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ABSTRACT

Within the reduced MHD approximation it is shown that dJzjd^ < 0 [Jz is z
component of the current density and ^ is the helical flux] is a sufficient condition for
the equilibrium to be non-linearly stable to tearing mode. It is further shown that this
also a sufficient condition for an equilibrium to be axisymmetric, hence helical equilibrium
consistent with this condition cannot be constructed. However a class of axisymmetric
equilibrium with hollow current profile is shown to satisfy the stability criterion.
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Tearing modes are an important class of low frequency magneto-hydrodynamic
[MHD] instability. They are believed to be responsible for loss of heat and particles during
sawteeth modulation of the core and major disruption. Because of its importance a large
part of work in MHD is devoted to understanding its various aspects e.g. evaluating
various criterion of instability, linear growth rates, non-linear saturation etc. Historically,
first complete treatment of tearing modes in a collisional slab plasma was provided by
Furth et al. (Furth et al. 1963). Later this work was extended to realistic tokamak
like situations [Furth et al. 1973]. Subsequently linear tearing modes in other situations
and scenarios have been investigated by a number of workers [Drake et al. 1977, 1983,
Antonson et al. 1981, Hassam, 1980, 1983, Hazeltine et al. 1973, Cowley et al 1986]. The
non-linear saturation of tearing mode has been discussed by Rutherford [Rutherford 1973].
The criterion for the linear stability to tearing modes is provided by a parameter called A'.
For a given equilibrium and a mode of helicity (ro,n), where m(n) is the poloidal (axial)
mode number, this parameter can be evaluated. The sign of A' then provides a necessary
and sufficient condition for the stability. In this note we investigate a criterion for the
non-linear stability to tearing modes. The methods employed are similar to those used
earlier by Gardener [1963] and Arnold [1969] who investigated stability properties of the
hamilton fluids. For the case of plasma these have been reviewed extensively by Holmes
et al. [1985], Using these methods a sufficient condition for the non-linear stability is
established and its consequences are examined.

For our discussion we will use the reduced MHD equations [Strauss 1976] where
to the lowest order in the inverse aspect ratio, the cylindrical tokamak approximation can
be used. In this approximation the axisymmetric magnetic field is represented by

B = VAZ x z + Bzz (1)

where Az is the z component of vector potential A and Bz is a constant. Now let us
consider a perturbation of helicity (m.n) imposed on it. The resulting state is helically
symmetric i.e. it is a function of r and r = (m# + kz). In this state we can define a helical
flux function \& in terms of which the magnetic field B can be defined as

kr
B^Wxz Bz9 + Bzz (2)

As can be inferred from Eq. 1 and 2 that * = Az — ^AQ and

Jz = - V 2 * i (3)

where A$ is the 6 component of A and Jx is the axial component of the current density J.
Further, within the reduced MHD approximation the z component of ohms law describes
an equation for the evolution of ^ as

£+».V«=,J, (4)



while the other components describe the incompressibility of the motion in (r, 9) plane,
thus v = V^cf, where f is a scalar potential. Before we begin to discuss the non-linear
stability, we will very briefly review the linear stability. We consider a cylindrical plasma
of radius a inside a closed fitting conducting shell (no vacuum region). Then z • Vx- of the
equation of motion, ~y2r\ -C 1 and the fact that to lowest order Bz is a constant, implies,

2kBz

m
(5)

That is, the axial current density is an arbitrary function of \&. Now if one is not interested
in the growth rate, but just in knowing whether an equilibrium is stable or unstable to a
mode of helicity (m,n) then Eq.6 is sufficient. The reason is that the free energy for the
tearing mode comes from the ideal region and the sign of that can be evaluated directly from
Eq. 5. To evaluate the sign of free energy SW we linearize Eq. 5 for small perturbations.
For 1-d r dependent equilibrium this gives

(6)

where * ' = (•&• — 1) r and, q(r) is the safety factor profile. At the location of resonance
where -^ = q(rs) Eq. (7) is singular. This singularity is ultimately resolved by invoking a
small resistivity around r3. However the sign of SW is given by A' which is given by

A' =
dr

r,

(7)

For a given Jz(r), Eq.(6) can be integrated in two regions 0 < r < rs, and
r, < r < a, with appropriate boundary conditions to evaluate A'. The sign of A' then
decides the linear stability or instability.

We next consider the non-linear stability problem. In the zero TJ limit the helical
flux ^ is frozen in the fluid (topology is preserved) and thus

(S)

where -^ is the convective derivative. Incompressibility of motion along with Eq.(8) implies
that volume integral of any arbitrary function of \I> i.e. / G(il>)dr is a constant. Similarly
the energy of the helical state is also conserved. We can thus construct the following
integral which is a constant.

• /

dr = constant (9)



We next make arbitrary changes in ^ i.e. 6$. The corresponding change in F is
(F + AF) where

(F + AF) = / [{<V* + J ^ > } + G(* + W)] dr (10)

Subtracting Eq.(10) from Eq. (9) we have

4?r + {-^~ + G(* + *¥) - G(*)l dr (11)

Since F is a constant, AF must be identically zero. i.e. AF = 0. In Eq.(ll) we integrate
the first term by parts with the boundary condition £\& = 0, on the conducting shell. We
also add and subtract a term proportional to G'(\t)£\& from the integrand to give

AF = / -6V + G'(tf )5tf + y ° } + G(tf + 6V) - G'(i>)6$ - G(tf) \ dr = 0
J L ^ °"" J

(12)

In Eq.(12) we make the choice ^ = G'(*) = - J , - ^ - which essentially
reiterates that the equilibrium Jz is an arbitrary function of $> [Eq.(6)].

Now using the mean value theorem for derivatives we have

(13)

and

G'(*!)-G'( *) = G"(*2)(*i - * ) * < * 2 < * i (14)

where primes indicate derivatives with respect to the arguments. Using Eq.(14) and (13)
in Eq.(12) we have

AF= = 0 (15)

Now it can be easily seen that 6if>('if!1 - *) > 0, in which case if G" > 0, then AF is sum of
two positive terms, hence can never be zero. This implies that 8^ — 0, which implies that
perturbations are bounded from above and the equilibrium is non-linearly stable. Using
Jz = —G'(*), the sufficient condition for the stability can be written as ^J- < 0. This
is identical to the condition obtained by Holm et al. [Holm et al. 1985]. The pertinent
question now is that is this condition of any use? That is, can it be used to construct
tokamak like equilibria which are stable? This issue has not been addressed earlier. At
first sight it would appear that this condition is extremely useful. Using this one can
construct two dimensional (r, r) equilibria with islands and so on. These could then be
regarded as the non-linearly saturated state of linear tearing mode instability. However,
we will now show that for physically interesting class of equilibria i.e. helical equilibrium



with circular boundary conditions, this is not possible. That is, if the boundary conditions
are to be satisfied on a circular boundary, then -̂ «- < 0 is also a sufficient condition for
the equilibrium to be azimuthally symmetric. This can be shown as follows. Let #i be
one solution of the equation

Vs1*, = - J , ( * i ) - ^ (16)

satisfying the boundary condition that ^\ = \I>o at r = a (on the circular conducting
shell). Now we can rotate this equilibrium in azimuth by an arbitrary angle 9, to produce
another equilibrium solution \&2 with same boundary condition that $2 = ^o at r = a.
Thus

v2g>2 = - j , ( * 2 ) - ^ (17)

Multiplying Eq.16 and Eq.17 by (^2 — ^1) and integrating over the volume we
have

y" 2 J l)] X (*2 - Vx)dT (18)

Integrating the right side of Eq. 18 by parts with the boundary condition that
^2 — ^1 = 0 at r = a, we have

/[V*2 - VVtfdT = - /"(*2 - *0[J z (* 2 ) - Jt(*!)]dT (19)

Clearly the right side of this equation is greater than zero while if - ^ < 0,
the left side is always less than zero giving rise to a contradiction. This proofs that two
dimensional helical equilibrium with ^ - < 0 are not possible. This proof is similar to
that given by O'Neil for the case of non-neutral plasma [O'Neil 1991]. Next let us try to
contruct one—dimensional (r dependent) equilibria compatible with the condition -̂ J- < 0.
Accordingly for r-dependerxt equilibria, we have

-

Now for tokamak current profiles where ^- < 0 for 0 < r < a, the condition
Eq. (20) would demand that q > ~ in the range 0 < r < a for stability. This is a trivial
condition as it simply means that resonant surface is not within the plasma. If on the other
hand the resonance surface is within the plasma, then the condition fails as ( ^ — 1) changes
sign across the resonant surface. However as we will now show for a class of equilibria with
hollow current profiles, the stability condition could be satisfied. Such profiles normally
occur in a Tokamak during the current penetration phase [Prichett et al. 1980]. They
will also occur in Bootstrapped Tokamak, where current is self consistently driven by



neoclassical pressure gradients [Bickerton et al. 1971]. The operation with bootstrap
currents is invisaged as one of the possible modes of operation of future Tokamaks. In
Figs. 1 and 2, we plot a class of hollow current profile and the corresponding rotational
transform i profile given by

Jx = Jx(ot ~r-)r 0 < r < 1 (21)

i = Ji(a - -r)r 0 < r < 1 (22)
o

The constant J\ decides the total current, and r is normalized with a. The current
profile is maximum at r = a. Now it can be very easily seen from Figs.l and 2 that this
equilibrium is non-linearly stable to mode (m, n) where ^ = q(r = a). This is because
~f > 0 and (^-i - r) < 0 for 0 < r < a and ^ - < 0 and (~i - r) > 0 for a < r < 1.
In Fig.l, a = 0.6 and the equilibrium is stable to m = 2, n — 1 mode. In fact this mode
is almost a double tearing mode with second q = 2 surface just at the wall. Also since
there are no other low order rational resonant surfaces, one could say that equilibrium is
a robust equilibrium. Similarly, by changing the value of Jx, other examples of equilibria
which are stable according the sufficient condition 4 ^ 5: 0 can be constructed.

In summary we have shown that - ^ < 0 is a sufficient condition for the non
linear stability to tearing modes. We have examined the possibility of constructing helical
(r, r dependent) and azimuthally symmetric (r dependent) equilibria consistent with this
condition. It is shown that ^J- < 0 is also a sufficient condition for the equilibrium to
be axisymmetric hence helical equilibria consistent with this condition cannot be con-
structed. For axisymmetric equilibria with monotonically decreasing profiles the condition
fails. However in a class of equilibria with hollow current profile, the stability condition is
satisfied. Example of such equilibria are constructed.
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Figure Captions

Fig. 1 Plot of current density Jz is a function of r. It is maximum at r — a = 0.6.

Fig. 2 Plot of rotational transform i as a function of r. It can be seen that i(r = 0.6) = h.
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