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Abstract 

The measurement of plasma poloidal magnetic field (Be) profiles in tokamaks 

with good temporal and spatial resolution has proven tc be a difficult but important 

measurement. A large range of toroidal confinement phenomena is expected to de

pend sensitively on the radial variation of Be (or equivalent!)' the current density J 

or safety factor q) including the tearing instability, sawtooth oscillations, disruptions, 

and transport. Experimental confirmation of theoretical models describing these phe

nomena has been hampered by the lack of detailed Be measurements. 

A fifteen chord far-infrared (FIR) polarimeter has been developed to measure 

B$ in the Microwave Tokamak Experiment (MTX). Polarimetry utilizes the well-

known Faraday rotation effect, which causes a rotation of the polarization of an FIR 

beam propagating in the poloidal plane. The rotation angle is proportional to the 

component of Be parallel to the beam. A new technique for determining the Faraday 

rotation angle is introduced, based on phase measurements of a rotating polarization 

ellipse. This technique simplifies the implementation of large multi-chord systems, 

and minimizes the effect of amplitude variations caused by refraction. 

This instrument has been used successfully to measure Be profiles for a wide range 

of experiments on MTX. For ohmic discharges, measurements of the safety factor on 

axis give qa ~ 0.75 during sawteeth and g0 > 1 without sawteeth. Large perturbations 

to the polarimeter signals correlated with the sawtooth crash are observed during 

some discharges. Measurements in discharges with electron cyclotron heating (ECH) 

show a transition from a hollow to peaked J profile that is triggered by the ECH 

pulse. Heavy-metal impurity radiation is believed to be the cause of the initially 

hollow profile. Current-ramp experiments were done to perturb the J profile from 

the nominal Spitzer conductivity profile. Profiles for initial current ramps and ramps 

starting from a stable equilibrium have been measured and are compared with a 

cylindrical diffusion model. Finally, the tearing mode stability equation is solved 

using measured J profiles. Stability predictions are in good agreement with the 

existence of oscillations observed on the magnetic loops. 
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Chapter 1 

Introduction 

Fusion energy is considered to be one of the only long-term options for meeting che 

future energy needs of our world. Both inertial and magnetic plasma confinement 

schemes have been studied for many years now. Of the many different magnetic 

confinement configurations, the tokamak is currently considered the most promis

ing option for near-term achievement of fusion energy. Although there has been 

steady progress toward breakeven (where energy output exceeds energy input), many 

puzzling issues related to plasma instabilities and energy/particle confinement remain. 

The tokamak is a toroidally shaped device as shown in Fig. 1.1. The major radius 

of the torus is usually designated Ro and the minor radius a. The main confining 

magnetic field is in the toroidal direction and is typically 1-10 tesla. Because of 

particle drifts caused by the curved magnetic field, the plasma cannot be confii.ed by 

the toroidal field alone; an additional poloidal field {Bp) in the ra' ge of 0.1-1.0 tesla 

Figure 1.1: Basic magnetic field configuration for a tokamak. 
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is required. A unique feature of the tokamak is that this poloidal field is produced uy 

current flowing in the plasma itself. A transformer coil running through the center 

of the torus induces a toroidal electric field which drives plasma current. The plasma 

current not only provides the stabilizing poloidal field required to eliminate charged 

particle drifts, but also provides PR ohmic heating of the plasma, and plays a role 

in pressure balance through the relation Vp = J x B. In equilibrium, the toroidal 

electric field is uniform across the plasma, so the local plasma current density J{r) is 

proportional to the local conductivity <r(r). As will be shown later, in the classical 

approximation the local conductivity is proportional to T}s, where Tt is the electron 

temperature. So in this simple picture of an ohmically heated tokamak, the current 

density profile is proportional to 7i(r) 1 - 5 , while the Te(r) profile is determined by 

transport mechanisms in the plasma. 

The combination of the plasma poloidal field with the larger toroidal field Bt pro

duces field lines that follow a helical path around the torus. A measure of this helicity 

is given by the safety factor q = rBtl(R„Bp) which represents the number of toroidal 

rotations per poloidal rotation for a field line on a given flux surface. The radial profile 

of q(r), or equivatently Bp(r) or J(r) , has been shown to be a key parameter in trans

port models as well as the magnetohydrodynamic (MHD) stability theory of tearing 

modes, sawteeth, and disruptions. Thus a knowledge of the poloidal field profile is 

absolutely essential to an advanced understanding of the complex phenomena that 

governs the behavior of a tokamak confined plasma. This becomes even more impor

tant in next-generation tokamaks, where non-inductive current drive techniques will 

be used to modify the J(r) profile to control MHD instabilities and improve plasma 

confinement. 

In general, measurement techniques for determining the radial profiles of funda

mental quantities such as density, temperature, and impurities are quite well devel

oped. But detailed measurement of the internal poloidal field profile is not done 

routinely, even on the largest tokamaks. 

The subject of this thesis is to present a new method for measuring the plasma 

poloidal field end to study the physics results obtained from these measurements on 

the Microwave Tokamak Experiment (MTX). The measurement technique is based 
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on the well-known Faraday effect which causes a rotation of the polarization of a 

far-infrared (FIR) laser beam that is proportional to the magnetic field parallel to 

the beam (see Fig. 1.1). The Faraday rotation effect has been measured on other 

tokamaks; however, it is a notoriously difficult measurement because of the small 

rotation angle (1°-15°) and other complicating effects such as beam refraction. In 

addition, the measurement must be made simultaneously on many different chords 

passing through the plasma to accurately determine the poloidal field profile. In this 

work, we measure the Faraday rotation angle by detecting the phase shift of a rapidly 

rotating polarization ellipse. This method is similar to the optical technique called 

ellipsometry, which is used to characterize the dielectric properties of materials and 

surface films. This new technique is easy to implement on a many-chord system, and 

minimizes the difficulties associated with refraction. The 15 polarimeter measure

ment chords installed on MTX are more than on any currently operating tokamak, 

providing good spatial resolution on the order of 1.5 cm. 

This thesis is organized into four parts. Part I provides an overview. Past work 

done in the area of poloidal field measurement—both Faraday rotation and alter

native methods—is reviewed. The measurement technique utilized in this thesis is 

introduced. Also, an overview of the MTX facility and program is presented. 

In Part II, pertinent plasma theory concepts related to poloidal fields in tokamaks 

are developed. The topics covered in this part are limited to those areas which will 

be required for analysis of experimental data on MTX. In particular, the subjects 

of inductive current drive, plasma resistivity, current diffusion, MHD equilibrium, 

and MHD fluctuations are discussed. Although various non-inductive current drive 

techniques are of great interest right now this is not part of the MTX program and 

will not be covered. 

Part III describes the experimental apparatus. A detailed theory of the polar

ization properties of electromagnetic waves in plasmas is presenwd. The design of 

the instrument, including both the polarimeter and closely related interferometer is 

given. 

The data analysis and experimental results are contained in Part IV. The instru

ment performance in terms of noise, bandwidth, etc., is given here, followed by a 
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review of the techniques used to invert chord integrated profiles. Experimental re

sults are presented on several topics including sawtooth oscillations, tearing mode 

stability, current ramp experiments, disruptions, and electron cyclotron heating. 

Unless explicitly noted otherwise, MKS units will be used throughout this thesis. 

1.1 Review of Poloidal Field Profile Measurement 
Techniques 

The recent interest in internal poloidal field profiles has led to a wide range of pro

posed measurement techniques. The different techniques can generally be grouped 

into two distinct classes: a direct measurement of the poloidal field at a point in 

the plasma, vs a line-integrated measurement of poloidal field along a chord passing 

through the plasma. In this section, some of the more promising "direct" measure

ment techniques—those which have been demonstrated experimentally—will be re

viewed. The Faraday rotation method, which is a chord-integrated measurement, will 

be introduced in the next section. 

Perhaps the most straightforward method for determining the local magnetic field 

is through direct local measurements using small, moveable magnetic loops. By mov

ing a probe throughout the entire plasma cross section, a two-dimensional map of 

the poloidal field can be determined. This technique has been applied successfully 

on low-density (n = 6 x 10 I S m - 3 ) , low-temperature machines to measure magnetic 

reconnection during disruptions and sawteeth [1]. Because the probes are actually in

serted into the plasma, this technique is not possible in machines with reactor relevant 

plasma temperatures and densities. 

Spectroscopic measurements, based on the splitting of impurity lines due to either 

the Zeeman or the Stark effect, offer several different polarimetry schemes. Early 

experiments concentrated on the Zeeman effect. Spectral lines emitted from high 

temperature plasmas are split due to the Zeeman effect into lines with definite po

larization states denoted by a and TT. The polarization properties of the emitted 

radiation depends on the direction of observation relative to the magnetic field. For 

observation along the poloidal field there are only two a components which are right-
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and left-hand circularly polarized. For observation perpendicular to the magnetic 

field there are two <r lines polarized perpendicular to B and a IT line polarized parallel 

to B . Resonant transitions in an injected lithium beam or pellet are often used here, 

although intrinsic impurities such as Ti can also be used. To determine the poloidal 

field, one can measure the difference between right- and left-hand circularly polarized 

line profiles by viewing parallel to the poloidal field [2], or the direction of polarization 

of the n component by viewing perpendicular to the poloidal field [3, 4]. Although 

these techniques have been demonstrated, they have not developed into a routine 

measurement. The main difficulty is the signal-to-noise and the polarization purity 

of spectral lines. The Zeeman split lines are Doppler and Stark broadened so that 

the a and ir lines overlap significantly. This corrupts the polarization purity, making 

accurate measurements of the polarization direction difficult. Signal-to-noise is also 

an issue because the Li beam or pellet gets attenuated as it propagates through the 

plasma. Although the signal may be larger using pellet injection, this limits the time 

resolution to the number of injected pellets, which is usually jus t one or two during 

a shot. 

Another technique that utilizes pellet injection is to observe the filamentation of 

the pellet ablation cloud which has been found to align itself along the local magnetic 

field direction [5, 6]. The measurement is quite simple, requiring only an optical 

imaging system such as a CCD camera. The disadvantage is that this again is basically 

a single time point determination of the local magnetic field. Also, the details of how 

the filaments align to the magnetic field and how the pellet perturbs the local magnetic 

field are not well understood. 

A recently developed spectroscopic technique called motional Stark effect po-

larimelrv has been demonstrated on DI1I-D [7, 8] and PBX-.M [9] and looks very 

promising. The motional Stark effect, caused by the electric field induced in the rest 

frame of the atom due to the motion across the magnetic field E = —v x B , causes a 

wavelength splitting and polarization of the emitted radiation. The H a line emitted 

from a hydrogen neu-ral beam has a particularly large Stark effect. Both heating neu

tral beams and diagnostic neutral beams have been used for the source of high-energy 

neutrals. As with the Zeeman technique, the local magnetic field direction can be de-
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Figure 1.2: Plan view of the DIII-D motional Stark effect polarimeter 
(after Wroblcwski [7]). 

termined by observing the polarization of the a or TT components. The advantage over 

the Zeeman technique is that the separation between the <j and x lines is much larger, 

giving better a signal-to-noise ratio. Also, on many tokamaks the hydrogen neutral 

beam already exists, so no addition neutral beam or pellet injection is required. The 

configuration used for the DIII-D polarimeter is shown in Fig. 1.2 where they make 

use of the heating neutral beams. A time resolution of approximately 10 ms has 

been achieved. Although the measurements to date have been restricted to a single 

radial point, a multichannel system is currently being installed [10]. One difficulty 

encountered in calibrating these systems is determining the offset angle (polarization 

angle with no poloidal field). There can be a significant Faraday rotation effect in 

thi viewing optics that must be removed through calibration. 

A final technique deserving mention is the measurement of local magnetic fields 

by Thomson scattering. Since most tokamaks have an existing Thomson scattering 

system for Tc measurements, an upgrade to determine the B-field profile is possible. 

In Thomson scattering systems, an intense laser beam, usually in the red part of the 

spectrum, is passed vertically through the plasma. Light scattered from the electrons 

is collected at an angle roughly perpendicular to B. Due to the cyclotron motion of 

the electrons, the scattered spectrum consists of a series of gaussian peaks separated 

by ui„ with width 2kve sin;/' where lfi is the angle between k and the perpendicular 

to B. Thus, by measuring the scattered spectrum, the angle between B and k can be 
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determined. This technique was demonstrated on DITE [11] and is currently being 

attempted on JET [12]. 

In summary, se -al techniques—mainly spectroscopic—have been developed for 

measurement of the local poloidal field. Although these methods have the advantage 

of directly measuring the local field pitch angle with no required inversion of chord 

averaged data, they all suffer from limitations in time response, radial resolution, 

and the range of plasma parameters over which they can operate. Generally, the time 

response is limited by the need to collect enough photons for adequate signal-to-noise. 

In the case of pellet injection or Thomson scattering, the time response is limited to 

the laser or pellet repetition rate. Motional Stark effect polarimetry with neutral 

beam injection offers the most promise for improved temporal and spatial resolution. 

1.2 Faraday Rotation Measurements 

The Faraday rotation effect offers a means to measure the poloidai field that has some 

advantages over the methods described above. The spatial and temporal resolution 

can be quite good, and the range of plasma parameters that can be measured is large. 

Consider a linearly polarized far-infrared (FIR) laser beam passing vertically through 

the plasma cross section as shown in Fig. 1.1. As will be derived in Chap. 5, the 

plasma causes a rotation of the polarization given by (MKS units), 

* = 2.62 x 1Q-13\2 JBs(r)n(r)dz (1.1) 

where B|| L the component of the poloidal field parallel to the FIR beam and n(r) is 

the plasma density. 

If we now pass several parallel chords through the plasma (or equivalently send 

a continuous beam imaged onto an array of detectors), the Faraday rotation pro

file can be determined. Knowing the density n(r) from another diagnostic (usually* 

interferometry), the above equation can be inverted to give the poloidal field pro

file. The inversion of this equation is quite complicated due to asymmetries and 

the offset poloidal flux surface geometry. Often, assumptions of smooth profiles and 

circular flux surfaces are necessary to sufficiently constrain the solution. The inver

sion problem is, in fact, the major drawback of this technique. A two-dimensional 
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imaging system would enable one to relax certain symmetry assumptions; however 

on most tokamaks, a two-dimensional Faraday rotation system is just not practical. 

The number of chords required to adequately invert the profile has been studied (13j 

and something in the range of 15 chords would have to be considered a minimum 

number. A discussion of different inversion techniques will be presented in Chap. 8. 

1.2.1 Previous Faraday Rotation Work 

The theoretical basis for Faraday rotation measurements was developed by Segre and 

De Marco [14, 15]. First-order analytical solutions to the polarization propagation 

equation were presented, as well as a computational model for use when higher-

order terms are important. The polarization propagation model, as it applies to this 

experiment, will be discussed in detail in Chap. 5. 

The first proof-of-principle Faraday rotation experiment was done by Kunz on 

TFR in 197S using a single probe beam [16]. In this experiment, the FIR beam 

polarization was modulated using a ferrite disk immersed in an oscillating magnetic 

field. A lock-in amplifier was then used to delect the signal, giving improved signal-

to-noise. These single-chord results were important in establishing the validity of 

Faraday rotation, but did not allow inversion of the line integrated signal which is 

necessary to determine the poloidal field. 

Since this original work, several interferometer/polarimeter systems have been 

built on various experiments. Dodel and Kunz presented variations on their original 

technique [17, IS]. A single chord system was put together on ISX-Bat Oak Ridge [19], 

and was later upgraded to a 5 chord system [20]. A brief attempt at polarimetr}' was 

also made on TFTR [21]. One goal of these experiments was to establish simultaneous 

interfcrometer/polarimeter measurements on each chord. Although some good results 

were obtained on S/N ( 1 mrad) and time response (1 ms), there were not enough 

radial chords employed in any of these experiments to adequately invert the Faraday 

rotation profile. 

The first polarimeter system to operate routinely, with enough chords to obtain 

the poloidal field profile, was constructed by Soltwisch on TEXTOR [22, 23]. This 

system utilizes 9 chords and performs interferometry and polarimetry simultaneously. 
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Figure 1.3: Optical system for a single channel of the TEXTOR 
interferomcter/polarimeter (after Soltwisch [22]). 

In addition, the plasma limiter is configured such that the plasma can be moved in 

small steps across the fixed laser chords to effectively increase the number of radial 

chord measurements. Since this has been the most successful polarimeter built to 

date, we will describe it in some detail so that a comparison to our system can be 

made. 

A schematic drawing of the optical system for a single probe beam is shown 

in Fig. 1.3. The FIR source is an HCN laser with an output of 150 mw and a 

wavelength of 337 /im. The beam is incident on a splitter, which divides the initial 

beam into a reference and plasma beam. The reference beam is shifted in frequency 

by a rotating grating so that heterodyne detection can be used, as is the standard 

in modern-day interferometers. After passing through the plasma, the plasma beam 

experiences a phase shift $ and polarization rotation 9". In addition, the linearly 

polarized plasma beam picks up a small elliptirity ep. The plasma and reference beams 

arc then rerombined using a polarizing grid and projected onto the two detectors D; 
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and Dp. It can be shown that, for small <S and e p i the signals received on each detector 

are 

Si A*) = CUP + A, , P sin(6u)t + * + 0/,p), (1.2) 

where the amplitudes Ai,p and phases Oi,p are given by 

A, = 1 (1- f l - * , ) / , / , ] 1 * (1.3) 

Ap = [(9* + 4)IpIr}in (1-4) 

tanfl/ = (1 - £ p ) / ( l -9) (1.5) 

lanSp = « p / * . (1.6) 

Thus we see that the interferometer signal Si is nearly constant in amplitude, with 

the phase being the usual interferometry phase shift that is proportional to the line 

integrated density. The polarimeter signal Sp, on the other hand, is essentially pro

portional to the Faraday rotation angle \P. The beam intensities lp and IT are not 

necessarily constant; they can vary due to changes in source power or due to refrac

tion. Since the intensities show up in both equations, this dependence can be removed 

from the polarimeter signal by appropriate processing. The ellipticity complicates the 

interpretation of this data, but for most experiments it is a small (few percent) cor

rection. An example of the polarimeter data and the inverted profiles for TEXTOR 

is shown in Fig. 1.4. 

Recently, a six-chord interferometer on JET [25] has been converted to polarimetry 

using essentially the same TEXTOR configuration described above. Although six 

chords is marginal for inversion purposes, these measurements can be combined with 

the extensive external magnetic measurements on JET to sufficien ly constrain the 

calculated equilibrium solution [26]. 

1.2.2 Rotat ing Polarization Ellipse Measurement 

There is a fundamental difficulty with the conventional polarimetry technique such 

as that used by Soltwisch. From Eqs. 1.2 and 1.4 (neglecting ellipticity for now) the 

polarimeter signal is 

Sp = VjIXsmtfut). (1.7) 



12 

Figure 1.4: Faradav rotation profile data from TEXTOR (after Soltwisch (24)). 

As density gradients build during a plasma discharge, refraction causes the FIR beam 

to deflect and, depending on the detector geometry, the intensity / p to change. This 

effect can be eliminated in principle by dividing Eq. 1.7 by the interferometer signal 

which is also proportional to \jJj,If This works fairly well with the pyroelectric 

detector used hy Soltwisch, because it has a relatively large surface area so that 

refraction effects are small. Many recently constructed interferometers use the corner-

cube Schottky diode detector which has a significantly improved noise-equivalent-

poiver (NEP) compared with the pyroelectric detector. This is especially true at 

high difference frequencies around 1 MHz. The improved sensitivity is important 

for systems with many channels (10-20) where the available power per detector is 

reduced. The corner-cube antenna structure is, however, quite sensitive to beam 

deflections caused by refraction. In fact, measurements on MTX have shown that 

for chords in the high-refraction region (r ~ 0.7a), the signal level can drop by 70% 

or more. Lue to manufacturing limitations, each detector has a slightly different 
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Figure 1.5: Illustration of the rotating polarization ellipse measurement technique. 
Only one of 15 channels is shown. 

antenna pattern, so it is not reliable vo use the interferometer detector to correct for 

amplitude variations on the polarimecer detector. 

A way around this problem is to transform the polarization measurement into 

a phase rather than amplitude measurement. A technique for accomplishing this is 

shown ir. Fig. 1.5. The two lasers shown produce the standard plasma and reference 

beams, separated by a difference frequency Su>. The plasma beam is passed through a 

partially rotated 1/4A quartz plate to generate an elliptically polarized beam. This is 

followed by a rapidly rotating (1 kHz) 1/2A quartz plate that rotates the polarizatioi. 

ellipse at twicn the plate frequency. After passing through the plasma, the beam is 

incident on a polarizing grid followed by a detector. The detected signal is then a 
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sine wave with frequency Su which is amplitude modulated at the rotating ellipse 

frequency. A simulated time history of the signals is shown in Fig. 1.6. As the 

plasma density and poloidal field build up, the axis of the ellipse is rotated due to 

the Faraday effect, and the phase of the modulation envelope is shifted. Thus by 

measuring the phase shift of the modulation envelope relative to a reference detector, 

the Faraday rotation angle is determined; the phase of the high-frequency carrier (or 

IF) signal is used to obtain the density data. Both the interferometer and polarimeter 

measurements can no>" be made independent of signal amplitude, provided the signal 

remains large enough to stay above the noise level. Details of this technique, along 

with an analysis of possible errors, is presented in Chap. 5. 

Finally, it should be noted that another significant advantage of this method is 

that only one detector per chord is required, rather than two as in the conventional 

scheme. This is a considerable cost savings in multichord systems due to the high 

price of detectors and the associated amplifier electronics. 

1.3 MTX Overview 

The Microwave Tokamak Exneriment (MTX) is a facility designed to study high-

power electron cyclotron heating (ECH) of plasmas confined in tokamaks. The orig

inal goal of this program was to study the nonlinear absorption of extremely high-

power microwaves (few gigawatts) produced by a free-electron laser (FEL). Since 

that time, the program has broadened to include long-pulse gyrotron ECH at a few 

hundred kilowatts, as well as the study of pellet injection, disruptions, sawteeth, 

transport, and MHD fluctuations. An overview of the experimental facility is shown 

in Fig. 1.7. The tokamak and the FEL/gyrotron are located in separate buildings 

and are joined by a 30 m windowless quasioptical transmission system. 

The free-electron laser has been under development at LLNL for many years now. 

Linear induction accelerators are used to accelerate electrons up to energies of 5-

10 MeV. This beam is injected into an alternating magnetic field that "wiggles" the 

beam in resonance with the wave to be amplified. The FEL technology provides high 

microwave power on the order of several GW at 140 GHz for short pulses of 20-50 ns. 
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Figure 1.6: Simulated time history of the polarimeter waveforms for a 180 degree 
rotation of the quartz 1/2 wave plate. The polarization ellipse is Faraday rotated by 
the plasma, resulting in the phase shift of the lower waveform. 
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Although high average power of up to 2 MW can be obtained with a continuous pulse 

train, only single-pulse experiments have been performed on MTX to date. No FEL 

results have been obt lined since the polarimeter became operational, but we do not 

expect any current profile perturbations because of ths short pulse length. 

A 140 GHz gyrotron, built by Varian, is used as a driver for the FEL, or as a 

direct long-pulse heating source for MTX. The microwave transmission line has been 

configured to accommodate either option. The design parameters for the gyrotron are 

400 kW output for pulse lengths up to 0.5 sec. Although the gyrotron has operated 

at these levels in the test stand, mode conversion losses and frequent window arcing 

limit the power injected into the tokamak to 100-200 kW for pulse lengths of 10-

100 ins. For the work in this thesis, electron cyclotron heating with the gyrotron is 

more interesting than single-pulse FEL heating because the longer pulse lengths can 

approach the current diffusion skin time, thus causing perturbations to the current 

profile which can be measured. 

The tokamak itself was originally the Alcator-C machine at MIT, where it was 

operated through the early to mid 1980s. This tokamak is characterized by a very 

high toroidal field (up to 12 T) and high density. MIT had a successful experimental 

program that included investigating confinement scaling laws for high-density circular 

ohmic plasmas, high confinement during pellet injection, and current drive using 

lower-hybrid waves. The machine was moved to Livermore in 1987, and the first 

ohmic plasma was established in November 1988. 

A cross-section of the tokamak is shown in Fig. 1.8. The toroidal field coik are 

a copper Bitter plate construction producing fields up to 12 T with less than 2% 

ripple. For 140 GHz ECH heating at the midplane, the operating toroidal field is 

5 T. Ohmic heating is provided with a copper air-core transformer that produces a 

loop voltage of about 2 volts for a 0.4 sec plasma shot. Typical plasma current of 

350 kA gives an ohmic power of 700 kW. Both vertical and horizontal field coils are 

used for positioning of the plasma. The plasma is limited by a pair of molybdenum 

rings that set the minor radius to 16.5 cm and the major radius to 64 cm. Fueling 

is accomplished with either pulsed gas or pellet injection. It is difficult to keep the 

density belov the ECH cutoff when using pellet injection, so for these experiments 
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Figure 1.8: Cross section of the MTX tokamak. 

pulsed gas is used. An overview of the tokamak parameters is given in Table 1.1. 

Tokamak Parameters 
Major radius, He 64 cm 
Minor radius, a 16.5 cm 
Pulse length 0.5 sec 
Toroidal field 5-12 Tesla 
Plasma current 150-400 kA 
Electron temperature 0.5-2.0 keV 
Ion temperature 0.5-1.5 keV 
Line average Density O.T-S.OxlO^m" 3 

Z efi 1.1-2.0 
Confinement time rt 5-25 ms 

Table 1.1: Range of operating parameters for MTX 
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Part II 

Plasma Theory Background 



Chapter 2 

Inductive Current Drive 

In 'he simplest picture of inductive current drive, the plasma acts as a conductor with 

a resistivity r). A ramping current dl/dt applied to the OH coil induces an electric 

field around the torus. In steady-state, this field is uniform across the plasma cross 

section and the plasma current density J is given by 

From basic physical arguments, the force on electrons due to the electric field if 

balanced by a collisional drag according to 

where vj is the drift velocity and TC is the collision time for momentum loss by the 

electrons. Using J = envd, the plasma resistivity becomes 

The collision time TC was evaluated by Spitzer [27] by solving the collisional kinetic 

equation. The resulting resistivity is 

0.51 JZTce2 In A Zt„N(Z) 
V 3c0(2jr7;)3/2 l " ' 

= 1 . 6 5 x l 0 - 9 l n A Z f / y ( Z ) n - m (T.inkeV) (2.5) 

where In A is the coulomb logarithm (In A » 15 on MTX) and N{Z) is a function 

dependent on the impurity charge state Zen- The function A'(Z) has been calculated 
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numerically by Spitzer [27] and is given approximately by the analytic expression 

h'(Z) = 0.5S+ ° f . (2.6) 
1.08 + ZelT 

For typical MTX plasmas, with Zcg w 1.5 we have, 

r, = 3.3 x lO- 8 Tr 3 / 2 ft • m (Tc in keV). (2.7) 

The usual electron temperature profile is gaussian Te = 7of"' r/ a ' with T0 ~ 1 keV, 

and a ~ 0-1 m. Thus, in equilibrium, we expect the current profile to vary as 1/JJ 

or J ~ e" 1- 5!^ 0) 2. It will be shown in Chap. 3 that J must also satisfy the MHD 

equilibrium equation. 

2.1 Neoclassical Effects 

The Spitzer resistivity is only applicable to plasma along a uniform magnetic field. 

In a tokamak, the toroidal field varies with major radius as 

B,(R) = ^ , (2.8) 

where the subscript zero refers to quantities at the plasma axis. As particles orbit the 

torus, they experience a changing magnetic field which can lead to mirror trapping. 

These trapped particles give rise to enhanced transport, increased resistivity, and a 

density-gradient driven current called bootstrap current. These effects, which ure a 

consequence of the toroidal geometry, are called neoclassical effects. 

The mirror force, which is responsible for this trapping effect, is 

F = - / iV | ( B, (2.9) 

where fi is the magnetic moment 

H=l-mv\lB. (2.10) 

The magnetic moment /J is an adia) itic invariant so that dji/dt = 0. Thus, as 

B increases, vx must increase and, from conservation of energy, D|| must decrease. 



Figure 2.1: Trapped particle banana orbits (from Rosenbluth and Rutherford [29]. 

Defining v±0, v^„ as the velocities at the outer major radius of the torus where B is 

at its minimum, the field at the bounce point is given by 

Bt = Bm •K*)l 
The ratio of the maximum to minimum field at a minor radius r is 

(2.11) 

(2.12) 

(2.13) 

Combining this with Eq. 2.11 gives the condition for particle trapping, 

Near the plasma center there are no trapped particles. Near the edge, for MTX-

like tokamaks with Ro/a = 4, we have v^„/v±a < 0.7 which will be satisfied by a 

substantial number of particles. 

By analyzing the equation of motion for the trapped particles, it can be shown [28, 

29] that the particles have a banana shaped orbit as shown in Fig. 2.1. The bounce 

period is 

n = £ ^ ) 1 / 2

 ( 2 , 4 ) 

and the half-width of the orbit is ST = v^/wc where u!c is the cyclotron frequency 

u-V = cH/m. The safety factor q is given by q = (rBK)l(R^Be). The perpendicular 
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*-(*)""(=?)• 

velocity is related to the thcmal velocity by Uj. = V ^ I A - Physically, the finite width 

of the banana orbit is due to the v x VB drift changing signs with the particle velocity 

"II-
The population of trapped particles is also dependent on the collision frequency. 

If particles scatter into the loss cone in less than a bounce period, then clearly the 

trapped particle population is reduced. The condition for scattering out of trapped 

velocity space is estimated by comparing the bounce period from Eq. 2.14 with the 

detrapping time which varies as 

TdM*p ~ JTTC (2.15) 

where TC is the large-angle scattering time for a given species. The ratio of the bounce 

time to detrapping time is a key parameter in determining the importance of trapped 

particles and has been given the symbol v.. From Eqs. 2.14 and 2.15 we have 

v 3 / 2 

vth 

These characteristic times have been calculated for MTX in Table 2.1. For these 

calculations the following profiles were used: n = n„(i — (r/a)2), T = T<,e~ ( r/'" ) , 

with n„ = 3.0, T„ = 1 keV, a, = 0.1 m, and 7) = Tc. 

In addition to an effect on plasma conductivity, the banana orbits affect particle 

transport by increasing the diffusion step size. Three transport regimes have been 

identified depending on the collisionality. The collisionless re£:me, where the collision 

time exceeds the bounce period, is called the banana regime and is defined as 

^3/2 ( 

"Hi 

or, in terms of the dimensionless v, vie have the condition v, < 1 . The highly 

collisional Pfirsch-Schluter regime occurs where 

rc < 2 ^ , (2.18) 
Vth 

or v. > (R^/r)217 . Between these limits is called the plateau regime. Generally, 

trapped particle effects dominate in the banana regime, while the Pfirsch-Schluter 

regime can be treated using resistive MHD. From the typical MTX collision times 

rc>m3'2^ ( 2 . , 7 ) 
V r J vth 
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Minor Padius (m) 
Parameter r = 0.0 r = 0.OS r = 0.12 
T e, Ti (keV) 1.0 0.53 0.24 
n (lO 2 0 m ' 3 ) 2.5 1.9 1.2 
<? 1.0 1.5 2.5 
InAee 14.7 14.5 14.2 
In An 17.1 16.7 16.3 
Tc {US) 1.5 0.77 0.38 
Ti (lis) 57 29 15 
vre (106 m/s) 13 7.7 6.5 
«r, (106 m/s) 0.22 0.16 0.11 
A,(m) 20 7.4 2.5 
A, (m) 12 4.6 1.6 
fdetrap-e ( / « ) — 0.1 0.07 
Tdctrap-i ( f s ) — 3.6 2.7 

— 0.2S 0.57 
tounce-i — 17 35 
" - C — 3.0 8.0 
l/.i — 4.7 17.0 

Table 2.1: Useful collision parameters for typical MTX plasma. 

given in Table 2.1, we see that v. ~ 2 — 20 which is in the plateau regime where some 

combination of resistive and trapped particle effects exist. 

In the banana regime, the trapped particles reduce the conductivity by the frac

tion of trapped particles which varies as e 1 ' 2 = (r/TSo)1'2. Detailed calculations of 

neoclassical conductivity have been made [30, 31] and in the small c limit give 

<W = <7,p(l-l-95e , / 2). (2.19) 

where aip is the Spitzer conductivity given in Eq. 2.4. 

Another trapped particle effect, which actually drives current, is called bootstrap 

current. Since the banana orbit has a finite width, in the presence of a density gradient 

there will be a net toroidal particle flux. It is the exchange of momentum between 

these trapped particles and the passing particles that results in the toroidal bootstrap 

current. Thus, we expect the bootstrap current to depend on the density gradient 

dn/dr the fraction of trapped particles c" 2 and collisional parameters such as T. A 

detailed calculation of the total current density, including neoclassical conductivity 
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Figure 2.2: Comparison of current density profiles for different resistivity assumptions. 
The trapped particle and bootstrap curves are for the collisionless banana regime. 

effects and bootstrap currents [30], gives 

cl'2nT 
U- OEA, — - hK)s+?«*-x«*: (2.20) 

which is valid in the banana regime. Note that for the usual negative density gra

dient, the decrease in conductivity and increase in bootstrap current are partially 

compensating. This makes the measurement of these effects quite difficult on an 

ohmic machine. A bootstrap calculation performed with the ACCOME code (see 

Chap. 3) for MTX yielded bootstrap current of about 9% of the total current or 

25 kA. As mentioned earlier, collisions should reduce this current to a level where we 

do not expect to be able to distinguish it from the ohmic current. 

A comparison of the different current density calculations is shown in Fig. 2.2 

for a given temperature profile. The trapped particle and bootstrap calculations are 

for the banana regime. A more realistic calculation for MTX, using plateau regime 

collisionality, is given by the ONETWO [32] transport code. 
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2.2 Current Diffusion 

The diffusion of current in the plasma occurs when either the boundary condition 

is modified by changing the loop voltage V{, or the resistivity is changed by ECH, 

impurity buildup, or some other means. In past experiments on other machines, mea

sured current profiles have not been available to compare .vith the diffusion equation, 

but the loop voltage, total plasma current, and temperature profiles could be checked 

with the diffusion equation for consistency. 

On many tokamaks, it has been observed that the diffusion of current during 

the initial current ramp-up proceeds much faster than predicted by classical diffu

sion processes [33, 34, 35, 36). A large resistivity—many times the nominal Spitzer 

resistivity—must be incorporated into the diffusion model in order to match experi

mental observations during this time. The observation of MHD activity during ramp-

up has led to the proposal that the anomalous diffusion may be due to the rapid 

growth and overlap of magnetic islands [37j; the tearing and reconnection of field lines 

can cause a sudden redistribution of current. During the Ip ramp-up, a skin current 

can form resulting in a nonmonotonic q profile. In this case, a double tearing mode is 

possible since there may be two rational q surface locations in the plasma. This tvpe 

of profile has been shown to be unstable [38]. These surfaces will come together as the 

profile fills in, causing the islands to overlap. It was shown on Alcator-A [34] that by 

reducing Iv ramp rate, the MHD fluctuations and anomalous current diffusion could 

be avoided. 

The current can also be ramped from an initial steady-state condition. Unlike 

the ramp-up at the start of the discharge, experiments ramping from steady-state 

conditions have found good agreement with the diffusion equation [35, 39, 40]. By 

good agreement we mean that no anomalous resistivity is required in order for the 

diffusion simulations to match the Ip and Vt boundary conditions. 

Treating the plasma as a straight cylinder, the diffusion equatioi. for J, is most 

easily obtained by taking the time derivative of Amperes equation giving 

^ = ± ( V x § ) J = ± ( V > E ) , (2.21) 
dt /in at //„ 
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We will write J 2 and Ux without the z subscript understanding that we are referring 

only to the axial (or toroidal) quantities here. Substituting J = E/rj gives the 

diffusion equation 

There are equivalent diffusion equations for E and B$ which are often useful depending 

on the boundary condition used. They are 

1(f) - £iffl 
t - j.mH 

The relationship between E and Bg is obtained from Faraday's Law, 

dBe _ dE 
dt dr' (2.25) 

Either Ip or V/ can be used as the boundary condition for these equations. 

Sometimes, as in the case of ECH hea'.ing, it may be desirable to predict the 

changes in the current density profile due to resistivity changes, as well as the change 

in Ip and V;. In this case, we must consider the effect of the toroidal loop on the 

boundary conditions, even though we are solving a cylindrical problem. 

Consider the equivalent circuit formed by the coupling of the OH transformer and 

the plasma ring. The loop voltage around the torus is given by 

.dlpH _ , dip 
dt "~dt »i = * - r - V 3 f (2-26) 

where M is the OH coil/plasma mutual inductance and Lv is the total plasma induc

tance. The plasma inductance is calculated from the energy relation 

_2,r.Ro fa Bmi2irr dr . f°° Bnc2xrdr p Bml'iirrdr + r* 
Jo U„ Ja 

(2.27) 

Ho Jo Mo J 

Usually, the internal rield is calculated using a cylindrical approximation, and the 

external field is calculated using an approximation to the exact toroidal loop (dipole) 

field. The resulting inductance is 

£ , - / « . « , ( j « +In ( ^ 2 ) - 2 ) (2.28) 
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with lj being the internal inductance. For typical MTX plasmas, lj ~ 1.5 and 

Lp ~ J.75/iH (li - 0 for all skin current, and b = 0.5 for a flat J profile). The 

mutual inductance M above has been measured by looking at no-plasma shots, and 

is M « 32/iH. Thus, assuming dlon/dt is known, we can apply Eq. 2.26 as a bound

ary condition. 

If the measured values of V( or Ip are used for the boundary condition, the toroidal 

loop effect is already included in these measurements and Eq. 2.26 is not required. 

This will be the case for most of the comparisons with experimental data presented 

later. An implicit finite differencing scheme is used to solve Eq. 2.22 as discussed in 

Appendix C. 

2.3 Transport and the J Profile Dependence 

The understanding of transport in tokamaks is currently one of the key areas of 

study in fusion research. A simplified form of the electron energy transport equation 

in cylindrical geometry is 

with a similar equation for ions. Here \ is the thermal diffusivity, D is the particle 

diffusivity, and the P terms on the right represent radiated, ohmic and auxiliary power 

respectively. Analysis of experiments performed to date indicate that the ion thermal 

transport is close (few times) to the theoretical neoclassical value, while electron 

thermal loss exceeds neoclassical theory by up to two orders of magnitude. Particle 

transport is also higher than predictions. This anomalous transport is thought to be 

due to small scale fluctuations or turbulence. The dependence of fluctuations, and 

hence transport, on the profile parameters—the poloidal field profile in particular—is 

of great interest right now in light of recent current ramp experiments. 

Due to the lack of an adequate theoretical description of transport, the tokamak 

emmunity has adopted a set of empirical scaling laws to describe the plasma con

finement- The scaling laws are given in terms of the global energy confinement time 
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Te given by 
3fn{Tt + TAdV 

Te = 2 P ( 2 - 3 0 ' 

where P is the total input power. Ohmically heated machines like MTX follow the 

Neo-Alcator scaling, established on Alcator-C at MIT, given in MKS units by 

T„ = 0.192 x l O - 2 0 nfl 2a. (2.31) 

Note that there is no dependence on poloidal field in this relation. Neo-Alcator scaling 

holds on MTX up to densities of about n = 2 x 10 2 0 m 3 , where the confinement is 

observed to saturate. 

A slightly different scaling, called the Goldston scaling, also holds on many ohmi

cally heated machines and shows a weak qa dependence. It is given by 

rt = 0.1 x 1 0 - 2 0 Jqlnlfa. (2.32) 

On machines with auxiliary heating comparable to or exceeding the ohmic power, 

the so-called L-mode scaling applies rt oc 1VP"' where 1/3 < -y < 1/2 and P is the 

auxiliary power. The dependence on /,, is not well understood at this time. 

A con _pt related to transport is that of "profile consistency". It was noted early 

on in tokamak research [41, 42] that the temperature profiles seem to remain remark

ably similar over a wide variety plasma parameters, even with auxiliary heating. It 

would seem that some additional constraint must apply to the temperature profile, 

since its shape remains consistent even though the local transport variables such as 

X must be changing. On Alcator-C, a Gaussian temperature profile was found, with 

a 1/e width given by 

a, = & (2.33) 
V 2(ja 

Since q0 is usually near unity, we see that the Te profile depends weakly on the plasma 

current (or qa). In general, it is difficult to study the effects of the current profile on 

the thermal transport and the resulting Tc profile in an ohmic device because J(r) and 

Tt(r) are tied together through Spitzer resistivity according to J a T*5. It would be 

useful to vary the current density profile independent of temperature. Driving current 

with some non-inductive technique (lower-hybrid, neutral beams) would provide one 
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means for breaking this coupling. Another method, which can be applied on MTX, 

is creating a nonuniform toroidal electric field in the plasma through either ECU 

heating or transient current ramps. 

Current ramp experiments have been performed on TFTR [43], JET [44], AS-

DEX [45] and DII-D in the past year. The goal on these experiments has been to 

investigate the basis for the Ir dependence of L-mode scaling. The idea is to rapidly 

ramp the total plasma current, either up or down, on a time scale short compared 

with the current diffusion time. During the ramp, the current profile is significantly 

perturbed from the equilibrium profile. The surprising result of these experiments is 

that the confinement time did not scale proportional to Ip, but rather changed on the 

current diffusion time scale, indicating that the L-mode scaling law should contain a 

current profile, or £; dependence. The JET team [44] found that an effective \c with 

a dependence on magnetic shear length L, = g/Vj could simulate the ramp data 

fairly well. 

The results of current ramp experiments on TFTR [43], were similar in that 

changes in the temperature and density profile were delayed considerably after the 

initiation of the ramp. They estimate that the current perturbation must reach the 

vicinity of the ? = 1 radius before significant transport changes take place. The con

clusion is tha transport models with a strong dependence on magnetic shear in the 

edge region, such as resistive ballooning turbulence models, cannot be correct. 

Unfortunately, none of the above experiments had detailed current profile mea

surements ' o support their results. We have done similar Ip ramp experiments on 

MTX, although not with L-mode confinement. Without L-mode the Ip scaling is not 

observed; the experiments are still interesting though because the J(r) and Tc(r) pro

files can be made dissimilar. The results of polarimetry measurements made during 

these experiments are included in Chap. 9. 



31 

Chapter 3 

MHD Equilibrium Theory 

The Faraday rotation measurement chords in our experiment are limited to a sin

gle vertical view. This information alone is not sufficient to completely determine 

Bp(r, 0). Additional information about the plasma symmetry (6 variation) is re

quired. Usually, it is assumed that the measured poloidal field profile, as well as the 

measured density and temperature profiles, must satisfy the Grad-Shafranov MHD 

equilibrium equation. In general, this equation is quite difficult to solve; however, 

with the circular poloidal cross sections on MTX, an approximate analytic solution 

can be obtained. In addition to the Grad-Shafranov equation, information on the 

plasma symmetry and position can be obtained from other diagnostics external to 

the plasma such as magnetic loops. Although not available on MTX, other tokamaks 

have used two-dimensional soft x-ray emission diagnostics to identify flux surfaces. 

In this chapter, the derivation of the Grad-Shafranov equation and its solution to 

first-order in the large-aspect ratio (R/a) expansion will be reviewed. Although much 

of this material has been described elsewhere, it is considered so fundamental to the 

analysis of the Faraday rotation data and external loop data, that it is included here. 

The original work on tokamak equilibrium was done in the classic papers by Giad [46] 

and Shafranov (47, 48], and more recently has been reviewed by Wesson [28], Bate-

man [49], and Freidberg [50]. Specific application to the original Alcator-C plasma 

position loops and MKD pickup loops was done by Pribyl [51, 52]. Input from all of 

these sources is acknowledged in this chapter. 
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3.1 Grad-Shafranov Equation 

The Grad-Shafranov equation is basically a relation between the poloidal field flux 

function v-', the plasma pressure p, and the current density J\ it is derived through a 

combination of the ideal MHD momentum equation, 

J x B = Vp (3.1) 

and Maxwell's equations, 

V - B = 0 (3.2) 

fij = V x B. (3.3) 

The ideal MHD equations are an approximation to the more general Braginskii equa

tions which include kinetic effects. In usiiig the ideal MHD equations, it is assumed 

that the plasma is collisiona] enough so that viscosity and energy transport can be ne

glected, but collisionless enough so that resistivity can be neglected. For equilibrium, 

we also assume dv/dt — 0. From Eq. 3.1 we see that 

B-Vp = 0 (3.4) 

J-Vp = 0, (3.5) 

showing that both B and J are perpendicular to Vp. 

The poloidal flux function 4\ which is related to the magnetic potential A, is 

defined as the amount of poloidal flux crossing a surface stretching from the magnetic 

axis to a magnetic surface. In this thesis, the flux function is defined as the poloidal 

flux per unit radian in the 4> direction. Sometimes, in other references, an additional 

factor of 2T is included in the definition. Since the flux function is constant on a 

magnetic surface, we have 

B V ^ = 0. (3.6) 

Comparison with Eq. 3.4 shows that the pressure must also be constant on a flux 

surface so that p = p(V')- ' l I S important to note that although one often thinks of 

the toroidal current density J # as roughly constant on a flux surface—for example in 
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Figure 3.1: Coordinate systems. 

a cylindrical plasma column—this is not a consequence of the above equations, and 

generally, J^ is not constant on a flux surface in a tokamak geometry. J$ can vary 

considerably on a flux surface, particularly at high beta poloidal [53]. 

Now turning to the specific geometry of a tokamak, we will refer to both i-ylindrical 

coordinates (R, <fi, z) and toroidal coordinates (r, 0, <j>) as shown in Fig. 3.1. Commonly 

used differential operators along with useful formulas for converting between systems 

are given in Appendix A. 

Using cylindrical coordinates, the relation between the poloidal field Bp and the 

flux function is 

B p = i ( W - x e„) (3.7) 

which satisfies V • B = 0. Writing out the R and c poloidal field components gives, 

(3.8) R - l d i ' R -L*± 

Similarly, a poloidal current flux function / can be defined as 

J P = ^ ( V / x e*) (3.9) 
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where 

'--iff- =̂iS- ™ 
Comparison with Amperes equation, 

JR = - - ^ , J, = -^-^(RBt), (3.11) 
fit, oz /loKoR 

gives a relation between / and B^,, 

J = £5i.. (3.12) 

By substituting Eq. 3.11 into Eq. 3.5 it can be shown that / is also a flux function 

/ = m>). 
Using these definitions, the goal now is to develop an equilibrium equation that 

depends only on the flux functions. Equation 3.1 can be written as 

Jpxe*£* + J*e* x B p = Vp. (3.13) 

Substituting Eqs. 3.7 and 3.9 for B p and J p gives 

- ^ V / - + ^ W = Vp. (3.14) 

Substituting Eq. 3.12 for S e and rewriting the derivatives as 

V/(V') = ~Vi\ and Vp(iP) - ^V*> (3.15) 

gives 

Another relation for J& can be obtained by substituting Eq. 3.8 into Amperes 

Eq. 3.3, giving 

-„.RJ. = R - - — + —. (3.1,) 

Eliminating Jt between Eqs. 3.16 and 3.17 gives the standard form of the Grad-

Shafranov equation, 

pd 1 w sty p 2 d P 2 df 

where p and f are function of V' only. 



35 

This is a two-dimensional, nonlinear, partial differential equation that must, in 

general, be solved numerically. Typically, p(ip) and f(*l>) are specified initially, then 

Eq. 3.18 is solved for the flux function ip. This has been done for MTX and the 

results will be presented in the next section. The difficulty with this approach for the 

experimentalist is that p{4>) and f[if) must be specified in advance before ip is known. 

What is measured, of course, is likely to be something like p(R,z) and Bf(R,z), or 

woTse yet, chord-integrated measurements of these quantities. In this case, a more 

useful approach is to choose a parametrized form for 1(1 and p(ip), f(tfi), and adjust 

the parameters such that Eq. 3.18 is satisfied while maintaining a best fit to the 

available data. Some of the larger experiments like DI1I-D and JET have developed 

codes based on this approach [26]. 

3.2 Numer ica l Solution 

An equilibrium solution to the Grad-Shafranov equation has been calculated for the 

MTX configuration using the ACCOME code [54, 55]. This code is designed to 

model a tokamak plasma equilibrium with inductive current drive as well as with 

non-inductive current drive sources such as neutral beams, lower-hybrid and bootstrap 

effects. For the results presented here, all non-inductive current drive was turned off. 

The ohmic equilibrium portion of the code is often called the Selene code. 

The equilibrium coil positions are input so that an accurate equilibrium field can 

be calculated. The equilibrium field on MTX is produced by two coil sets called EFl 

and EF2 that can be seen in Fig. 1.8. EFl is located at a vertical position of ±0.5 m 

with a Tadius of 0.95 m and has 61 turns. EF2 is at the same height with a radius 

of 1.12 cm and 52 turns. The ohmic coils are assumed to produce a uniform electric 

field in the plasma consistent with the input plasma current. The toroidal field is 

modeled as B,{R) — (R0IR)BK, where BK is the toroidal field on axis at R = R„. 

The plasma density and temperat'j'e profiles are input using the parametrized form 

*{</.) = n<, [ l - ( l -^r f" (3.19) 

TM) •--• n„[i-(i-</>rf' . (3.20) 
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The current profile is obtained from Spitzer conductivity. With these profiles, the 

functions n(V') and /(>/>) can be calculated as needed for the Grad-Shafranov equation. 

The results of the code run for a typical MTX plasma is shown in Figs. 3.2 through 3.1. 

The parameters for this run are: 

rent = 1803 kA 

B, = 5 T 

h = 350 kA 

Ctr, = 0.8, 3n = 1.0 

n„ = 3.0 x 10 2 0 m~ 3 

a, = 1.2, /?, = 1.0 

Tec = 1.2 keV 

T,o = 1.0 keV 

Z*K = 1.5 

Some of the key output plasma parameters are 

Shafranov thift A(0) = 1.31 cm 

q(0) = 0.85, q(a) = 3.4 

ft, = 0.35 
I, = 1.24 

Toroidal beta ft = 0.25 % 

Figure 3.2 shows a contour plot of the constant flux surfaces along with a plot of the 

toroidal and equilibrium vertical field at the midplane. For an ideal tokamak, with 

a constant vertical field, we exnect concentric offset circular flux surfaces. This will 

be shown analytically in the next section. Here, as in most tokamaks, the vertical 

field is nonuniform (for improved vertical stability), with a decreasing field as R 

increases. The effect on the flux surfaces is that they deviate slightly from perfect 

circles as shown. In this case, a slight triangularity is present. For the purpose of 

analyzing Faraday rotation data, the flux surface offsets are important, but this small 

triangularity is negligible. 

The profiles of n(/?), TC(R) and B,{R) for this equilibrium arc shown in Fig. 3.3 

plotted vs R al the midplane. These profiles are used to simulate the Faraday rotation 



37 

I l I—I -1—I—r 
Flux Surfaces from Accome Code 

T~I—i—i—'—:—i—i—i—i—:—r 

Mag. .Loops^x't-irniter 

Figure 3.2: Flux surface contours with the vertical and toroidal field profiles obtaine ' 
from Accome simulations 
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Figure 3.3: Plasma profiles used in Accome simulation 
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Figure 3.4: Faraday rotation profile obtained from the Accome simulation. The large 
aspect ratio curve shown for comparison is an approximation which assumes circular 
offset flux surfaces. 
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profile in Fig. 3.4. For comparison, the Faraday rotation profile derived from the large 

aspect ratio expansion (see next section) is also plotted. This calculation assumes a 

uniform vertical field with offset circular flux surfaces and leads to only a small error 

in the Faraday rotation profile of < 2%. 

3.3 Large Aspect Ratio Expansion 

As shown in Fig. 3.2, for typical MTX plasma with low j}^ ~ 0.3, the flux sur

faces are approximately nested circles with a small offset that varies with minor 

radius. To a good approximation, this solution can be obtained analytically from the 

Grad-Sbafranov equation by expanding to first order about the inverse aspect ratio 

c = l/(fl„/a). For MTX, t = 0.25. 

First, Eq. 3.18 must be converted into toroidal coordinates by substituting the 

following relations from Appendix 1 into Eq. 3.18. 

R = Rv + rcosO (3.21) 

— = sin 0-z- + - cos 0— dz or r OB 

jk = ""•!-?*"! (3-22) 

After some manipulation, we obtain the Grad-Shafranov equation in toroidal coordi-

d 2V 1<H I dH' 1 
gri r a r rlQg2 fij + rcosl HS-^S) e« 

,»* ..*& 

Before expanding the above, it is useful to look at the pressure balance ir a straight 

cylinder. The pressure balance equation 3.1 is 

^ = J+B, - JSB„. (3.24) 
Or 

Substituting, 
dp __ dp dp 
dr dp dr' 3< = --~(rBe), B e = R"d7 (3.25) 

1 9 / 1 df di> 
*~ Rdr ~ Rdipdr' 

(3.26) 
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gives the zero-order pressure balance equation: 

11.1 ^1\ 
rdr[r 8r ' 

2dp 2 3/ (3.27) 

This equation expresses the1 relationship between the poloida 1 flux, the plasma pres

sure, and the diamagnetic currant ( / term). Note that to zero order 0 , p, and / are 

all functions of r only. 

Proceeding to the first-order expansion, the flux function can be written as 

>l>(r,o = Mr) + M'-,e) (3.28) 

and the 1/fi term as 

l / W + r c o s f l ) - — ( l - _ c o s 0 ) . 

Substituting into Eq. 3.18 gives 

ll-i ^ + 11.1 a S xsp*x 

rdr(r dr> rdr[r dr ' r 2 3fl2 

Ra ^0 
.30„ dtfa sinS 30, 

cosff-^- + cost)-? £— 
or Or r or 

= - ^ ( l + ^ j g - t f / g . 
'30' 

(3.29) 

(3.30) 

The derivatives of p and / can be expanded as 

5 7 a T T T i T T i l • (J.-11) 

Keeping only terms to first order in e = r/Ft^ and subtracting off the zero-order 

Eq. 3.27, gives the first-order equation for 0,, 

1 3 , 3 0 , , ^ 1 3 2 0 , 1 fl30„ 
r 3 r 3r r 2 30 2 fl„ 3r (3.32) 

= -Po K2rcos0^+R^+,A§£+&1 ' 3 0 , ' " J " " 3 0 2 ' ' " , l 3 0 . ' J 3 0 o

2 ' 

Equation 3.27 can be used to replace the last two terms inside the brackets on the 

right. Substituting the zero-order poloidal field Bs0 = ( 1 / A ) ^ r gives the final form 

of the first-order equation for 0, 

1 3 , 30, , 1 3 2 0, 0, 3 1 3 , fn-r > 
,- 9r 9 r T 2 CJ02 B«„ Or r dr k)eo Or 
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The particular solution to this equation can be written in the form, 

& = -A(r)-P-cos8 = -A(r)H,Bea cosC or 

which leads to the equation for fa 

i> = fa - A(r)-7pcos< 

(3.34) 

(3.35) 

This solution describes circular flux surfaces offset from the majoi radius of the vessel 

Ra by the amount A(r). The function A(r) is determined by substituting Eq. 3.34 

into Eq. 3.33. Several terms cancel leaving 

>n gives 

dr 

Carrying through the first integration gives 

dA 2/x, 

dr ~ r&Bl 
Integrating the pressure term by parts gives 

dA r , > f t / 2 r \ 2/tD 1 f B\ ' 
-9T = % [BI ( P ( r ) - ? l Prdr) - w - I —rdr 

Defining the poloidal beta /3p(r) and internal inductance (j(r) as 

2^ l r Dl 

gives 

2 £ ? 0 r U 2ft 

9A r L . , 4(r) 

67 = - ^ P ) + -T 

(3.36) 

(3.37) 

(3.38) 

(3.39) 

(3.40) 

(3.41) 

Integrating over r (from the edge inward) yields the desired expression for the offset: 

«r)-i£ Mr) + «i(r) rdr. (3.42) 

This offset is called the Grad-Shafranov shift and for typical plasmas in MTX is about 

1.5 cm at the plasma cen.er. The integrand above appears quite fi 4uently and is 

often represented by A which is defined as 

A = & + £-! . (3.43) 
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3.4 Harmonic Solutions to First-Order Equation 

The large aspect ratio expansion Faraday rotation curve shown in Fig. 3.2 was cal

culated assuming circular flux surfaces with an offset given by Eq. 3.42. The small 

difference from the exact curve is due to non-circular flux surface deviations caused 

by nonuniform vertical field. Although the error is small in this case, it could be

come significant when stray fields from other coils are included, or during transient 

events like current ramps where induced eddy currents in the surrounding structures 

are large. These effects can be incorporated into the expression for ij> by adding the 

homogeneous solutions of the left-hand side of Eq. 3.33, 

1 8 , d$i. 1 d2i>i Vi 8 1 6, „ , „ ,„ „,, 
rar or r2 892 Be„drrdr 

This equation has harmonic solutions of the form 

Mr, 6) = (const)Hm(r)eime. (3.45) 

Substitution into Eq. 3.44 yields the equation for Hm(r) 

1 8 . 8Hm. m2„ Hm 8 1 8 . „ , „ , _ . , 

Defining the function gm(r) as 

. . m 2 1 8 1 d , _ . ,„ ,„. 

gives 

-S-{r^)-Hngm(r) = 0. (3.48) 
r Or or 

For any general Be„ (and hence ff(r)), this equation must be solved numerically. A 

code has been written to solve this equation using a backward finite differencing 

technique as described in Appendix B. The solutions for the first three harmonic 

terms are shown in Fig. 3.5 for a typical current profile of the form J = J0(l —r2/a2)a 

with a = 3, a = 0.165 m and lv = 350 kA. The function Hm(r) has been normalized 

to equal one at the limiter surface. The solution for m = 1 corresponds to the uniform 

vertical field so is not included here. Note that whatever the cause of these external 

perturbations, Fig. 3.5 shows that amplitude is most significant at the edge, going 
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Figure 3.5: Radial dependence of harmonic functions Hm for the current profile 
J = J0(l - r2/a2)a with a = 3, a = 0.165 m and Ip = 350 kA. 

towards zero at the core of the plasma. Thus the perturbation to the Faraday rotation 

integral, which is heavily weighted toward the core, will be minimal. 

Adding these harmonic solutions to our previous expression for V" gives the com

plete solution, 

or or 

N I 

Y,Hm(r)(am<x>sme + 0msmm6)\ (3.49) 

where am and /3 m are just constants determined from boundary conditions. These 

constants were calculated for the original Alcator-C coil set in Ref. [51]. 

The harmonic flux surface perturbations can also be determined from magnetic 

field measurements outside the plasma as demonstrated in Ref. [52]. MTX is equipped 

with 12 B$ "pick-up" loops distributed poloidally around the outside of the vacuum 

vessel at a minor radius of b =20 cm. To use this information we need to extend 

Eq. 3.49 out to the loop radius. 

In the vacuum region we must satisfy Maxwell's equation V x B = 0, which is 

essentially the Grad-Shafranov equation with p,p',f,f all equal to zero. The zero-

order poloidal field outside the plasma goes like 

B,,(r) = BeJa) (3.50) 
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so that all terms containing £(rBe0) are zero. The zero and first-order equations for 

ijt are then 

rdr or 

The flux function in the region surrounding a toroidal conductor which satisfies these 

equations is well known and given by [28], 

^ > a ) = ^ ( l n ^ - 2 ) - ^ : ( l n : + ( A + I x i - J ) c o s f l . (3.53) 

The first term on the right is the zero-order solution to Eq. 3.51, and the second term 

on the right is the particular solution to Eq. 3.52. 

The homogeneous Eq. 3.48 can be written outside the plasma as 

1 d dHm. m 2 . 
~a"('—3—) TH<" ~ °> W - 5 4 

rdr Or r2 

which has the solution 
Hm(r) = (r/a)m for r > a. (3.55) 

Adding the harmonic terms to Eq. 3.53, and rearranging constants gives the final 

form of the external flux function: 

4' = Ma) + * £ ( l n I) + ^ I ( ] n I + ( A + | ) ( 1 - f!)) c o s , ( 3 . 5 6 ) 

+ ^ ( a ) £ ( - ) " ( « „ , cos m<? + /3 m sin m0). 

This can be compared with the equivalent expression inside the plasma in Eq. 3.49. 

The expression for Bg at the magnetic loop radius r = 6 is obtained from 

ifr(r)= 1

 a

d4- (3.57) 

Expanding the denominator and keeping only first-order terms gives 

* W ~ 5 I ~ ^ ( l - ! + (A + I ) ( l - $ ) - l ) « o . . (3.58) 
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This equation has been used with the pick-up loop data to determine the non-

circular flux surface coefficients am and /?m for typical MTX plasmas. Error bars on 

the integrated pick-up loop signals do not allow a very accurate measurement of the 

coefficients, but generally speaking, for normal plasma discharges, these coefficients 

are small indicating nearly circular flux surfaces. In this case, the effect on the flux 

surface shape inside the plasma and the resulting Faraday rotation profile seems to 

be negligible. During the rapid current collapse associated with partial or complete 

disruptions, very large flux surface perturbations are often observed; but these events 

occur too rapidly to be observed by the polarimeter. 
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Chapter 4 

M H D Instabilities 

Macroscopic MHD instabilities are long wavelength modes (A ~ a) driven by pressure 

gradients or free magnetic energy. These modes are characterized by rapid exponen

tial growth that can quickly terminate the plasma discharge. Fortunately, through 

proper magnetic field line curvature and shaping of pressure and current profiles, 

these macroscopic instabilities can be controlled. Another class of shorter wavelength 

instabilities called microinstabilities are caused by local non-Maxwellian velocity dis

tribution functions for electrons or ions. Microinstabilities are thought to contribute 

to the anomalously high particle and energy transport observed in tokamaks. The 

main purpose in this section is to discuss the macroscopic MHD instabilities related 

to current density profile shape—the ideal kink instability and the closely related 

resistive tearing mode. 

Perhaps the simplest mode to visualize is the basic m = n = 1 kink instability 

shown in Fig. 4.1. Following convention in tokamak literature, m is the poloidal mode 

number and n is the toroidal mode number. From Fig. 4.1 it can be seen that if the 

helical field lines shown surrounding the plasma column become compressed on the 

concave side of the perturbed column, then the increased magnetic pressure at that 

point causes the instability to grow. This is the basic physical mechanism behind 

all kink-like instabilities. For the m = n = 1 mode, the condition for instability is 

qQ < 1. This is called the Kruskal-Shafranov limit and is the fundamental limit for 

the maximum plasma current at a given toroidal field. In practice, modern tokamaks 

rarely operate at qa < 2.5, so the limit is not usually encountered. 
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Figure 4.1: Configuration for the m = n = 1 kink mode (after Rosenbluth [29] ). 

4.1 Resistive Tearing Modes 

Resistive tearing modes are an important extension of the basic kink-like instabilities 

obtained by including a small but finite resisti vity at rational q = mjn surfaces. These 

are the most interesting MHD modes, affecting the plasma discharge in several ways, 

including the sawtooth instability, Mirnov oscillations, and disruptions. The original 

theory of resistive tearing modes was done by Purth, Killen, and Rosenbluth [56]. 

More recent rrviews of the subject are presented in Refs. [28, 29, 49, 57]. 

The condition and growth rate for tearing modes are developed by breaking the 

plasma into two separate regions: a large "outer" region away from the resonant 

surface where resistivity and inertial effects {pdv/di) are negligible, and a second 

smaller "inner" region at the resonant surface where resistivity is included to allow 

the formation of magnetic islands. 

The equation of motion in the outer region is J x B = Vp. Taking the curl gives 

V x (J x B) = 0. 

Using Amperes equation to substitute for J gives 

V x [(V x B) x B] = V x [(B • V)B] = 0. 

(4.1) 

(4.2) 
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The equation is linearized by writing 

V x [(Bo • V)B, + (B, • V)B 0] = 0, (4.3) 

where B 0 is the equilibrium field and B] is the perturbed field. Using cylindrical 

coordinates, Bo and Bi are given by 

Bo = e„B f i 0(r) + ezBl0 (4.4) 

B, = esBei(r,0,z) + erBrAr,O,z) (4.5) 

where 

Bn (r,0,z) = Bri (r) exp{im& + inz/R) (4.6) 

and BB\ is related to B,\ through V-B = 0. Making these substitutions into Eq. 4.3, 

and replacing the toroidal field using q = rBz/(R<,Be), gives the following equation 

for the radial variation of the perturbed Br field: 

£(**>H*-*£[&('-5) (4.7) 

The term on the left represents the stabilizing effect of magnetic field line bending 

while the term on the right represents the destabilizing current density gradient. Note 

that at the resonant surface q = m/ny the above equation is singular and cannot be 

used. 

For the region in the immediate vicinity of the resonant surface we use the lin

earized form of Ohm's lav/ and Faraday's law, 

Ei + vi x Bo = >?Ji (4.S) 

^ = - V x £ , (4.9) 

Substituting B\ = BT\ exp(im6 + inzjR + -ft), where 7 is the growth rate of the 

instability, the r component of Faraday's law becomes 

Using Eq. 4.8 to substitute for E, and Ampere's law to substitute for J, gives the 

linear growth rate 
nvfto J _ y 2 ( 4 U ) 

r r/t0 
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This shows that at the q = m/n resonant surface, the resistive diffusion term on the 

right is required for the instability to exist. Solutions for 7 are determined by first 

solving Eq. 4.7 in the region outside the resistive lay;r. Then by matching boundary 

conditions at the edge of the resistive layer, an expression for 7 is obtained. 

A key parameter in tearing mode theory is A' which is defined as the jump in 

dBr/dr across the resistive layer at r = r,. Denoting the jump with brackets we have 

IdBr] 
A' = - ' 

B,(r) [dr _ 

In terms of the parameter A', the solution for the growth rate is [56] 

(4.12) 

0.55 /naWV/S, v , 4 / 5 7-wOSf) (aAr/i (4-13) 

where rp = ii^a2/n is the resistive diffusion time and rA = a[nepy^/B^ is the Alfven 

transit time. Thus, the condition for unstable modes is A' > 0. Since A' depends 

only on Br, and B, is found from Eq. 4.7, we see that the question of tearing mode 

stability is determined solely by the equilibrium current density profile. 

The growth rate in Eq. 4.13 is not entirely correct due to finite Larmor radius 

effects and non-linear effects related to the magnetic diffusion of the island field; 

however, the condition for stability is still valid. A more complete treatment [58] of 

the growth rate, including the non-linear effects, gives a relation for the time variation 

of the island width w as 

^ = 1.66—(A'(w) - aw), (4.14) 
at fi0 

where a, like A', is a numerical constant determined by the J0(r) profile. In this case, 

the island width grows linearly with time {rather than exponentially) and saturates 

when A' s; aw. For typical MTX parameters, the growth rate is on the order of 

10 ms, indicating that modes should be saturated for most of the discharge. Island 

widths are around a few tenths of the minor radius (few cm). 

Equation 4.7 has been solved numerically [38] for different Jo(r) profiles ranging 

from peaked to flat. Generally, peaked profiles (typical of MTX) are stable to m > 3 

modes. The m -— 2,3 modes are often predicted to be present and are observed in 
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Figure 4.2: Flux surface configuration for an m = 2 magnetic island 

experiments. Flat profiles can be unstable to many higher m modes. It has also been 

shown [59] that by placing small pedestals on the current density profile near the 

resonant surfaces, all m > 2 modes can be suppressed. 

4.1.1 Magnetic Islands 

The presence of small but finite resistivity at the rational 5 surfaces (r = ra) allows 

the field lines to tear and form magnetic islands as illustrated in Fig. 4.2. After 

m/n revolutions around the torus, the island X and 0 points will trace back on 

themselves. Normally, for analysis and visualization of the magnetic island structure, 

a constant shear field Bj(r , ) r / r , is subtracted from the overall poloidal field Bg. This 

is equivalent to straightening out the helical flux tubes. 

The solution to the tearing mode equation discussed in the last section describes 

the radial variation of the perturbed field i? r , but the amplitude is unspecified. By 

calculating the trajectory of the island separatrix field line [28], the amplitude of Br 

can be related to the magnetic island full-width w by 

(4.15) \mB6q'JT 

By estimating the size of the island, the amplitude of the perturbed field can be 

calculated everywhere in the plasma. This will be used to estimate the effect of the 

perturbed field on the Faraday rotation signals in the next section. 
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4.1.2 Stability Analysis 
Since the equilibrium current density profile will be available from the polarimeter 

data, and the presence of modes with m < C can be determined from the "pick-up" 

loops on MTX, a code which predicts the tearing mode stability f. r a given J(r) profile 

would be useful. Also, it would be interesting to know what effect the perturbed field 

due to magnetic islands has on the measured Faraday rotation signals. Although the 

mode frequencies are generally too high (~ 15 kHz) to be seen on the polarimeter, 

the possibility for non-rotating "locked" modes exists in which case the perturbation 

may be seen. Thus, we need to calculate the solution of Eq. 4.7 and the resulting 

sign of A'. 

The technique for handling the singularity at the resonant surface is discussed in 

Ref. [38] and will be followed here. We begin by writing B, in terms of the perturbed 

flux function V"i as 

In terms of V1], the tearing mode equation 4.7 becomes 

I ' f , * . ) - ! ! ^ 1 ^ = 0 (4,7) 
rdr\ drj r* ft/p.^-*) 

Near the resonant surface the terms ( 1 / r ) ^ 1 and (m1/r2)ii>i are small compared with 

the other two and can be neglected. That leaves 

The quantity s = r — r, represents the distance from the resonant surface, and 

« = ~mj'ti„l(B)nq') where the prime denotes d/dr. This equation has a series 

solution given by 

0, = (1 +KSIn\s\ + A+s) for r > r, (4.19) 

tfri = (1 + Ksln ls\ + AS) for r < r,. (4.20) 

The parameters A+,A~ are determined by matching the series solution to the nu

merical solution of Eq. 4.17 for some small but finite value of s. The stability is then 
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determined by 

A' = A+-A~. (4.21) 

Equa'ion 4.17 can be solved in the outer region using a finite difference technique 

as outlined in Appendix B, subject to the boundary conditions that V'i(O) = 0, 

^ i ( — s) = </'i('s) a I , d *I>I(T > «) ~ l / r m . If we consider the vacuum vessel wall at 

T = b to be a perfectly conducting boundary, then we can set Vi ( r > b) = 0. It has 

been shown that the presence of a conducting wall does not significantly affect the 

stability results for the lower m numbers. 

The perturbation of the island on the measured Faraday rotation profile can be 

obtained by calculating the vertical field parallel to the probe beam as 

#H = BeocosO + [BS1 cosfl + BTi sin 9). (4.22) 

The resulting Faraday rotation integral (ignoring toroidal effects) becomes 

* = 2c, / — 
J a r 

where the subscript r, refers to the value at the resonant surface and the angle a is 

the phase (in the 8 direction) of the island. The chord integral has been transformed 

to the upper half-plane by appropriate symmetry considerations. The first term in 

brackets represents the normal poioidal field contribution, while the second term 

represents the island perturbation. Note that the island contribution to the integral 

goes to zero at a = -r/2 as expected. 

The perturbed B, profile, the stability A', and the perturbed Faraday rotation 

profile have been calculated for the m = 2 mode with a = 0 in Fig. 4.3. This plot 

was produced for the "peaked" [38] J(T) profile defined as 

J = -0-2(1+Xy (4.24) 
ToAo 

Bt = r ^ (4.25) 
1 + x* 

where C0 is a constant and x = r / r 0 where r„ is a parameter which varies the width 

of the current channel. The amplitude of BT(r,) was chosen to give an island width of 

C cm, which would be considered a fairly large island on MTX with a minor radius of 

Beo + 
Br(r,)r, cos a 

A, I— -p-cosmB + — sinmO) dz (4.23) \m or xr ) \ 
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Figure 4.3: Tearing mode amplitude and perturbed Faraday rotation profile for m=2, 
o = 0, lp = 350 kA, r„ = 0.11 m, and w = 0.06 m. 
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16.5 cm. The boundary condition at the wall is B, = 0. For rotating modes (a = uit), 

this perturbation would most likely be zero on the time average. For locked modes, 

however, the perturbation to the measured Faraday rotation profile may be quite 

noticeable. 

The tearing m^de equation 4.17 can also be solved for the m = 1, n = ! mode. 

The behavior of the solution is quite different compared with m > 1 modes. There 

is a sharp discontinuity at the resonant s-rface resulting in a slope change across 

the surface giving A' —» +oc. Thus, the rn,n = 1 mode is unstable anytime the 

9 = 1 surface is in the plasma. A simple analytic solution for the m — 1 mode which 

satisfies Eq. 4.17 is 

V-i = B » J , ( 1 - ? ) , T<T, (4.26) 

i/'i = 0, r > r, (4.27) 

where $r is a constant representing 'he offset inside r,. Using this result, the perturbed 

Faraday rotation profile can again be calculated as shown in Fig. 4.4 for a = 0 and 

{ r = 4 cm. 

We see that even vs odd mode n bers can be distinguished by the symmetry 

of the perturbation to the Faraday rotation profile. It would be more difficult to 

distinguish two modes of the same symmetry such as m = 2,4. 

If toroidal effects are included in the tearing mode analysis, simulations show that 

the n = 1, m = 1 mode can be stable even with q„ < 1 if a pedestal in the current 

density exists near the resonant surface creating a region of low shear in q. This 

behavior was observed on TEXTOR [24]. 

4.2 Sawteeth 

The sawtooth instability is very common and is observed on essentially all tokamaks 

during normal ohmic operation. The term "sawtooth" is used to describe the gradual 

rise and subsequent cras'i of the election temperature inside the i/ = ] surface. Out

side the v = l surface, the sawteeth are inverted. The density also exhibits sawtooth 

oscillations, although the perturbation amplitude is much smaller. Typical sawteeth 
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Figure 4.5: Electron temperature sawtooth oscillations on MTX. The m = 1 mode 
shows up as a precursor to the crash. 

from MTX are shown in Fig. 4.5. Although the temperature fluctuations near the 

magnetic axis can be quite large {STC/TC ~ 30%), the sawtooth instability is consid

ered benign in the sense that it simply redistributes heat from just inside the 9 = 1 

surface to just outside the 9 = 1 surface, flattening the Tt{r) and J(T) profiles, and 

does not seem to have a detrimental effect on the overall plasma confinement. 

Although some aspects of the sawtooth behavior are understood, there is still no 

comprehensive model which predicts all experimental observations. It is generally 

accepted that the sawtooth crash is caused by a rapidly growing resistive m = n = 1 

mode which appears when there is a q = 1 surface in the plasma. The m = \ 

oscillations can be seen in Fig. 4.5 prior to the sawtooth crash. The details of the 

mode growth rate and the rapid crash are not well understood. 

The original sawtooth model is the so called "magnetic reconnection" model pro

posed by Kadomtsev [60] and later refined and studied numerically by many oth

ers [61, 62, 63, 64]. In this model, the cycle begins with q > 1 on axis. The temper

ature on axis then increases due to ohmic heating and q(Q) drops below one which 

triggers the m = 1 mode. The linear growth rate including finite Larmor radius 

effects is 
1 

7 = 
1 

u>'i THTR 
(4.28) 
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where the electron and ion diamagnetic frequencies w",o>" are given by 

(4.29) u,* - 1 1 ^ + 0.71 ne ar 
d(kTe)] 

eBzr, 1 ^ + 0.71 ne ar dr 

- 1 dpi 
dr " ' "" eB zr,n e 

dpi 
dr 

f j 

The poloidal Alfven time T# is defined as 

TH = 
T 

1/2 

(4.30) 

(4.31) 

and TR = ^ 0 o 2 /v is the resistive diffusion time. The important feature here is that 

the growth rate varies as (dqjdr)*M. Thus as the temperature on axis continues to 

peak and q(0) continues to drop, the magnetic shear increases causing the mode to 

grow extremely fast. Once the critical island size (w ~ r,) is reached, the magnetic 

surfaces undergo a rapid reconnection which produces the sawtooth crash. During 

the crash, transport is enhanced so the Te profile is flattened and q returns to near 

unity inside r „ thus completing the cycle. 

This model was used successfully to simulate sawteeth on some earlier experi

ments [62]. Recently, however, experiments on larger tokamaks, and data from new 

current profile diagnostics, have shown several inconsistencies with the model. First 

is that several measurements of the q profile evolution during a sawtooth cycle have 

been made recently [8, 65, 66]. These measurements give q(Q) ~ 0.7 — 0.8, with the 

change in q during a sawtooth approximately Ag(0) < 0.1, indicating that q(0) re

mains well below one throughout the sawtooth cycle. This is also observed on MTX 

as will be discussed later. These measurements are inconsistent with the complete 

reconnection of magnetic flux predicted by the Kadomtsev model. In addition, Tc 

profiles seem to remain more peaked than expected. Another observation made on 

TEXTOR is that the sawtooth inversion radius is located at about 80% of the q=l 

radius, contrary to the usual assumption. 

A second discrepancy is that on larger tokamaks such as JET and TFTR, the 

sawteeth usually have small or no precursor oscillations, but often have successor os

cillations. Also, the sawtooth crash occurs on a much faster time scale than predicted 

by the Kadomtsev model. Finally, electron cyclotron heating has been used to modify 
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or suppress sawteeth [67, 68]; simulation of these experiments with the reconnection 

model gave poor agreement. 

Another sawtooth model which has recently gained attention is the turbulent or 

stochastic model [69, 70]. In this model, the growth of the m = 1 island is again 

r-^ponsible for the sawtooth crash. The island grows to some critical width—not 

necessarily the width of the 9 = 1 surface—at which time the angle between the 

X-point separatrices goes to zero and a narrow current layer is formed at the island 

separatrix. This singularity creates a region of turbulence or stochasticity which 

causes the temperature profile to collapse. With the exception of the singular current 

layer, the overall J profile remains relatively constant during the entire sawtooth cycle 

and q„ can stay well below one. 

Goedheer and Westerhof [67] created a turbulent model combining the theoretical 

results from [69] with experimental data from TFR [71,72] and found good agreement 

with ECH experiments on T10. In this model, the non-linear growth of the m = n = 1 

mode is given by 

w2 = wl + ^ ( < - * 0 ) (4.32) 
fa 

where t — tB is the time after the collapse and WQ is the initial island size just after 
the collapse. The island critical size is 

-i 
(4.33) 

Although many uncertainties remain, this mode! seems to give better agreement with 

sawtooth characteristic time scales and recent q profile measurements. 

4.3 Disruptions 

Disruptions are a rapid and violent termination of the plasma discharge which occur 

on all tokamaks. Disruptions are generally believed to be due to greatly enhanced 

plasma transport and resistivity from some type of turbulence triggered by MHD 

modes. The plasma usually experiences a rapid temperature collapse followed by a 

quench of the plasma current which lasts a only few milliseconds. This is obviously 

not a desirable condition, especially on large tokamaks where disruptions can cause 

4 
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Figure 4.6: The Hugill plot shows the nondisruptive operating space for Alcator C. 
(from [74]) 

physical damage to the machine. Disruptions are not well understood, mainly because 

they can occur over a broad range of operating regimes and often display different 

characteristics. The empirical Hugill diagram [73], shown in Fig. 4.6 for Alcator C 

operation, is used to help identify the disruptive regimes. There are two boundaries in 

this plot, a low q boundary for q < 2, and a density limit represented by the parameter 

filialBt. Several experimental studies have shown that the m = 2 mode plays a role 

in the disruptions that occur at these boundaries. These modes are often observed 

as a precursor to the temperature collapse. In the case of the q — 2 disruption limit, 

it is believed that as the o = 2 surface gets pushed outwards in radius, the m = 2 

island begins to interact with the limiter, or the cold edge plasma, thus causing the 

disruption. The overlap of the m = 2 island with the m = 1 or m = 3 islands may 

also cause disruptions. 

The cause of the density limit is less clear, but it is thought that radiative cooling 

near the edge causes the current density profile to steepen near the c = 2 surface 

thereby further destabilizing the m = 2 mode. On MTX, the density limit shown in 

Fig. 4.6 is often approached as gas fueling saturation limit rather than a disruption 

limit. Fueling with pellets can exceed the limit. 

l l l l f e s * * * ^ 
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In addition to the disruption regimes on the Hugill plot, disruptions can occur 

occasionally throughout the remaining normally stable regime. Impurities often play 

a role in these disruptions. For example, on MTX disruptions are often encountered at 

low density of n < l.C x 10 2 0 m~3. In this case, the gas fueling is significantly reduced 

so that recycling from the wall, and consequently the ratio of impurities to fueling gas, 

is increased. If high Z impurities such as molybdenum (the limiter material) reach 

the core, the line radiated power can be very high, possibly exceeding the ohmic input 

power and causing the temperature to collapse. Even a modest impurity increase at 

the plasma center can alter the resistivity profile giving flat or hollow J(r) profiles. 

A hollow J profile offers another possibility for disruptions. Since the q profile is 

no longer monotonic, there can be a q = 2 resonant surface at two locations in the 

plasma. If the m = 2 islands located at these surfaces overlap, a. mechanism for rapid 

transport from the center to the edge is established. 

It has been observed recently [75, 76] that rotating tearing modes often slow 

down or stop prior to a disruption. These are called "locked-modes" and they are 

considered undesirable because they usually lead to a disruption, or at least degraded 

confinement. Locked modes occur frequently at low density, but can occur in other 

regimes as well. They have been identified as n = 1, m = 2,3 modes. The is].' nds often 

stop at the same poloidal angle, leading to speculation that the mode is locking to 

some small error field due to magnet leads or wall eddy currents. Significant changes 

in other plasma parameters are observed during mode locking. The sawteeth usually 

stop or are reduced in amplitude. The temperature profile develops a perturbation 

which is visible on ECE diagnostics and the confinement begins to drop. Why the 

locked modes seem to trigger disruptions is not clear, but again the speculation is 

that the modes have grown such that neighboring islands overlap. Although MTX 

is not equipped with the sophisticated magnetic loops necessary to unambiguously 

identify locked modes, it may be possible to observe the modes with the polarimeter 

as discussed in Sec. 4.1.2. 



61 

Part III 

Experimental Apparatus 
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Chapter 5 

Far-Infrared Polarimetry Theory 

As discussed in Chap. 1, the Faraday rotation measurement technique used in this 

thesis relies on the phase measurement of a rapidly rotating polarization ellipse. The 

purpose of this chapter is to develop the techniques needed to calculate the evolution 

of the state of polarization for an FIR beam passing through a magnetized plasma. 

This problem has been analyzed in detail previously by Segre and De Marco [14, 15) 

for a linearly polarized beam. Here we extend their work to analyze the propagation 

of a rotating polarization ellipse and to simulate the new phase detection scheme used. 

We assume the FIR wavelength is short enough that refraction effects are small and 

straight line propagation is a good approximation. Furthermore, since we are mainly 

interested in polarization properties, the cold plasma wave dispersion relations are 

used. 

In Sec. 5.1, the method for producing the initial rotating polarization ellipse us

ing birefringent quartz plates is discussed. In Sec. 5.2, the polarization propagation 

through the plasma is treated. We start with the standard first-order phase shift and 

Faraday rotation angle expressions. These are the most useful relations because of 

their simplicity, but they must be applied with care because they are only valid for cer

tain operating regimes, depending on the wavelength. The more general wave/plasma 

interaction is derived using the Poincare sphere and Stokes parameters. An analytic 

series solution to the propagation equation is presented. Numerical results are then 

compared with the analytic expressions for a range of plasma parameters. 
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Crystal Axis 

Figure 5.1: Geometry for crystal analysis. 

5.1 Crystalline Quartz Optics 

Crystalline quartz is a low-loss birefringent material in the far-infrared, making it a 

good choice for waveplates. A combination of a 1/4 wave plate followed by a rotating 

1/2 wave plate is used to generate the rotating polarization ellipse. 

Consider an arbitrarily polarized beam with components Ex and Ey incident on 

a quartz plate as shown in Fig. 5.1. The angle between the crystal optical axis and 

the x-axis is denoted (j>. The transformation of the polarization state can be written 

most conveniently in terms of Jones matrices. The idea here is to transform E into 

the coordinate system of the crystal, then apply the phase shift and transform back-

to the original coordinate system. Losses can also be treated in this manner, but here 

we consider only lossless propagation. The transformed field is 

(5.1) 

where S is the difference in phase between the two characteristic modes in the crvstal. 

Carrying out the multiplications above leads to a somewhat reduced form 

Et cos<f> — s i n ^ 1 0 cos (f> sin 4> E, 

Ey sin 9 c o s ^ 0 .«« — sin ij> cos <j> E, 

Ex 

Ev 

cos 2<f + s i n 2 ^ e ' s s i n # c o s ^ ( l - e ' s ) 

sin <(> cos <4(1 - eis) s i n 2 <j> + cos 2 <4e" 
(5.2) 

Of particular interest is the transformation for a 1/2 wave plate. Setting 6 = tf, the 

matrix becomes 
Ez 

Ey 

cos 2<j> s in 2<4 

sin 24> — cos 2<t> 
(5.3) 
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Figure 5.2: Quartz plate configuration used to produce a rotating elliptically polarized 
beam 

Thus, the 1/2 wave plate rotates the incident polarization by twice the angle of the 

optical axis. 

We are now in position to analyze a pair of quartz plates arranged as shown in 

Fig. 5.2. The first plate is 1/4 wave plate with the optical axis at an angle <j> with 

respect to the vertical. As 4> approaches 45 degrees, the beam becomes circularly 

polarized. It is not critical for this first plate to be exactly a 1 /4 wave plate, because 

its purpose is simply to introduce a small amount of ellipticity into the initially linearly 

polarized beam. The ellipticity is required so that the detected signal does not go to 

zero as the ellipse rotates. The second plate is a rapidly rotating (1 khz) 1/2 wave 

plate. As demonstrated above, this plate rotates the incident polarization ellipse at 

twice the angular frequency of the plate. Defining the angle of rotation of the 1/2 

wave plate as urt, and using Eq. 5.2, we can write the transformation through both 

plates as 
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cos2u>r/ sin2av< 
sin2u>,( — cos2w,t 

cos 2 ^ + i s i n 2 ^ sin^cos«J(l — i) ] f Eo 1 /- ., 
sin ^ cos ̂ (1 —») sin 2 0 + icos 2 0 J [ 0 J " 

The detection scheme involves the use of a polarizing grid to pick out the £„ compo

nent of the wave (parallel to the toroidal field). So we are interested in expanding the 

above equation for Ey only. After some lengthy but straightforward trigonometry, it 

can be shown that 

|£i,| 2 = E\j2 (1 + cos 2«Scos(4a>rr - 2<4)). (5.5) 

Thus the magnitude of Ey is modulated by the rotating plate, and the amount of 

modulation is determined by the fixed angle of the first plate. The modulation varies 

from zero when <j> = 7r/4 (circular polarization), to 100% when <j> = 0 (linear polar

ization). It is not desirable to have complete modulation, because the goal is to make 

interferometry and polarimetry measurements simultaneously. If Ex is allowed to go 

to zero, then the interferometer will lose track of the phase. Typically a modulation 

of around 50% is used. 

5.2 Evolution of Polarization Through a Magne
tized Plasma 

Consider the propagation of a wave with a vertical k vector as shown in Fig. 5.3. 

In this geometry, y is in the toroidal direction, x is in the radial direction, and z is 

vertical or parallel to the FIR probe beam. The cold plasma index of refraction (/J is 

used to avoid confusion with the density n) for the slow and fast wave is [15, 77], 

0w) = 1-^r ,( 1-^2(i-^V) : t^-2(i- wyw 2) [ 1 + F | | ( 5 ' 6 ) 

where 

,-.*<(,_ £) «J. ( 5 .7) 
ucc \ u)2 J sin' 0 

Ey 
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FIR Beam 

Figure 5.3: Coordinate system used for polarization analysis. 

5.2.1 First-Order Description of Phase Shift and Faraday 
Rotation 

In general, the angle 9 in Eq. 5.6 varies depending on the position in the plasma, 

introducing significant complication. To a first approximation, however, we can con

sider the two separate cases k J. B and k (| B. For k ± B (S = jr/2), the indicies of 

refraction for the ordinary wave E || B and the extraordinary wave E ± B are 

ford = U - - T 
i I ' / 2 

Pal = 1 - - <(«'-«*£ 1/2 

W*(a> 2-u&-w=.) 
Since typically u>pejui ~ ucJu ~ 0.1, we can expand for w 2 > Wpe,u>2

e, giving 

l^ord = fcxl ->-m 

(5.8) 

(5.9) 

(5.10) 

Using this expression, the phase shift through the plasma relative to a reference beam 

in vacuum becomes 
,2 

Ae! 

47TC Jm£(, 
jn(r)ds, 

(5.11) 

(5.12) 
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where the integral over dz refers to the line integral along the path of the probing 

beam. Inserting constants gives (mks units) 

* = 2.814 x \Q-n\jn(r)dz. (5.13) 

This is the standard expression for interferometry phase shift. With a wavelength of 

184 ^m, the typical phase shift for MTX plasmas is 2 - 8 fringes. 

For the Faraday rotation angle, we start with the dispersion relations for right-

hand and left-hand circularly polarized waves (RHCP and LHCP* propagating par

allel to the magnetic field. The magnetic field in this case is the vertical component 

of the poloidal field parallel to k. From Eq. 5.6 with 6 — 0, the index of refraction 

for the RHCP and LHCP waves is, 

«2>s 

PR,L = 1 T U J « / U > 

1/2 

(5.14) 

/ " w = i ~ 2 " ( 3 L ) ( i ± w " / ' " ) - (5- i 5 ) 

The difference in phase between the R and L waves after propagation through the 

plasma is 

£ = j(kR-kL)dz = ~j^^dz (5.16) 

- ^M^In{r)B»{T)dz- (5-17) 

Now a relationship between the phase shift and the actual Faraday rotation angle is 

needed. Starting with a wave linearly polarized in the y direction, the polarization 

can be written as the sum of an RHCP and LHCP wave, Ey = ER + EL where 

ER,L = Eo {h + e ± f f e,) e ^ ' - H (5.18) 

After propagation through the plasma, there is a phase shift of 6 between ER and 

EL, 

ER = £'o(e I + « + ' ' i e v ) e i M " t l ) 

EL = Eo (e r + e- ife„) e<M-**+«)_ (5.19) 
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Recor .wining these two components gives the output polarization, 

E = £ 0 [(l + e i s )e r + i ( l -«")«, , ] e*--'"*1' (5.20) 

= 2£o[cos(6/2)e I + s in (6 /2 )e v ) e , ' M - , r x + 5 / 2 ) . (5.21) 

Defining the Faraday rotation angle as <I> = arctan(£j,/£ r), we have 

* = «/2. (5.22) 

Inserting equation 5.17 for S and evaluating constants gives the standard expression 

for the Faraday rotation angle: 

* = 2.62 x l(T l 3 A 2 j B|,(r) n(r) dz. (5.23) 

This expression for the Faraday rotation angle depends onlv on poloidal B and 

density, and is independent of the toroidal field and the incident state of polarization. 

This is an approximation and is not true in general. For a more complete treatment, 

we will follow the formalism introduced by Segre [14, 15], which utilizes the Poincare 

sphere and Stokes parameters This representation is particularly convenient for 

numerical evaluation of the polarization propagation. 

5.2.2 Polarization Ellipse Representation 

Before introducing the Poincare sphere, it is useful to describe the state of polarization 

in terms of a polarization ellipse as discussed in Born and Wolf [78]. Consider a plane 

wave propagating in the z direction. Defining T = (u/t — kz), we can write the electric 

field components in the x and y directions as 

Ez = a!Cos(T + £i) (5.24) 

E„ = a2cos(T + «2) (5.25) 

where aty represent the amplitudes of the two components, and &\,i represent the 

phases. Defining the difference in phase as 6 = 62 — 6} we see that b = rmr (m = 

,±1,±2,. . .) represents a linearly polarized wave and 6 = ±7r/2 + 2rmr represents 

a circularly pola.ized wave. Historical usage dictates that S = +?r/2 corresponds to 
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Figure 5.4: Vibrational ellipse for the electric field vector 

RHCP and S = —jr/2 corresponds to LHCP. This is backwards from what one might 

guess using the right-hand rule. Thus for an observer looking into a beam, the electric 

field vector will be rotating clockwise for RHCP and counterclockwise for LHCP. 

The above equations can be combined to give, 

(Ex\ , (Eu\ „EXES (£*.) +(*>) - 2 ^ c o s * = sin2*. 
\ai I \a2/ at a2 

(5.26) 

This is the equation of an ellipse shown schematically in Fig. 5.4. The state of 

polarization can be completely described by either at,a2, and S, or equivalently, by 

the ellipticity e = a/4 and the ellipse rotation angle V>. There are several useful 

equations relating these quantities. 

a 2 + i 2 = a j 2 + a 2

2 

tan a = a2ja\ 

tan 2il> = (tan 2o) cos 6 

sin2x = (sin 2a) sin 6 

tan x = ib/a 

(5.27) 

(5.28) 

(5.29) 

(5.30) 

(5.31) 
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5.2.3 Poincare Sphere and Stokes Parameters 

In the last section, two representations for the state of polarization were discussed: 

the first used the amplitude and phase parameters ai, a 2 and 6, while the second made 

use of ellipse parameters a, b (or \) and ip. A third representation is possible in terms 

of three components Si,S2,S3 called Stokes parameteis [78]. The relations between 

the Stokes parameters and the other representations are lined below. It is assumed 

here that the amplitude Ja2 + a\ has been normalized to unity. 

•s, = a , 2 - < z 2

2 (5.32) 

s 2 = 2ai a 2 cos S (5.33) 

•s3 = 2aio 2 sin S (5.34) 

(5.35) 

The relations with x a n d i> are 

(5.36) 

si = cos 2\ cos 2jp (5.37) 

s 2 = cos2xsin2V> (5.38) 

s 3 = sin 2*. (5.39) 

The parameters s1,s2,s3 can be considered as the three components of a unit vector s 

which terminates on the surface of a sphere called the Poincare sphere. This is shown 

in Fig. 5.5. Any state of polarization is uniquely represented by a point on this sphere. 

The Si,s2 plane contains all states of linear polarization, while circular polarization 

is represented by the poles; everywhere in between is elliptical polarization. In this 

representation, the Faraday rotation effect can be visualized as a small rotation of 

the s vector about the vertical axis. Some additional useful relationships are 

t = a / 4 = | s 3 | / ( l + [ l - S 3 2 ] , / 2 ) (5.40) 

4< = ^ t a n - W * , ) (5.41) 
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LHCP 

02 

Figure 5.5: Poincare sphere. 

-(4*)- (5.42) 

The usefulness of the Stokes parameters is that the evolution of the state of polar

ization for waves propagating through a magnetized plasma can be described by [15] 

ds 
dz = fi(z) x s(z), (5.43) 

where 

ft = - ( ^ - W ) s c / . (5.44) 
c 

Here fi, and fij are the refractive indicies of the slow and fast characteristic waves 
given by Eq. 5.6, and scj is the polarization vector of the fast characteristic wave. 
Referring to the geometry shown in Fig. 5.3, the polarization of the fast characteristic 

tanx7 = [ ( l + f 2 ) 1 / : ! - l J / ^ 

1>i = -/?• 

(5.45) 

(5.46) 
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In terms of the three stokes parameters, which are now functions of z, we have 

cos 20(1 + F2)-1'2 

- sin 20(1 + F 2 ) " 1 ' 2 (5.47) 

F(l + F 2 ) " 1 ' 2 

Equations 5.43 through 5.47, along with Eq. 5.6, contain all the information necessary 

to compute the change in polarization through the plasma. Given the magnetic field 

vector in the plasma, the quantities p,(z), m{z), F(z) and 0(z) can be calculated. 

The fast wave vector scj is then obtained from Eq. 5.47 and fl is determined from 

Eq. 5.44. The change in polarization through the plasma can then be computed 

numerically using Eq. 5.43. 

5.2.4 Detection Technique 

Before proceeding with evaluation of the propagation equation, we must identify how 

the Stokes parameters are related to signal that is actually detected in experiment. 

The conventional detection technique, e.g. that used by Soltwisch [22], utilizes a 

polarizing beam splitter and two detectors measuring orthogonal components of E. 

In this case, the quantity of interest is the fraction of power orthogonal to the original 

polarization which is given by [15], 

•Pn = J-[1 - SiSio - s2s20 - S3S30] (5.48) 

where the zero subscript refers to the incident wave. 

In our experiment, the phase of the rotating ellipse is measured. This is accom

plished by passing the beam through a polarizer, which picks out the Ev component 

(parallel to B toroidal), followed by a Schottky corner cube detector. Referring to 

Fig. 5.4, we see that the Ey component is just a 2. From equation 5.42 and 5.37 we 

have 

023 = ^ ~ = 5 ( 1 - c o s 2* cos 20) (5.49) 

(5.50) 

(5.51) 
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Defining the modulation as m = (1 — e 2)/(l + £2) gives, 

ai=\~(l-mcos2M . (5.52) 

This is equivalent to Eq. 5.5 derived earlier. 

The Scho*.tky detectors are actually mixers, rather than amplitude detectors, re

sponding to the product of the plasma beam and the local oscillator beam. This is 

the standard configuration for heterodyne detection. The local oscillator polariza

tion is not elliptized or rotating, but the beam is shifted in frequency by Su relati1'-

to thi plasma beam. Using microwave terminology, we can write the "rf" and "lo" 

amplitudes as, 

arl = - j i ( l - rocos2^ ) 1 / 2 cosu ;* (5.53) 

p> 
aio = —-5=CJS(W + Su))t. (5.54) 

v2 
The effect of the plasma can be included in the rf component (to first order) by 

replacing ut —> (u>t + 4>) and 2^ —> (iu,t + 2*), where $ is the density phase shift 

in Eq. 5.13, urt is the rotating plate phase, and »t is the Faraday rotation angle in 

Eq. 5.23. The signal out of the Schottky mixer, which we will call Sp, is proportional 

to the square of the sum of these two components. 

Sp = (arj + ai„f = a t

2 + 2a r/a/ 0 + alo

2 (5.55) 

E 2 

= - j - f l - m cos(4avi + 2*)] cos2(uit + *) 

+i/2E,iE,0[\ - mcos(4wrJ + 2#)] 1 / 2cos(w* + *) cos(aj -4- 6w)£ 

+E,2 cos2(u + Su)t (5.56) 

A bandpass filter at the difference frequency Su will eliminate all DC and high fre

quency terms, so the first and third terms above are zero. Expanding the second term 

gives 

S P = y/2ErfE,o[l-mcos(4urt + 29)l'/2 

x[costij<cos$ — sin wt sin $][cosut cos Sut — sin u>t sin Suit], (5.57) 



Again, odd terms average to zero and the cos2 uit, sin 2wi terms average to 1/2 leaving 

Sv = A[\ - m cos(iurl + 2-p)] 1 / 2 cos(Su>t - $), (5.58) 

where all the terms out front have been replaced with an amplitude A. A reference 

signal obtained from a beam that does not pass through the plasma is 

Sn, = A[l - m cos(4u>rt)]1/2 cos(6wt). (5.59) 

The plasma signal is split at this point into separate electronics for processing the 

density phase shift and the polarimeter phase shift independently (see electronics in 

Chap. 6). The density is determined by using a limiting amplifier to eliminate the 

modulation, followed by a zero crossing detector to measure tne difference in phase 

9 between the reference and plasma signals. To determine the Faraday rotation, the 

above signals are first demodulated use a diode detector operating in a linear regime, 

i.e. the signals are not squared. This eliminates the But factor, leaving 

5 p = / l i l -mcos(4w r i + 2 * ) ] , / 2 . (5.60) 

The modulation is always less than one (topically about .5), so we can expand the 

squaTe root, 
2 

Sv = A[\-^ cos(4wr* + 2*) - ^ - cos2(4wr< + 2*) - ....]. (5.61) 
2 o 

Again, bandpass filtering about the frequency 4a>rt is used to eliminate DC and higher 

order terms, leaving 
Sp = A i j =°s(4wrt + 2*)] (5.62) 

S«r=>4[jcos(4u) rt)]. (5.63) 

As with the interferometer, we can now use a zero crossing technique to measure the 

phase between these two signals thereby obtaining <P. 

5.2.5 Analytic Series Solution 

A key step in obtaining Eq. 5.62 was replacing the ellipse angle tp with the initial 

ellipse angle 2u,y* plus the Faraday rotation angle t . It intuitively makes sense thai 
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the Faraday rotation effect would rotate the input ellipse by ty, but it is not obvi

ous from looking at the polarization propagation equation 5.43. A series solution to 

Eq. 5.43 is developed in this section to show how this comes about. Since the changes 

in polarization through the plasma are usually quite small, the series solution gives a 

good approximation in most cases. It also allows us to better quantify the range of 

plasma parameters over which we expect the simple expression for Faraday rotation 

angle Eq. 5.23 to be a good approximation without performing a full numerical solu

tion. The series solution to the propagation equation was developed by Segre and De 

Marco [15, 79]. We will follow the same method here, applied to the rotating ellipse 

measurement. 

The basic idea is that since fl is small, a first-order approximation can be obtained 

by assuming s to be constant on the right side of Eq. 5.43 so that it can be integrated. 

Using an iterative method, the first-order approximation can be substituted into the 

right side of the equation and integrated to give a second order approximation, and 

so on. The result is the series solution 
oo 

s(c) = s 0 + a0 + Y,aa(z), (5.64) 
I 

where so is the initial value of s, and 

*o(z) = /-,„ ft * so dz' (5.65) 

M * ) = / - , . « x a„-,(*') dz'. (5.66) 

The plasma boundary is at ±z„. It proves useful to make the substitution 

W(z)= [' Sl(z)dz, (5.67) 
• / - J o 

or equivalently, 
dW 

ft(~-) = - ^ - . (5.68) 

The introduction of some dimensionless variables helps in estimating the sizes of 

various terms. The density and poloidal field profiles can be written as 

n(r) = n0 J(r) (5.69) 

B,{r) = B,(a)b(T), (5.70) 

^ i l l 1 
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with Bg(a) = ji0ITl2ira. The dimensionless functions f{r) and b(r) now contain 

the profile shape. We can also break Be up into its vertical (2) and horizontal (1) 

con ponents by writing Bx = Bg(a)g(z) and Bt = Be(a)h{z), where g{z) = — 6(r) z/r 

and h(z) = b(r)x/r. 

Using these dimensionless profiles it can be shown [15] that for (uiptjuj)'i « 1 

and ua/u « 1, W is approximately 

W,(z) a M I' (l/a)Hz')ll-(g(z')/Qf}dz' (5.71) 

\V2(z) ~ -2(M/Q)f* Ma)fWg(:>)d:' (5.72) 

W3(z) ~ P f (l/a)f(z')h(z')dz', (5.73) 

where the constants A/, P and Q are denned as 

M =

 aJf^(eM2 (5.74, 
2cu.'4 \mcj v ' 

P = ^(<m) (5.75) 
cw3 \ mc J 

Q = Bt/B,(a). (5.76) 

In this approximation H' 3/2 is equal to the Faraday rotation angle given in Eq. 5.23. 

The relative sizes of the three components of W can be estimated from the constants 

M.P and Q. which are independent of profile shapes. Note that for 2 = +za (inte

gration through entire plasma), W? = 0 because the integral contains the product of 

an even and odd function. 

The series solution for s is worked out to third order in Appendix D. Since our 

detected signal is given by a 2 in Eq. 5.42, we only need an expression for s\. The 

equation for S\ to third order in W3 is given by 

»i = *io ( ] ~ x ) " *» (W* ~ ¥ ) + ''" ( 3 7 7 ) 

The detected signal amplitude ai becomes 

r i - s , ] ' / 2 

!
1 — S 1 ' -y 1] (5.78) 

= i/v^[i-„ 0(i-^ + S 2 0^,- 3_lSj 3 \ l ' / 2 
(5.79) 
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Since Sjo and Sjo are always less than one, the quantity in brackets can be expanded. 

After bandpass filtering at 4w rt, the DC component and higher harmonic terms are 

removed. Replacing sio^io with Eq. 5.37, and using tp0 = 2wrz gives 

o 2 = cos 2* cos4wT? {l --£-} -sin4uvi (\V3 - - r 2 - ) (5.80) 

If we write the phase shift 2 * of this waveform in the form cos(4uv* + 241), then we 

have 

t a n 2 * = i _ 4 j ( 5- 8 1 ) 

* ( ^ 3 - ^ 3

3 ) ( l + | H f + j W 3

4 ) (5.82) 

~ Wa + ~W3

3 + ±W3

5 + .... (5.83) 

The expansion on the right is just the expansion for tan W3, so to a good approxima

tion 

* = W 3/2, (5.84) 

and W3/2, of course, is just the original approximation for the Faraday rotation 

Eq. 5.23 derived earlier. Thus, despite the seemingly complicated expressions involved 

in analyzing the rotating ellipse measurement technique, the final result is a very 

simple relation that the phase shift of the modulated waveform is proportional to the 

line integral fnB^dz. 

5.2.6 Numerical Solution to The Propagation Equation 

As n, Bt, and 1T become larger (for fixed A), the analytic solution presented in the 

last section becomes less accurate as higher-order terms become important. Then 

the polarization propagation Eq. 5.43 must be solved numerically. In this section we 

solve this equation for some m:del profiles and simulate the expected detected signal. 

The density and current density profiles used in these calculations are 

«(r) = n o ( l - ? ) ° " (5-85) 

J(r) = J0{\-£)°', (5.86) 
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where a is the mii.or radius of the plasma. The use of this form for J(r) is particularly 

useful because there is a simple relationship between q at the edge and q at the center 

of the plasma, q0 = fla/{\ + otj). The plasma current related to J0 by 

* « - ^ 

and from Amperes law the poloidal field is 

The numerical algorithm proceeds as follows: 

1. Calculate the incident so vector in terms of the known ellipticity (or vj and 

orientation angle i/'o = 2u\t using equations 5.37 through 5.39. Note that s 0 is 

now a function of time. 

2. Calculate the fast wave vector as a function of z for a given current and density 

profile using (5.47). 

3. Solve for the transformed s by numerically integrating the propagation equa

tion (5.43). See Ref. [15] for tips on converting all equations to dimensionless 

equations. 

4. Insert s\ into (5.42) to get 02(1). 

5. Filter a? using a bandpass FFT filter about the center frequency Aurt. 

6. Derive the phase shift by calculating the v-:^ •\>:.r\\<?. lime difference between 

a2 and a reference signal. 

7. Repeat this calculation for chords at varying x positions to derive a Faraday 

rotation profile. 

8. Finally, we can compare this result with the first order approximation to the 

Faraday rotation given in (5.23). The idea here is that we would like as simple a 

relationship as possible (preferably equal) between the exact calculation of the 

phase shift and our first order quantity, because this determines the complexity 

of inverting the measured phase profile to get the poloidal field. 
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Before running any cases specific to MTX, the numerical code was tested by 

reproducing the results given in [15]. As a base case, we will use a set of parameters 

that woul' be tyj ical of an MTX discharge, lp = 300 kA, B, = 6 T, n0 = 2 x 10 2 0 m" 3 , 

t — 0.3, o„ = 1, and Oj; = 3. Although MTX can operate with toroidal fields up to 

9 T, recent operation has been limited to 5-6 T so that the 140 GHz resonance is in 

the plasma. 

As an example of how the above steps are implemented, consider the plots shown 

in Fig. 5.6. All quantities are plotted vs the input ellipse rotation angle TJ>. The top 

three plots show the calculated Stokes parameters before and after the plasma for one 

complete rotation of the quartz 1/2 wave plate. From these, the quantities Oj, £, and 

SiJ> arc determined. Mote that both e and Sil> vary as the quartz plate is rotated. The 

measured phase is calculated as shown in Fig. 5.7. The o 2 signal is filtered using a 

bandpass filter centered at 4 kHz with a 1/e half-width of 2.5 kHz, eliminating all 2nd 

harmonic content and the DC level. The phase is determined by finding the delay in 

zero-crossing f to simulate the electronics). This phase is twice the Faraday rotation 

angle 4>. Using this method, the rotation angle cm be calculated as a function of x 

as shown in Fig. 5.8. For comparison, the first-order Faraday rotation angle Eq. 5.23 

is also plotted. Clearly, the first-order approximation is very good at these plasma 

parameters, with the deviation at x = 0.5 being less than 1%. The input beam 

ellipticity was 0.3 in these plots, and was varied from 0 - 0.S with no observed change 

in rotation angle. As 1 approaches 1, the modulation goes to zero, so this case is of 

no interest. 

It is impcnant at this point to distinguish between the different types of errors 

that can 01 >.ur as n 0 , 1 T or Bt are increased. First, there is ellipticity induced by the 

plasma due to the difference in index of refraction for the ordinary and extraordinary 

modes. This effect is important when using the conventional method of measuring 

the rotation of a linearly polarized beam. The problem is that two detectors viewing 

orthogonal polarizations cannot distinguish between pure rotation and ellipticity. The 

effect is illustrated in Fig. 5.9 where the rotation is plotted next to the orthogonal 

power Pn. The error due to ellipticity on the P„ measurement can be significant. The 

cllipticity is not a problem for the rotating ellipse method because the time-average 
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Figure 5.6: Numerical calculation of the Stokes parameters before and after plasma. 
The initial beam ellipticity is 0.3 and the chord radius is x = 0.5. Plasma parameters 
are Jp = 300 kA, B, = G f, n„ = 2 x 10*° m - 3 , a„ = 1, and a, = 3 
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Figuf- 5.7: Bandpass filtered a3 from Fig. 5.6, and the resultant phase shift obtained 
from the waveform zero crossing. 
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Figure 5.8: Comparison of the exact rotation vs the first order approximation. Plasma 
parameters are J„ = 300 kA, B, = 6 T, n0 = 2 x 10*> m" 3 , an = 1, and a, = 3. 
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Figure 5.9: Comparison of orthogonal splitting P„ and vs rotation angle for / p = 400 
IjA, Bt = 6 T, n„ = 4 x 102° m~ 3 , an = 1, and ctj = 3. The error due to ellipticity is 
seen to be quite large for Pn 

phase of the rotating ellipse is independent of small changes in ellipticity. 

A second error, which cannot be avoided, is due to the contribution from higher 

order terms (W terms) that distort the rotation angle profile as n0, Ip or Bt are 

increased. As was pointed out by Segre [15], when the toroidal field gets stronger (for 

fixed wavelength), the rotation profile becomes asymmetric and the direction of the 

toroidal field becomes important. This effect is shown in Fig. 5.10. Although many 

of the plasma parameters were increased for this plot, it seems that the higher-order 

effects are most important at high toroidal field. The first-order approximation to the 

Faraday rotation angle is no longer useful in this case, but the poloidal field can still 

be determined by assuming a certain form for the profile with parameters that can 

be varied, then calculating numerically the expected rotation that can be matched to 

the data. Such a scheme would probably be required on MTX for operation at 9T. 

Finally, we examine the sensitivity of the radial Faraday rotation profile to the 

parameter Qj, which determines the peakedness of the current profile. Figure 5.11 

shows three profiles calculated for a} = 2,3,4. Recall that with this form for the 

current density J, the q on axis is proportional to ? 0 /( l + a,). Roughly speaking, 

higher Oj gix'es a steeper slope through the origin, resulting in lower q(Q). 
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Figure 5.10: Higher-order effects distort the rotation profile at large toroidal and 
poloidal fields given by lp = 500 kA, B, = 9 T, n„ = 4 x 10 2 0 m - 3 , Q„ = 1, and 
o, = 3. 
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Figure 5.11: Rotation profile for three different values of a,-, with Ir = 300 kA, B, ; 
T , n , = 2 x 10 2 0 m- 3 ,and orn = 1. 
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Chapter 6 

Instrument Design 

The use of FIR interferometers on high-density tokamaks began shortly after the 

invention of the FIR laser in the mid-1970s. A thorough review article by Veron [80] 

describes the basic issues for designing an FIR interferometer system. Considering the 

difficulties encountered when inverting a chord-averaged profile, it was the primary 

design goal on this instrument to get the largest number of radial chords given the 

port constraints. A fifteen channel system was chosen. The FIR laser power available 

in even the strongest lines is limited to a couple hundred milliwatts. Spreading this 

power over the fifteen channels requires use of low-noise detectors. Liquid helium 

cooled InSb or GaAs have excellent noise-equivalent-power (NEP ~ 10" 1 3 Wj^/Wz) 

and a fast enough bandwidth to operate at beat frequencies up to 1 MHz; however 

they are expensive, difficult to maintain, and not well suited for tightly packing into 

an array as required for a multi-channel system. With some development, however, 

these might be an attractive option for future systems. The pyroelectric detector, 

such as those used by Soltwisch [22], have a relatively poor NEP (~ 10" 8 WjyjEz 

at 105 Hz), with the performance dropping off rapidly at higher frequencies. The 

advantage of this detector is a large surface area that can handle beam deflections due 

to refraction without changing signal level. We chose the corner-cube GaAs Schottky 

detector [82], which offers good NEP of ~ 10" 1 0 Wj-JTiz, excellent signal amplitude 

at intermediate frequencies (IF) into the MHz range, and can easily be packed into 

an array. The main disadvantage is sensitivity to the FIR beam input angle. This 

choice of detector ultimately dictates a great deal of the instrument design. 

An overview of the entire instrument is shown in 6.1. The original interferometer 
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Figure C.l: Overview of the MTX interferometcr/polarimeter. 

was designed and constructed in collaboration with the Plasma Diagnostics Group at 

UCLA [81]; they fabricated the optics and detection electronics on the support tower 

as well as the Scliottky detectors. The many independent components such as the 

laser, waveguide, optics, etc., will be discussed in separate sections below. 

6.1 Wavelength Selection 

In general, the polarimeter poses more severe constraints on the instrument design 

than the interferometer, especially in the choosing of a FIR wavelength. Since the 

interferometer phase shift is proportional to A and the Faraday rotation angle to A2, 

it is clearly desirable to chose the longest wavelength possible. The other advantage 
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Figure 6.2: Corner-cube Schottky detector and measured antenna pattern (after Fet-
terman, et al. [82]). 
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Figure 6.3: Beam deflection due to refraction (the actual deflection is out of the page). 

of longer wavelengths is the reduction of mechanical vibration effects. 

The maximum useable wavelength is limited both by beam refraction due to den

sity gradients in the plasma, and diffraction diects from the small ports on MTX. 

Although llir rotating polarization ellipse method introduced in this work is designed 

to reduce refraction effects, it is still desirable to minimize amplitude variations caused 

by the beam deflection. The corner-cube mixer configuration and the associated an

tenna pattern are shown in Fig. 6.2. The antenna pattern is quite broad with a 3 dB 

full width of around 15°. The real problem with beam deflection, however, is shown 

in Fig 6.3; because of the small antenna size, a focusing lens (or mirror) is needed 

for optimum detector coupling. The 1/e electric field waist radius at the focal point 

is only 1 mm across. With a coupling mirror focal length of about 12 cm, a beam 
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Refraction Angle (deg) 
A " c n 0 = 1 x 10 2 0 m- 3 n 0 = 3 x lO^m" 3 n 0 = 6 x lO'^m"3 

119 ^m 
184 fim 
393 /im 

8.0 x 10" 
3.3 x 10 2 2 

7.3 x 10" 

0.07 0.21 0.42 
0.17 0.51 1.02 
0.78 2.4 4.8 

Table 6.1: Refraction angles vs wavelength and peak density (in degrees) 

deflection of 0.5° will result in a displacement of the waist by 1 mm, resulting in 

significant signal loss. Unfortunately, due to the imprecise nature of the antenna 

(a small bent wire), the signal response in the presence of refraction will vary from 

detector to detector. Empirical studies have found that deflection angles of less than 

0.5° will keep amplitude variations to less than 50%. 

The angle of refraction in a cylindrical plasma column, derived in Appendix E for 

small angles, is given by 

C" dn dr roc 
a[x) = -x/ncJ (6.1) dr y/r2 - x2' 

where x is the chord position, and nc = c2eom47T2/(A2e2) is the cutoff density. For a 

parabolic density profile n = n 0 ( l — r2ja2), this reduces to 

a(x) = : (6-2) 

Note that the refraction angle and the Faraday rotation angle are both proportional to 

A2. The maximum refraction angle of a ~ n0/nc occurs at x = 0.7a. |f. Table 6.1 lists 

the refraction angle for several peak densities for three strong laser lines in the region 

of interest: methanol (CHjOH) at 119 /jm, difluoromethane (CH2F2) at 184 (im, and 

formic acid (HCOOH) at 393 /im. 

Considering the beam deflection limit of 0.5° required for good signal level, it 

is clear that 184 jim is the best choice for densities less than 3 x 10 2 0 m - 3 , while 

119 nm would be best for high density operation. Since the present thrust of MTX 

is microwave heating at 140 GHz, most experiments will be done at densities less 

than the cutoff density of 2.4 x 10 2 0 m - 3 . Therefore, 184 /im has been chosen as the 

operating wavelength. 
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6.2 Laser Design 

Optically pumped far-infrared lasers were first studied by Chang and Bridges in the 

early 1970s [83] using CH 3F. The strong 184 |im line in CH 2 F 2 (difluoromethane) was 

discovered in the late 1970s [84, 85], and has proven to be a popular choice on many 

interferometer systems. 

The MTX laser is a C 0 2 pumped dual-barrel FIR heterodyne laser, custom built 

for LLNL by United Technologies Research Center (UTRC). Although the design is 

similar to many of the lasers currently used for interferometry, a special effort was 

made by UTRC to provide reliable power and frequency locking electronics. The 1 

MHz IF lock, in particular, has proven to be quite important for polarimetry. 

A schematic of the laser is shown in Fig. 6.4. The COj pump laser consists of a 

water-cooled cavity 2 m long and 1.2 cm in diameter. The laser has a 60% reflectivity 

output coupler and is grating tuned to the 9R(32) pump line at A = 9.21/zm. The 

CO2 laser is pumped by electric discharge which typically runs at 20 kV and 50 mA. 

The grating is mounted to a piezoelectric cell for controlling the cavity length. A g.s 

mixture of C 0 2 (3 Torr), N 2 (4 Torr) and He (13 Torr) is continuously flowed through 

the laser, giving an output power of 100 W with a beam diameter of 1 cm. The beam 

is split, focussed, and directed into the FIR cavity coupler holes. Because of the high 

CO2 power, the C 0 2 and FIR cavity optics are water cooled by water chiller separate 

from the main tube chiller. 

There are two FIR cavities 2 m long and 4 cm in diameter. Using a combination 

stepper motor and piezoelectric cell, the cavity lengths are tuned to slightly different 

lengths to generate a 1 MHz beat frequency. When running at 184 /im, the cavities 

are sealed-off and filled with difluoromethane to an operating pressure of 150 mT. 

An off-axis hole coupler with a ZnSe Brewster window is used to couple the CO2 

pump radiation into the FIR cavities. The cavity optics are designed so that the CO2 

beam will bounce 5 times in the cavity before coupling back out the input hole. This 

helps avoid feedback to the C 0 2 laser which can be a source of IF instability. The 

output coupler for FIR radiation is a 1.2 cm gold-coated silicon hole coupler with 

90% reflectivity, giving an output power of approximately 150 mW per tube. 
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Figure 6.4: CO2 pumped far-infrared laser. 



90 

The lock-in electronics, particularly the IF lock, are very important for the po-

larimeter. This is because a bandpass filter (200 kHz full width) is used to filter 

the 1 MHz IF for improved S/N; the IF lock is necessary to keep the IF centered in 

the bandpass region. This is accomplished by coupling the signal from the reference 

detector into a phase-lock loop circuit that compares the IF with a 1 MHz reference 

oscillator and generates an error signal when the two are not in phase. This signal is 

amplified and fed back to the piezoelectric cell on one of the FIR cavities. 

The C 0 2 power lock works somewhat differently. The CO2 cavity length is slightly 

modulated at 100 Hz. A few percent of the FIR beam power is split off and directed 

through a chopper onto a pyroelectric detector. A Lansing lock-in amplifier detects 

the 100 Hz modulated signal and generates an error signal which is fed back to the 

C 0 2 cavity piezoelectric cell to produce maximum output power. The 100 Hz mod

ulation is very small and does not significantly affect the interferometer/polarimeter 

measurements. An FFT of the polarimeter signal does yield a 100 Hz component 

however. 

An additional FIR power lock is also available, but it is not generally used because 

the FIR power does not drift after an initial 15 minute warm up. 

6.3 Waveguide Transmission 

Since the MTX vault is locked during tokamak operation, and the FIR laser often 

requires attention during a run, the decision was made to locate the laser outside 

the vault. Thus, a low-loss FIR beam transmission system of about 15 meters was 

required. The transmission system must maintain polarization and provide a Gaus

sian output beam profile. One difficulty at FIR wavelengths (particularly 184 ^m) is 

that the water vapor absorption in air is very high—on the order of 1 dB per meter. 

So the transmission system must be purged with dry air (or N2) or be evacuated. 

Although a Gaussian optics transmission system can be constructed using low-loss 

polyethylene or TPX (poly-4-methylpentene-l) lenses, the losb-per-lens of 70-80% is 

too great over a long path where many optics are required. A better choice is the 

use of large-diameter hollow dielectric waveguide [86]. The lowest-order propagat-
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Waveguide Transmission Data 
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Figure 6.5: Relative power transmitted through a 20 meter length of acrylic waveguide 
versus waveguide pressure. 

ing mode is the linearly polarized Erin mode, which is very close to Gaussian. The 

waveguide is constructed from 2.75" diameter acrylic tubing. The theoretical loss for 

a 15 meter path is on the order of 1%. The actual loss is somewhat larger due to 

residual water vapor, corner losses, or bends in the waveguide. 

A 20 meter section of waveguide was constructed and tested to establish whether 

such a system would satisfy the interferometer/polarimeter requirements. Figure 6.5 

shows the relative throughput as a function of pressure for both dry air and room air 

(relative humidity about 50%). As expected, the transmission through room air at 

atmospheric pressure is very poor at a few percent. However, only a modest vacuum 

of < 10 Torr is required to get maximum transmission. Note also that there is a 

significant difference between vacuum transmission and transmission through dty air 

at atmospheric pressure. An additional 30% loss is observed through dry air, probably 

due to some residual water vapor in the air, or outgassing of water from the waveguide 

walls. A test was also done using an N2 purge with similar results. As a result of 

these tests, it was decided to use an evacuated system. We believe this is the first 

use of evacuated dielectric waveguide on any FIR interferometer system. 

In practice, there proved to be both advantages and disadvantages to operating 

with the waveguide under vacuum. On the plus side, it was found that it was quite 
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Figure 6.6: Overview of the acrylic waveguide system. 

easy to cycle up to air if needed. Within a few minutes, the system could be pumped 

down and good transmission obtained. With a dry air purge, on the other hand, 

it can take overnight to get the system dried out. On the negative side, alignment 

of the waveguide proved to be a challenge, since the corner mirrors move slightly 

during pump down. Both polyethylene and TPX vacuum windows were tested on 

the waveguide system. Although the poly windows have lower loss, TPX was used in 

the final system so that HeNe alignment could be done while the system was under 

vacuum. 

A layout of the final waveguide system is shown in Fig. 6.6. The two runs are 

required for the separate plasma and reference beams. When the waveguide system 

is properly aligned, the output beam is a Gaussian, with a 1/e E-field radius of about 

50-60% of the waveguide radius. The vertical and horizontal beam diameters are 

plotted in Fig. 6.7 as a function of distance away from the waveguide output. Also 
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Beam Expansion at Waveguide Output 
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plotted is a curve representing an ideal Gaussian beam with a waist radius given by 

w{zy = wl(\ + Z-l), (6.3) 
' 0 

where za = TTVIQ/X and WQ is the I/e E-field waist radius. The measured beam 

diameter does not match the Gaussian curve very well near the waveguide output; 

this is in the near fieH of the waveguide, however, and there is evidence that the 

beam asymptotically approaches the expected divergence as s goes out to greater 

than 10 m. 

The corner mirrors shown in Fig. 6.6 were designed such that the polarization 

is maintained throughout the system. This was checked as shown in Fig. 6.8. A 

detector with a rotatable polarizing grid was placed in front of the laser to check the 

laser polarization, and then at the output of the waveguide to check for any rotation 

or ellipticity generated by the waveguide. The theoretical grid transmission (cos2c5) 

for a purely linearly polarized beam is plotted for comparison. The agreement is fairly 

good; some scatter in the data is partly a result of laser power variations and power 

meter calibration drifting during testing. 

Gaussiarfit 
• Vert width 
+ Horz width 

8 10 
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gure 6.7: Beam divergence at waveguide output. 
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Detected Power vs Analyzer Grid Angle 
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Figure 6.8: Signal power vs polarizing grid angle measured at laser output and waveg
uide output. 

6.4 Support Tower 

As in all interferometer systems, the support tower is the critical link in obtaining good 

phase resolution. The polarimeter is probably not as sensitive to tower vibrations as 

the interferometer. A design goal was to keep tower vibrations to less than l/50th of 

a fringe or 4 fim. In addition to floor vibrations, induced eddy currents due to the 

air-core ohmic heating coil are a concern. To maximize strength, while minimizing 

eddy current effects, a hybrid stainless steel/GlO design was adopted [87]. The overall 

structure is shown in Fig. 6.9. The side panels are 0.5 inch 304 stainless steel, and 

are oriented radially to cut a minimum amount of flux emanating from the center 

of the machine. These side panels are connected with 1 inch G10 plates. Stainless-

steel gussets were added to the lower portion of the tower for increased stiffness. 

The assembled tower is approximately 2 ft square by 16 ft high and is mounted on 

precision rails so it can easily be pulled back during machine maintenance. The upper 

and lower tables are 3 ft x 5 ft G10 optical breadboards constructed by NRC. 

The interferometer phase resolution has been measured during a plasma break

down shots with all magnet coils energized as shown in Fig. 6.10. The lower frequency 

(tens of Hz) oscillations have in RMS amplitude of nl = 0.002 x 102° m~2. Using 
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Figure 6.9: Interferometer/polarimeter support tower. 
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Figure 6.10: FIR phase ncise during a plasma breakdown shot. 



Eq. 5.13, the number of fringes is equal to 8.3 x 10 _ 2 o n/ , giving an RMS vibration of 

l/60th of h. fringe. These fluctuations may be due to a combination of tower vibra

tions, along with vibrations of optical components such as the beam splitting mesh. 

In any case, these vibrations meet the l/50th fringe design goal. 

6.5 Beam Expansion and Detection Optics 

On many interferometer.", a single FIR beam is split into several separate beams using 

a series of beam splitters. These beams are then passed through the plasma as indi

vidual chords. The problem with this design for a smaller tokamak like MTX is that 

the beam optics need to be quite large-on the order of a few inches- due to diffraction 

at the longer FIR wavelengths. It is therefore difficult to obtain the tight chord spac

ing needed. An alternative method, now being used on several tokamaks [88], is to 

expand the beam into a line source using cylindrical parabolic mirrors to illuminate 

the entire plasma cross-section. This elongated beam is then directed onto an array 

of closely spaced detectors. Using this setup, a chord spacing of 1.5 cm has been 

achieved. A schematic of the optical components located near the tokamak is shown 

in Fig. 6.11. In order to avoid vibrations due to induced eddy currents in components 

close to the tokamak, conducting materials were avoided where possible. The tables 

are all fiberglass breadboards manufactured by NRC. All mirrors and other optical 

components are supported by fiberglass mounts. 

The waveguide output beam has a 1/e power diameter of about 1 inch, and is 

expanded in the horizontal direction using parabolic optics with a magnification of 

12.75. The large expansion optics were milled out of a solid acrylic block, polished 

lightly by hand and coated with aluminum. All of the optics through the tokamak 

ports were designed to be reflective/transparent to both FIR and HeNe alignment 

The vacuum windows are z-cut crystalline quartz, mounted at a 10 degree angle 

to reduce standing wave reflections. The window thickness is 3.852 mm, which is a 

multiple of 1/2A for peak transmission. 

An additional complication on MTX is the interference caused by the vertical 
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Figure 6.11: Overview of the interferometer/polarimeter optics system. 
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Figure 6.12: Vertical port configuration. Detector locations and port blockage is 
shown. 

port slot blockage shown in Fig. 6.12. Due to the large compressional force exerted 

by the toroidal field plates on the stainless steel port section, these strengthening ribs 

were designed into the slot. In addition, thin rods run down the edge of each slot 

to support the molybdenum limiter ring. These blocked areas are masked out with 

eccosorb located outside the vacuum chamber. The narrow width of the slots in the 

toroidal direction is also a concern. The 1/e power diameter of the beam exiting the 

waveguide is about 2.5 cm, the same size as the slot. A long focal length cylindrical 

lens is used to bring the beam waist down to avoid scrape off. In practice, sin^e the 

lens must be placed quite close to the waveguide, where higher-order near field modes 

are still present, the focusing is not very effective. Thus the alignment through the 

slot must be done carefully to avoid diffraction or reflection off of the port slot walls. 

After passing through the tokamak, the plasma beam is combined with the reference 

beam on a large 230 line per inch copper mesh. 

The 15 mixers, amplifiers and parabolic coupling mirrors are located inside a 

fiberglass box as shown in Fig. 6.11. The inside surface of the box is coated with 

a thin layer of copper for shielding. The mirrors are 1.5 cm wide with an 11.9 cm 

focal length as was shown earlier in Fig. 6.3. Each mirror is equipped with a separate 

up-down, tip-tilt adjustment. The detectors are fastened to single bar and have no 
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adjustment except for a rotation of the entire bar. 

A dichroic plate, mounted just above the top vacuum window, is used to block 

microwaves. Although the corner-cube detectors are optimized for 184 /*m radiation, 

they have some sensitivity throughout the millimeter range, therefore they must be 

protected from the intense 140 GHz microwave beams used on MTX. The beam 

splitting grid provides some protection, but with FEL powers of up to 5 GW the 

additional blockage obtained from the dichroic plate is required. The design and 

construction of the dichroic plate is discussed in Sec 6.9. 

Just under the parabolic detector mirrors is the location of the polarizing grid 

array. The grids are made of 1000 lpi 25 mil tungsten wire, mounted on a 4 inch 

diameter frame. The frame is positioned to overlap the port slot blockage so that 

no additional FIR beam is blocked. Also the grid is tilted slightly to avoid standing 

waves. 

Both the upper and lower table are covered with a Plexiglas enclosure, and are 

purged with dry air. If the tables are left at room humidity, the FIR beam power lost 

on the table can be as high as 75%. 

6.6 Rotating Spindle 

As discussed in Chap. 5, the rotating polarization ellipse is produced by a combination 

of a 1/4 A plate rotated to some fixed angle between 0 and 45 degrees, followed by a 

rapidly rotating 1/2A plate. These optics are located at the output of the FIR laser. 

The key to obtaining a fast polarimeter time response is to rotate the ellipse as fast as 

possible subject to the constraint that the rotation frequency remain well below the 

laser beat frequency of 1 MHz. Air-bearing spindles with rotation speeds up to 150,000 

RPM have been developed (mainly for use as grinding tools in the semiconductor 

industry) and are commercially available. The unit used here was manufactured by 

Federal Mogul Westwind Air Bearings Ltd. and is shown schematically in Fig. 6.13. 

The original solid stainless 1 inch shaft was hollowed out to a 0.6 inch ID to accom

modate th>: crystalline quartz 1/2A plate. The quartz disc is 1.963 mm thick (1/2A 

plate with /xc = 2.1599, y.0 = 2.1122 at a wavelength of 184.3/mi) and is held in place 
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Figure 6.13: Schematic drawing of the air-bearing spindle used to produce the rotating 
polarization ellipse. 

at the end of the shaft using a tightly fitting o-ring. The unit requires water cooling 

and filtered air at 70 psi for the air bearing. The spindle is driven by an induction 

motor, with a top rated speed of 100,000 RPM. To reduce the chance of failure, the 

motor is usually operated at 60,000 RPM. This produces a modulated signal wave

form at four times the rotation frequency, or 4 kHz. Due to slight nonuniformities in 

the 1/2A plate thickness, along with an absorption which varies depending on plate 

angle, there are also frequency components in the detected signal at one and two 

times the fundamental motor frequency. These must be filtered out, thereby limiting 

the bandwidth to less than 1 kHz. An example of the modulated waveform, along 

with the detected envelope is shown in Fig. 6.14 . 

6.7 Detection Electronics 

The modulated waveform shown above must be processed to give the phase sLift of 

both the inner 1 MHz sinusoid for interferometry and the outer envelope for polarime-

try. This is accomplished as shown in the block diagram in Fig, 6.15. The signals 

directly out of the detectors are amplified and passed through an analog fiber-optic 

link to the control room located out of the main experimental vault. The fiber-optic 
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Figure 6.14: a) Modulated waveform due to the rotating ellipse; b) diode detected 
and filtered envelope. 

link provides complete ground isolation between the processing electronics in the con

trol room and the detectors/amplifiers located at the tokamak. The signals are then 

filtered using a 1 Mhz bandpass filter with a 3 dB width of ±100 kHz. The band

width was chosen narrow enough to avoid low-frequency magnet power supply noise 

and higher-frequency noise spikes which can cause the interferometer phase compara

tor to lose a fringe. The 100 kHz bandwidth is wide enough to allow study of most 

transient events such as pellet injection and disruptions. 

After filtering, the signals are split into two paths. The interferometer signal 

passes through a high-gain limiting amplifier, which produces a 1 MHz square wave, 

effectively removing the polarization modulation. A digital phase comparator, chown 

in Fig. 6.1G, gives a voltage output proportional to the phase difference between 

the reference and plasma signals. The phase comparator utilizes ECL logic allowing 

input frequencies up to 30 MHz. The front end contains a comparator to square up 

the incoming wave, followed by a divider. The divider is variable and can be set 

externally to 2,4,8 or 16 enabling the phase comparator to keep track of multiple 

fringe shifts. The typical fringe shift on MTX is between 2-6 fringes. The divided 
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Figure 6.15: Block diagram of electronic detection system. 
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Figure 6.16: Interferometer phase comparator. 

signals are compared in a logic circuit that produces a train of pulses whose width 

(or duty cycle) is proportional to the phase shift. This waveform is then filtered at 

4 kHz and sampled at 10 kHz using a 10-bit LeCroy 8210 digitizer. 

The entire system is calibrated in place by inserting a rotatable polyethylene disk 

into the plasma beam to cause a variable phase shift. The phase comparator output 

voltage is then calibrated against the actual phase shift observed on an oscilloscope. 

The polarimeter signal is passed through a fast diode detector (HP8471A) which 

is biased externally to prevent nonlinear effects due to changing signal levels. The 

polarimeter phase comparator, shown in Fig. 6.17, is somewhat simpler than the 

interferometer comparator because of the lower frequency and the fact that the phase 

shifts are always less than 2JT. The diode detected signal is bandpass filtered at 

4 kHz with a ±1.2 kHz bandwidth. This eliminates feedthrough of the first and 

second motor harmonics. The waveform is squared up in the op-amp comparators, 

then fed into an exclusive OR gate. The output is amplified and low-pass filtered at 

about 850 Hz and sampled at 5 kHz with a 12 bit LeCroy 8212 digitizer. The phase 

comparators are calibrated using a precision HP signal generator/phase shifter. 
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Figure 6.17: Polarimeter phase comparator. 

6.8 Beam Splitting Mesh and Polarizing Grids 

Wire grids or meshes are used at several locations in the polarimeter system, acting 

either as beam splitters or polarizers. A detailed theory of waves incident on wire 

grids has been developed by Markuvitz [89]. The general approach is to treat the grid 

as an equivalent transmission line, with the grid representing an inductive element 

shunting the line. Then the standard transmission line formulas for reflection and 

transmission coefficients can be used. Defining a grid impedance as Zs, the power 

reflection coefficient is 

R=[\1+(2ZS/Z0)\2}. (6.4) 

The equation for Zg can be quite complex; however, for wavelengths long compared 

with the grid spacing d, the expression for Zg reduces to [90] 

Zs/Z0 = j(d/A)ln[csc(?ra/d)] 

for thin metal strips of width 2a, and 

Zg/Z0 = i(d/\)ln\d/2ira]) 

(6.5) 

(6.6) 

for round wires with radius a. These relation are good for A 3> d and were derived for 

very thin (one-dimensional) grids. Non-ideal effects such as nonuniform wire spacing, 
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or wire thickness [91], will affect the accuracy of these formulas, so it is best to 

measure the actual grid transmission/reflectivity. 

The wire polarizers located in front of the Schottky detectors are free-standing 

grids made from 10 pm diameter tungsten wire with a wire spacing of 25 /im (1000 

lines-per-inch (Ipi)). The grids are made by SPECAC and were originally designed 

for use in millimeter-wave rapid-scanning Michelson interferometers commonly used 

for measuring electron cyclotron emission on tokamaks [92]. Using Eq. 6.6 above, the 

theoretical transmission for the undesired polarization (E \\ wires) is about 0.5%. 

During initial operation of the polarimeter, it was found that chords located in the 

high refraction regions ( at ~ 0.7r), seemed to have a lot of scatter in the measure

ment. It 'ws noted that for large refraction angles, the beam enters the corner-cube 

at an angle. In this situation the corner-cube can significantly rotate the polarization 

thus picking up a significant portion of the wrong polarization that may have leaked 

through the polarizer. Normally, the power in the correct polarization would dom

inate this small pick-up, but with refraction, the signal level can drop to as low as 

10% of the original signal. So in order to improve the selection of the polarization, a 

second polarizer was added on top of the first, tilted at a small angle to avoid stand

ing waves. This change did seem to improve the measurement in the high-refraction 

region. 

The large beam splitter shown in Fig. 6.11 is used to combine the plasma RF signal 

with the LO signal external to the tokamak. It is constructed from sheets of copper 

mesh made by Buckbee-M'.ars. Early in the operation of the interferometer, a myiar 

sheet was used in this location while the mesh was being prepared. The acoustical 

noise vibrations on the mylar sheet added considerable noise to the interferometer 

measurement. The free-standing copper mesh was a real improvement in this respect. 

The copper mesh spacing is 300 lpi with a wire size = 18 Jim. The transmission of the 

wire mesh was measured using the ECE scanning Michelson interferometer as shown 

in Fig. 6.18. As can be seen, the transmission at the FIR frequency of 1600 GHz is 

about 50%. 
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Figure 6.18: Transmission of the beam combining mesh vs frequency. 

6.9 Microwave Protection 

During FEL heating experiments, and to some extent gyrotron heating as well, the 

peak power density in the tokamak can be extremely high, on the the order of 

10 MW/cm 1. Most of this power v ill be absorbed by the plasma, the calorime

ter, and the surrounding walls. However, even if only 0.1% of the power escapes the 

port, the power density is still 10 kW/cm 2. Since the FIR power incident on each 

detector is about 1 mw/cm2, we would like to attenuate the microwave beam by 10~8 

(80 dB) or more. The FEL frequency is 140 GHz and the FIR frequency is 1600 

GHz, so a high-pass filter with a cutoff somewhere between these two frequencies is 

required. A perforated plate filter—sometimes called a dichroic plate—is one of the 

only devices with very high attenuation in the stop band and good transmission in 

the passband [93]. The concept is simple: a thin aluminum plate is drilled with an 

array of closely spaced holes, with the hole diameter chosen such that each hole looks 

like a short section of cutoff waveguide for the FEL. 

The attenuation that can be achieved is estimated using the standard evanescent 

propagation equation for cylindrical waveguide. For a cylindrical waveguide of radius 

a, the cutoff wavelength is Ac = 3.41a, and the power attenuation is given by 

Arans = Pin^"\ (6-7) 

where t is the plate thickness and 

Q = M l - (Ac/A) 2]" 2. (6.8) 
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Figure 6.19: Transmission of dichroic plate vs frequency. 

The filter used in the interferometer/polarimeter system has a hole radius of 

a=0.275 mm and a thickness of 2=2.46 mm, giving a cutoff frequency of 320 GHz with 

an estimated attenuation ranging from 130 dB at 140 GHz to 90 dB at 250 GHz. The 

passband transmission at the FIR wavelength of 184 /im was measured to be 70%. 

A test plate with a cutoff frequency of 240 GHz was scanned with a Michelson 

interferometer, giving a transmission vs frequency curve as shown in Fie,. 6.19. The 

Mi-beison interferometer does not have enough resolution to measure the full atten

uation at f •< fc, but it gives good results in the passband. A characteristic of the 

perforated plate filter is that the transmission is very good, approaching 100%, at 

frequencies just above cutoff. As the frequency increases, however, the transmission 

drops off, usually to somewhere between 40-70%. 

The dichroic plate is not sensitive to polarization and should therefore not affect 

the poiarimeter. In practice, it was found that the dichroic plate caused a small 

increase in poiarimeter noise during plasma shots. This is probably due to some 

type of standing-wave effect between the plate surfaces or between the plate and the 

mixers. Therefore, these filters were only installed as necessary during microwave 

heating experiments. The filters have been used during both gyrotron and FEL 

experiments, and have proven to be completely effective in blocking microwaves from 

the sensitive Schottky detectors. No microwave pick-up of any kind was observed on 

the interferometer or poiarimeter signals. 
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Chapter 7 

Instrument Performance 

In this chapter, the overall interferometer/poiarimeter diagnostic performance is re

viewed. The instrument calibration, bandwidth, noise, and possible systematic er

rors will be discussed for both the interferometer and polarimeter. For the results 

presented here, the interferometer phase signals are low-pass filtered at a nominal 

frequency of 4 kHz and are digitized at 10 kHz with a set of four 10-bit LeCroy 8210 

digitizers. The polarimeter phase signals are low-pass filt^rsd at 850 Hz, and are 

digitized at 5 kHz using a 12-bit LeCroy 8212 digitizer. 

Both the interferometer and polarimeter are calibrated in place, using the same 

filters and digitizers as during plasma operation. For the interferometer, a thin 

polyethylene slab is inserted into the plasma probe beam on the laser table. The 

slab can be rotated using a small motor, thus changing the effective path length. 

The change in phase comparator output voltage is digitized and compared with the 

phase shift measured on an oscilloscope. Immediately after calibration, the estimated 

uncertainty is ±1%. After a month or so of operation, this error can increase to a 

few percent. 

The polarimeter is calibrated using a precision HP3314A function generator and 

phase shifter. The output of the phase comparators is recorded using the digitizers 

for several different phase shifts. The calibration is estimated to be better than ±1% 

and appears to be quite stable with time. During initial operation of the system, 

significant calibration errors were found due to nonlinearities in the diode detection 

circuit. The problem is that plasma-induced refraction causes beam deflections, es

pecially on outer chords, resulting in a drop in signal amplitude, often by a factor of 
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four or more. Nonlinearities in the diode circuit then show an incorrect phase shift 

due to the changing amplitude. By carefully biasing the detection diode into a more 

linear regime, this effect has been eliminated so that a constant phase shift (< 1%) 

is obtained for up to a factor of 20 amplitude decrease. 

The interferometer noise was shown earlier in Fig. 6.10 for a breakdown shot (no 

plasma after initial breakdown). The RMS noise is nt — 0.002 x 102° m~ 2, which is a 

phase shift of about 1 /60th of a fringe or 3 ftm. The polarimeter noise is shown for a 

background magnet shot in Fig. 7.1. At the full bandwidth of 850 Hz, the RMS noise 

is 0.18 degrees or 3 mrad. The noise on both of these systems is considered quite 

good, and is comparable with the best achieved on any tokamak to date. 

As mentioned above, it is important for both calibration and noise considerations 

to know what the IF signal amplitude is during a plasma discharge. A separate 

digitizer was installed to record the amplitude of the raw polarimeter modulation 

envelope. Only eight of the fifteen channels can be recorded, so the edge channels, 

where refraction is most severe, were chosen. The amplitudes for a typical shot are 

shown in Fig. 7.2. As expected, channels 3 and 4, located at about 0.7a, exhibit the 

largest amplitude decrease due to refraction. Note that channels 14 and 15 actually 

increase in amplitude when the plasma is present. The amplitude of these signals is 

quite sensitive to overall beam alignment, individual detector alignment, and density 

level. If the amplitudes drop below about 0.1 volt, the signals become too noisy to be 

useful. This limits polanmeter operation to densities below about « ~ 3.0 X 102° m - 3 . 

The time history of the fifteen individual polarimeter phase signals is shown for 

a full plasma shot in Fig. 7.3. Note that the signal polarity inverts as one moves 

from —x to + i , corresponding to the change in direction of the poloidal field. The 

small 60 and 120 Hz oscillations which show up on the center chords are not noise 

but represent a small wobble (few mm) in the plasma position due to ripple in the 

vertical field power supply. The noncoherent "white" noise appears on the central 

chords at a level roughly equal to the pre-plasma level. 

The large fluctuations seen on channels 2-4 are much greater than the baseline 

noise. These fluctuations are observed frequently and appear to increase with n. 

As far as we know, such fluctuations have not been observed on other polarimeter 
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Figure 7.1: Polarimeter noise for the 15 channels (channel 1 at top) during a back
ground magnet shot for a bandwidth of 850 Hz. The average RMS noise for all 
channels is about 0.18 degrees or 3 mrad. 
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Figure 7.2: Polarimeter envelope amplitudes for a typical discharge. The line average density is also given on the lower right. 
Channels 3 and 4 are at the radius ofmaximurr. refraction. 
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Figure 7.4: Edge fluctuations in the Faraday rotation phase increase with increasing 
density. 

systems to date. The frequency spectrum, obtained from the Fourier transform of 

these signals, shows a broadband turbulence wilh no discernible frequency peaks. The 

fluctuations appear to extend beyond the 1 krh instrument bandwidth. Also, there is 

no obvious correlation in fluctuations from channel to channel. The edge fluctuation 

amplitude is plotted vs n in Fig. 7.4 for man/ discharges. The plasma current for 

this data set ranges between 250-350 kA. 

The cause of these fluctuations is not known, but there are several possibilities 

The fluctuations occur in regions of large refraction, and detector alignment changes 

have been observed to modify—though not eliminate—the fluctuation amplitude. 

This suggests that decreased signal levels caused by refraction may be responsible for 

the increased noise. However, the refracted signal amplitudes shown earlier in Fig. 7.2 

are all above 0.1 volt which is large enough to prevent this type of noise. 

Fluctuations in the edge density level is another possibility. Density fluctuations 

were studied on Alcator-C at MIT using a CO2 scattering diagnostic [94, 95). The)' 

found that ft/n ~ 0.5 near the limiter for n > 2 x IO 2 0 m~3. This value of ii/n drops 
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to < 0.1 as the density is lowered. Fluctuations in the center were always found to 

be small n/n < 0.01. The mean frequency was on the order of 1. '•> k:Tz, with a mean 

wave vector k = 20 c m - 1 . This short-wavelength turbulence which scales with density 

would seem to agree with the polarimeter observations, but the mean frequency is 

well above the polarimeter bandwidth. Also, the interferometer data for these same 

chords shows no elevated level of fluctuations whatsoever. 

Some type of boundary layer magnetic fluctuation that scales with density is a 

possible explanation. The outer edge fluctuations are quite similar (though smaller) 

to those observed on inner channels during MARFE activity [96]. MARFE refers to 

a thermal edge instability characterized by a cold, high Z<jr, high-density region of 

plasma, localized at a specific poloidal angle usually on the inside wall. MARFEs 

generally occur above a density threshold that scales with /„. During MARFE activ

ity, enormous density and polarimeter fluctuations (~ 15°) are observed on the inside 

channels 13-15. Although no MARFE exists for lower density shots like 12527 shown 

above, it is possible that a smaller MARFE-like condition has been established on 

the outside edge of the plasma and is responsible for the observed fluctuations. These 

outer edge fluctuations almost always appear as a precursor to the MARFE activity. 

For the purpose of analyzing the Faraday rotation profiles, these channels can be 

filtered or smoothed to eliminate the fluctuations. Also, the total current ]p is used as 

boundary condition at the edge of the plasma, which ensures that edge fluctuations 

in the Faraday rotation data do not lead to significant error in the inverted profiles. 

Most of the data presented in the next two sections was taken at n < 2 x 10 J O m - 3 

so the large fluctuations could be avoided. 

We now wish to consider possible sources of systematic errors. The most likely 

systematic error is interference of chords with the conducting port slot blockage lo

cated between adjacent windows as shown earlier in Fig. 6.12. In addition to the port 

strengthening ribs, the quartz window flange and the limiter support rods are also 

located in this region. The channels adjacent to this blockage include 6,7,12,13, and 

15. Obviously, if the beam interacts with this irregular hardware, such as a grazing 

incidence reflection, then the polarization can be affected. Refraction effects increase 

the problem, by deflecting certain channels toward the conducting walls. There does 
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not appear to be any problem in the time history of these channels shown in Fig. 7.3; 

but when displaying the profile, these channels sometimes seem displaced from the 

expected position. By studying profiles for many different alignment options, we con

clude that the systematic error on these channels can be kept to less than ~ \Q%. 

This uncertainty remains significantly larger than for the other channels and is taken 

into account when weighting points during the inversion process. 
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Chapter 8 

Profile Analysis Techniques 

The determination of density and poloidal field profiles from the interferometer/-

polarimeter requires simultaneous inversion of the line-integrated signals 

*(*) = c /*"n ( r ) r f j (8.1) 
Jo 

#(*) = c, T B„(r)„(r)dz, (8.2) 
Jo 

where c„ and c? are constants. In a pure cylindrical geometry, the well-known Abel 

inversion technique can be used. Changing the above integral along z into an integral 

along r gives for density, 

$(x) = cnrn(r) IJL^. (8.3) 
J'* v r — x' 

The Abel inversion is then given by [97] 

, , 1 /" 5$ dx 
ir JT OX y x 2 — r z 

The use of this inversion method is discussed at length in Ref. [13] where the errors due 

to a limited number of chords, measurement errors, and asymmetries are evaluated. 

One difficulty with the Abel inversion method is the inability to handle asym

metries due to the toroidal effects discussed in Chap. 3. There is a technique avail

able [98] for extending the Abel inversion to accommodate asymmetries of the form 

nfx.z) = g(x)n(r), however the model of shifted flux surfaces is not well represented 

by this form. 

In addition to the offset flux surfaces, other complicating effects to be considered 

include corrections due to refraction, plasma position offsets, density variations on a 
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flux surface, and magnetic islands (rotating or locked). There are also some higher-

order polarization effects that become important at large toroidal and poloidal fields 

as discussed in Chap. 5, but these are small in the present operating regime on MTX 

and will not be considered. 

Two separate inversion techniques will be used in this thesis. The first is a spline 

fit/matrix inversion method along the lines suggested by Soltwisch [22] and Park [99]. 

This method is quite general, but requires a smooth spline fit to the limited chord 

data. A secrnd technique is a fitting method, where the desired quantities n(r), J(r) 

are represented by functions with free parameters that can be adjusted to best fit the 

line-integrated data. The advantage of this method is that no spline fit is required 

and the smoothness of the function can be controlled by limiting the number of free 

parameters. One must be careful, however, that physics information is not lost by 

choosing a function that is too constraining. 

Our approach here is to use both inversion methods to gain confidence in the 

fit and to better understand the uncertainty in the final inverted profile. Generally, 

we try to adjust the data point weights and various free parameters so that the two 

inversion methods converge to a similar solution. 

8.1 Flux Surface Geometry 

We begin by assuming that the geometry of the nested flux surfaces (including toroidal 

shifts) is known in advance. It is not known, of course, but an initial guess can be 

made, which is subsequently refined through an iterative approach. Consider the 

geometry shown in Fig. 8.1, where r now represents the radius of given flux surface 

and not the radius from the origin. The goal is to express equations 8.1 and 8.2 in 

terms of flux surface quantities only. Equation 8.1 is unchanged except that now n(r) 

is the density on a flux surface of radius r. 

For Eq. 8.2 we write B^ in terms of the flux function V" as 

B, = BZ = I f | (8.5) 

JU + x or Ox 
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Figure 8.1: Flux surface geometry. 

Given r2 = z2 + (x — A(r)) 2 , we can write 

x-A 
dx P + £(*-A)-

Inserting this into Eq. 8.6 and then into Eq. 8.2 gives 

2cp 
R, \-xJo y 'Br 

dz. 

(8-7) 

(8.8) 

Expressing density is in units of 10 2 0 m - 3 , and everything else in MKS units, the 

constant is given by c,, = 51.OS for a wavelength of X = 184.3^m. Assuming n(r) and 

A(r) are known in advance, the only unknown in this equation is | ^ . 

The current density can also be written in terms of flux surface quantities by 

writing 

HeJt, 

Using dr/dx from above and 

(V xB), = - J asz 

dR 
d (\ d4>dr\ 
dz \Rdrdz) ' dR\ 

8r > / r ' - ( a - A y 
& r + f ( z - A ) ' 

the expression for the toroidal current density becomes 

Je = const r* + _ 2 - - l - u 2 + — x - A ) • 
r r \ u) Or 

t ^ £ - 1 A ] > 
r ^ + i J / J 

(8.9) 

(8.10) 

(8.11) 

(8.12) 

file:///-xJo
file:///Rdrdz
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where u = |jjr, v = 4£, and w = r + u(i — A). 

Finally, we need an expression for the safety factor q(r). The definition of q is 

? (r) = W = g/§£, (8-13) 
where (f> is the toroidal flux and xj) is the poioidal flux. The toroidal flux, in the 

presence of shifted i/> surfaces, is given by 

tf(r) = f f3" B6{r', BY dr' d$ (8.14) 
Jo Jo 

where r is the radius of the flux surface and r' is the integration variable inside r. 

The toroidal field is given by B4, = B^R^/R with R = i?0 + A(r) + r' cos 6. We ignore 

the change in B^, due to the diamagnetic effect which is less than 0.2% of B$. The 

integral for <j> becomes 

J F f r' dr' dO 

0 Jc Ro + A(r) + r'cos9 
which yields 

*(r) = B^>R0(R0 + A(r) - y/[H, + A(r))» - r»). (8.16) 

The final relation for g(r), in terms of flux surface variables only, is (using «, v, w 

defined above) 

9(0 = 
RaBfv {R, + A(r))v (8.17) 

^(ft + A(r))»-r» 

8.1.1 Path Length Matrix 

Regardless of whether a function fitting method or spline fit inversion is used to obtain 

the density and poloidal field profiles, it is useful to define a path length matrix that 

is consistent with the flux surface geometry as shown in Fig. 8.2. The poloidal cross 

section is divided into a number (usually m = 50) of equally-spaced radial ring zones 

of radius r, and offset Aj. A set of 2m integration chords located at i ; are positioned 

at the intersection of each ring midpoint and the x axis. A path length matrix L is 

then constructed according to 



121 

Figure 8.2: Toroidal geometry used for profile inversion. 

£„• = 2l(r]-(xi-&jfy/*-(rll-(xi-Aj-,)y<*} (8.18) 

= 2 [ ( r ? - ( x ( - A y ) 2 ) , / 2 ] , atmidplane (8.19) 

= 0, for 7-j < Xj. (8.20) 

For quantities assumed to be constant on a flux surface, such as the density, the vector 

of line integrals can be represented as the sum 

(8.21) 

where n ; is the density at the center of each ring. This reduces to the simple matrix 

equation 

*/c„ = L • n. (S.22) 

This equation can now be used to perform the line integrals needed for the functional 

fitting technique, or can be inverted directly to solve for n(rj) when using the spline 

fitting technique. 
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Figure 8.3: Geometry for refraction correction. 

8.2 Refraction Corrections 

An important correction included in the analysis code is the displacement of the probe 

beam due to plasma refraction. This affects the inferred position of the measurement 

chords relative to the geometry laid out in Fig. S.2. Refraction effects are usually 

neglected on most systems where corrections are on the order of 1%. On MTX, 

refraction effects B'e not negligible for three reasons: 1) MTX can operate at very 

high densities where refraction angles are relatively large; 2) the detectors are located 

far from the plasma so that even a small refraction angle can result in a significant 

chord offset d; 3) the plasma diameter is small. 

The probing beam is refracted due to density gradients in the plasma as shown 

in Fig. 8.3. Since the index of refraction for the plasma is less than one, the beam is 

refracted away from the midplane. The path BA represents the no-plasma ray path, 

while CD represents the refracted ray path. Generally, the refraction angle is small 

enough ( < .01 rad) that an exact ray tracing is not required. Assuming the ray 

maintains approximately a straight path through the plasma, the refraction angle for 
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a chord located a distance x from the midplane is given in Appendix E bi

rr r° 8n dr 
o = / T- Ff *, (8.23} 

nc Jx or y/ri — xi 

where nc is the cutoff density nc = cte0miir2/(\'2e*), which is equal to 326 x 10 2 0 m" 3 

at X — 184 j»m. This integral can be performed analytically for a parabolic density 

profile, but in general must be evaluated numerically. 

Veron [80] gives an refraction error analysis for a single beam system. The MTX 

system is somewhat different since the illumination beam is a continuous sheet (except 

for port rib blockage) incident on an array of detectors. This distinction is importan'. 

because each detector is not viewing a fixed chord position x, but rather the mea

sured chord can move in the plasma depending on the refraction angle. The chord 

displacement from its nominal no-plasma position is 

d = Zsma. (8.24) 

In addition, the refracted chord path AC is longer than the nominal chord path AB 

by the amount 

6palh = Z- — *z(?P\. (8.25) 
cosa \2 J 

For a typical plasma with a parabolic density profile with n 0 = 2.5 X 10 2 0 m - 3 , the 

maximum refraction angle is about 0.007 rad (0.4°) giving d = 1.2 cm and 6path = 

45ftm. Note that the chord offset toward higher density (shorter path length for 

H < 1) is partially cancelled by the increased path length Spaa,-

Both the chord offset correction and the path length change are incorporated into 

the line density data before inversion. Since the n[r) profile is nrcded to calculate 

the corrections, but it is not yet known, we adopt an iterative approach. An initial 

guess for n(r) is used to calculate initial refraction corrections. The profile is then 

inverted to get a second estimate for n(r) and the process is repeated. Since refraction 

corrections are small, this iterative technique converges quickly. 

The final chord offsets, calculated from n{r) profiles, are also used to correct the 

polarimeter chord positions. The additional path length 6p(tth is not relevant for the 

polarimeter however. 
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Unfortunately, there are some non-ideal effects thai are difficult to correct for, 

the most important being that the illumination beam is not a continuous sheet, but 

is broken into three sections by the port ribs. Each section now has a finite waist 

radius—albeit many wavelengths—which will cause some beam divergence. Also, 

there will be some diffraction due to the port ribs and window joints. The detectors 

on the inside edge of the outer slots are especially susceptible to these effects since 

the refraction offset would move the viewing position to behind the port ribs. There 

is no convincing method for treating these effects, therefore they will have to be left 

as a possible source of error. 

fl.3 Density Inversion 

As mentioned previously, two methods for obtaining the density from the line-

integrated interferometer data have been developed: the fitting of a parametrized 

form for n(r), and a matrix inversion of a spline fit to the line-integrated data. There 

is a tradeoff between the two techniques. The fitting technique is most useful for 

determining a smooth function for n(r) that best fits the data. Typically, only a 

few free parameters, say 2 or 3, are allowed. This method is quite robust and allows 

noisy or uncertain channels to be handled easily by appropriate weighting. As more 

free parameters are allowed (e.g. higher-order polynomial), this method becomes less 

satisfactory because tight fitting of the data often comes at the expense of large un-

physical excursions in the gaps between data points. On the other hand, the spline 

fit inversion method puts no restrictions on the form of n[r) and is more general. 

This is, however, quite sensitive to channels that are noisy or have some type of sys

tematic en or. A smoothed spline fit is used to help to reduce this sensitivity. Since 

each method h&s advantages at times, both are developed here, and both are used 

in analyzing the data. Comparing the two techniques helps establish the range of 

uncertainty in the inversion. 



125 

8.3.1 Non-linear Least Squares Fitting 

In this method, a parametrized form for the density variation vs flux surface radius 

must be chosen n(r) = f(cti,a2,...). The parabolic form (r is the flux surface radius) 

n(r) = n„(l - (r/a)2)° (8.26) 

fits the typical equilibrium density profile on MTX quite well for most ohmic shots. 

Bessel functions have also been used successfully. For the parabolic form, the free 

parameters are no and a; the plasma position can also be chosen as a free param

eter, although as will be shown, it is usually fixed by the polarimetry data. The 

line-integrated density profile associated wi'h this form is then easily obtained by 

performing the matrix multiplication in Eq. 6.22. Regardless of the form chos- .1 for 

n(r). this is usually a nonlinear fitting problem because of the line-integral. A non

linear least squares fitting routine based on the method of Marquardt [100] is utilized. 

This technique combines the best features of the gradient search method, which is 

useful for approaching the minimum from far away, with the rapid convergence of the 

linearized fitting function method. This technique requires the calculation of both the 

line-integrated quantities from Eq. 8.22 and the partial derivatives of $ with respect 

to each free parameter d$/doti, d$/da2 , etc.. Since the vector $ is calculated at 

the chord locations a;,-, which are different from the measurement chord locations des

ignated xt, we must interpolate $ onto the measurement chord locations. Defining 

the fitting function phase shift as $(zi,) and the measured phase shift as $*, the least 

squares fitting routine attempts to minimize the quantity 

1 
x2 = E 3 (**-*(**)) : (S.27) 

where a^ is the standard deviation due to noise on a given channel. We may also 

estimate a to be larger than the nominal noise level due to other effects that cause 

uncertainties such as refraction, MAItFEs, or calibration errors. 
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8.3.2 Spline Fit Inversion 

Returning to Eq. 8.22, the vector of density values on each flux surface can be written 

as 

n = I T 1 • * / c „ . (8.28) 

In general, the preferred method for solving a set of linear equations such as this is by 

singular value decomposition (SVD). It can be shown [101] that the solution obtained 

in this manner represents the least squares fit to the data $. The advantage of SVD 

is the ease of handling singular matricies. In addition, the SVD method can help 

identify when two or more of the selected basis functions are not clearly distinguished 

by the data. In the situation here, the basis functions are essentially the density 

values in each ring, and the equation for each chord is unique, so singular values are 

not usually encountered and the SVD method is not required. 

A more direct method, which gives equivalent results, was pointed out by Park [99]. 

Starting at the plasma edge, where there is only one path length element, the density 

in the outer ring can be written immediately as 

n " = o T 7—• + 7 I • ( 8 - 2 9 ) 

This density ring is then subtracted off of $2 and $2 r a_i and the above step is repeated 

to get n m _ i , and so on. This is equivalent to performing Gaussian elimination on a 

triangular matrix. Since this method starts at the edge and works inward, we would 

like to know how small errors at the edge propagate inward. Figure 3.4 shows the 

inversion of a simulated parabolic profile with a perturbation added to the spline 

fitted edge data on one side. As can be seen, the perturbation in the inverted profile 

is well localized and does not significantly affect the rest of the profile. 

An important step in applying this method is the spline interpolation of the mea

sured chord data onto the grid chord positions x<. An ordinary cubic spline applied 

to the raw data will pass through every data point regardless of noise or calibration 

error. This is clearly not desirable since small fluctuations in the spline fit will result 

in large fluctuations in the inverted density profile. This is especially true of points 

near the gap created by the port rib blockage. Instead, a smoothing spline routine 
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is used; this routine attempts to minimize the square of the second derivative of the 

fitting function while maintaining a fit to the data with x 2 less than a user specified 

input parameter s. By adjusting s, one can control the smoothness of the spline fit. 

The weight for each data point is included in the calculation of \2- If 1/c is used 

for the weights, where <r is the standard deviation, then s is nominally equal to the 

number of data points. The effect of varying the parameter 6 is shown in Fig. 8.5. 

Here spline fits are made for three different values of s (0.1, 4.0, 15.0) to a simulated 

parabolic profile with random errors added. The resulting inverted profiles are also 

shown. Generally, s ~ 15 is chosen such that the spline fit is as smooth as possible 

while still passing within the error bars on each data point. 

Handling the spline fit at the edge needs to be addressed. Fortunately, we do have 

a chord just outside the limiter radius at +16.75 cm. There are no chords on the 

inside edge. It is not a good assumption to set n = 0 at the limiter. It was shown 

at MIT [102] that the density outside the limiter ~ 17 cm could range from 1 to 

10% of the peak density. The density scrape-off 1/e length is on the order of 0.4 cm. 

Significant poloidal variations in the scrape-off density layer have also been observed. 

For the purpose of spline fitting, we extend the radial ring zones out to ~ 18 cm 

and set the line-integrated density there equal to a constant of ~ l -2% of the peak 

line-integrated density. The spline fit is then forced to go through these points on 

both the inside and outside of the profile. 

A comparison of the function fitting method with the spline fit inversion method 

is shown in Fig. 8.6 for real plasma profiles during current ramp-up at 40 ms and 

later in the sarr.e shot at 150 ms. Early in the discharge, the density profile is very 

broad and flat, and is fit better by the spline fit than the parabolic fit. At 150 ms, 

the profile becomes more parabolic in shape anH joth models give a reasonable fit to 

the data. The spline inversion fit shows a slightly more triangular profile shape. The 

error bars shown on these plots are representative for the inverted spline fit. They 

are determined from the plot shown in Fig. 8.7. In this figure, the measured line-

densities were perturbed by random errors with a standard deviation of 1%. These 

profiles were then spline fit and inverted as usual. This was done 20 times to produce 

Fig. 8.7. The 1% random error is roughly our expected calibration uncertainty. Note 
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profile with random errors added. 
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Figure S.6: Comparison of parabolic fit vs spline fit/matrix inversion for the density 
profile at two different time points. 

that tlie resulting density error outside of ±3 cm is relatively small at about ±1.5%, 

while the error on axis is ~ ±3.5%. The smoothing parameter was set to s = 15 

for this case. A larger value of 5 would show less variation on axis, but would also 

smooth over some of the profile shape features. 

As will be shown later, there are some cases where the density does not appear to 

be constant on a flux surface. This does not necessarily violate the requirement that 

pressure must be constant on a flux surface. Usually, however, the thermal conduc

tivity is so large that temperature and density should independently be constant on 

a flux surface. An obvious violation of this is the MARFE [9G] phenomenon where a 

region of low Tc and high nc plasma is localized at a certain poloidal angle. Although 
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n(R), Shot 12628 al 0.15 sec 

Figure 8.7: Density profile error analysis for shot 12628 at 0.15 sec. 

the information on poloidal density variations is limited with a single view system, 

it is useful to have an inversion technique that allows density variations on a flux 

surface. If we allow a perturbation on each flux surface given by Snj, and assume 

some type of poloidal distribution for this perturbed density, for example cos 9, the 

line integrated density becomes 

».- = e , £ ^ B i + £i-^A,,,-). (8.30) 

If the perturbation is small, the equation can first be solved for n(r); then, holding 

n(r) fixed, we can solve for the perturbation Sn(r). 

8.4 Poloidal Field Inversion 

In many ways, the inversion of the polarimeter data proceeds analogously to the 

interferometer data discussed above. Referring to Eq. 8.8, a new matrix G can be 

defined as 
, / ( * , - A , ) c \ 1 f x , -A , 

A,) 
(S.31) 

This matrix contains the path length information in L, the density profile in n and Sn, 

and the toroidal offset effects in the term in brackets. Th' Faraday rotation profile is 
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given by the matrix equation 

* = G • u (8.32) 

where Uj = (f^Jj, i.e. the derivative of the flux function at a flux surface radius of 

Tj. The assumption here is that all quantities in G are known, so the only unknown 

in this equation is u. The shift function A(r) is dependent on u(r) and is not known 

in advance. However, since A(r) is a small correction, we use an iterative approach, 

where an initial guess is used for A(r) so G can be calculated. After u is found, A(r) 

is recalculated and the process is repeated. 

8.4.1 Non-linear Least Squares Fitting 

As with the inte-ferometer data. Eq. S.32 can be solved for u using a fitting method, 

or by a direct matrix inversion. When using the fitting approach, a parametrized 

function is chosen for the zero-order (i.e. cylindrical approximation) current density 

J 0 (r) . We write this approximate current density as Jo to avoid confusion with the 

final current density J calculated from Eq. 8.12. The function u is then calculated 

from Maxwell's equation 

u^^El f J0(Ty dr1. (8.33) 
7 JO 

Using the same nonlinear least-squares fitting routine discussed in Sec. 8.3.1, the 

free parameters are adjusted such that Eq. 8.32 fits the Faraday rotation data. The 

reason that J0(T) is chosen as the fitting function rather than u is that we expect 

JU{T) to have a Gaussian-like shape since that is the usual shape of the Te profile. 

Thus a simple form for Jo(r) is just a Gaussian with the width and offset being free 

parameters. Thus J„(T) is more convenient than B$(r) to use a r a fitting function. 

The peak current density is generally not a free parameter because the total integrated 

current is normalized to agree with the plasma current measured with the Rogowski 

loops. A useful form for allowing more free parameters is the product of a Gaussian 

with the even Hermite polynomials, 

J0(r) = C t - | s l ' ' " I ' f < i , / / ! , (8.3-1) 
i=0 

where a, is a variable profile width (the factor 1.5 is included in the exponent so that 

a, is equivalent to the temperature profile width), and a, are the amplitudes of each 
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Figure 8.8: The first four Hermite-Gaussian fitting functions. 

polynomial function. The constant C is chosen to give the correct total current. Only 

the even polynomials are used so that dJ/dr\r=Q = 0. The first four even Hermite 

polynomials are 

Ho 

H2 

H, 

He 

= 1 

4 r 2 - 2 

Wr4 - 48r2 + 12 

64r 6 - 480r" + 720r2 - 120 

The product of these four polynomials with a Gaussian is illustrated in Fig. 8.8. 

With these polynomials, profiles ranging from hollow to peaked can be produced. 

Since the Faraday rotation profile is essentially two integrations removed from the 

current density profile, large variations in Jo( r) translate into a rather small ripple 

in the final Faraday rotation profile. This makes it difficult for the fitting routine to 

converge to a unique solution when more than three or four polynomial terms are 

used to represent Jo(r). 
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8.4.2 Spline Fit Inversion 

The matrix inversion method for obtaining u proceeds exactly as with the density data 

described in Sec. 8.3.2. The Faraday rotation chord positions are first corrected for 

refraction, then the data is interpolated with a smooth spline fit onto i ; giving >P<. The 

spline fit is forced to match the boundary condition at the plasma edge that is obtained 

from the density and total current. Starting at the edge and working inwards, Eq. 8.32 

is inverted to give u. The inverted function u is usually additionally smoothed to 

eliminate fluctuations which can occur near the numerically unstable regions at the 

center and edge of the profile. The smoothed spline fit to the raw line-integrated 

data is far more critical here than with the interferometer for a number of reasons. 

For one, the Faraday rotation data generally has more noise and possible systematic 

errors than the interferometer data; also, the Faraday rotation profile has a strong 

change in curvature in regions with no data (port blocking ribs) making the spline 

fit uncertain in this region. These limitations make the spline fit inversion difficult 

to use on the Faraday rotation data, especially as a blind "black-box" technique. 

However, if careful attention is paid to the data point weights and spline smoothing, 

good results can be obtained with this method. This method is the most general in 

terms oi the range of different profiles which can be obtained. 

As an example of the sensitivity to the spline fit smoothness, we test the inversion 

technique on simulated data as shown in Fig. 8.9. Here the Faraday rotation data is 

calculated from a Gaussian J(r) profile of width a, = 0.09 m. In (a) the simulated 

data is spline fit and inverted to yield the J{r) profile. The inverted profile is close 

to the original, with the small differences being due to spline fit in the gaps around 

±5 cm. In (b)-(d), random noise with a standard deviation a = 0.3° is added to each 

channel. Tiie data is then spline fit and inverted; the resulting J profile is compared 

with the initial J profile for three different values of s. As can be seen, a tight fit 

(small s) to the small random noise adds considerable fluctuations to the inverted J 

profile. On the other hand, too smooth of a spline fit (large .•;) gives a smooth profile, 

but one which deviates significantly from the original J profile. Thus, specifying the 

weights and smoothing parameter s is critical when using this technique. If the data 
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point weights are given by 1/cr, then the optimum value for -s is equal to the number 

of radial data points. 

In both the function fitting and spline inversion techniques, the plasma position is 

considered a free parameter. Due to the sleep zero crossing exhibited by the typical 

Faraday rotation profile, very accurate measurement of the plasma offset is possible. 

Once the functions u = -^ and n(r) are determined, the temperature profile can be 

obtained from the ECE polychromator or ECE Michelson interferometer, and Ci and 

Bpoi can be calculated from Eq.'s 3.40 and 3.39; the Shafranov shift A(r) is calculated 

from Eq. 2.42. A routine ion temperature pre Sle measurement is not available in 

MTX, so for the purpose of calculating f}p it is h,sumed that !T; = 0.8T,. With this 

new estimate of the A(r) profile, a new flux surface geometry can be constructed, 

and the density and poloidal field inversions can be repeated. This iteration loop is 

continued until cens'ergence is obtained. Generally, the function A(r) does not vary 

significantly after the 2nd iteration, so a total of two, or at most three, iterations are 

required. 

With the final estimate of u(r) in hand, the desired quantities J{R,z) and q(R,z) 

can be obtained from Eq. 8.12 and 8.17 respectively. 

8.5 Overview of Analysis Code 

To summarize, the sequence of steps in the analysis code proceeds as follows: 

1. First estimate of magnetic axis from polarimeter zero crossing 

2. Initial guess at A(r) function 

3. Plasma position oflsei — magnetic axis—A(0) 

4. Fit Tr(r) profile using either polychromator or Michehon data 

5. Calculate refraction correction (guess at n(r) first time through) 

6. Spline fit to n( profile (not used with function fitting method) 

7. Invert line density profile to get n(r) 
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8. Spline fit to polarimeter data (not used with function fitting method) 

9. Invert polarimeter data to get ^ and new plasma offset 

10. Using, Te(r),n(r) and ^ , calculate /3,(r),^(r), and A(r) 

11. Return to 5 until convergence is obtained (usually 2-3 iterations) 

12. Calculate final profiles n(R), 5 2(fl), 7(fl), q(/J) at midplane 

An illustration of a full profile analysis for a single time point is shown in Figs. 8.10 

and 8.11. The line-density profile is spline fit in both plots. A spline fit is used to 

invert the polai meter data in Fig. S.10, while a 3 term Hermite polynomial is used 

in Fig. 8.11. The weighting for each Faraday rotation point is the inverse of the error 

bars shown (some error bars aTe smaller than the circles); these are the same for 

both plots. The error bars on well-behaved central channels arc given by <r, which :s 

determined from the baseline noise level. Channels near the plasma edge, or the slot 

walls, are given larger error bars to account for larger fluctuations and systematic 

uncertainty. The solid lines show i.ie fit and the resulting inverted profiles. In this 

case, good agreement is obtained with the two methods. The value of q on axis is 

0.82 with the spline fit and 0.77 with the Hermite polynomial fit. This gives an idea 

of the uncertainty in go, which is estimated to be less than ±10%. 

The agreement between the two inversion methods is good during well-behaved 

ohmic discharges (like 12599 above) where the J profile is close to Gaussian. During 

transient events such as current ramps or disruptions, the two methods may show a 

larger discrepancy. 

8.6 Flux Surface Asymmetries 

As can be seen in Figs. 8.10 and C.ll the fitted line density profile appears shifted by 

about 0.5 cm towards the inside relative to the measured data. For these plots, the 

plasma offset and geometry of the P IX surfaces is determined from the polarir '.er 

data analysis and the A(r) calculation. So if n is assumed to be constant on a 

flux surface, then there is no fretdom to shift the density profile to obtain a better 
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fit. This offset is frequently, but not always, observed. There is no clear difference 

between shots with and without this shift. It has been noted that (luring current 

ramp down experiments this shift increases significantly. The offset cannot be due to 

alignment problems since the polarimeter—which determines the magnetic axis—and 

the interferometer share the same chords. 

There two possibilities for explaining the observed offset: either the density is 

not constant on a flux surface, or the flux surface geometry is not entirely correct. 

Early on it was postulated that perhaps the flux surfaces were not circular. The flux 

surface contours obtained from equilibrium code simulations shown earlier in Fig. 3.2 

indicate a small non-circularity due to the nonuniform vertical field. The Faraday 

rotation profiles derived from these simulations do deviate from the analytic large 

aspect ratio predictions by a few percent. This may account for part of the observed 

shift, say 1-2 mm. The flux surface geometry at the edge of the plasma has been 

checked by analyzing the poloidal array of pick-up loops as discussed in Sec. 3.4, and 

to within experimental uncertainties due to loop integration baseline drift, the flux 

surfaces appear circular. 

It '5 possible that the flux surfaces are circular, but that the relative offset given 

by A(r) is not correct. Fits have been attempted with A(r) = 0, but this results in a 

fitted line density shift to the outside and a poor fit to the polarimeter data. A A(r) 

function of the form shown in Fig. 8.10 but smaller magnitude (say a peak A(0) of 

0.6 cm instead of 1.2 cm) gives a somewhat better fit. Uncertainties in the 7j profile 

contribute to uncertainty in A(r), but this is a 10% error at most. 

The observed density shift increases substantially during a current ramp. This is 

because A(r) calculated from Eq. 3.42 gets large as B,,(a) drops during the ramp. The 

vertical field is also changing rapidly during this time and has not had time to soak 

into the plasma, thus creating a strongly nonuniform vertical field in the plasma. In 

this case one would not expect the calculation of A(r) from Eq. 3.42 to be accurate. 

A second possibility for the density shift is that n is not constant on a flux surface. 

It would be surprising if this were true in the core of the plasma where the thermal 

conductivity is high. Near the edge, however, it is quite possible that n varies on a 

flux surface. Poloidal density asymmetries behind the limiter were studied extensively 
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at MIT [102, 103]. MARFES are another example of large poloidal asymmetries, 

although MARFES do not exist in any of the shots presented here. In addition, 

recent density modulation experiments on MTX have shown a poloidal asymmetry 

in the density modulation amplitude at the edge. 

Density variations on a flux surface can be accommodated in the inversion al

gorithm as discussed in Eq. 8.30. A cos 6 distribution is assumed. The method is 

applied to shot 12599 at 185 ms in Fig. 8.12. The density data is now fit better, and 

fortunately, the Faraday rotation fit is only slightly affected by including this density 

asymmetry. The function Sn(r) is shown on the lower left of the figure. Note that Sn 

is small at the center and larger toward the edge which agrees with our belief that 

poloidal asymmetries should be confined to the edge. The maximum perturbation is 

about 8% of the peak density. 

We conclude that small density offsets (resulting when using the polarimeter to 

define the magnetic axis) that have been observed can be explained by a combination 

of effects including errors in the calculation of A(r) due to inhomogeneous vertical 

field and /3P uncertainties, as well as small poloidal asymmetries in the edge density. 
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Chapter 9 

Experimental Results 

The main experimental results obtained from polarimeter measurements on MTX 

are presented in this chapter. Since internal poloidal field measurements have never 

been available on this machine before, there is large range of physics issues that can 

be examined. We begin, in sections 9.1 and 9.2, by comparing polarimeter results 

with external magnetic loop measurements and Spitzer conductivity profiles. This 

serves mainly as a consistency check to give confidence that the polarimeter data and 

subsequent profile inversions do not contain gross errors. 

Measurement of q profiles during sawtooth activity is presented in Sec. 9.3. The 

value of q on axis and the 9 = 1 radius are compared with sawtooth characteristics 

obtained from Tt, n„ and soft x-ray data. Although similar measurements have 

been performed on a few other machines, the results have been questioned due to 

uncertainties caused by shot-to-shot averaging or limited spatial resolution. The MTX 

polarimeter provides the best combination of spatial and temporal resolution obtained 

on any machine to date, allowing q profiles to be determined with less uncertainty. A 

new result presented in this section is the observation of a most unusual perturbation 

to the poloidal field occurring at the sawtooth crash. We also examine q profiles for 

non-sawtoothing discharges in this section. Aside from the expected result qa > 1, 

the Faraday rotation and temperature profiles show an interesting asymmetry that 

cannot be explained with our conventional equilibrium model. 

As discussed in Sec. 4.1.2, the stability of the plasma againsi resistive tearing 

modes is determined solely by the current density profile J(r). With this measure

ment in hand, we can calculate whether or not a given mode is stable and compare 
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this prediction with the MHD pickup loop results. This is done in Sec. 9.4, where 

reasonably good agreement with theory is found. 

A commonly observed impurity-related disruption is discussed in Sec. 9.5. In 

general, disruptions occur on a time scale faster than the response time of the po-

larimeter. However, for this type of impurity-related disruption, a long term Tc and 

J collapse is observed as a precursor to the disruption and can be studied with the 

polarimeter. This type of disruption has been observed previously on Alcator-C and 

I'LT," but measurement of the J profile during the Te collapse is a new result. 

The experimental results with electron cyclotron heating using the 140 GHz gy-

rotron are limited due to difficulties in getting long repeatable pulses out of the 

gyio'.Ton. Most gyrotron pulses were on the order of 10-40 ms, which was too short 

to significantly alter the current density profile. There were a few unusual shots with 

hollow T, profiles and high resistivity that were affected dramatically by the ECH. 

This type of behavior is examined in Sec. 9.6. 

Finally, current ramp shots are studied in Sec. 9.7. In these discharges, a deliberate 

current ramp is induced, taking the plasma from an equilibrium state at high Ip to 

a second equilibrium state at lower lp. The transient current ramp is modeled using 

the standard cylindrical diffusion equation; the predicted J{T) profiles are compared 

with measurements. 

9.1 Comparison with Magnetic Loops 

Like all major tokamaks, MTX is equipped with cosine and saddle loops that can be 

used to obtain the plasma position and A, where A = 0P + £,/2 - 1. These loops are 

constructed using motor wire wound on a thin G-10 form that is wrapped around the 

outside of the vacuum vessel (but inside the TF coils) at a radius of approximately 

20 cm as shown in Fig. 9.1. 

The signals from these loops are processed in analog circuitry to provide a plasma 

position feedback signal to the vertical field power supply as discussed in Ref. [51]. 

Since the analog electronics are subject to baseline offsets and integrator drifts, the 

loop voltages are also digitized directly and can be processed in software. 
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Saddle coi l 
(on edges, crosses a t center) 

Figure 9.1: Position loops configuration on MTX (after Pribyl [51]). 

The cosine and saddle loop voitages are equal to the time rate of change of the 

magnetic flux passing through the loop Hoop = d$/di. The flux for each loop is given 

by [4S, 51] 

' f e + 4 H - i + ( A + ^ i + ^ ) ] (9A) 

where a is the plasma radius, b is the loop radius, Sx is the plasma shift from the 

nominal position at RQ. The sign convention used here gives a positive signal on each 

loop for an upward pointing vertical field. The geometric constants C c o s and C^i are 

defined as 

*» — Cttdip 

Ccos — 

Cad = Tib 

(9.3) 

(9.4) 

where A' = turns/cm, A = area per turn for the cosine coil, and t = loop width of 

the saddle coil. 

By combining Eqs. 9.1 and 9.2 to eliminate A, an expression for the plasma shift 

is obtained 
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The terms on the far right are a constant of about 1 cm for MTX. The displacement 

6x represents the offset of the center of the outermost flux surface (surface in contact 

with the limiter) relative to the center of the limiter ring. Positive Sx is in the 

direction of R. By eliminating 6x in Eqs. 9.1 and 9.2, an equation for A is obtained 

These quantities can be compared with polarimeter data. The position of the 

magnetic axis is obtained quite accurately by determining the zero-crossing of the 

Faraday rotation profile. The outer flux surface position given in Eq. 9.5 is the 

difference between the magnetic axis position and the on-axis Shafranov shift A(0). 

The polarimeter does not yield A directly; if is obtained from the polarimeter data, 

while 0P is calculated from the radial pressure profile. The main uncertainty in the 

pressure profile is the ion temperature profile. Although neutron measurements are 

made on MTX, the ion temperature profile is not determined. Fortunately, past work 

on Alcator-C at MIT has shown that the ion temperature scales quite reliably with 

the electron temperature, depending on the density and toroidal field magnitudes. 

For the calculation of /3P here, it is assumed that the ion temperature profile is 0.8 

times the electron temperature profile. 

As an example of a comparison between the polarimeter and the magnetic loops, 

wo will look at shot 12602 during which a large downward current ramp was induced 

to perturb the current profile and hence (j. The internal inductance and beta poloidal 

are calculated as part of the polarimeter profile inversion process in order to obtain 

the Shafranov shift profile as described in Eqs. 3.39 through 3.42. The profile analysis 

for shot 12602 at 0.15 sec is shown in Fig. 9.2, illustrating the calculation of f;, /?,>, 

and A. The uncertainty in fiv near r = 0 is large because p — p and B$ both go to 

zero; this has negligible effect on the A(r) profile and the edge value of 0P. 

It should be noted that the plasma radius a used in the profile analysis code is not 

the limiter radius a„ but is given by a = a„ — \Sx\ where Sx is the outer flux surface 

offset as described above. The distinction is important because we often run MTX 

with the plasma slightly inside, leaning on the inner limiter. This gives a somewhat 

cleaner plasma. So the radius of the outer flux surface is usually smaller than the 
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Figure 9.2: Profile analysis for discharge 12602 at 0.15 sec illustrates the calculation 
of fi, 0f, and A. 
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16.5 cm limiter by 1 cm or so. 

The time histories of the plasma position, £i(a), and Pp(a) are plotted in Fig. 9.3. 

The position plot contains the zero crossing of the Faraday rotation data, which is 

typically within ~2 .am of the actual magnetic axis, along the with the magnetic loop 

plasma position ix calculated from Eq. 9.5. The loop signals for this plot are digitized 

directly, then integrated and processed in software. Special care must be taken with 

these loop signals to subtract toroidal field pick-up and eliminate integration drift 

(baseline offset). Although the agreement between the polarimeter magnetic axis and 

loop plasma position data appears quite good, these curves should be separated by 

the Shafranov shift, which for this shot is about 1.2 cm. The absolute uncertainty in 

the FIR chord positions relative to the center of the limiter ring is ±0.5 cm, while the 

relative channel-to-channel uncertainty is ±1 mm. The ~ 1 cm difference between 

the polarimeter and magnetic loop plasma position is believed to be outside the 

uncertainty due to FIR chord position errors and integration drift problems, and is 

thought to be due to a mechanical problem with the saddle loop. 

There are two reasons we suspect the saddle loop to have problems. First, when 

calibrating the loops with vertical field shots, the saddle loop calibration is off by a 

factor of 1.44 from the original MIT calibration, while the cosine loop calibration is 

unchanged. Since the saddle loop calibration is determined by geometrical factors 

only, it is possible that part of the loop has been shorted out or that it has slipped. 

Unfortunately, the loops are located between the vacuum vessel and TF coils, and 

are completely inaccessible for repair. 

The second reason we suspect the saddle loop is faulty is from the internal induc

tance calculations. When calculating the internal inductance from Eq. 9.6, a value 

of C, ~ 0.5 is obtained. This corresponds to an absolutely flat current density pro

file. The polarimeter and temperature profile indicate a peaked current profile with 

£, ~ 1.4. This is the expected value of <?, for g 0 = 3.5 according to previous measure

ments at MIT [52]. Again, the uncertainty in £j due to integration drift is too small 

to account for the large discrepancy. If we calculate Cj from the cosine loop alone 

using Eq. 9.1, where the polarimetcr plasma position is used for Sx, then excellent 

agreement with polarimeter (i is obtained as shown in Fig. D.3. The rise in £, and 0V 
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Figure 9.3: Comparison of the time history of the plasma position and (, obtained 
from the polarimeter and magnetic loops. Because of possible problems with the 
saddle loop, the cosine loop alone is used to calculate £,- (using 6x from polarimeter). 
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at 200 ms is due to the drop ii. Bg(a) during the current ramp. 

Despite the uncertainty in the saddle IOOD signal, the comparison with the cosine 

loop signal gives confidence that the plasma position and <?; calculations from the 

polarimeter are correct. In fact, the reliability and resolution of the magnetic axis 

determination using the polarimeter is so good that it is often used to debug problems 

with the loops and the vertical field feedback system. Note the observed ~ 2 mm 

60 Hz oscillation in the plasma position caused by ripple on the vertical field power 

supply. 

The next generation of tokamaks is aiming towards steady-state operation where 

a means for determining the plasma position in steady-state is required. Because 

of their transient nature, magnetic loops are not well suited for this application. A 

multichord polarimeler, however, might be a good choice. The main difficulty vith 

polarimeters on next generation machines is getting vertical line-of-sight access to the 

center of the plasma. 

9.2 Comparison with Plasma Conductivity 

The current density profile can be compared with the conductivity profile during the 

constant loop voltage portion of the ]p flattop w, .e we expect the electric field to be 

constant over the plasma cross section. In this case, J(T) — VJOOP<7('')/(2T.RO) where 

Koop 's the plasma loop voltage. Assuming classic! Spitzer conductivity <7sp (Eq. 2.4), 

then J scales as TlA j(Ztg :!{Z^)). The electron temperature is obtained from the 

ECE Micheison interferometer or polychromator (calibrated by Thomson scattering) 

and ZtR can be inferred from visible bremsstrahlung measurements. 

The neoclassical correction for a,r was discussed in Sec. 2.1. The correction derived 

there, Eq. 2.19 in particular, is only valid for the collisionless banana regime. MTX 

is typically in the plateau regime, where collisions reduce the number of trapped par

ticles. The trapped particle fraction has been estimated for a typical MTX plasma 

discharge using the ONETWO [32, 104] transport code. The results are shown in 

Fig. 9.4, with the collisionless neoclassical result from Eq. 2.19 also plotted for com

parison. The trapped particle fraction is certainly reduced compared with the banana 
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Figure 9.4: Trapped particle fraction vs radius for the neoclassical banana regime, 
and from ONETWO calculations for MTX shot 1262S with n„ = 2.S x 102° m - 3 and 
T c = 1.2keV. 

regime, but i> not insignificant, reaching a peak of 0.21 at r/& - 0.5. However, given 

the uncertainties in J, Tc, and Z^ profile measurements, and the complicating effects 

of sawteeth, we can not expect to distinguish the small neoclassical corrections to the 

Spitzer conductivity. 

A comparison of the polarimeter current density profiles with the classical Spitzer 

conductivity profile is shown in Fig. 9.5. In these plots the temperature profile from 

the ECE Michelson interferometer is used in the Spitzer conductivity profile. This 

instrument has a slow time resolution (~ 15ffz) so that sawtooth fluctuations are 

smoothed out. The value of Z& shown on each plot is obtained through a least 

squares fit of the T^2 profile to the polarimeter J profile, using the edge electric 

field for E. We define Zcn to be the average value of Z^a over the plasma radius. 

As can be seen, there is excellent agreement between the two curves for litis shot 

during the time period 0.12-0.18 sec. A current ramp is started at 0.17 seconds 
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resulting in the narrowing of the J profile observed at 0.2 sec. The calculation of 

Ztg ~ 1.5 at 0.15 sec compares well with the visible bremsstrahluiig measurement of 

Zcg ~ 1.2. Results from the diffusion code indicate that the toroidal electric field has 

not completely diffused into the plasma even at 0.17 s. A somewhat lower value of 

E inside the plasma will lower the inferred Spitzer Ztfr, giving better agreement with 

the bremsstrahlung measurement. 

If trapped particle effects are included, a somewhat different comparison is ob

tained. Using the trapped particle fraction calculated from the ONETWO code 

shown in Fig. 9.4, the profiles shown in Fig. 9.6 are obtained. The value of Ztn 

in this case is somewhat lower than the classical Spitzer case, in good agreement with 

bremsstrahlung measurements. The profile shape does not agree with the polarimeter 

as well due to the sharper peak caused by the trapped particle fraction. Because of 

the small area involved, a sharply localized increase of J on axis has only a small 

effect on the poloidal field, which may be missed by the Faraday rotation measure

ment. Also, we do not expect the details of the J and Te profiles near the axis to be 

determined by neoclassical resistivity alone; the dynamics of the sawtooth oscillations 

play an important role in this region. 

We conclude that reasonable agreement between the J and a profiles is obtained 

for both the classical and neoclassical models. The value of Zdi deduced from these 

comparisons agrees with the expected value. However, because of uncertainties in the 

Z,H(T) profile, and the role of sawteeth in perturbing profiles in the core, it is difficult 

to distinguish neoclassical rorrections. In any case, the effect of trapped particles on 

resistivity in MTX appears to be minimal, and can probably be neglected in current 

diffusion models without serious error. 

9.3 Sawteeth and q profiles 

The accurate determination of the radial safety factor q(r) profile in tokamaks is a 

most sought after measurement because sawteeth, tearing modes, disruptions, and 

transport are ali believed to be dependent on the q profile. In the cylindrical ap

proximation q is given by <; = rB,/(i?<,Bs). Including first-order toroidal effects, q is 
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Figure 9.5: Comparison of polarimeter J profiles with Spitzer conductivity profiles. 
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Figure 9.6: Current density profiles compared with neoclassical conductivity profiles, 
using the ONETWO calculation for trapped particles. 
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calculated using Eq. 8.17. The measurement of q on axis {q„) is of particular interest 

in studying sawteeth because the various sawtooth models predict different values 

of qa. Some of these models were discussed in Sec. 4.2. It is fair to say that there 

is no consensus on the correct model. Early on, it was believed that ; , s i during 

sawteeth. Recent polarimeter measurements on TEXTOR [65] and JET (66), and 

motional Stark effect measurements on DIII-D [8] show qB ~0.7-0.8 during sawteeth. 

Uncertainties remain, however, because- on DIII-D multiple shots were required to 

build the q profile, while on JET the 5 polarimeter chords had to be supplemented 

with external field measurements to determine qa. Measurements on TEXTOR are 

probably the most convincing to date. Because of the high time and spatial resolution 

of the MTX polarimeteir, the value of <j0 can be obtained with less uncertainty than 

these previous measurements. 

It is useful to diverge for a moment to consider how the Faraday rotation profile is 

related to q0, .»nd what leads to uncertainty in ft. The slope of the Faraday rotation 

profile near the magnetic axis is approximately proportional to 1/ft. This can be 

shown by writing the Faraday rotation angle in the cylindrical approximation 

9 = c„ J B6ncos Odz (9.7) 

and substituting for Be giving 

where x = R—RQ. TO illustrate scalings, we assume a density profile n — rc„(l—(r/a)2) 

and a q profile q = q0\\ + (qa/qB — l)(r/a)a] where qa is the edge safety factor and 

a is a profile parameter. We want to investigate the behavior of <P near x ss 0. For 

x x z fi 0 we have n(r) ss n0 and q(r) as qa. For i :s 0 and : > i , we have 

r = yjx2 + z2 as z. The Faraday rotation integral can then be written for small x as 

cJ^xnt2 ,<• 1 - ( » / « ) ' j , . (9.9) 
flofc Jo 1+ (*,/*>-l)(*/a)° 

The slope at the origin is 

dx ' S — A o ) (9.10) 
•fto?o 
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where f{a) represents the above integral. Since the integral is heavily weighted toward 

small z, the value of / ( a ) is not very dependent on the q profile parameter a. Over the 

range of a parameters normally encountered, f(a) varies by only ±15%. For rapidly 

varying, or nonmonotonic q profiles there would of course be a larger variation in 

/ ( a ) . Considering / ( a ) roughly constant we Live the result 

9° « "•>/ -£ (9.11) 
i = 0 

With six chords located near the plasma center, the Faraday rotation slope is quite 

accurately determined. Also, these central chords tend to have the smallest fluctua

tion levels and smallest refraction. We see that the larger fluctuations observed on 

edge channels do not significantly affect the q„ calculation. 

The determination of qa from the polarimeter alone would have large uncertainty 

because the Faraday rotation profile goes to zero at the edge. This is why the total 

plasma current, obtained from the Rogowski loop, is used as a boundary condition 

giving qa. 

Although there are many uncertainties in the theoretical understanding of saw

teeth as discussed in Chap. 4, it is generally agreed that the sawteeth are triggered by 

a rapidly growing m = 1 mode which is unstable only if the q = 1 surface is inside the 

plasma. Thus, the time at which q0 = 1 can be compared with the start of sawtooth 

activity. Although other experiments have been successful in suppressing sawteeth 

with (jo < 1 through auxiliary heating, during ohmic heating on MTX sawteeth will 

generally exist when the q = 1 surface is in the plasma. Another check commonly 

made is the location of the sawtooth inversion radius compared with the 9 = 1 radius. 

This check arose from the reconnection sawtooth model, which predicts these radii 

to be equal. It has been observed in the past that the sawtooth inversion radius is 

always in the vicinity of the estimated 7 = 1 radius, but quantitative confirmation of 

this observation was not possible due to the lack of detailed q profile measurements. 

Recent measurements of the q = 1 radius on TEXTOR [108] have found that the 

sawtooth inversion radius is ~15% smaller than the 9 = 1 radius. 

An overview of a typical sawtoothing discharge with a toroidal field of 6.5 T is 

shown in Fig. 9.7. Although this discharge has a current ramp beginning at 0.17 sec, 
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Figure 9.7: Overview of discharge 12628. The toroidal field is 6.5 T. A current ramp 
down is initiated at 0.17 seconds. 
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we will concentrate here on the earlier portion of the shot. The profile inversion at 

0.15 sec is shown in Fig. 9.8. As expected for a sawtoothing discharge, the q = 1 

surface is present in the plasma. The error bars on q„ are ±0.0S as estimated by 

varying fit parameters or techniques, and varying the channel weighting. The time 

history of q0, qa, and the q = 1 radius are shown in Fig. 9.9 along with the Tc 

polychromator data. The polarimeter data was low-pass filtered at 100 Hz (less than 

the sawtooth frequency) for this plot. Note that the time at which q0 drops below unity 

agrees well with the start of sawtooth activity. This supports the standard notion 

that the sawtooth is triggered by a rapidly growing m = 1 mode that is unstable 

whenever the q = 1 surface is inside the plasma. This behavior has been checked on 

many shots and, to within error bars, always seems to hold. The equilibrium value 

of ?o during the current flattop has been checked for many shots at toroidal fields of 

5 and 6.5 T, and is generally in the range 0.7-0.9. Occasionally qc as low as 0.6 or as 

high as 0.95 has been observed during sawtooth activity. No discharges with q„ < 1 

without sawteeth have been observed. 

The location of the sawtooth inversion radius, rmvl is compared with the q = 1 

radius, r , j , in Fig. 9.9. Note that agreement is good early in the shot, but by 0.18 sec 

'"inv is ~ 85% of the q = 1 radius. The inversion radius in this plot was obtained 

from the ECE polychromator and the FIR interferometer as shown in Fig. 9.10. 

The polychromator has the advantage that the data is a point (rather than chord) 

measurement, however the radial location of the points is less certain because of 

calibration difficulties. The interferometer, on the other hand, has accurate chord 

locations (±0.5 cm overall, ±0.1 cm channel-to-channel), but requires inversion of 

the chord-integrated data. For this shot, the two measurements give almost the same 

value for rmy. 

The observation that r ; n v is slightly smaller than rql is in agreement with the 

TEXTOR [108] measurements, but contrary to the long-held belief that these radii 

are equal. Although the error bars overlap in Fig. 9.9, this trend shows up on many 

shots as shown in Fig. 9.11. The data shown in this plot was obtained from nine 

different shots at times ranging from 0.1 to 0.3 sec. As in Fig. 9.9, r 7 , and r i n v 

are usually equal earlier in the shot when r,j < 3 cm, but diverge quite significantly 
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Figure 9.8: Profile inversion for discharge 12628 at 0.15 sec. On axis q = 0.78 ±0.08. 
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Figure 9J0: a) Sawteeth on the FIR interferometer and polychromator channels. 
The top trace on the interferometer plot is the soft x-ray signal for comparison, b) 
The inverted density and temperature profiles for several time points, showing the 
inversion radius. 
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Figure 9.11: The temperature and density sawtooth inversion radius plotted vs the 
9 = 1 radius obtained from polarimetry. 

during the flattop equilibrium portion of the shot. Note also that the density sawtooth 

inversion radius is somewhat larger than temperature inversion radius. It is difficult 

to judge the significance of this small difference. It is outside the error bars due 

to random errors as can be seen in Fig. 9.10. However, systematic errors due to 

uncertainty in the measurement radius for each instrument cannot be ruled out. 

9.3.1 Poloidal Field Perturbations During the Sawtooth 
Crash 

In the time history plots shown in the last section, the polarimeter data was fil

tered to a frequency less than the sawtooth frequency so that the plotted values 

represent an average through the sawtooth cycle. In this section, we present higher 

time resolution data showing perturbations to the polarimeter signals that occur at 

the sawtooth crash. These perturbations are often, though not always, observed on 

chords inside the 9 = 1 radius. The sawtooth frequency is usually around 300 Hz, 
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while the polarimeter low-pass filter frequency is around 850 Hz. Thus the polarime

ter time response is just marginally good enough to observe sawtooth fluctuations. 

The precursor m = 1 oscillations are typically about 10 kHz, well above the polarime

ter response frequency. Despite the limited time resolution, rather large spikes in the 

polarimeter signal are observed for certain channels, as shown in Fig. 9.12. This 

happens to be a rare shot with a slow sawtooth frequency of ~ 150 Hz, giving the 

largest perturbations to the polarimeter signals observed to date. The extraordinary 

feature of these spikes is that the polarity and amplitude of each spike seems to vary 

randomly from sawtooth to sawtooth. To within the time resolution available, the 

peak of the spike corresponds to the sawtooth crash. The perturbation is noticeable 

on channels at x = -2.8, 1.8, 3.3, and 4.8 cm. The smaller fluctuation of ~ 0.2° ob

served on all channels represents the baseline noise level. The spikes on the chords at 

3.3 and 4.8 cm are of the same polarity, while the spikes at 1.8 cm have the opposite 

polarity. The signal spikes for the chord at -2.S cm, on the inside of the magneti": 

axis, has the opposite sign compared with ths chords at 3.3 and 4.8 cm, correspond

ing to a poloidally symmetric perturbation {\B\\\ same on both sides). For this shot, 

r g ] « 5.5 cm, so all of the chords with spikes are inside r,i. Unfortunately, the gap 

in the FIR measurement chord locations is near r ? ) , preventing measurements at this 

radius. The closest chord on the outside of r,i is at 7.5 cm; no perturbations are 

observed on this chord or on any other outside of this radius. 

The sawteeth are also visible on the interferometer signals. The line-density per

turbation is small at < 3%, and of the same polarity and shape for each sawtooth. 

Thus the large spikes and polarity change must be due to poloidal field effects only. 

Unexplained spikes were observed during the sawtooth crash on the TEXTOR [108] 

polarimeter, however, the spikes were very small ~ 0.2° and were regular (same sign) 

for each sawtooth. 

In Fig. 9.12, the sawtooth correlated polarimeter spikes are most visible for about 

50 ms prior to the start of current ramp at 0.2 sec which stops the sawtooth activity. 

The spikes for an ohmic discharge without a current ramp are shown in Fig. 0.13 

for the channel at x = 4.8 cm. Here the sawtooth frequency is ~ 280 Hz. The 

spike amplitude is smaller and is not easily visible on chords at 1.8 or -2.8 cm. The 
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Faraday Rotation Signals, Shot 12602 
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Figure 9.12: Time history of the centra! . irimeter chords during sawtooth activity. 
The bottom trace is central soft x-ray emission. 
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spikes persist throughout most of the sawtoothing portion of the discharge. Again, 

the random polarity and amplitude of the spikes is evident. Since the spikes are not 

visible on the inside for this shot, it is not clear whether the perturbation js poloidally 

symmetric or not. In general, the spikes are visible at some level on most sawtoothing 

shots at 5 T. They are not readily observed during sawteeth at 6.5 T for reasons which 

are not clear. Possibly the spikes still exist but have moved behind the port blockage. 

The 9 = 1 radius does not change significantly, however, between these two tore. Jal 

hV'd levels. 

In an attempt to improve the polarimeter time resolution, the raw modulated 

polarimetcr v weform for channel 7 at x = 4.8 cm was recorded at a sampling ra'.e 

of 20 kHz. By performing the phase comparison in software, a time resolution ap

proaching the modulation frequency of 4 khz can be obtained. This data is available 

for only a few shots. A comparison between the higher time resolution signal and the 

standard analog electronic phase comparator signal is shown in Fig. 9.14. The spikes 

in the higher time resolution data have larger amplitude, a width of ~ 0.4 ms, and 

precede the low time resolution spikes by 0.5 ms. The peak o. .ne high time resolution 

spikes correlates well with the sawtooth crash. It is possible that the spikes are even 

larger and narrower than shown here, but we have no way to increase the bandwidth 

further at this time. 

The inversion of the Faraday rotation data during the sawtooth crash is difficult 

because the perturbations are so large on certain channels. However, a rough idea of 

how the J profile .s responding can be determined. In Fig. 9.15, the Faraday rotation 

data is fit for three time slices, corresponding to the flat region between spikes, and 

at the peak of a positive and negative spike. As expected, these spikes translate into 

a very large perturbation to the J profile. For one polarity, there appears to be a 

sharp decrease in J at about 4 cm, while 'or the opposite polarity, there is a large 

increase in J at 4 cm. Although the uncertainty in the details of J is large, these 

profiles indicate an axis-symmetric laye. of current at r ~ 4 cm, where the toroidal 

dii '''on of the c jrrent perturbation changes randomly from sawtooth to sawtooth. 

Smoothing in the fitting/inversion algorithm will tend to broaden the features of the 

J profile perturbations here. Current density profiles with a larger but more localized 
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Figure 9.14: Comparison of fast software phase comparison (top) vs the standard 
electronic phase comparator signal (middle) for shot 13976. Sawtooth oscillations 
from the polychromator is also shown. 
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perturbation—a narrow current layer—may fit the data equally well. 

The random nature of poloidal field spikes suggests that the spike size and polarity 

may be related to the phase of the rotating m = 1 island at the time of the sawtooth 

crash. A good measure of the m = 1 island phase can be obtained from the fast soft 

x-ray diagnostic or the fast ECE polychromator. The soft x-ray is a line integrated 

measurement while the ECE is a point measurement. In Fig. 9.16 the soft x-ray 

m = 1 oscillations are plotted along with the polarimeter signal at x = 4.8 cm for 

two spikes of opposite polarity. The m = 1 mode number is verified by noting the 

180° phase change between the inside and outside channels. As can be seen, there 

is no clear difference in phase between these two sawteeth, yet the polarimeter spike 

changes polarity. The m = 1 island phase has been determined for many sawtooth 

crashes and in general the phase varies randomly from crash to crash; however, no 

obvious correlation with the polarity of the Faraday rotation spikes has been found. 

It is possible that the phase of the m = 1 island is continuing to evolve rapidly during 

the crash, preventing a good phase estimate. 

In summary, these are the facts regarding the observed spikes in the polarimeter 

signals: 

• Poloidal field perturbations with SB ~ 0.5 are observed on chords near to just 

inside the q = 1 radius. 

• No spikes are observed outside | i | > 7.5 cm. 

• The polarity of the perturbation varies randomly from sawtooth to sawtooth. 

• To within the available time resolution, the spike peak correlates with the saw

tooth crash. 

• The magnetic axis remains fixed (Faraday rotation zero crossing remains fixed). 

• The perturbation appears to be symmetric about the magnetic axis (even m 

number) for shot 12602, but not conclusively so for shot 12599 or others that 

have been studied. 
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Soft X-Ray Signals, Shot 12602 
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Figure 9.10: Tiie m = 1 sawtooth precursor oscillations for two spikes of different 
polarity on the Faraday rotation chord at 4.8 cm. 



171 

• No obvious correlation between the phase of the m = 1 island (from soft x-ray 

or ECE) and the spike polarity. 

• Te profiles are somewhat asymmetric after the sawtooth crash, but show no 

correlation with the spike polarity. 

• Spikes have been observed at 5 T but not at 6.5 T. 

At this point it is useful to consider the two basic sawtooth models discussed in 

Sec. 4.2, to see if any features of these models correlate with measurements. In the 

reconnection model, the cycle begins with a q profile that is flat and equal to one inside 

r,i. The temperature begins to peak due to ohmic heating, causing J I ncrea.ie on 

axis and o0 to drop. The m = 1 mode begins to grow slowly as soon as q0 < 1. As 

the gradient dq/dr increases at the q — 1 surface, a critical level is reached where the 

rn = 1 mode growth rate becomes extremely large. The m = 1 island width quickly 

reaches the q = 1 radius at which time reconnection takes place. The reconnection 

time on MTX, obtained from the sawtooth crash time, is ~ 30 — 50/is. Reconnection 

flattens the temperature and current density profiles, and the cycle begins again. 

With this mode], ignoring the details of the crash for now, we expect qa to be flat 

and near one right after the crash, and gradually decreasing as the sawtooth builds 

leading to the next crash. This is not observed on the polarimet.er data for shots 

with or without the above spikes. To within the noise resolution, the polarimeter 

signals are constant during the sawtooth ramp, and q0 remains between 0.7 and 0.85. 

Although the noise level and marginal time response makes it difficult to pick out 

small changes in q0 during the sawtooth ramp, a change from say 0.7 to 1.0 would be 

readily observed. 

At the sawtooth crash, however, a current layer is formed due to the reconnection 

of magnetic flux as described by Kadomtsev [60] and Wesson [63]. This is shown 

schematically in Fig. 9.17. We can estimate the expected amplitude of the current 

layer and related poloidal field perturbation to compare with the observed spikes. 

Consider the helical flux function i}> = f B' dr where B' = Bo{l -q), i.e. the poloidal 

field with the zero-shoh" field at the resonant surface subtracted off. For a simple 
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Figure 9.17: Illustration of the current layer associated with the reconnection of 
magnetic flux (after [C3]). The direction of the current in the layer is opposite the 
plasma current direction. 

parabolic q profile of the form q = q„ + (1 — 9o)(r/r,i) 2, it is easily shown that the 

helical flux per unit length inside the 9 = 1 surface is approximately 

*~jf t i ( l - fc) 0-12) 

where Bei is the poloidal field at the q = 1 surface. We see from Fig. 9.17 that as the 

core moves to the right with velocity v, the helical flux gets reconnected in the thin 

layer of width i. From Faraday's law this changing flux creates an electric field given 

by E ~ vB'jel:, where v = r , i / r e , TC is the reconnection time, and B'^ ~ Bfi{l—qa). 

This electric field drives current according to Ohm's Law which contains both resistive 

an'! electron inertia terms. As shown by Wesson [63], for small Tc the inertia term is 

dominant and Ohm's Law becomes 

ne* o 

where i ~- c/u;F and up is the plasma frequency. The reconnection time is TC ~ 

f j i S ^ / c where TA is a characteristic Alfven time given by TA = rql y^nr r^ /B" . 

Using shot 12602 above with n„ = 2.5 x 10 2 0 m ' 3 , g0 = 0.75, S, = 5 T, and r „ = 5 cm, 

we have the follow estimates: 

TC = 54 /is 
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6 = 3 x i r r 4 m 

Ju,er = 2 X 10 8 A/m* 

S«V = 0.1 T. 

We see that the calculated reconnection time is in good agreement with the sawtooth 

crash time of 30-50 /is. The layer current density is approximately equal to the on-

axis current density while Bl^,,. is about a factor of two less than the perturbation 

seen on the polarimeter signals. Thus, we conclude that the observed poloidal field 

spikes are the right order of magnitude to be caused by reconnection. Several things 

do not agree however. The poloidal symmetry seen in shot 12602 does not agree with 

the expected m = 1 perturbation. Also the changing spike polarity is unexplained; 

the current layer derived above is opposite the equilibrium plasma current direction 

and does not change sign. Finally, we note that the duration of the current layer 

TC ~ 50 /is is quite short compared with the width of the polarimeter spikes at 

500 ps. This may be a result of the limited polarimeter time response. 

In the turbulent model, the growth of the m = 1 island is again responsible for the 

sawtooth crash. However, in this case the island grows to some critical width—not 

necessarily the width of the 9 = 1 surface—at which time a narrow current layer is 

formed at the island separatrix. This current layer creates a region of turbulence or 

stochasticity which causes the temperature profile to collapse. With the exception 

of the singular current layer, the overall J and q profiles remain relatively constant 

during the entire sawtooth cycle. It has been estimated that the onset of turbulence 

or stochasticity occurs with q^ between 0.7-0.8. This behavior seems to be in better 

agreement with the polarimeter q profiles between sawtooth crashes. Again we could 

explain the observed spikes as being due to the current layer formed at the X-point. 

but the same objections raised above with regard to the reconnection model apply 

here as we!!. 

A final possibility is that the poloidal field perturbation is due to induced current 

caused by a displacement of the plasma core following the crash. Inside r i n v the 

pressure drops at the time of the crash, leading to i'. small decrease in major radius of 
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the core. Thinking of the plasma outside r,i as a highly conducting shell, a current 

layer would be induced to impede the movement of the core. One could imagine 

different perturbations depending on the rotation angle of the helically perturbed 

plasma core. If so, there should be some correlation between the phase of the m — 1 

island at the time of the crash and the polarity of the poloidal field perturbation 

observed on the polarimeter; as mentioned before this is not seen. 

To conclude, we have measured q0 during the sawtooth instability and have found 

0.7 < <j0 < 0.9 for typical discharges. The time at which q„ goes less than one agrees 

well with the start of sawteeth. During the period between sawtooth crashes, ft, 

remains constant to within the experimental uncertainty of ±10%. This appears to fit 

the turbulent sawtooth model better than the full reconnection model. Large poioidal 

field spikes corresponding to the sawtooth crash have been observed on polarimetcr 

channels just inside the q = 1 radius. The spike amplitude is roughly equal to 

that expected from the reconnection of magnetic flux, but the polarity and poloidal 

symmetry of the perturbation does not match either sawtooth model. 

9.3.2 Non-Sawtoothing Discharges 

Quite frequently on MTX, two discharges will be initiated with similar machine i/a-

rameters (Bt, pulsed gas, Ip ramp, etc.), but one will exhibit sawtooth oscillations 

and one will not. In this section we examine two neighboring shots, 12024 and 12625, 

which show this behavior. A comparison of the time histories of plasma current, 

density, electron temperature, central radiated power, and q0 is shown in Fig 9.18 for 

these shots. In shot 12C25, the sawtooth instability begins hi F nis ii, f.̂ od agree

ment with the time at which the q0 = 1 surface enters the plasma. S'ICI 12024 shows 

Tr about 25'/f less than 12625, and no sawteeth consistent with qa > 1 throughout the 

discharge. Note that there are a few sawtooth-like crashes in shot 12621 at ~ 0.7 sec; 

these have an inversion radius just like regular sawteeth, but q0 s= 2 so this feature 

cannot be due to the m = 1 mode. 

The most striking dif'erence in shot 12C24 is the increased radiated power (Pr»j) 

which appears to keep th; core T, lower and q0 higher. Measurements of Zfn during the 

two shots gives a similar value of ~ 1.2 ±15%. Therefore, the increased radiated power 



175 

300 

1.200 
a. 

100 

I 
. 

I 
, 

I 
/"> 

Shot 12625 
Shot 12624 

-

E 2 

. Line Aveiaged Density -

s 

. Line Aveiaged Density -

I1 

c 

s < ^ -

>• 1.0 

- Peak T. (Polychromator) 
rV 

t- J 0.5 -j 

A 

1 

' Central Radiated Power (Bolometers) 

-

• 

2 
O 

Central q 

-

1 ^ \ 1 

i 
0.00 0.05 0.10 

time (sec) 
0.15 0.20 

Figure 9.18: Time (listory comparison cf a non-sawtoothing shot 12C24 (dashed) and 
a sawtootliing shot 12G25 (solid). The central g measurements shown are obtained 
from the polarimeter. 



176 

1.2 

1.0 

0.8 

S. 1.6 
• 

0.4 

02 

T. (Michelson) 

1262S-

« 4-+. 

3 12624 H 

/ 
0.0 
-0.18 

W M I I I I I i l i i l 11 11 I i i r I 11 i 
-0.09 0.00 0.09 

R-R0 (m) 
0.18 

Faraday Rotation 
10 

5 

0 

-5 

10 

12625-
10 

5 

0 

-5 

10 

12624 ^ + + 

+ 
•-H-
f . . I . . , . . . , . 

-0.18 -0.09 0.00 0.09 
R-R„ (m) 

0.18 

0.8 

0.6 

0.4 

0.2 

0.0 

Line Density 

12625 

\ 

, i i . | . , m 

. . . . . . 
+ + H + 

12624 

• • i • • • ' " • • 

• 

, i i . | . , m 

. . . . . . 
+ + H + 

12624 

• 
+ . 
+ 

w u n l i i u . . . . 1 
+ 

• • l 

-0.18 -0.09 0.00 0.09 
R-R0<m) 

0.18 

Density Profile 
3.0 

2.5 12625 / V ' ' ' \ \ 

V.--' \ \ J~ 2.0 

8 1.5 

^ 1.0 

- / / * < '"'••A -
/ .•• 12624 •. \ 

0.5 tf \ '• 
0.0 ' ' i i . . . . i . .• 
-0.18 -0.09 0.00 0.09 

R-R0 (m) 
0.18 
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if ine to line radiation from heavy impurities. Molybdenum, the limiter material, is 

the dominant impurity. This is a common situation on machines with metal limiters, 

and will be discussed at greater length in the section on disruptions. 

The reason for the increased impurity level in shot 12624 is not clear, but probably 

results from subtle differences in the breakdown and early current ramp phase of the 

discharge. We see that the large Tt crashes observed in 12C25 during the time period 

0.01-0.05 sec are not present in 12624. Also the MHD activity during this time period 

is larger in shot 12625 than 12624. These minor disruptions may be an important 

mechanism for purging heavy impurities which exist from the plasma breakdown. 

A comparison of Te, n, and Faraday rotation profiles for the two shots is presented 

in Fig. y.19. The "hole" in the T, profile due to the increased radiated power is 
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clearly visible for shot 12624. The profile is not simply hollow, but has an unusual 

asymmetry. The density appears to be reasonably symmetric but more sharply peaked 

in shot 12624. The Faraday rotation data for 12624 is shifted to inside slightly and 

also shows a larger asymmetry than the sawtoothing discharge. 

The asymmetries observed here are puzzling, but occur quite reproducibly during 

non-sawtoothing discharges with high impurity radiation. Generally, the thermal 

conductivity along field lines is so large that flux surfaces can be considered constant 

Tc surfaces. The asymmetry in Tt then impfe either a large asymmetric power 

sink—which could be due to an asymmetric distribution of heavy impurities—or a 

distortion of the magnetic flux surfaces away from the standard assurnpt ion of offset 

circles. A combination of these two effects is also a possiLllity. 

We can examine the magnetic flux surface positions in shot 12624 using the po-

larimeter data. Although information on poloidal asymmetries is limited with just 

a vertical v:ew, flux surface shifts along the major radius (cost? perturbation) can 

be studied. In Fig. 9.20, the Faraday rotation data at 0.2 sec is inserted using the 

standard technique. The Shafranov shift function A(r) is calculated using Eq. 3.42. 

The asymmetry in the Faraday rotation data relative to the fit shows up clearly in 

this plot. This is not observed to the same degree in normal sawtoothing shots. 

From Eq. 8.8, it can be seen that the symmetry of the Faraday profile about the 

magnetic axis is dependent on the function A and its derivative. In Fig. 9.21 we St 

the Faraday rotation profile at 0.2 „ec using a A(r) profile generated to give a better 

fit to the Faraday rotation data. There is no physical basis for this A profile, it simply 

gives a better fit to the data. The Pux surfaces are still circular in this case, but the 

offset of each flux surface, given by A, no longer agrees witn the large-aspect-ratio 

expansion solution. Of course, the flux surfaces could also be distorted from circular 

(slightly elliptical or triangular), but we cannot clearly identify these effects with our 

single view. Fortunately, the different A(r) profiles do not have a large impact on the 

final q profile. Comparing Figs. 9.20 and 9.21, we see that q„ varies from 1.4 to 1.2S, 

remaining well above one in either case. 

In summary, it has been found that non-sawtoothing discharges during ohmic 

operation on MTX are characterized by high heavy-metal impurity radiation and 
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q„ > 1. The impurities appear to be trapped in the plasma, as a result of subtle 

differences in the initial breakdown and current ramp. Asymmetries in the measured 

Tc and Faraday rotation profiles are believed to be related to asymmetries in the im

purity distribution, since normal low-impurity sawtoothing discharges do not exhibit 

these effects. 

9.4 Tearing Mode Analysis 

The stability of the MHD resistive tearing mode is determined solely by the profile of 

current density as discussed in Chap. 4. Although rotating magnetic islands associ

ated with tearing modes are routinely observed on all tokamaks using magnetic loops, 

comparison with theory has been hampered by the lack of J profile measurements. 

Soltwisch, et.al., [24] reported a measured J profile stable to all MHD modes, but the 

emphasis here was on the stability of the m = 1 mode. 

In this section, the polaTimeter J profiles are used to calculate tearing mode 

stability. We assume the cylindrical approximation (no toroidal effects) and solve 

Eq. 4.17 for the stability parameter A' as discussed in Sec. 4.1.2. Positive values of 

A' indicate instability. These predictions are then compared with external "pick-up" 

loop measurements. 

The MHD pick-up loops are identical to those used on the Alcator-C experiments 

as shown in Fig. 9.22 There are two sets of 12 loops located on opposite sides of the 

torus. For shots examined in this thesis, only one set of poloidal loops was operational 

so the toroidal mode number ii cannot be identified. From previous experience, we 

expect mainly n — 1 and n = 2 mode numbers. Poloidal mode numbers from m = 2 

to m = 6 can be studied. Modes greater than six are not uniquely determined by the 

pick-up loops and in general are not expected because qa is almost always less than 

six. except during the initial current ramp. 

During the flattop of a standard discharge where 2.5 < qa < 5 and the J profile 

is peaked, tearing mode analysis usually predicts stability for all m > 2 modes. The 

m = 2 mode is almost always unstable and is generally observed on the pick-up loops 

throughout the Ip flattop. During operation of Alcator-C at MIT, a sharp density 
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Figure 9.22: Configuration of the MHD pick-up loops used to determine the poloidal 
m number (after [105]). 

threshold was observed for the MHD activity [105J. We have not observed such a 

threshold during the operation on MTX. The MHD activity is somewhat larg< it 

higher density and current, but no density threshold for MHD activity has been noted. 

The difference may be that MIT used an analog system to process the mode number, 

while we digitize the pick-up loop signals directly at 100 kHz. The digitized signals can 

be filtered and processed in software to improve the S/N. This is important because 

lower frequency power supply noise at < S kHz often swamps the MHD signals at 

10-20 kHz. 

Even with the pick-up loop signals digitized directly, it is still difficult to unam

biguously identify the mode number. The following procedure is used here. First we 

take the Fourier transform of the loop data during a time window of interest. The 

frequency spectrum in the range of 5-20 kHz is scanned for the peak corresponding 

to the rotating island frequency / m (usually there is only one peak, but occasionally 

there are more). The 12 pick-up loops are then bandpass filtered about / „ to reduce 

noise and are plotted vs poloidal angle for a single time point. If a strong single 

m-number exits, it can be picked out visually. A Fourier transform of the poloidal 

variation can also be used, but non-ideal effects such as poloidal asymmetries in the 

island, or plasma offsets, usually lead to finite Fourier amplitudes for mode numbers 

that are not believed to be present. In summary, this method of pick-up loop anal-
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ysis has proven very reliable for determining the presence of MHD activity and the 

dominant mode number. If more than one mode is present at a given frequency fm, 

then the mode identification becomes less certain. 

Using these tools, we will analyze the current ramp shot 12602 shown in Fig. 9.23. 

The advantage of studying a current ramp shot is that a number of different J profile 

shapes are obtained as the current diffuses in or out. There are three distinct time 

slices that will be discussed for this shot. The initial current ramp-up takes place 

between 0-60 ms. During this time g0 > 1, large bursts of MHD are observed, and 

rapid current penetration is seen. The period from 0.12-0.19 sec is characterized by 

a peaked J profile, q0 < 1 with sawtooth oscillations, and m = 2 MHD activity. The 

current ramp-down from 320—>\70 liA occurs from 0.2-0.26 sec. A shrinking of the J 

profile (increasing £,-) is observed here, and the MUD activity stops. 

The polarimeter signals are plotted along with the MHD loop activity for the 

initial ramp-up in Fig. 9.24. Note the burst of MHD at 0.04 sec followed by a large 

perturbation to the poloidal field seen on the Faraday rotation signals at 0.045 sec. 

The MHD burst at 0.04 sec is identified as m = 3, followed by predominantly m = 2 

at I > 0.06 sec. Smaller levels of m = 3 also appear during t > 0.06 sec, but 

not conclusively so. The poloidal field perturbation at 0.045 sec is localized to the 

chords outside about 8 cm, which is outside the q = 2 radius. The Faraday rotation 

profiles for selected time slices during this period are given in Fig. 9.25. Again, the 

large perturbation can be seen on the profiles between 0.044 and 0.050 sec. The 

profiles from 0.052-0.056 sec have returned to a relatively smooth shape. These MHD 

bursts and perturbations to the poloidal field are frequently observed during ramp-

up, although this example is larger than most. The Faraday rotation perturbation 

sometimes occurs during the MHD burst rather than after as seen here. The sawteeth 

start quite early on this shot, about 0.055 sec, with 0.08 sec being more typical. 

The profile and tearing mode analysis at 0.04 sec is shown in Fig. 9.26. The 

plasma is offset considerably to the outside as is typical for early in the shot, but J 

profile is unusually peaked for this time. The fit does not agree well with the inner 

three chords during the early part of the shot as shown here. If we believe these data 

points are real, they would indicate a secondary current filament or sheet on the inner 
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Plasma current, shot* 12602 

Figure 9.23: Overview of shot 12602. A large current ramp down was induced at 0.2 
sec. All MHD and sawtooth activity terminates shortly after the ramp down begins. 
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Polarimeter Time History, Shot 12602 
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Figure 9.2-1: Polarimeter and MHD loop signals during initial current ramp. A sig
nificant perturbation to the poloidal field is evident during the transition from m = 3 
to m = 1. 
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Faraday Rotation Profiles, Shot 12602 
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Figure 9.25: Faraday rotation profiles during the initial current ramp for shot 12602. 
A large perturbation to the poloidal field is observed from 0.044 sec to 0.050 sec. The 
current profile has peaked up significantly by 0.056 sec. 
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(small ft) part of the vessel in addition to the main plasma in the outer part of the 

vessel. Because of the large plasma offset, and the strange behavior of these inner 

chords, there is clearly a large uncertainty in the inverted profiles. 

Tearing mode analysis has been performed for this time slice. The mode am

plitudes and stability factor a A' are shown in Fig. 9.26 for n = 1, m = 2 and 

n — 1, m = 3. In this case the m = 2 is predicted to be unstable and the m = 3 

stable. The poloidal profile of the pick-up loop signals is also shown (plotted over two 

poloidal rotations to help visualize the mode number), indicating the m = 3 mode. 

Although not shown in the plot, the n = 2, m = 3 mode has also been tested and 

is found to be unstable with aA' ~ 15. The n = 1, m > 3 modes have been ana

lyzed, but for the all the profiles shown in this section these modes are stable. So the 

n = 2, m = 3 mode appears to be the most likely cause of the observed oscillations. 

Unfortunately, we do not have data from the pick-up loop set at the other toroidal 

location to verify the toroidal mode number. 

The obvious question here is what causes the large perturbation to the Faraday 

rotation signals. It seems unlikely that it is due to the n = 2, m = 3 MHD burst 

because the q = 3/2 resonant surface is quite close to the magnetic axis, while the 

Faraday rotation perturbations are outside the q — 2 surface. The n = 1, m = 3 

mode would be more likely because the q = 3 surface is quite close to the vessel wall. 

Another possibility, which is probably closer to the truth, is that the J profile is not 

a smooth profile with well defined rational q surfaces, but instead is very irregular 

containing current filaments or sheets, which lead to a highly unstable configuration. 

A representative profile from the flattop region at 0.17 sec is shown in Fig. 9.27. 

The discharge is sawtoothing at this time and the Faraday rotation signals have 

reached an equilibrium level. The J profile is peaked, qa = 0.S3, and tearing mode 

analysis predicts the n = 1, m = 2 mode to be unstable. Both the n — 1, m = 3 and 

n = 2, m = 3 modes are predicted to be stable. The m = 2 mode is observed on the 

pick-up loops. 

As the current ramp down begins, the MHD activity is observed to stop at 

~0.22 seconds. A profile analysis at 0.24 sec is given in Fig. 9.2S. The J profile 

has become very narrow but essentially flat at the same time. Nolr also the unusu-
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Figure 9.27: Profile and tearing mode analysis for shot 12602, just prior the lp ramp. 
Normal m = 2 MHD activity is observed on pick-up loops and is confirmed by the 
profile stability analysis. 
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ally peaked density profile. Stability analysis shows this J profile to be stable to all 

n = 1, ra > 2 numbers. The n = 2, m = 3 is also stable with «A' ~ - 2 . These 

predictions are confirmed by the absence of any measurable MHD activity. As can 

be seen, the m = 2 mode is just marginally stable with a„A' = —2.6; the stability 

analysis of the m = 2 mode is quite sensitive to the position of the q = 2 surface 

relative to the edge of the current profile. We used a super Gaussian (exp( — \r/at\a)) 

profile to fit the data for this time slice be- iuse it gives the sharpest falloff to the J 

profile. As can be seen, this profile fits the data quite well. Using the spline fitting 

technique, a slightly smoother J profile is obtained which, when analyzed for tearing 

mode stability, shows the m = 2 mode to be marginally unstable. 

In summary, we have used measured J profile to predict the stability of MHD 

modes. Good agreement with the observed modes is obtained. The method is most 

reliable during the time period of ~ 0.0S—0.3 sec where the Faraday rotation profiles, 

and the resulting J profiles, are relatively smooth. Early in the discharge, MHD 

stabi'ity predictions are more difficult because the Faraday rotation profiles show 

considerable structui^ leading to large uncertainty in the inverted J profile. 

9.5 Disruptions 

The range <A plasma parameters over which stable operating conditions can be ex

pected is summarized by the Hugill plot as discussed in Sec. 4.3. These limits have 

been explored in past work on Alcator-C, as well as other machines. In addition to 

the Hugill disruption limits, disruptions can occur inside the normally stable operat

ing regime. One type of disruption in this regime, which occurs frequently on MTX 

when operating at lower densities, is shown in Fig. 9.29. The disruption occurs at 

0.2S3 sec and is preceded by a collapse of Tt on axis, which raises q0 above one and 

stops the sawtooth activity. This class of disruption can be analyzed using the po-

larimeter because the precursor T, collapse occurs over a sufficiently long time scale of 

~ 30 ms. MHD activity is evident throughout this shot up until the spike at 2S3 ms, 

after wh'ch the plasma current begins to drop quickly. The poloidal mode number 

is predominantly m - 3 during the burst at 30-40 ms, followed by m — 2 for the 
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Plasma current, shot= 12540 
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Figure 9.29: Overview of shot 12540. Collapsing Tt on axis begins at 0.25 sec resulting 
in a disruption .it 0.3 sec. 
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remainder of the shot. 

The current profile and tearing mode stability have been analyzed at 41 , 200, and 

279 ms as shown in Figs. 9.30, 9.31, and 9.32 respectively. At 41 ms we observe a 

very broad J profile. The density profile is essentially flat at this time and qa is well 

above one, consisttnt with the absence of sawteeth. Tearing mode analysis shows the 

n = 1, m — 2 mode unstable and the n = 1, m — 3 marginal!}' stable. The MHD 

loops show mainly the m = 3 mode. The apparent m. — \ component visible on 

th,? pickup loops is ringing following power supply SCR noise spikes. The profiles at 

0.20 sec are representative of the sawtoothing portion of the discharge. The observed 

m = 2 mode is predicted from the current density profile. 

During the temperature collapse at 0.279 sec, the J profile has also become hollow 

as seen in Fig. 9.32. The safety factor is above one and there are no sawteeth a t this 

time. In addition to the hollow profile, there is an asymmetry observed in both the 

7j profile and the Faraday rotation profile that is not fit very well by our equilibrium 

model. This type of asymmetry is frequently observed during non-sawtoothing dis

charges. Initially, it was thought that some sort of locked-mode (non-rotating) may 

have caused the Tt collapse, but the pick-up loops show a normal rotating m = 2 

mode similar to the earlier portion of the discharge. The n = 1, m = 2 mode is 

predicted to be unstable from the measured J profile. 

The disruption follows shortly after the J profile becomes hollow, and is believed 

to be caused by MHD instabilities related to the hollow J profile. In addition to the 

standard MHD modes, hollow profiles are unstable to double tearing modes. The 

double tearing mode results when the nonmonotonic q profile allows more than one 

rational surface of the same mode number to be present in the plasma. The islands 

on these closely spaced rational surfaces can overlap leading to a disruption [37, 38]. 

It is reasonable to ask if the J profile can become hollow during t ime 20-30 ms 

prior to the disruption due to resistive diffusion alone, or if some anomalous diffusion 

process is required to explain the hollow J profile. A local current diffusion skin time 

can be defined as T3 = 0.5afcr0//0, where a, is a characteristic Te width and aa is the 

on-axis conductivity. Using Te ~ 700 ev and a, ~ 4 cm gives r 3 ~ 18 ms, indicating 

that J can become hollow on this time scale. The final 50 ms prior to the disruption 
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Figure 9.30: Tearing mode analysis for shot 12540 during the initial IP ramp at 
0.04 sec- A burst of rn = 3 MHD activity is observed at this time. 
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Figure 9.31: Tearing mode analysis for shot 12540 prior to the Te(0) collapse. The 
TO = 2 mode is observed on pick-up loops and is predicted by the profile stability 
analysis. 
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have been modeled using the diffusion code discussed earlier in Sec. 2.2 along with the 

measured T e profiles. Again it was confirmed that the J profile does indeed become 

hollow prior to the disruption due to classical diffusion alone. 

The main question then is what leads to the hollowing of the temperature profiles. 

Referring to the electron power balance equation 2.29, the power balance on axis can 

be written 

3d. _ , Id ( dT.3„ndn\ 3n,(Ta-Tia) _ _ . „ , „ 

During normal operation with peaked profiles, the source power Poll is balanced by 

the loss terms on the right side of the equation. With hollow Tc profiles, however, the 

thermal diffusivity term and possibly the electron-ion exchange term become source 

terms on axis. Thus, changes in Xc alone cannot generate hollow Tc profiles. Also, 

no unusual MHD activity is observed that might cause large changes in ,\v Instead, 

the radiated power Pr must be increasing to approximately equal POH^ Impurities 

are the most likely cause of this increase in Pr. Although Zcn remains relatively 

constant at ~ 1.2 — 1.6, the radiated power shown in Fig. 9.33 from bolometers shows 

a substantial increase in the core beginning at 0.25 sec, the same time the T€ collapse 

begins. The peak ohmic power density prior to the collapse obtained from J • E is 

~ 7.5 \V/cm 3. By 0.25 sec the radiated power density is approaching the ohmic power 

density thus leading to the radiative instability. The most likely cause of the radiated 

power is line radiation from the limiter material molybdenum. Low Z impurities are 

fully stripped in the core and will not radiate. The presence of moly line radiation 

has been confirmed with the EUV SPREAD spectrometer. At these temperatures, 

molybdenum ionization states are in the range of Mo 2 3 + —>Mo32+. The line radiation 

power is a strong function of Tr as shown in Fig. 9.34. The radiated power can be 

expressed as 

Pr = nen;f(Tc) (9.15) 

where n. is the impurity density and j(Tc) is the function given in Fig. 9.34. Although 

shot 12540 is not a particularly low density shot with n = 1.7 x 10 2 0 m~3, this type of 

disruption is especially prevalent at low density where higher Tc and less gas puffing at 

the edge results in more plasma/limiter interaction. This behavior has been reported 
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Figure 9.33: Radiated power profiles from bolometers for the disruption discharge 
12510. Tt on axis collapses at about 0.25 sec when the radiated power becomes 
comparable to the ohmic power. 
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Figure 9.34: Total radiated power as a function of temperature for molybdenum (after 
Jensen, et al. [110]). 

previously in experiments at PLT using tungsten limiters [111, 112] and on Alcator-C 

with moly limiters [113]. In these experiments, a similar hollowing of the Tc profile 

followed by poor confinement and disruptions was observed. Current density profiles 

were not measured but were inferred from the Tc profile. 

The molybdenum impurity density at the beginning of the Tc collapse can be 

estimated from Fig. 9.34. Using Te ~ 1 keV, we have nz = Pr/(nc 2 X 10" 2 5), with 

Pr in units of W/cm 3. The bolometer radiated power ai, 0.25 sec is ~5 W/cm 3 and 

n„ = 2.5 x 101" c m - 3 which gives a molybdenum density of n. ~ 10" c m - 3 . This 

is comparable to molybdenum densities measured previously on Alcator-C [113] for 

plasma densities about 25% less than the density here. 

Wc have found that this radiative disruption can be stabilized through ECH heat

ing as shown in Fig. 9.35. In this discharge, T e on axis begins to drop at ~ 0.15 sec. 

Although polarimetry data is not available on this shot, the characteristics of the 

collapse are similar to shot 12540 analyzed above. The disruption begins at 0.182 sec, 

as evidenced by the drop in density and the notch in lr. A short 5 ms 100 kW ECH 

pulse is applied just as the disruption begins. A rapid increase in % on axis restores 

sawtooth activity and allows the discharge to continue normally. The reason ECH 

stabilizes (lie disruption probably results from a drop in t!,o level of line-radiated 

power due to the change in electron temperature. As can be seen in Fig. 9.34, the ra

diated power drops by a factor of three as the temperature goes from 0.7 to 2 keV. So 

it appears that the ECH induced 7^(0) increase is large enough to halt the radiative 
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Plasma current, shot= 11783 
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Figure 9.35: Overview of shot 11183. A disruption was imminent on this shot due 
to the collapsing Xe on axis from 0.15-0.18 sec. The ECH pulse applied at 0.18 sec 
peaked the Te profile, restored sawtooth activity, and prevented the disruption. 



200 

instability which had developed. 

Interestingly, there is not much difference between Tt after the ECU pulse and T, 

before the ECH pulse. Assuming n2 does not change, we might expect the plasma 

to develop another radiative instability. But this does not happen. Comparing the 

times 0.12 sec and 0.24 sec, Tt goes from ~ 1.05 keV to ~ 1.2 keV while n„ goes from 

1.25 x 102° m - 3 to 0.95 x 10 2 0 m" 3 . With constant n„ we see that PQH =JE~ T?/2E 

increases by 22% while Pr ~ ntnJ(Tt) decreases by 30%. The function f(Te) given 

by Fig. 9.34 is roughly constant over the small temperature change. The measured 

decrease in V, from 0.12 to 0.24 sec according to bolometers is only about 10%. 

We conclude that the increase in PQH coupled with the small decrease in P, leads 

to a more favorable power balance in the core, thus preventing the disruption from 

recurring. 
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9.6 Gyrotron Heating Results 

One of the early gyrotron goals was to heat the plasma with long pulse (200 ms) high 

power (300 kW) microwaves at varying toroidal fields to create different temperature 

and current density profiles. Similar experiments have been done on other machines 

to stabilize tearing modes and sawteeth. The J profile has never been measured 

during such experiments however so the mechanism for stabilization is not clear. 

Unfortunately, difficulties in operating the gyrotron at full power for long pulse lengths 

prevented the completion of these experiments. Generally, the gyrotron parameters 

were limited to 100-200 kW for pulse lengths of 5-50 ms. At nominal line average 

densities of 1 —1.2 x lO 2 0 n"T3, the typical temperature rise was in the range of 10-50% 

(100-500 eV). Diffusion modeling showed that very little change in the J ,iiofile is 

expected for most of these microwave pulses, and this is, in fact, what was observed. 

One type of discharge that did exhibit noticeable change in the current density 

profile during heating is the low density, low temperature, high resistivity discharge 

shown in Fig. 9.33. This discharge is somewhat anomalous in that large MHD activity 

and a hollow Tc profile is observed at this time. The total current is also about 100 kA 

lower than usual due to the high resistivity. The ECH pulse is applied at 0.155 s: ., 

heating the plasma to over 2.5 keV (the ECE polychromator saturates). Note that 

the MHD activity is suppressed at this time. The MHD activity prior to the ECH 

pulse is quite disorganized and has been analyzed using the pick-up loops: it appears 

to be mainly m = 3, although some level of m = 2,4 modes may also be present. 

This is consistent with the high qa and hollow J profiles observed at this time which 

are known to be quite unstable. The central radiated bolometer power is large prior 

to the ECH pulse, reaching as high as 3 W/cm 3, dropping to 1.2 W/cm 3 after the 

ECH pulse. 

Although there are some similarities, this shot is quite different from shots 12540 

or 11 "S3 discussed in the last section for a number of reasons. Unlike 12540, this 

discharge never establishes normal sawteeth, or normal density and temperature levels 

prior to the ECH pulse indicating very poor confinement. Also, large MUD activity 

consisting of a mixture of modes is present throughout this time and is probably the 
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Plasma current, shot= 12252 
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Figure 9.36: Overview of shot 12252. Large MHD Mtivity from 0.1-1.155 sec is 
accompanied by hollow Tc and J profiles. The ECU pulse applied at 0.155 sec peaks 
the Tc profile and suppresses the MHD activity. A normal sawtoothing discharge is 
observed after the termination of the ECH pulse at 0.2 sec. 
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cause of the poor confinement. It appears from bolometer measurements that the 

hollow profiles are due to large line-radiation power from the core, and that tlî -se 

hollow profiles cause the MHD activity (overlapping islands) resulting in the poor 

confinement. Shots like this are especially prevalent when attempting to operate at 

low density where the pulsed gas is reduced and the plasma temperature at the limiter 

is higher. 

The Faraday rotation angles are very small at this density and current making 

analysis difficult; however the S/N is adequate for determining the approximate shape 

of the J profile as shjwn in Fig. 9.37. There is a clear evolution of the J and Te profiles 

from hollow to peaked following the ECH pulse. The time slice at 0.19 sec on the 

lower right shows a Tt profile that is more peaked than the J profile; the two profiles 

should not agree at this point because the current density is still diffusing inward. 

Again we would like to know if the rapid peaking of the current density following 

the ECH pulse is due to classical diffusion or some other process. The J profile peaks 

up more rapidly (20 ms) than we might expect intuitively. But because of the high 

resistivity caused by the initial low temperature of 350 eV, the local skin time on axis 

T, = 0.5 a?OQUO is T, ~ 6 ms for a, = 4 cm. Simulations with the diffusion code, using 

measured temperature profiles, Spitzer resistivity, and Ip for the boundary condition, 

are shown in Fig. 9.3S for the first 7 ms following the ECH pulse. As can be seen, 

the current density begins to peak up very rapidly, within a few ms. Of course, the 

current has not fully diffused in after 7 ms as evidenced by the nonuniform electric 

field. The point here is that it does not take long for the J profile to evolve from 

hollow to peaked, thus turning off the large MHD fluctuations that were associated 

with the hollow profile. This is in agreement with Fig. 3.36 where the MHD activity 

is suppressed a few milliseconds after Tt begins to rise. 

Unlike shot 11783 shown in the last section, there is a large Te difference in shot 

12252 when comparing before the ECH pulse at 0.14 sec with after the pulse at 

0.24 sec. Using Eq. 9.15 and Fig. 9.34, we can estimate the molybdenum impurity 

density at these times. At 0.14 sec, the bolometer power in the core is 3 W/cm 3, 

n„ ~ 0.75 x 10 1 4 cm" 3, and f(Tt) ~ 1.7 x 10" 2 5 giving n. = 2.3 x 10" cm" 3. At 

0.24 sec, fUiom = 1.2 W/cm 3, n 0 ~ 0.6 x 10 1 4 cm" 3, and f(Te) ~ 7 x lO* 2 0 giving 
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Current Density Profiles, Shot 12252 
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Figure 9.37: Surface plot of J profiles foi ECH heating shot 12252. Prior to ECH.. 
hollow temperature and current profiles are observed with large MHD activity. The 
ECU pulse at 0.155 a>-' peaks the temperature profile and rapidly fills the J profile. 
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Figure 9.38: Diffusion simulations for shot 12252 during the first 7 ms following the 
ECH pulse illustrates the rapid filling in of the J profile. The dashed line is the first 
time slice. 
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n2 = 2.8 x 101' c m - 3 . So in this case, the impurity density remains roughly constant 

through the shot, and the large difference in power radiated from the core is attributed 

to the large Tt change. 

To conclude, we have analyzed three shots in the last two sections (12540, 11783, 

and 12252) that are characterized by unusually high impurity line radiation from the 

core. In all three shots, the high radiated power leads to hollow Te profiles. The 

hollow Tc profiles produce hollow J profiles. The existence of the hollow J profile has 

been demonstrated with the polarimetry measurements. In shots 12540 and 11783 

the hollow J profile caused the plasma to disrupt, while in 12252 it generated large 

MUD fluctuations and poor confinement. We have found that ECU heating on axis 

can peak the Te and J profiles, thus suppressing MHD instabilities and preventing 

disruptions. 

9.7 Current Ramp Experiments and Diffusion 
Modeling 

The purpose of the current ramp experiments is to perturb the J profile from the 

nominal Spitzer conductivity profile by creating a nonuniform toroidal electric field 

in the plasma. During the ramp, the diffusion of current and the plasma transport 

parameters can be studied. Similar experiments have been done recently on other 

tokamaks [35, 39, 40, 43, 44, 45], but without measurements of the poloidal field 

profile during the ramp. Generally, those experiments relied on £, measurements 

from the magnetic loops and diffusion modeling. Typically, the cylindrical diffusion 

equation given by Eq. 2.22 or 2.24 is solved using Ip as a boundary condition, while 

adjustments to the resistivity are made so that the electric field at the edge matches 

the loop voltage vt- Referring to Eq. 2.4, we can define the resistivity as 

7) = A, f 1.65 x 1 0 " 9 ^ J fi • m (r, in keV) (9.16) 

where A:(r, i) is a function which contains ZcnN(Zeir) plus any neoclassical or anoma

lous resistivity effects. We assume Tr(r, t) is known so that As is the only unknown in 

the resi; tivity expression. In Refs. [35, 39], Az is assumed constant vs radius, and the 
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time history is adjusted to match V(. In Ref. [40], Az is assumed constant in time with 

a parametrized form for the radial dependence which could be adjusted to match the 

edge field. There is evidence on MTX from bolometers and visible bremsstrahlung 

that the A. radial profile and time history change during the current ramp-do»'n as 

the edge plasma cools. 

Clearly one cannot obtain a consistent solution for both J(r, () and A2(r, t) from 

the single diffusion equation. Using the measured J(r, t), however, we can solve solve 

for r\ directly using Ohm's law rj(r,t) — E(r,t'/,'J(r,l), wherr ^(r,i) is determined 

from Maxwell's equation 

E{T,t) = £^dr + E(a,t). (9.17) 

The electric field at the limiter radius o is slightly different than the value measured 

at the vessel wall r = b due to changing flux between these two surfaces. It can be 

calculated from 

Combining this equation with Ohm's Law and Eq. 9.16, gives an expression for Az in 

term 5 of measured Te and Bg profiles: 

"•™=JfSL (I ̂ r*+*H IJ^- ^ 
Both of the above techniques (diffusion equation and direct A: calculation) are 

used to analyze current ramp experiments in this section. In addition, the ONETWO 

transport code has been run to look at the change in transport parameters during 

the ramp. 

The results from two current ramp shots, 12C02 and 12C28, will be studied here. 

An overview of these shots was shown earlier in Figs. 9.7 and 9.23. Shot 12628 has 

a modest drop in Ip from 360 kA to 250 kA; sawteeth remain throughout the entire 

shot, and the density remains roughly constant. In shot 12602 the current is ramped 

from about 310 kA to 120 kA; here the sawtooth activity ceases and the line density 

drops significantly. The density was allowed to drop somewhat on this shot to prevent 

the onset of MARFEs which usually occur during large current ramps. Because of 

OH power supply limitations, we were unable to increase the ramp rate to greater 
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Figure 9.39: Time history of diffusion simulations for shot 12602. 

than the 3.5 MA/s. The results here are restricted to ramp-down shots because there 

was not enough loop voltage available to produce good ramp-up shots. 

We begin by solving the diffusion equation 2.22 using an implicit finite-differencing 

algorithm as discussed in Appendix C. The time history of the diffusion code results 

for shot 12602 is shown in Fig. 9.39. For this run, lp is used as the boundary condition, 

and Z^g is fixed at a value of 1.2 to match the edge electric field before the current 

ramp. The measured Tc profile is used to calculate the conductivity profile assuming 

classical Spitzer conductivity. The code output includes the £ , J , and Be profiles. In 

Fig. 9.39 (b), the simulated electric field at the plasma center and edge is compared 

with the loop voltage measurement. There are several things to note on this plot. 

Even though the current ramp was initiated 0.19 sec into the plasma discharge, the 

electric field has not completely diffused into the plasma (although it is close). This 

is confirmed by the still rising lf and the ~ 0.1 volt difference between the edge 

and center E. The measured electron temperature on axis begins to drop at 0.2 sec, 

shortly after the current ramp begins and long before the electric field perturbation 

reaches the center. In fact, the drop in Ta actually causes a rise in the central 
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electric field (Fig. 9.39 (b)) to keep the current density constant. Apparently, the 

perturbation to the current density at the edge has affected the transport properties 

in the center of the discharge. This "profile consistency" behavior has been observed 

on other machines; the entire Tt profile drops consistently, rather than the edge Tt 

dropping while the center remains unchanged. Finally, we note that at 0.24 sec, the 

measured edge electric field begins to deviate significantly from the diffusion model. 

An increased Zz$ would give better agreement here, but bolometer radiation drops by 

50% at r = 0.7a and visible bremsstrahlung measurements show a drop in Zcn during 

the ramp of 10% as the edge plasma cools. 

The radial profiles for shot 12602 are shown in Fig. 9.40 through the beginning of 

the / p ramp from 0.1S-0.24 sec. In this plot, the Te profile is measured, while the E, 

J, and Be profiles are diffusion simulation results. Note the "consistent" T e profile 

which drops almost immediately upon initiation of the current ramp. We see from 

the electric field plot that by the end of the ramp, the field has only diffused in to 

about half the minor radius. 

When comparing the J profile simulations with measured profiles, for example 

Figs. 9.27 and 9.2S shown earlier, we see good agreement before the ramp at 0.17 sec, 

but a large disparity at the end of the ramp at 0.24 sec. The measured profile has 

a near rectangular shape. The- main difficulty with this comparison is the unknown 

Zcft(r,t) (or A.(r,t) ), which was set to be constant for the simulations. Although 

Zeg(r,t) is measured with visible bremsstrahlung, calibration uncertainties limit the 

accuracy to ~ ±20%. 

Instead, we use the measured Bg and J profiles to determine the resistivity func

tion /1..(r, <) according to Eq. 9.19. This is done for a sequence of time slices from 

0.17-0.27 sec in Fig. 9.41. The J profiles shown in this plot were obtained from the 

Faraday rotation data using a super-Gaussian fitting function for J. This fo»m was 

chosen because the very square shape which can be obtained fit the data best. An 

example of the super-Gaussian r \ was shown earlier in Fig. 9.28. Another difficulty 

in the fits which should be discussed is the calculation of A(r). As the current ramps 

down, the vertical equilibrium field also drops, roughly proportional to / p . The ver

tical field in the plasma is inhomogeneous, however, due to the large soak-in time. 
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Figure 9.40: Diffusion code radial profiles for shot 12602 during the IT ramp from 
0.18-0.25 sec. The Te profile is measured, while E, J, and B$ are calculated from the 
diffusion code. 

This, in addition to induced eddy currents in the surrounding structures, produces 

significant errors in the calculation of A(r) as discussed in Sec. 3.4. Following the 

normal procedure for calculating A(r), we obtain large A(0) on the oTder of 2.2 cm 

due to the dropping edge poloidal field. Such a large offset does not fit the data well. 

A better approach is to hold A(r) fixed at its pre-ramp value throughout the current 

ramp. This seems to fit the data better and is the method used here. 

Returning to Fig. 9.41, we note that the measured J profile begins to "square-up" 

starting at about 0.23 sec. This results in the large anomalous Az observed outside 

7 cm for the times 0.23-0.27 sec. Prior to 0.23 sec, the measured current density 

profiles give an A. profile in agreement with the expected result A. ~ Zc« ~ 1.2. The 

existence of the anomalous resistivity seen after 0.23 sec also agrees with the diffusion 

code simulations in Fig. 9.39 where the calculated and measured edge E diverge at 

this time. These conclusions were also checked using the spline fit inversion method 

and although the J profiles were somewhat less square, the A. calculations were 
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Figure 9.41: Measured J profiles are used to calculate E and the resistivity coefficient 
A. for shot 12G02. The measured T^2 profile (normalized) is plotted with J for 
comparison. 
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Figure 9.12: Time history of q parameters during the current ramp for shot 12602. 

qualitatively the same as in Fig. 9.41. 

The cause of this high resistivity is not known but may be due to closely spaced 

resonant q surfaces in the outer half of the plasma. A time history of the central 

and edge q is shown in Fig. 9.42. The central q rises above one at the same time 

the sawtooth activity stops giving confidence that our profile inversions are correct. 

During the Jp ramp, q„ goes from 3 to S. There is very little change in q(r) in 

the core—at least initially—which means that the q = 3 through 8 surfaces are 

v<ry closely spaced in the outer part of the plasma. One might expert overlapping 

islands, but there seems to be no observable MHD activity during the ramp. Also, the 

tearin mode analysis presented earlier predicts stability for all modes. Some type 

of turbulence due to the large gradient in q is another possibility. It is interesting 

to note that if the density is kept slightly higher during the current ramp through 

gas purring, this type of ramp always produces a MARFE which extends completely 

around the plasma edge. So it is possible that the anomalous edge A, may mark the 

beginning of a MARFE. Finally, we note that these square J profiles are similar to 

those observed at the end of a current ramp-up discharge in Rcf. [39] where the 9 = 2 

surface approached the limiter. The interaction of the m = 2 island with the wall 
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Figure 9.43: Time history of diffusion code simulation for shot 12628. 

was thought to be the cause of the square profile; this shot disrupted shortly after 

the <? = 2 surface reached the wall. 

Shot 12628 shows a significantly different behavior. This shot has a shorter ramp, 

and sawteeth continue throughout the discharge. The temperature on axis is 20% 

higher than shot 12602, and the profile is somewhat more peaked. Rotameters show 

50% less radiated power than 12602. The time history and radial profiles for the 

diffusion simulation are shown in Figs. 9.43 and 9.44. Like shot 12602, the E field 

has not completely diffused in when the ramp begins at 0.16 sec; the temperature 

drops on axis shortly after the ramp begins causing an increase in E(0). Again the 

edge E matches the measure loop voltage well for a constant Zcg = 1.2 up to about 

0.19 sec, when the curves diverge. 

The measured J profiles are much different d'iring this ramp as shown in Fig. 9.45. 

A spline fit is used to invert the polarimeter profiles in this plot. The interesting 

observation here is that the J profiles remain more peaked than shot 12602, and 

J(0) actually increases during the ramp-down. This has been checked by using other 

inversion techniques on the polarimeter data and, qualitatively, the same result is 
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Plasma Current 
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Figure 9.44: Diffusion code radial profiles for shot 12628 from 0.16-0.23 sec. 

obtained. This result is also consistent with the existence of sawteeth throughout the 

entire ramp. 

Although the calculated A2 profiles do show some variation during the ramp, they 

remain close to the expected value of 1-2. The value of Az on axis does drop below-

one at 0.24 and 0.26 sec which is not possible. A small change in the Tc calibration 

could raise these curves all above unity. We conclude that changes in the temperature 

and impurity profiles on a time scale faster th- the diffusion time scale can result in 

a small increase in J on axis even when the edge J is ramping down. 

All the current ramp shots show a decrease in Tc(0) when the toroidal E at the 

edge drops early in the ramp down. This implies an increase in the effective thermal 

diffusivky %t in the plasma core. In order to better understand this effect, we have run 

the neoclassical ONETWO transport code. Measured values of Te, n„, Zcn, V]oop, and 

Ip are inputs. The various transport coefficients are then calculated. In Fig. 9.46 the 

lime history of the effective thermal diffusivity Xc ' s plotted for three radial locations. 

As expected, we see an increase in Xe starting at the beginning of the current ramp 

at 0.175 sec. The reason for the increase is not known, but it seems clear that it is 



215 

Current Density Electric Field Ze« Term 

<" 2 

1 

3 

<"2 

3 

<"2 

< 2 

3 

< 2 

0.04 0.08 0.12 0. 
r(m) 

0.00 0.04 0.08 0.t2 0.16 0.00 0.04 0.08 0.12 0.16 
r(in) f(m) 

Figure 9.45: Measured J profiles are used to calculate E and the resistivity coefficient 
A. for shot 12628. The measured T^2 profile (normalized) is plotted with J for 
comparison. 
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Figure 9.46: Time history of the effective \-<. during the current ramp obtained with 
the ONETWO transport code. 

related to changes in the edge electric field and edge current density. 

As a final point of interest, we have noticed that the disruption shots discussed 

earlier and the current-ramp shots presented here have a feature in common. First, 

T,(0) drops due to radiation in the disruption shots or due to a change in Xc ' n t r i e 

current ramp shots. The drop in Te(0) causes an initial increase in E(0) which is 

required to keep J(O) constant. Associated with the increase in £(0) is a noticeable 

peaking of theon-axis density. This can be seen by comparing current ramp profiles in 

Figs. 9.27 and 9.2S or the disruption profiles in Figs. 9.31 and 9.32. This suggests an 

inward convective flow of particles that is affected by the changing E or Tc profiles. 

The neoclassical Ware Pinch effect is one possibility [114, 115], where the inward 

velocity in the banana regime is given by [29] vr = —i.ZjrjR E/B$. For MTX in 

the plateau regime with i/» ~ 3, this velocity is reduced by a factor of 5. Using 

r = 0.0S m. B6 = 0.45 T, and AVlo<tp = 0.15 V, gives Avr = 1 cm/sec. This 

is relatively small velocity, but it may partially account for peaking of the density 

profile. 
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Chapter 10 

Conclusion 

A fifteen channel polarimeter has been used successfully to measure internal poloidal 

field profiles on MTX. The rotating polarization ellipse measurement technique in

troduced in this thesis has proven to be a reliable method for obtaining line density 

and Faraday rotation profiles simultaneously, while reducing the deleterious effects of 

refraction. The number of measurement chords (15) exceeds any currently operating 

polarimeter. This was made possible by using a parabolic beam expansion system to 

illuminate the entire plasma, followed by an array of tightly packed Schottky detec

tors. The time response of the polarimeter system is ~ 1 kHz with an RMS phase 

noise of 0.18°. 

Although the MTX experiment is now complete, there are two areas where the 

polarimeter diagnostic could be improved on other machines. Most important, is 

filling in the gaps in the measurement chord profile. These gaps, caused by the port 

design on MTX, were a serious limitation when inverting the profile. Not only did 

the port ribs lead to the absence of data at a critical radius, but they also caused 

uncertainty in all chords adjacent to the ribs. The 1.5 cm chord spacing was quite 

sufficient for most purposes, so with a few extra chords in the gaps, the uncertainty 

in the profile inversion could have been reduced substantially. Of course, a second 

array of chords viewing horizontally would also bv a significant upgrade, enabling one 

to relax symmetry constraints in the inversion process, helping to identify island-like 

structures. 

The second area for improvement is time resolution. Our system was limited by 

the 1 kHz rotation speed of the crystalline quartz 1 /2A plate which creates the rotating 
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polarization ellipse. Although a factor of two in rotation speed may be gained with 

this setup, larger increases in time response require a new method for generating the 

rotating ellipse. One possibility is combining right and left-hand circularly polarized 

waves which have been frequency shifted by a rotating grating. Rota'ing gratings have 

been used extensively in interferometers where difference frequencies up to 100 kHz 

have been obtained. A polarimeter with this type of frequency response would be 

fast enough to diagnose rotating magnetic islands in the 10-20 kHz range. 

A wide range of tokamak plasma confinement physics issues have been investigated 

with the polarimeter. Comparison with magnetic loops gave confidence that the in

strument was working correctly. The measurement of the magnetic axis obtained 

from the Faraday rotation profile zero crossing has proven to be especially reliable 

(and does not require profile inversion). This may be an attractive option for plasma 

position feedback control on next generation steady-state tokamaks. A comparison 

of the polarimeter current density profiles with both classical and neoclassical con

ductivity profiles yielded good agreement. Given the uncertainties in measurements 

of J(r), Tc(r), and Zefr(r) profiles, it is not possible to unambiguously identify the 

neoclassical conductivity corrections, which are rather small on MTX. 

Safety factor proxies have been measured for both sawtoothing and non-sawtoothing 

discharges. During non-sawtoothing discharges we find q0 > 1, accompanied by asym

metries in the Tc and the Faraday rotation profiles. Impurity radiation is generally 

higher on these shots compared with sawtoothing discharges. The measurement of IJ0 

in the range 0.7 < q0 < 0.9 during sawteeth with an uncertainty of < 10% is in agree

ment with some other recent measurements on TEXTOR, JET, and DIII-D. We find 

that q„ remains roughly constant—to within the measmement uncertainty—during 

the sawtooth ramp. This result would contradict a full reconnection sawtooth model 

where qD is expected to return to slightly above unity after each sawtooth crash. The 

turbulent or stochastic sawtooth model, which allows qQ to remain well below one 

thro-ighout the sawtooth cycle, appears to agree better with these measurements. 

An exciting result, which has not been observed previously, is the existence of large 

perturbations, or spikes, which appear on the Faraday rotation channels just inside 

the q = 1 radius at tli» time of the sawtooth crash Although the narrow spikes 
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(0.5 ms) are right at the time resolution of the polarimeter, they are large enough to 

exceed the noise level by many times. The spike amplitude appears to be the right 

order of magnitude to be caused by a current layer generated at the m = 1 island 

X-point; however, the poloidal symmetry and randomly varying polarity do n^t agret 

with either of the sawtooth models studied here. An enormous number of experimen

tal studies have been devoted to observations of temperature and density fluctuations 

during sawteeth using soft x-ray emission, ECE, and interferometry. However, it is 

clear that significant perturbations to the internal poloidal fie'' are taking place which 

are not clearly understood. Considering the fact that the sawtooth instability was 

first observed 20 year ago and is still not understood, this is an area wh::h should be 

explored further. As mentioned above, increased polarimeter time resolution along 

with additional chords in the gaps created by the port blockage (which happen to 

be near the q = 1 radius on both sides), would help identify the ladial and poloidal 

structure of this perturbation. An additional horizontal view would provide even 

more information. 

Low m-number tearing modes observed with MHD loops have been compared 

with predictions based on J{r) profiles measured with the polarimeter. In general, 

good agreement is obtained for a wide variety of discharges. It should be noted that 

very small plateaus in the J profile—beyond the polarimeter resolution—can change 

the stability predictions; so an inherent assumption of relatively smooth J profiles 

was present in this analysis. Further work here should include improved polarimeter 

time resolution to observe the rotating magnetic islands. Stabilizing MHD modes 

through J profile control Is another exciting area where polarimetry measurements 

can be useful. 

Impurity related disruptions at low density have been observed on Alcator-C and 

other machines previously. Thcf» are believed to be caused by heavy metal (molyb

denum) impurity radiation in the core which causes the temperature to collapse. We 

have measured the current density profile during this collapse for the first time. It is 

seen that the J profile does indeed become hollow leading to MHD instabilities. 

Finally, current density profiles have been measured during current ramp exper

iments to study the diffusion of current and the effect of changing J(r) profiles on 
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confinement. It was noted at the beginning of the current ramp that changing the 

electric field and hence ohmic power at the plasma edge has a noticeable effect on 

the central temperature—an observation of profile consistency. It was found that 

for large current ramps 320 —> 100 kA, polarimeter J[r) profile measurements shov 

anomalous edge resistivity at the end of the ramp. This is probably related to the on

set of MARFES which occur at these low currents. An unusual peaking of J„ during 

current ramp-down was also observed on certain discharges. This may be caused by 

rapid changes in electron and impurity transport coefficients which propagate toward 

the center faster than the current diffusion time. 

We conclude that large multicYiord F1H polarimetry systems, sucli as theMTX in

strument, have been demonstrated as an valuable tool for measuring internal poloidal 

magnetic fields on tokamaks. Although this measurement is most straightforward on 

circular tokamaks with good port access to the plasma, with some creative design 

effort it should be possible on large next-generation machines with shaped plasmas as 

well. Considering the importance of poloidal field measurements to many advanced 

tokamak issues such as bootstrap and other non-inductive current drive techniques, 

as well as current profile control for MHD stability and maximizing confinement, this 

type of instrument should receive more attention in the future. 
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Appendix A 

Coordinate Systems 

Both cylindrical coordinates {R, z, <£) and toroidal coordinates (r, 0, <t>) are used through

out this thesis. These coordinate systems are shown together in Fig. 3.1. The coordi

nates (r, $, 0) are often referred to as pseudo-toroidal coordinates to distinguish them 

from fully orthogonal toroidal coordinates as described by Morse and Feshbach [116]. 

The major radius of the vacuum vessel is Ro, the toroidal angle is <j>, and the poloidal 

angle is 6. Differential operators for each coordinate system are given below, as well 

as the relations needed for conversion from one system to the other. Unit vectors are 

represented by e. 

Figure A.l: Cylindrical and toroidal coordinate systems. 
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A.l Differential Operators in Cylindrical Coordi
nates 

(A.l) 

V A - 1 9 (PA 14. 1 9 / l * 4. 9 / 1 - - (A.2) 
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1 dA2 dAj, 
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A.2 Differential Operators in Toroidal Coordinates 
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n?r 1 i d , , r , „ « / , d JRo + rcosB)df, 

+ cV [ (^o + r c o s f l ) ^ J { A ' 8 ) 

A 3 Relations Between Cylindrical and Toroidal 
Coordinates 

The following relations are useful in converting equations from cylindrical to toroidal 

coordinates, or vice versa. The 6 coordinate is similar in the two systems so we will 

focus on the poloidal plane only. 

R = Ro + rcasO (A.9) 

z - rsinfl (A.10) 

e/j = e r cos 6 — ej sin 0 (A.11) 

ez — e, sin 9 + eg cos 0 (A.12) 

e r = e» sin 9 + eR cos 0 (A.13) 

ej = e^cos^ — 6/jsinfl (A.14) 

The relations between differential operators are, 
9 • „d 1 „d 
Tz = '"'fr+^'eO 

m = m9i-\™*h (A-15) 

Also useful are the expressions relating the poloidal field B p to the flux function 

i/> in both coordinate systems. The poloidal field is given by B p = l/R(Vil> x e^). In 

cylindrical coordinates we have, 

*, - -i£ (A-.6, 
B, - iff. ,*Jf l 
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and in toroidal coordinates, 

_ 1 1 dtp 
B T = ~(Ro + rcosO)7~d0 ( A 1 8 J 

1 dxb 
Be = T p — -jr-jp. (A.19) (Re + rcos0) Or v 
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Appendix B 

Finite Differencing Method for 
Second-Order Radial Equations 

Both the tearing mode equation 4.17 and the homogeneous portion of the Grad-

Shafranov equation 3.48 have the same form given by 

- ^ • + - f t T - ^ r ) = 0 (B.1) 

where 6(r) is some function of r usually dependent on the equilibrium magnetic field 

profiles. 

Setting up a grid of radii r,- ranging from To to n v + ] with a step size ($r, allows us 

to write Eq. B.l as 

fl,+,-2Hi + H,_^H,+1-Hi-,_JUL = 

6r 2 ' 2i£r 2 (iSr)2 K ~' 

The boundary condition at r = 0 can be handled by symmetry considerations if 

//(0) is not known, but for the equations we are working with here, the boundary 

condition is simply //(0) = 0 for m > 2. We assume that the value of H at the other 

boundary is known / /N+I = hi,. So the boundary equations for i = 1 and i = N are 

g,-2g, +Jh__H^ = 

6 r 2 + 2<5r2 (6r)i { ' 

—2HK + HN-% —HH-I Hribn —h, -HN^ HNbN zhfi • ±.) f R 4 i 
+ 2 A ' o > 2 (A'<Sr) 2 <5r2 I T 2,'VV ' * J <5r2 2 A ' o r 2 (A'<Sr) 2 

Tlie differential equation B.I can now be written as a matrix equation 

A H = k (B.5) 
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where, 

A = 

( - 2 - 6 , ) (1 + i ) 0 
( i - i ) ( - 2 - f t ) (i + i ) 

( 1 - 1 ) ( - 2 - f r ) (1 + 1) 
(1-27?) M - ^ ) J 

k = 

0 

The desired solution for H is given by 

H = A " 1 - k . 

(B.6) 

(B.7) 

(B.8) 

Since A is a tridiagonal matrix, the solution for H is easily obtained using an LU 

decomposition method referred to as the Thomas algorithm [117]. This method is 

fast and has excellent round-off characteristics. 
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Appendix C 

Implicit Finite-Differencing 
Method for Current Diffusion 
Equation 

The current diffusion equation in cylindrical geometry is 

dt //, 
1 9( V J ) + 9 2 M ) (C.l) r dr dr2 

where the resistivity T) is now considered a function of r and (. Substituting h = rj/na 

gives 

aj__\_d(hJx a w ) 
a< r 9r Sr 2 ' l ' 

We now use an implicit finite-differencing technique, expanding the above equation 

on a two dimensional grid with time points t — nSt and radial points r = iSr, giving 
•/,"+' - J? h?+iJ»+1 - hUJF-i . h$?J&1 - top* J?** + h?»J& 

It _ 2i6r~* + 6r~* • t U J ) 

Special consideration must be given to the l / r term at the origin. Using symmetry 

at the origin where J'(ir) = J'(—A>), we can approximate 

The difference equation for the origin becomes 

— 0 7 - = *P + &s ' ( C 5 ) 

The boundary condition at the outer edge of the plasma (or at the loop radius b) 

is fixed by either the measured loop voltage giving the toroidal electric field, or by 
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the total plasma current. The total plasma current is used here. Using Faraday's 

equation 
an, an at„ n 

(C.6) dBe = dE _ d(yJ) 
dt dr dr 

and substituting Be{b) = /icIf,J(2-jrb) gives 

litb dt 2Sr (C.7) 

Substituting this for Ajv+i^w+i m Eq. C.3 with i = N gives the finite difference 

relation at the outer edge 

The final matrix equation for J can be written as 

[I - SiAi]3n+' = [I + StA2]J" + Sik (C.9> 

(CIO) 

with the solution 

J " + 1 = [I - ttAij-'HI + StA2)3n + 6tk). 

This equation is inverted using the LU decomposition Thomas algorithm [117). The 

matricies are given by 

1 

A 2 = 2<5r2 

-2AS+' 2ft J + 1 

A^, 1 - 2 A ? + 1 

0 0 
0 

0 
0 

0 fc^i1 

0 0 9 L H + I 

- 4 A £ + 1 4 A ? + 1 0 
0 

0 
0 

( C l l ) 

k = 

0 0 0 

(C.12) 

irbhr 

n/2N + f " + 1 

(C.13) 
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Appendix D 

Series Solution to Polarization 
Propagation Equation 

In this appendix, the series solution to the polarization propagation equation 5.43 is 

worked out to third order. The series solution for s is given by 

s(z) = s. + a 0 + 5 > n ( 2 ) , (D.l) 
l 

where so is the initial value of s, and 

aoOO = £ * „ « * 8 0 d*' (D-2) 

*nW = j:,.axan.1(z')<iz: (D.3) 
The plasma boundary is at ± z a . We make the substitution 

W(z)= f n(z)dz, (D.4) 
J-z* 

or equivalently, 
O M = - ^ - - (D-5) 

It is important to note that W and ui ire functions of z, so the integral over the entire 

plasma from — z a to z„ is not evaluated until the last desired term in the series has 

been veached. 

The first-order equation for s is 

•Si = sn + W2S30 - W3S20 (D.6) 

s2 = S20 + Wasio - IV1S30 (D.7) 

s3 = S3o + W,s20-W7s,0. (D.S) 
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To second order, we have 

• 3W, 
Si = .SlO + W2-S30 + J -^-2(1^^20 - W2S10) - H 3-S20 

- / - ^ ( H ^ ' i o - ^ s a o ) (D.9) 

r dW3 

sa =S2D-r- W3S10 + / -r~(W2S3o - W3S20) - I I^SM, 

- _ / - ^ 1 ( H / : S 2 0 - W 2 s 1 0 ) (D.10) 

/ dWt 
*3 = *30 + H ' lS 2 0 + / - g — (W3S10 - W1S30) - WjSlO 

r dW, -J-gf{W2s3B-W3S20). (D.ll) 

Using the relation 

J-rW1dz = j-_-^-d, = -~±L, (D.12) 

these equations can be rewritten as 

W 2 + W2 

Si = s t o + WjSy, - W3am ^-z—-*io 

/ aw? 1 aWt 

J~df{ms20') + J~df{iV,-'i3o) ( D- 1 3 ) 

W? + Wi 
s2 = s20 + Was 10 - W1S30 5 «20 

+ / ^ w * * 3 o ) + / ~ 5 r ( w ' 2 a , D ) ( D- 1 4 ) 

H/2 _(. p^2 
S3 = S30 + H'i«2o - H^s io ^ - 5 — - S 3 0 

+ 1 ^ r { W 3 S ' o ] + 1 ~ d T { W 3 S 2 o ) - ( D- 1 5 ) 

Fortunately, to calculate 02 from Eq. 5.42, we only need an expression for Sj out 

to third order. The third-order equation for Si is, 

»i = sw + J^W!s1„-f^W2si0-J^\V:is10 + / ^ H ^ a o 

+W2S30 + / ^ { - ^ s 3 0 + } 2£W3sw + / *$\\3,20] 

-W3sm - f a-£ \ - ^ s m + / ^ H W + / B£n',*J . (D.16) 
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This terrible looking equation can be reduced significantly. First of all, since this is 

the last term in the series, we are now integrating from — za to za, so all IK2(c0) terms 

go to zero. Also, all integrals containing odd times even functions go to zero. Finally, 

we will set all S30 terms to zero because these are DC components (s30 is constant) 

and will be filtered out. That leaves 

/ W2\ I W?\ 
si = sw I 1 - -f- I - sw I W3 - -j± I + (integral terms), (D.l 7) 

where 

[dW2 rdW2„r [BW2„r [dW3W? , ^ , „ , 
integral terms = j -j± j -gfW3sm + j -r~WlS2a + J -gf-^^o- (D-18) 

Now we can estimate the size of some of these terms referring to Eq. 5.71. For a 

typical MTX plasma of Ip = 300 kA, n0 = 2 x 10 2 0 m _ 3 and B, = 6 tesla, we have 

M = 0.14 

P = 0.21 

Q = 14.5. 

An ordering of the W terms goes like IV3 ~ 0.2, W | ~ 0.01, H'3

3 ~ 0.01, W3W? ~ 

0.004, W7W1 ~ 0.0013, and W%W3 ~ 0.00005. For these plasma parameters, it is 

a good approximation to retain just the W3 terms and omit the integral terms in 

Eq. D.1S. As Ip,n0 and Bt are increased, these terms get larger and do become 

important. In that case, the series approximation presented here is of no advantage 

over solving the propagation equation exactly using numerical techniques. 

For the case when we keep just the W3 terms, the final expression for Sj is 

* = *io f1 - x ) ~ S2° (m ~ T") ( D 1 9 ) 
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Appendix E 

Refraction Angle Calculation 

In this appendix, an equation is derived for the refraction angle Q as a function of 

position in a plasma with nonuniform density. Consider an FIR beam propagating in 

the z direction as shown in Fig. E.l. Upon crossing the interface between two slabs 

of index of refraction p(r) and n(r + Sr) we have from Snell's Law 

/i(r)sin0 = /i(r + <5r)sin(0- 6a). (E.l) 

Expanding fi(r + ST) in a Taylor series gives 

/i(r) sin $ ••= (u(r) + — 6T)(S\TI6 cos 6a — cos 6sin 6a). (E.2) 

Keeping only terms to f.rst-order in 6r and 6a gives, 

J = „(r)gcot«. (E.3) 

Figure E.l: Slab model used for refraction calculation. 
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Substituting cotO = {dr/dz)(r/x) gives the desired relation, 

da x dfi 
-, , , (E.4) 
dz pr dr 

or, as a more general vector equation 

da - 1 
k x V/x. (E.5) 

dz fi\k | 

If we assume he refraction angle is small, which is true at FIR wavelengths, then a 

straight line pr >pagation can be assumed for the purpose of calculating the refraction 

angle. Approximating ft ss (1 — n/n,.) 1 ' 2 ss 1, and dfi/dr — —(l/2rac)3(i/6V, whei-' 

nc is the cutoff density, gives 

''-"' x dji I >a x x on 
= 2 / — 7 r d s (E-6) 

Jo fir or x 

x /Vo 2-! 8 i an 
« - - / --r-dz. (E.7) 

nc Jo r or 
Converting the integral over z to an integral over r gives 

- x f dn dr 
'• = / a " / 2 •/• E - 8 ) 

n c JO or y/r* -x1 



234 

Bibliography 

[1] J.A. Goetz, R.N. Dexter, and S.C. Prager, Phys. Rev. Lett. 66, 608 (1991). 

|2] D. Wroblewski, L.K. Huang, H.W. Moos, and P.E. Phillips, Rev. Sci. Instrum. 
59, 1632 (1988). 

[3] W.P. West, D.M. Thomas, E.S. Ensberg, J.S. deGrassie, and J. F. Baur, Rev. 
Sci. Instrum. 57, 1552 (1986). 

[4] J.L. Terry, et al., Rev. Sci. Instrum. 61, 2908 (1990). 

[5] R.D. Durst, P.E. Phillips, and W.L. Rowan, Rev. Sci. Instrum. 59, 1623 (1988). 

[6] E.S. Marmar, J.L. Terry, J.A. Snipes, D. Newton, and D. Gamier, Proceedings 
APS, Tampa, FL, 36(9) (1991). 

[7] D. Wroblewski, K.H. Burrell, L.L. Lao, P. Politzer, and W.P. West, Rev. Sci. 
Instrum. 61, 3552 (1990). 

[8] D. Wroblewski, L.L. Lao, Phys. Fluids B 3 , 2877 (1991). 

[9] F.M. Levinton, G.M. Gammel, R. Kaita, H.W. Kugel, and D.W. Roberts, Rev. 
Sci. Instrum. 61, 2914 (1990). 

[10] D. Wroblewski, to be published in Rev. of Sci. Instrum. (1992). 

[11] M.J. Forrest, P.G. Carolan, and N.J. Peacock, Nature 271, "IS (1978). 

[12] P.G. Carolan, M.J. Forrest, C.W. Gowers, and P. Nielsen, Rev. Sci. Instrum. 61, 
2926 (1990). 

[13] P. Young, Ph.D. Thesis,A/ufricAanne/ Far-Infrared Interferometcr/Polarimter 
UCLA (1984). 

[14] F. De Marco and S.E. Segre, Plasma Phys., 14, 245 (1972). 

[15] S.E Segre , Plasma Phys., 20, 295 (1978). 

[16] W. Kunz and TFR Group, Nucl. Fusion 18,1729 (1978). 

[17] G. Dodel and W. Kunz, Infrared Phys. 18, 773 (1978). 

[IS] W. Kunz and G. Dodel, Plasma Phys. 20, 171 (1978). 



235 

[19] C.H. Ma, D.P. Hutchi.ison, P.A. Staats, and K.L. Vander Sluis, Nucl. Fusion 21, 
1535(1981). 

[20] D.P. Hutchinson, C.H. Ma, P.A. Staats, and K.L. Vander Sluis, Rev. Sci. Instrum. 
56,911 (1985). 

[21] C.H. Ma, D.P. Hutchinson, K.L. Vander Sluis, D.K. Mansfield, H. Park, and 
L.C. Johnson, Rev. Sci. Instrum. 57,1994 (1986). 

[22] H. Soltwisch, Rev. Sci. Instrum. 57, 1939 (1986). 

[23] H. Soltwisch, Institut fur Plasmaphysik, Julich, Report Jul-163S (1980). 

[24] H. Soltwisch, W. Stodiek, J. Manickam, J. Schluter, in Plasma Physics and 
Controlled Nuclear Fusion Research (11th Conf. Proc, Kyoto), IAEA Vol. 1, 
263 (1987). 

[25] J. O'Rourke, et a]., in Proc. 17th EPS Conf. Contr. Fusion and Plasma Heating 
(Amsterdam) 155 (1990). 

[26] J. Blum, et al., Nucl. Fusion, 30, 1475 (1990). 

[27] L. Spitzer, Jr., Physics of Fully Ionized Gases, (John Wiley & Sons Inc., New 
York, 1962). 

[28j J. Wesson, Tokamaks,(Oxfoid University Press, New York ,19S7). 

[29] M.N. Rosenbluth and P.H. Rutherford, in Fusion, edited by E. Teller, (Academic 
Press, New York, 1981), Vol. 1, Chap. 2. 

[30] M.N. Rosenbluth, R.D. Hazeltine, and F.L. Hinton, Phys. Fluids, 15,116 (1972). 

[31] J.W. Conner, R.C. Grimm, R.J. Hastie, and P.M. Keeping, Nucl. Fusion,13, 211 
(1973). 

[32] W. Pfeiffer, R.H. Davidson, R.L. Miller, and R.E. Waltz, General Atomic Report 
GA-A16178 (1980). 

[33] D.L. Dimock, H.P. Eubank, E. Hinnov, et al., Nucl. Fusion, 13, 271 (1973). 

[34] R.S. Granetz, I.H. Hutchinson, D.O. Overskei., Nucl. Fusion, 19, 1587 (1979). 

[35] J.L. Porter, P.E. Phillips, S.C. McCool, et al., Nucl. Fusion, 27, 205 (19S7). 

[36] D.D. Meyerhofer, R.J. Goldston, R. Kaita, et al., Nucl. Fusion, 25, 321 (1985). 

[37] T.H. Stix, Phvs. Rev. Lett., 36, 521 (1976). 

[3S] H.P. Furth, P.H. Rutherford, and H. Selberg, Phys. Fluids, 16, 1054 (1973). 

[39] R.D. Stambaugh, F.P. Blau, S. Ejima, et al., Nucl. Fusion, 22, 395 (1982). 



236 

[40] M. Fukao, K. Mori, and T. Tanihara, Plasma Phys. and Controlled Fusion, 33, 
199 (1991). 

[41] B. Coppi and E. Mazzucato, Phys. Lett. 71A, 337 (1979). 

[42] R.J. Goldston, Plasma Phys. and Controlled Fusion, 26, 87 (1981). 

[43] M. Zarnstorff, et al., 13th Int. Conf. on Plasma Phys. and Cont. Nuc. Fusion 
Research, IAEA, Washington, CN-53/A-II-2, (1990) 

[44] J. O'Rourke, B. Balet, C. Challis, et al.„ 18th Europ. Conf. on Controll. Fusion 
and Plasma Physics (Berlin), 13B, 1-37 (1991) 

[45] H. Muiman, V. Stroth, and the ASDEX Team , 18th Europ. Conf. on Controll. 
Fusion and Plasma Physics (Berlin), 15C, 1-109 (1991) 

[46] H. Grad and H. Rubin, in Proceedings of the Second United Nations International 
Conference on the Peaceful Uses of Atomic Energy, (United Nations, Geneva), 
Vol. 31, 190 (1958). 

[47] V.D. Shafranov, Sov. Phys.—JETP 26, 682 (1960). 

[48] V'.S. Mukhovatov and V.D. Shafranov, Nucl. Fusion, 11, 605 (1971). 

[49] G. Bateman, MUD Instabilities,(MIT Press, Cambridge, Mass. ,1978). 

[50] JP- Freidberg, Rev. Mod. Phys., 54, 801 (1982). 

[51] P. Pribyl, M.S. Thesis, Plasma Position Control on Alcator C, MIT (1983). 

[52] P. Pribyl, Ph.D. Thesis, Measured MUD Equilibrium in Alcator C MIT (1986). 

[53] J.D. Cailcn and R.A. Dory, Phys. Fluids, 15, 1523 (1972). 

[54] K. Tani, M. Azumi, and R. Devoto , JAERI-Memo 01-376, (1989). 

[55] R. Devoto , LLNL UCRL Report #102633 Rev. 3, (1991) (to be published in 
Nucl. Fusion). 

[56] H.P. Furth, J. Killeen, and M.N. Rosenbluth, Phys. Fluids, 6, 459 (1963). 

[57] G. Schmidt, Physics of High Temperature Plasmas, 2nd ed. (Academic Press, 
New York, 1979). 

[58] R.B. White.et al., Phys. Fluids, 20, 800 (1977). 

[59] A.H. Glasser, H.P. Furth, and P.H. Rutherford, Phys. Rev. Lett., 38, 234 (1977). 

[60] B.8. Kadomtsev, Sov. J. Plasma Phys., 1, 389 (1975). 

[61] B.V. Waddell, M.N. Rosenbluth, D.A. Moticello, R.B. White, Nucl. Fusion, 16, 
528 (1976). 



237 

[62] G.L. Jahns, M. Soler, B.V. Waddell, J.D. Callen, H.R. Hicks, Nucl. Fusion, 18, 
609 (1978). 

[63] J.A. Wesson, Nucl. Fusion, 30, 2545 (1990). 

[64] F.L. Waelbroeck, Phys. Fluids, B l , 2372 (1989). 

[65] H. Soltwisch, Rev. Sci. Instrum. 59, 1599 (1988). 

[66] J. O'Rourke, Plasma Phys. and Controlled Fusion, 33, 289 (1991). 

[67] W.J. Goedheer, E. Westerhof, Nucl. Fusion, 28, 565 (1988). 

[68] R.T. Snider et al., Phys. Fluids B, 1, 404 (1989). 

[69] M.A. Dubois and A. Samain, Nucl. Fusion, 20, 1101 (1980). 

[70] A.J. Lichtenberg, Nucl. Fusion, 24, 1277 (1984). 

[71] M.A. Dubois, D. Marty, and A. Pochelon, Nucl. Fusion, 20, 1355 (1980). 

[72] M.A. Dubois, A.L. Pecquet, and C. Reverdin, Nucl. Fusion, 23, 147 (1983). 

[73] S.J. Fielding, J. Hugill, G.M. McCracken, et al., Nucl. Fusion, 17, 1382 (1977). 

[74] K.I. Thomassen, editor, Free-Electron Laser Experiments in Alcator C, LLNL 
Proposal LLL-PROP-00202 (1986). 

[75] J.A. Snipes, D.J. Campbell, P.S. Haynes, et al.„ Nucl. Fusion, 28, 1085 (1988). 

[76] T.H. Osborne, A.G. Kellman, L. Lao, et al., Bull. Am. Phys. Soc, 32, 1896 
(1987). 

[77] M.A. Heald and C.B. Wharton, Plasma Diagnostics With Microwaves, (John 
Wiley k Sons Inc., New York, 1965). 

[78] M.A. Born and E. Wolf, Principles of Optics, (Pergamon Press, Oxford , 1965). 

[79] F. De Marco and S.E. Segre, Opt. Commun., 23,125 (1977). 

[80] D. Veron, in Infrared and Millimeter Waves, edited by K.J. Button, (Academic, 
New Vork,1979) Vol. 2. 

[SI] S.R. Burns, W.A. Peebles, C.A. Brooksby, and B.W. Rice, Rev. Sci. Instrum. 
59, 1582 (1988). 

182] H.R. Fetterman, et al.,Appl. Phys. Lett. 33, 151 (1978). 

[S3] T.Y. Chang and T.J. Bridges, Opt. Commun. 1, 423 (1970). 

[84] E.J. Danielewicz, et al., Opt. Lett. 4, 280 (1979). 



23S 

[85] E.J. Danielewicz, in Reviews of Infrared and Millimeter Waves, edited by K. 
Button, M. Inguscio, and F. Strumia, (Plenum Press, New York, 1984), p.223. 

[86] J.P. Crenn, IEEE Trans. Microwave Theory Tech., MTT-26, 573 (1979). 

[87] C.A. Brooksby, B.W. Rice, and W.A. Peebles, Proc. IEEE 12th Symposium on 
Fusion Enineering, Monterey, CA , 1478 (1987). 

[88] S.K. Kim, D.L. Brower,W.A. Peebles, N.C. Luhmann, Jr., Rev. Sci. Instrum. 
59, 1551 (1988). 

[89] N. Markuvitz, Waveguide Handbook, (McGraw Hill, New York, 1951), Chap. 5. 

[90] P.F. Goldsmith, in Infrared and Millimeter Waves, edited by K. Button, (Aca
demic Press, New York, 1982), Chap. 6. 

[91] R. Ulrich, Infrared Physics, 7, 37 (1967). 

[92] A-E. Costley, K.H. Hursey, G.F. Neil], and J.M. Ward, 3. Opt. Soc. Am., 67, 
979 (1977). 

[93] P.F. Goldsmith, Mic. Sys. News and Comm. Tech., 17, 182 (19S7). 

[94] CM. Surko and R.E. Slusher, Phys. Fluids, 23, 2425 (1980). 

[95] R.L. Watterson, R.E. Slusher, and CM. Surko, Phys. Fluids, 28, 2857 (1985). 

[96] B. Lipschultz, B. LaBambard, E.S. Matmar, et al.„ Nucl. Fusion, 24, 977 (1984). 

[97] G. Arfken, Mathematical Methods for Physicists, (Acedemic Press, Inc., San 
Diego, CA, 1985). 

[98] Y. Yatsumoto, K. Miyata, S.I. Himeno, T. Enoto, Y. Ozawa, IEEE Trans, on 
Plasma Sci., PS-9, 15 (1982). 

[99] U.K. Park, Plasma Phys. and Controlled Fusion, 31 , 2035 (1989). 

[100] P-R. Bevington, Data Reduction and Error Analysis for the Physical Sciences, 
(McGraw-Hill, New York, 1969). 

[101] W.H Press, B.P. Fiannery, S.A. Teukolsky, W.T. Vetterling, Numerical Recipes 
in Pascal, (Cambridge University Press, New York, 1989). 

[102] B. LaBambard and B. Lipschultz, Nucl. Fusion, 27, 81 (1987). 

[103] B. LaBombard, Ph.D. Thesis, Poloidal Asymmetries in the lAmiter Shadow 
Plasma of the Alcator C Tokamak MIT (1986). 

[104] ONETWO code runs performed by M. Marinak. 

[105] R.S. Granetz,, Phys. Rev. Lett. 49, 658 (1982). 



239 

[106] J.A. Wesson, Nucl. Fusion,30, 2545 (1990). 

[10T] M.A. Dubois, A.L. Pecquet, C. Reverdin, Nucl. Fusion,23, 147 (1983). 

[108] H. Soltwisch, G. Fuchs, H.R. Koslowski, J. Schluter, G. Waidmann, 18th Europ. 
Conf. on Controll. Fusion and Plasma Physics (Berlin), 13A, 11-17 (1991) 

[109] J. Andreoletti, et al., Plasma Phys. and Controlled Fusion, 31, 643 (1989). 

[110] R.V. Jensen, D.E. Post, W.H. Grasberger, C.B. Tarter, VV.A. Lokke, Nucl. 
Fusion, 17, 1187 (1977). 

[Ill] E. Hinnov, et al., Nucl. Fusion, 18, 1305 (1978). 

[112] R.J. Hawryluk, et al., et al., Princeton Pysics Laboratory Report PPL-1534, 
April 1979. 

[113] M.M. Pickrell, Ph.D. Thesis, The Role of Radiation on the Power Balance of 
the Alcator C Tokamak MIT (1982). 

[114] Discussion with M. Marinak. 

[115] A.A. Ware, Phys. Rev. Lett., 25, 115 (1970). 

[116] P. Morse and H. Feshbach, Methods of Theoretical Physics, (McGraw-Hill, New 
York, 1953). 

[117] L. Lapidus and G.F. Pinder, Numerical Solution of Partial Differential Equa
tions in Science and Engineering, ( John Wiley and Sons, New York, 1982), p. 
216. 


