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ABSTRACT

Using a statistical mechanical perturbation theory for isotropic-nematic transi-
tion we report a calculation of second and fourth rank orientational order parameters and
thermodynamic properties for a model system of prolate ellipsoids of revolution parame-
terized by its length-to-width ratio. The influence of attractive potential represented by
dispersion interaction on a variety of thermodynamic properties is analysed. Inclusion of
fourth rank orientational order parameter in calculation slightly changes the transition
parameter.
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1. INTRODUCTION

The present work examines the relationship between the intermolecular forces
and the thermodynamic and orientational behaviour of nematogens close to the nematic-
isotropic (NI) transition as revealed by the long-range orientational order parameters.
Singh and Singh [1] have developed a statistical mechanical perturbation theory to describe
the equilibrium properties of nematic liquid crystals. But their calculation was limited
in the sense that they retained only second rank orientational order parameters (P^)-
However, experimentally the importance of both second and fourth rank orientational order
parameters (P2, P4) has been demonstrated [2, 3]. In this paper we refine the calculation of
Singh and Singh [1] by retaining P2 a n d PA both in the evaluation of the angle-dependent
term in the expression of excluded volume and the perturbation term. Numerical results
are reported for a system of hard ellipsoids [4] superposed with an attractive interaction
described by dispersion forces. A very brief account of the perturbation expansion method
and the working equations are given in the following section. Results and discussion are
presented in the final Section 3.

2. PERTURBATION THEORY

We consider a system composed of Â  axially symmetric nonspherical nematogenic
molecules contained in volume V at temperature T, which interact pairwise through the
potential defined by

U0(x,,Xj)+ ^ Up(Xi,Xj) (1)

where the vectors Xi = (f,-, ft,-) represent both the position of the centre-of-mass and
orientation of the ith. molecule. u0 represents the reference potential and is described by
the repulsion between hard ellipsoids of length 2a and diameter 26 (the length-to-width
ratio xo = 2a/2b). u0 is equal to 00 for any fi2,fti,ft2 such that the rods 1 and 2 overlap
and equal to zero otherwise. up is the perturbation potential which is defined by the more
smoothly varying long-range attractive part.

Following the statistical machinery as outlined by Singh and Singh [1], the per-
turbation series (up to first order) for the Helmholtz free-energy is written as

N N N

where AQ is the reference system contribution to A and

N
(3)



represents the perturbation terms. i/j^ffii) is defined as effective one-body orientational
perturbation potential by the relation

</>(1)(fli) = \ pjda2 f(n2)Jdf12 up(r12,nun2) 9{0\r12,nuQ2) (4)

where symbols have their usual meaning.

For estimating the thermodynamic properties of a reference system (hard ellip-
soids), we start with pressure equation

= 1 - - 0p / <iri2 / /(fii) dtli / / (fo) dQ.2[rX2 Vuo(r12,fii2)] flf°(ri2, J2i2) (5)

where the operator V acts only on fi2 coordinates of the hard ellipsoid potential, uo(ri
which satisfy the relation

oo for r*2 < 1 (6)

D(r 12, £l\2) [= D(Qi2] is the distance of closest approach of two molecules having relative
orientation Q12. Using Parsons decoupling approximation [5] and scaling <7°(fi2, ^12) as
g°(ri2/D(Qi2), w e c a n write pressure equation (retaining second and fourth rank order
parameters) as

?f ^ ^ (7)

where

rj — pvo (VQ being volume of a molecule)

x = (xl~ 1)/(XQ + 1); xQ is length - to - width ratio (2a/26)

P n = J f(Q) <Kl Pn(cos8) (8)

Fo(x) = (1 - x2)~l^(l - \x2 - ^ x 4 - x6 /H2 • • -) (9)

F2{X) 4 XM - xT'* (̂  + n *2 + re **+ H **+ • • •) (10)

^ + . . . ) • (IDF4(.) ^ ( 1 . ) ( l + ^ . + )

Using pressure Eq.(7) we can derive expression for Helmholtz free-energy per particle for
reference system and is given by

= (tnp - 1)+ < £n4nf(Q) > +V^~^ [n(x) - F2(x)P2
2 - F4(x)P?} . (12)



In Eq.(12) the first two terms represent the free-energy of a gas of noninteracting rods and
the last term is the excess free-energy which arises due to the interparticle interaction.
Eqs.(7) and (12) with standard thermodynamic relations give the expressions for other
thermodynamic parameters.

For the first order perturbation to Helmholtz free^energy we adopt the following
form of the perturbation potential (up),

,nun2) = — ^ - ^ P2(cos8) for r12 > D(Q12)
r12 r12

(13)

where Cj and ca are constants related, respectively, with the isotropic dispersion and
anisotropic dispersion interactions. 012 is the angle between the orientations of the two
molecules.

Following the algebra of Singh and Singh [1] and retaining P2 and P\ terms we
get the expression for Helmholtz free-energy as

N
where

B0=enp-l +
- r.̂ 2

F0(x) -

(14)

(15)

B4 = F4(x)

1

1

c* \A0 + i c*Jc* A2]

35 77 ar3

} = / «r12
JO

and

7T

(17)

(18)

(19)

(20)

(21)

(22)

The values of constants AQ,A2,A4 are tabulated in [1] as a function of length-
to-width ratio #o- Larsen et al. [6] have tabulated the values of In(p*) for several values
of n.

The minimization of the free-energy with respect to the variations of f(£l) subject
to the constraint

ff(n)<m = i (23)



determines one-particle orientational distribution at a fixed temperature and pressure.
The form of /(fi) is obtained from Eqs.(15) and (23)

exp[2B2P2P2(cosfl) + 2B4P4P4(cosfl)]
)] K }

which leads directly to two transcendental equations for second and fourth rank orienta-

tional order parameters, denned by

= //(fi) dQ, P2(cos0) (25)

and

/" P4(cos0) . (26)= /"/(«)

The nematic-isotropic transition at constant pressure is located by equating the

pressures and chemical potentials of the two phases.

3. RESULTS AND DISCUSSION

We report the calculation of thermodynamic properties at transition for the model
system represented by hard ellipsoids of revolution superposed by dispersion interaction
retaining P2 and P4. Results obtained are given in Table 1 for two values of x0. The
higher order terms like < Pe(cos#) > ,< P8(cos#) >, etc., have not been included in the
calculation for two reasons. They are not experimentally accessible and their contributions
as compared to < P2(cos 8) > and P4(cos 6) > are quite small. For a given XQ the potential
parameters are selected so as to reproduce quantitatively the NI transition temperature
Tc ~ 409(°&). This corresponds to the NI transition temperature of the most common
nematogen PAA. From Table 1 we observe that in both cases as in Singh and Singh [1] as
well as in the present work, the change in the density at the transition decreases as the
ratio c*jc*a increases for a given value of c*jk. A very slow increase in packing fraction is
seen with increasing c*/c^. In accordance with the observation of Baron and Gelbart [7],
we find that for c*jc*^ > 20 the phase transition parameters are not very sensitive to the
c*lc*

The parameter T listed in Table 1 measures the relative sensitivity of the order
parameter to volume change (at constant temperature) and the temperature change (at
constant volume) and is defined by the relation

r _ V {dp2ldV)T _ fd£nT\
~ T (dP2/dT)v ~ \d£n p)P7 •

The pressure dependence of the transition temperature (dTc/dP) is determined by Clausius-
Clapeyron's law. M̂f measures the change in entropies at the transition.



Comparing the results listed in Table 1 with the corresponding results obtained
by Singh and Singh [1] we find that P2, Ar}/rj (relative change in density) and ~g, increases
whereas rj decreases slightly due to the inclusion of P4 term in the calculation. A very
slight increase in the values of (dTc/dP) and T is observed. As XQ is increased, the values
of p2,PiiAT]/T),AIl/Nk1(dTc/dP) and T go up whereas TJ decreases. It can be seen from
Table 1 that for a given x0, the value of P4 is not very sensitive for c*/c* > 20. We also
studied the temperature dependence of P2

 a n d PA at constant pressure (p = 1 barr). The
variation is in accordance with experimental observations. We do not compare our results
with experimental data's due to the choice of our model which roughly simulates a real
system.
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Table 1

The NI transition parameters in the model system. The symbols have their usual

meanings. The model parameters are chosen so as to reproduce the transition temperature

Tc ~ 409(°Jb).

1.5

2.0

c*/k

3458.52
4295.35
4885.95
5146.07

2864.95
3004.25
3051.93

8
20
50
100

20
50
100

0.5083
0.5608
0.5879
0.5980

0.4417
0.4568
0.4620

Ar}/r)

0.0502
0.0213
0.0144
0.0125

0.1986
0.1553
0.1485

Pi

0.5703
0.5145
0.4977
0.4928

0.7507
0.7258
0.7171

PA

0.2222
0.1788
0.1670
0.1637

0.4269
0.3936
0.3825

AS
Nk

1.39
0.96
0.84
0.73

3.23
2.77
2.63

dTc
dP

121.22
66.93
49.26
43.95

260.37
223.18
211.80

r

1.95
2.17
2.35
2.42

2.47
2.51
2.61

77 = i (77 -(- 77;), 77 and rji are nematic and isotropic packing fractions.


