sect.3 we analyse 
the radiative corrections to the matrix element of the topological charge in 
the Vang-iviills theory. In conclusion our results are summarized and some 
comments on the results of refs. [7, 8] are given. 

2 Radiative Corrections to {FF) in the Ex
ternal Gauge Field in QED 

Before to discuss the situation in the Yang-Mills theory let us consider 
the case of QED which is much simpler [5]. In QED we should consider 
the matrix element {FF), where F is the electromagnetic strength. It is 
analogous to the topological charge. At the one-loop level we have |5] 

where к is typical external momentum, e is running gauge coupling 
constant, and (F)„i is the strength of the external field. The radiative 
correction (5) to {FF) results from the logarithmically divergent part of 
the two-loop diagram like that of Fig.2 (in Fig.2 the propagators of fermion 
ф are taken in the external field). This two-loop correction determines the 
dependence of the one-loop element {FF) on external momenta. Therefore 
after an appropriate renormalization we unambiguously get eq. (5). 
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Let us consider the limit of the vanishing total momentum of the external 

photons к = kj + fe —* 0. At the first glance eq. (5) means that the matrix 
element {/ &X FF) has the nontrivial radiative corrections. Really this is 
not the case. For the weak external field rapidly decreasing at infinity we 
have J d>x(FF)ext = 0 and there is no question about the renormalization 
of (J d'xFF). Therefore we should consider the external field with 

Qcx, = J d*x(FF)al ф 0. (6) 

Though in QED there is no instanton-like configuration we can take the 
external field to obey eq.(6) because the finiteness of the action is of no 
importance here. 

Let us note that eq. (5) was obtained at the unexplicit assumption that 
the Dirac operator in the external field has no normalizable zero modes. 
However it is not the case if Qelt ф 0 (the Atiyah-Singer theorem). The 
logarithmically divergent contribution ~ 1пЛ to the matrix element (FF) 
arises from the integration over momenta corresponding to the loop with 
the virtual photon lines (P'ig.3). This is also true for the case of the strong 
external field (with Qext ф 0), because the virtual momenta are as large 
as Л 2 » \Fexl\. Thus by integrating over this loop we get 

<WV*»r = - g Ь Л ' а д Ь - ь , , (7) 

where the axial current J^ = фу,,%ф is regularized due to the upper part 
of the diagram Fig.3 is the gauge invariant manner. 

Now let us emphasize that we cannot consider the massless theory 
because of the zero modes of the Dirac operator in this external field 
(Q<ti 7̂  0). To regularize the theory in the infrared domain we introduce a 
small mass of fermion тфО. Then at the one-loop level we have: 

Ы),-^ = -*. E tfyA"(t) + ̂ (FFU, (в) 

where ip„{x) and Л„ are the eigenfunctions and eigenvalues of the Dirac 
operator respectively. The first term in eq.(8) corresponds to the "soft" 
divergence of the axial current (2m фъФ), but the second term ~ (FF)ext 
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results from the regulator diagrams and corresponds to the axial anomaly. 
Integrating eq.(8) over / <Px we get 

(j d*x Э,з1) = - 2 J2 j <?x Hfrtk, + ^ J SxiFFU = 0, (9) 

where ipu, are the wave functions of the zero modes of the Dirac operator. 
Eq. (9) means that the contribution of the zero modes compensates the 
axial anomaly ~ Qext (the Atiyah-Singer theorem; see, for example, [9]). 

Thus we have (j cPx F F ) M „ , = 0 and therefore there is no dependence 
of the one-loop matrix element (/ d*x FF) on the external momenta. 

So we conclude that there is no radiative corrections to {FF) up to a 
finite «normalization of the operator FF. 

In the non-Abelian theory the situation is like that considered above. 

3 Vanishing of the Radiative Corrections 
to the Matrix Element of the Topologi
cal Charge 

Obviously in the non-Abelian theory the case of the weak external field 
with the vanishing topological charge is of no interest as it was discussed 
above. Therefore we shall consider the strong external field with Qelt = 
J d*x(GG)eii ф 0, for example, the instanton configuration. At first let us 
discuss the theory which contains fermionic fields coupled to the Yang-Mills 
field. As in QED we conclude here that the diagrams like that of Fig.2 
do not induce any radiative corrections to (Q), Q = JtfxTrGG, because 
the logarithmically divergent contributions vanish due to the cancellation 
between the contribution of the zero modes of the Dirac operator and the 
anomaly of the axial current which appears if to cut the diagram of Fig.2 
as it is shown. Therefore now it is enough to consider the pure Yang-Mills 
theory without fermions. 

In the Yang-Mills theory the two-loop logarithmically divergent contri
butions governing the dependence of the matrix element of the topological 
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charge on the external momenta result from' diagrams with lescattering glu-
ons (Fig.3). We shall argue that this contribution vanishes in the manner 
similar to that of the case of the diagram with the fermionic loop (Fig.2). 

Let us consider the two-loop logarithmically divergent contribution from 
the diagrams of Fig.3 to (Tr GG). It can be represented as 

(Гг G6) 2 _ ( 0 4 , ~ s 2 In ^ (Tr GG),.lmp, (10) 

where 1пЛ2/к г arises due to the integration over the logarithmically di
vergent loop, к is an external momentum. It is worth to notice that the 
one-loop matrix element (Tr GG)].;,», which enters the right hand side of 
eq. (10) does not depend on the definition which is taken for the operator 
Tr GG at the vertex of the two-loop diagram of Fig.3. Really (Tr GG)i-loop 

in eq. (10) is determined by the structure of the S-matrix of the theory (in 
fact we consider the interaction at the final state). 

Let us consider the calculation of (Гг GG)i-ioop in eq.(10). The one-loop 
radiative corrections to the matrix element represented by eq.(3) result from 
the regulator diagram and, hence, they are due to the domain of large virtual 
momenta [5]. Therefore the radiative corrections (3) to the topological 
charge are purely anomalous1: they are like the anomalous contribution to 
the divergence of the axial current (see eq.(8)). However in the case of the 
strong external gluonic field with Q„t ф 0 the inverse propagator of gluon 
has zero modes. We shall see that this one-loop anomalous contribution is 
cancelled by the contribution of the zero modes. This phenomenon is like 
the case of ( / d*x dpfy (see sect. 2). The cancellation is a manifestation of 
the index theorem found in ref.[4] for the inverse propagator of gluon, i.e. 
for the operator in the bilinear part of the Yang-Mills action in the external 
field. 

In the case when the inverse propagator of gluon has zero modes we 
need to introduce the infrared regularization. At the one-loop level in the 
background gauge we can give up a small mass to gluon m —• 0 which 
does not violate the one-loop gauge invariance. For certainty let us choose 
the Feynman gauge (a = 1) and introduce the ultraviolet Pauli-Villars 

'However the nice observation of ref.[7J shows that the analogy with the axial anomaly 
is not quite straightforward 
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regularization. The value (TrGG)i_i„p represented as 

{TrGG^-,^ = д^К^-ь*, (11) 

where KM is the topological current, i.e. d^K^ = Tr GG, and 

<*„>,-*, = 2g*Tre„Xal> | V A [ ( m 2 _ v 2 + 2 , G ) J } м • (12) 
In eq.(12) {.. .}„ stands for the matrix element (x| . . . \x) of an operator at 
the coinciding initial and final points. The first term in eq.(12) corresponds 
to the diagram of Fig.l with the physical gluon, and the second one is the 
contribution of the regulator diagram Шее Fig.l with the virtual gluon of a 
large mass M —» со. This regulator contribution corresponds to eq.(3) at 
a=l. 

Obviously, the value of eq.(12) is finite at both the utraviolet and infrared 
domains. Therefore the integral over x of the divergency d^K,,) is equal to 
zero. Thus we get 

(J^xTrGGh.^ = 0, (13) 

i.e. the matrix element (J"d*xTrGG) does not contain any radiative cor
rections. 

Let us show that this fact can be interpreted as the manifestation of the 
index theorem for the inverse propagator of gluon in the external field [Ij 
(in the case of the group SU(N)): 

n =-^ J ^х(с;„д;„и, (щ 

where л is the number of the normalizable zero modes of the operator 
V 2 ^ - 2»(G„„)„t which enters the bilinear part of the Yang-Mills action 
in the external field with the strength (G°„)„ (. 

In the case of self-dual external field it is convenient to represent eq.(12) 
as follows. We introduce the following notations: 

v„̂  = v„r*,, (15) 
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where {C)ap ме the 4 x 4 matrices defined as 

r c _ J W P a = 1,2,3 n „ . 

In eq.(16) t/afi!, is the symbol introduced by t'Hooft. Let us note, that for 
the self-dual external field 

(V r V) 0 „ = V 2 ^ , (П) 

(VV T ) a / , = V 2 ^ - 2»G0/3. (18) 

Now {K,,) can be represented in terms of V and V T as 

(*,(„, - -/TV {(r.f - r?v) [ - ^ - ^Л_] I 

= -g2Tr {r„VT ( ^ ^ ) - Tit ( h-r-

^ + i ^ ( К . - 4 . ) 
M2-VTVJ W-VV m!-VV/ 

-rjv/ ^ r L^-H . (19) 

Two terms at the end of the expression (19) are separately finite both 
in the ultraviolet and in the infrared domains, and therefore each of them 
gives no contribution to (/tPxTrGG) by itself. This means that these 
terms can be removed from the expression for (Кц) (19) without mixing 
the contributions of the regulator and the physical gluons. Then d^K^) 
can be rewritten as 

(TrGG) = (VC„) = 

= 92a„rr fn5n"f{——„ 1—*-\] , (20) 
" L W - Г 2 Af 2 -T*J.L ' ; 

where 
n ^ ( - c r o ' ) ' n 5 = = ( ! - ° i ) ' f = n ^ - ( 2 1 ) 
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Taking into account the identity {П",П5} = О we get 

(TrGG) = -2g2Tr flF *"'..• - П 5 *** . 1 . (22) 

The regulator contribution in eq.(22) can be easily calculated (see eq.(3)) 
and is equal to 

~Ng\TrGG)cxt. (23) 

The first term in eq. (22), i.e. the contribution of the diagram of Fig.l with 
the physical gluon, is analogous to the contribution of the "soft" divergency 
of the axial current (8). In the limit m —» 0 this expression is reduced only 
to the contribution of the zero modes of the operator T, i.e. 

- 2 ( £ i&rtui - Y, *&**)> (24> 
i я 

where ipaL and >̂оя are the left- and right-handed normalized zero modes of 
the operator T, respectively. Integrating over x in eq. (22) we get 

0 = i j ' cPxprGG)^, = ^ Л ^ * * ( ^ С > ) « х < - 2 ( п 1 - п в ) , (25) 

where nLR are the numbers of the left and right handed zero modes of the 
operator T. This relation is the index theorem for the operator T = IF V„. 

Let us consider the zero modes of T: 

ТЫ = ЧтФи = 0, Гоя = V^OR = 0. (26) 

Acting by V on the first eq.(26) and by V r on the second one we get 

(V2-2iG)al)tyoLh = 0, V 2 (^ 0 B )a = 0. (27) 

Obviously пд = 0 and ni = n is the number of the zero modes of the 
operator V 2 — 2iG. 

Thus we get eq.(14) which is the index theorem for the operator V2—2>G. 
Remind that we use the gauge a = 1. However, obviously the radiative 

corrections to the matrix element of the topological charge vanish at any a. 
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In this paper we have shown that the radiative corrections to the matrix 
element of the topological charge vanish in spite of the existence of the 
nontrivial radiative corrections to the matrix element of the local operator 
(TrGG). This cancellation can be interpreted as a manifestation of the 
index theorem for the inverse propagator of gluon in the external field \i]. 
Because of this theorem the contribution of the diagrams with large virtual 
momenta (of order of the regulator mass) is cancelled by the contribution 
of the nonnalizable zero modes of the inverse propagator of gluon. 

Finally let us discuss the results of refs. [7, 8]. In refe. [7, 8] the authors 
calculated the one-loop radiative corrections to the matrix element of the 
topological charge in the pure Yang-Mills theory. In their calculation the 
main point is the analysis of the matrix element {KQ) at the boundary of 
the 4-volume, where A'o is the component of the topological current Кц at 
ц = 0, ЗрК), = Тт GG. The authors of [7,8] got the nonvanishing one-loop 
correction (eq.(63) of ref. [8]) which corresponds to eq.(3) of this paper at 
a = 1. However it seems to me that eq.(63) of ref.[8] does not take into 
account the contribution of the zero modes of the inverse propagator of 
gluon. Surely eq.(63) of [8] does not require any infrared regularization by 
itself because it uses only the asymptotic form of the instanton configuration 
at infinity. Nevertheless, the calculation implies the infrared regularization 
of the theory. Modifying the calculatiou of ref. [8] (see eq. (61) of ref.[8]) to 
take into account the zero modes we easily find that the radiative corrections 
to the topological charge vanish. 

I am grateful to A.A.Anselm and M.I.Eides for useful discussions. 
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Fig.l. One-loop contribution to the matrix element (TrGG). 
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Fig.2. Two-loop contribution to the matrix element (FF). 
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Fig.3. Two-loop contribution to the matrix element (TrGG). 
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