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Abstract 

We discuss a new class of toroidal boundary conditions for one-dimensional quan
tum Hamiltonians with Sn symmetry which are related to two-dimensional n-state 
Potts models in the extreme anisotropic Hamiltonian limit. At their self-dual point 
(a point where a second-order phase transition occurs for n =2,3,4) the duality 
transformation is shown to be an additional symmetry giving rise to a new class of 
"duality twisted" toroidal boundary conditions. The corresponding Hamiltonians 
are given in terms of generators of the periodic Temperley-Lieb algebra with an odd 
number of generators. We discuss as an example the critical Ising model. Here the 
complete spectrum for the new boundary conditions can be obtained from a projec
tion mechanism in the spin-1/2 XXZ Heisenberg chain. 
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It is known for a long time how to construct one-dimensional n-state quantum 

chains defined by a Hamiltonian H(A) from the transfer matrices of two-dimensional 

spin models defined on an Abelian group A of finite order n. This is achieved 

by taking an appropriate extreme anisotropic limit of the coupling constants in 

space and (euclidean) time direction [1, 2] in such a way that the parameter A 

represents the inverse temperature of the corresponding two-dimensional model. 

H{\) is symmetric under a (discrete) symmetry group Q of order p > n of H 

(containing A as a subgroup). G depends on the choice of coupling constants to 

generalized magnetic fields which are the other parameters of these models. Such 

models have been the object of extensive studies, well-known examples include the 

Potts quantum chain corresponding the two-dimensional n-state Potts models [3] 

symmetric under the symmetric group Sn (see below), the n-state chiral Potts model 

[4] symmetric under the cyclic group Zn or the Zamolodchikov Fateev quantum chain 

symmetric under the dihedral group D„ [5]. Many of these models are self-dual in the 

sense that the spectrum of a finite chain with N sites verifies for judiciously chosen 

boundary conditions B, B' the relation E§(\) — A£f,'(l/A). (E*(\) represents 

suitably chosen subsets Y of eigenvalues of /f(A) acting on a chain of iV sites with 

some boundary condition denoted by X.) 

It has been realized that for such Hamiltonians exist p different types of toroidal 

boundary conditions, each type corresponding to one of the p different elements 

u € £ [6]. This means that the Hamiltonian H(X) commutes with a generalized 

translation operator Tu which has the form T„ = T • ujv where T is the translation 

operator for periodic boundary conditions and UN is an element of Q acting on 

site N (the boundary in a chain of N sites) in a suitably chosen representation. 

Tu satisfies T„ = U where U = IT^i " j ' s t^ e element in the symmetry group 

of / / corresponding to the twist at the boundary defined by u. In this letter we 

consider the existence of such an operator Tu as a definition for toroidal boundary 

conditions. By the introduction of symmetry-breaking magnetic fields the symmetry 

of the system will be reduced to a subgroup of Q of order p* < p and correspondingly 
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the number of possible toroidal boundary conditions will decrease to p'. 

Such systems have another interesting property if a second order phase transi

tion occurs for some temperature 1/A: Up to the non-universal bulk free energy 

the finite-size scaling spectrum is completely determined by conformal invariance 

[7]: We denote by Eo the ground state energy of the model with periodic bound

ary conditions. Then in the thermodynamic limit N —* oo the scaled energy gaps 

£, = (N/2TT)(EI - EO) = A + A + r + r of the Hamiltonian with any kind of 

toroidal boundary conditions are given by the highest weights (A, A) of the irre

ducible highest weight representations of two commuting Virasoro algebras and some 

non-negative integers r,r. The quantities x = A + A" represent the anomalous di

mensions of the fields describing the model at criticality, the quantities s = A - A 

their spin. The multiplicities of the integer-spaced descendant levels with r, r j£ 0 are 

given by the character functions of the corresponding highest weight representations 

[8].» 

It is the aim of this letter to show that the set of possible toroidal boundary 

conditions is not exhausted by those generated by the global symmetry Q of self-

dual Hamiltonians //(A). It turns out that at their self-dual point A = 1 the duality 

transformation becomes a true symmetry of the models. As we will show in the 

n-state Potts models, this additional symmetry allows for a new type of toroidal 

boundary conditions and we will give explicit representions of H with these "duality 

twisted" boundary conditions as well as the representations of the corresponding 

translation operators. Unlike the symmetry Q which is broken by magnetic fields, 

this symmetry vanishes by changing the temperature to A j£ 1. In the example of 

the Ising model we present the complete finite-size scaling spectra for these new 

boundary conditions as obtained from a projection mechanism in the XXZ Heisen-

berg chain [9, 10]. The spectra turn out to contain the anomalous dimension of so 

far unknown spinor operators. 

'In the case of certain non-toroidal boundary conditions the spectrum is given by the highest 
weights of the irreducible representations of only one Virasoro algebra. 
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We study the one-dimensional Potts quantum Hamiltonians acting on a chain 

with N sites 

^"^-rMEC^.+Ae'^ + fl^J . (1) 

Here £ - 1 is a normalization constant fixing the euclidean time scale and X plays the 

role of the inverse temperature. The operators e , ' , 1 < / < 2N — 1 are given by 

4]>i = ££flt>)* 
nk-l 

™t=i 

where TJ"' and ay' are n x n matrices acting on site j which satisfy the relations 

(with it> = exp (2-ni/n)) 

(rjn ))" = (ffj">)» = 1 

(r-Y = (if* )"-* 

(TJ-'j't = 0j»>)-» (3) 

(^"'j'crj"')' = «"(rj.°))'(<rjn))i 

(<r}->)»(rj"»)' = ( i f W ) * ( i # i ) . 

Bjv' is an operator that specifies the boundary conditions (see below). Depending on 

the boundary conditions the Hamiltonian is symmetric under some subgroup of .?„ 

and therefore splits into various sectors according to the irreducible representations 

of this group. For periodic boundary conditions the symmetry group is S„. 

Having defined the model we have to discuss the boundary conditions and derive 

the duality transformation. In what follows, we will omit the superscript (n) in 

all the quantities defined above. Setting B/i = e2;v_i one obtains free boundary 

conditions. In this case the system is not oranslationally invariant, but it is important 

to note that the operators ej, 1 < j < 2N — 1 satisfy the well-known Temperley-

Lieb algebra, originally introduced by Temperley and Lieb in order to establish 

relations between the spectra of the Potts quantum chain and the XXZ Heisenberg 
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chain [3, 11]. The Temperley-Lieb algebra with 2N — 1 generators is defined by the 

relations 
e; = e,-

ejej±1ej = ±e,- (4) 

e,ek = e*e,- if | * - j |> 2 

In order to construct the new type of boundary conditions announced above 

we first discuss the known toroidal boundary conditions arising from the symmetry 

group Sn by following the procedure discussed in ref. [12], We define the operators 

ft, (1 < j < 2N - 1) and D by 

» = "G + v T 7 ! ) ^ - 1 

D = n n-x 

where X is defined by 

[ f t , * ] = 0 ( l < i < 2 J V - 2 ) 
(6) 

(92N-1X) — (Xgiti-i) • 

and the symbol n denotes the ordered product flijjffa The operators g, satisfy 

ftft+ift = ft+iftft+i (where 1 < j < 2N - 2) and gjgk = gtgj if | * - j |> 2. 

Together with (6) these are the defining relations for an afline Hecke algebra (see 

[12] and references therein) and one finds De, = ej+ ]D for 1 < j < IN — 2. 

Now we focus on representations of this affine Hecke algebra in which D is 

iavertible and define 

eiN = DeiN.xD'x . (7) 

The set of operators ej, 1 < j ' < 2N — 1 and e2W satisfies the relations of a periodic 

Temperley-Lieb algebra [12] with 2N generators which is defined by relations (4) 
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together with 

fi2/V-I«2JV«2JV-l = Je2JV-l 

eiNClN-lClN = ne2N 
(8) 

ej/veiejAr = -e2Af 

ciejArei = ^«i 

ejejw = e2Nej if j ^ 1,2N - 1 

For n = 2 and n = 3 (Ising and 3-state Potts models resp.) some classes of solutions 

to eqs. (6) leading to different operators £7N ate discussed in [12]. For general n, 

the simplest solutions we found are of the form Jf''' = <rjy V where V € Sn is defined 

by V2 = 1, VakV = ofk, VT)V = r]~k. Note that if a solution A" commutes with 

some element U € Sn, then also XU is a solution to eqs. (6). We call such solutions 

equivalent, since they do not lead to a different e^fi. 

D acts on the operators ej, 1 < j < 2N — 1, and gjjy as follows [12]: 

DejD-' = ej+, 

De1N-tD-} = e^N (9) 

The known types of toroidal boundary conditions are obtained by setting 

BN = eiN-i + *&2N • (10) 

This can be seen as follows. By defining T = D1 one obtains TejT'1 = eJ+J (1 < 

j <2N - 3) and similar relations involving e^. In the representation (2) of ej this 

is the definition of the translation operator and one indeed obtains \H(X), T] = 0 

for all values of A. Furthermore we note that the JV-th power of T commutes with 

each of the operators e;, e2Ar and therefore must be a linear combination of elements 

of the symmetry group of H. Thus we conclude that the boundary conditions (10) 

coincide with the toroidal boundary conditions generated by this group. We call 
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the boundary conditions (10) "mixed sector" boundary conditions, since one can 

convince oneself that in the representation (2) of the generators e, the boundary 

operator e2K contains a bilocal operator acting on sites N and 1 and (non-local) 

operators U 6 Q. As a consequence the boundary conditions depend on the sector 

(for the Ising model as an example, see below). The various operators T obtained 

from the solutions of (6) are related to the translation operators Tu of the model 

with specific sector-independent boundary conditions as defined in the introduction 

in such a way that the projection of T on some sector of H with boundary condition 

u coincides with the projection of Tu on this sector. 

So far we have shown that D2 is related to the translation operator. It is easy 

to see that D is nothing but the duality transformation since from the definition of 

the Hamiltonian (1) and (10) one finds 

DH^D-1 = XH ( i ) . (11) 

The operators e?j are the dual operators to the operators ey-i. This leads us to an 

important observation: At the self-dual point A = 1 the duality transformation (11) 

becomes [r / ( l ) , D] = 0, i.e., D becomes a symmetry operator of the mixed sector 

Hamiltonian defined by (1) and (10). 

Now we are in a position to construct a Hamiltonian H with new toroidal bound

ary conditions arising from the additional duality symmetry at the self-dual point. 

According to the general relationship between a specific toroidal boundary condition 

and the associated translation operator as discussed in the introduction we would 

like the translation operator T commuting with the Hamiltonian H to perform a 

local duality transformation at the boundary (such that TN performs a global du

ality transformation P). Studying again a mixed boundary Hamiltonian instead 

of considering specific sector-independent boundary conditions this means that we 

require fejf-1 = e i + J , 1 < j < N - 4, fe2N-3f-^ = ~&,N-u fe^-if-1 = e, and 

T&2N-iT~l = ej with some operator §3p/-\' 

Repeating the discussion that led from eq. (4) to eq. (9) we realize that these are 
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the relations satisfied by a periodic Temperley-Lieb algebra with 2W — 1 generators 

and an appropriately defined T = D3. Thus we define a new operator D in analogy 

to the definition (5) by 

3JV-S 
D=Jl grX (12) 

with X now being a solution of 

ISi.X) = 0 (1 < J < 2JV - 3) 
(13) 

(91N-2X) = (XgiN-i) • 

Solutions to these equations are Jt ' ' ' = r'NV where V is defined as in the comment 

after (8). Using the analogon to (9) (one has to replace N by N — 1/2), we find that 

H is given by setting 

BN = &IN-\ (14) 

with 

hN-i^beiN-ib-1 . (15) 

Obviously the (mixed sector) Hamiltonian H = H(\ = 1) defined by (1) with 

boundary term (14) commutes with the duality transformation D defined by (12). 

Defining the translation operator f by f = D1 one obtains fNejf~N = DejD-1, 

i.e., TN performs a duality transformation as required. As in the case of standard 

toroidal boundary conditions (9) discussed above the boundary condition BN defined 

by (14) contains non-local operators U € Q and therefore depends on the sector. 

Note that both the duality and translational in variance break down for A ^ 1. For 

A ^ 1 the free energy contains a surface term. 

So far we considered mixed sector Hamiltonians. In order to obtain the dual

ity transformation and the translation operator Tu for specific, sector-independent, 

boundary conditions one lias to project on the sectors of the Hamiltonian and ex

press Tu in terms of the various translation operators T or T resp. obtained from 

the solutions of eqs. (6) or (13) respectively. The duality operator D (D) does not 

commute with H (H) if the boundary conditions are sector-independent, but rather 
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gives rise to relations of the form D H§ = Hg! D where H§ denotes the projection 

of the Hamiltonian with boundary condition X on the sector Y. This gives rise to 

the duality relation given in the introduction for the energy levels. 

Let us summarize what we got so far. We first constructed representations of 

the periodic Temperley-Lieb algebra with 2N generators using the duality trans

formation D and showed that they led to mixed sector versions of Hamiltonians 

.ff(A) with toroidal boundary conditions arising from their global symmetry. Then 

we realized that at the self-dual point A — 1 the duality transformation becomes an 

additional symmetry of H(\) and the toroidal boundary conditions corresponding 

to this symmetry were shown to be given by the representations of the periodic 

Temperley-Lieb algebra with 2N — 1 generators. So, in a next step, we constructed 

these representations in a similar manner as before. This led again to a mixed sector 

Hamiltonian. 

Relating the problem of toroidal boundary conditions to representations of the 

periodic Temperley-Lieb algebra opens a way of constructing the new boundary 

operators for sector-independent boundary conditions: One can look directly for 

representations of the periodic Temperley-Lieb algebra with 2N — 1 generators by 

choosing the ej with 1 < j < 2N — 2 in the representation (2) and requiring ej/v-i to 

be a hermitian bilocal operator acting on sites N and 1 and to satisfy the analogon 

to relations (8) with N replaced by N — 1/2. After some calculation one finds the 

representations 

$)
N->=l-±(*'))t (16) 

" t=i 

where A = w'cr£"1r|'<Ti with u> = exp(2irt/n) and 1 < / < n - 1 if tj is odd and 

/ = 5 , 1 , . . . , 2 y i , r4i>- •-,»» — l>n — Jifnis: even respectively. This is an alternative 

presentation of the results obtained above avoiding the need to work with projection 

operators. We did not check whether there are -ither non-equivalent representations 

of ejN-\. 

To illustrate our results and to give an explicit application we consider the new 
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boundary conditions in the Ising model. The Ising model i;; obtained by taking 

n = 2 in eqs. (1) - (5). First we illustrate our discussion in the case of the known, 

sector-ii dependent, boundary conditions. In terms of Pauli matrices one hc>s 

e«-i = 1 ( 1 + " / ) 
(17) 

e« = J ( 1 + C T / T / + I ) • 

Periodic boundary conditions are obtained by taking Bfi = C2JV-I+Ae^ with e^rf = 

1(1 + cr̂ CTy) and we denote the Hamiltonian with periodic boundary conditions by 

H°. The global symmetry is S2, and H° commutes with the spin flip operator 

C=J[<T* (18) 
i=i 

splitting H° into two sectors which are even and odd under the action of C. We 

denote the corresponding projections on these two sectors by Hg and H°. The 

Sj symmetry gives rise to one more kind of toroidal boundary conditions which 

we call antiperiodic boundary conditions obtained by taking I?v = 62/v-i + ̂ e-tN 

with ejjy = j ( l — <7fj(r{). We denote the Hamiltonian with antiperiodic boundary 

condition* by H1 and the projections on the even and odd subspaces by HI and 

H\ respectively. Obviously H° is translationally invariant and commutes with the 

translation operator 

Te-UPjj+i (19) 
i=i 

where Pjj+\ = | (1 + ofo*+\ + ajai+\ + " / " / n ) permutes the spins at two neigh

bouring sites j and ;' + 1. On the other hand H' commutes with the generalized 

translation operator 

TA = TP-a% (20) 

satisfying (TA)N — C. This illustrates the discussion in the introduction in the case 

of sector-independent boundary conditions. Note that the operators e,-, 1 < j < 

2N — 1 and ejy or e\jj resp. verify the relations of the periodic Temperley-Lieb 

algebra with 2N generators. 



Now we consider the mixed sector Hamiltonian. There are two non-equivalent 

solutions to eqs. (6), -Y'°) = 1 and X'1 ' = oR giving r ' s e t° ' w o duality operators 

£>(0' and Z?'1' defined by eq. (5). From them we obtain 

4# = IO + O J W ) 
(21) 

Thus taking Bpi = e%N-\ + Aê jv corresponds to periodic boundary conditions in 

the even sector and antiperiodic boundary conditions in the odd sector while the 

choice BN = C2W-1 + ^2N corresponds to periodic boundary conditions in the 

odd sector and antiperiodic boundary conditions in the even 3ector. The mixed 

sector Hamiltonian / / '* ' with boundary conditions (21) commutes with the duality 

transformation .D'0,1'. This gives rise to the well-known duality relations for the 

projections on the subsectors 

Z>W+<J*>#0'(A) = XH%, (*) £><"+«•> (22) 

with Q, Q' = 0,1 and addition in Q, Q' defined modulo 2. 

Defining the projectors Z* = |(1 ± C) on the even and odd subsectort and 

using the relations satisfied by the </j and X one obtains after some calculation the 

translation operators 

f<°> = (£<°>)3 = iL+> (TPZ+ + TAZ~) 
(23) 

r<» = (£<»)5 = iL(TPZ-+TAZ+) 

from which in turn Tp and TA can be obtained in terms of X<°> and T'1 ' if one is 

interested in the translation operators for sector-independent boundary conditions. 

After this brief review of the known boundary conditions we consider the new 

"duality twisted" boundary conditions. There are two non-equivalent solutions to 

eqs. (13), iff = 1 and iff = oft giving rise to two different duality operators 0(°> 

and /)('> defined by (12) and to two new boundary operators 

(24) 
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where £2^-1 'S ' n e complex conjugate of e^Li- Note that as opposed to the gener

alized boundary conditions discussed in [13] the Hamiltonian does not contain the 

operator tr£. 

From the duality operators /)W we obtain after some calculation the translation 

operators 
f<°) = (£l°>)2 = iLTP(Z+dl-iZ-dL) 

(25) 
TW = (DWy = (-ifTP(Z*dL + iZ-Ji) 

with dt, — gtL-iStL-i- In this expression both 921,-2 and J2L-1 are defined by eq. (5) 

with the corresponding e, in the representation (17). The asterisk marks complex 

conjugation. 

The corresponding sector-independent boundary operators satisfying the rela

tions of the periodic Temperley-Lieb algebra are given by 

hv-i = Hl+*JW) (26) 

and its complex conjugate. The translation operator commuting with H with this 

boundary condition is obtained from (25) through projection on the even and odd 

sectors and given by 

TD = i'L (f (1)Z+ + it^Z~) = TPdL (27) 

and its complex conjugate. 

Finally we discuss the spectrum of H. Since the Ising Hamiltonian with boundary 

condition Bjv = ejw-i (26) is hermitian, the spectrum with the complex conjugate 

boundary condition Bjv is identical. In addition to the symmetries discussed H 

commutes with the operator 

P=\ I I P*N-i (wejffj5-.i i i j .r j j) (28) 

where Pjj. is the permutation operator defined above and [ L ] denotes the integer 

part of the number L. P does not commute with the spin flip operator C and 

therefore also the two sectors of H are degenerate. 
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The finite-size scaling spectra for the two (degenerate) sectors can be obtained 

from the XXZ Heisenberg chain with an odd number of sites [10]. As discussed in 

the introduction, the scaled energy gaps Si in the thermodynamic limit are given 

the irreducible highest weight representations (A, A) of the Virasoro algebra with 

central charge c = 1/2 describing the critical Ising model. Therefore we denote the 

scaled energy gaps S by the various representations (A, A) contributing to them 

and obtain for each sector [10] 

* - ( 0 , * ) + ( * , * ) . (29) 

For the complex conjugate boundary conditions one obtains 

* = (A.«)+ (* .*)• (30) 

To the best of our knowledge operators with anomalous dimensions x — 1/16 and 

I = 9/16 and spin a = ±1/16 and a = ±7/16 resp. have not been discussed in 

connection with the critical Ising model. 

To conclude let us note that the finite-size scaling spectra of the 3-states Potts 

model with boundary conditions given by (15) or (16) resp. is also explicitly known 

from the projection mechanism in the XXZ Heisenberg chain [10]. It would be very 

interesting to study the possibility of "duality twisted" boundary conditions in other 

critical systems. We have left open the question of completeness of the solutions to 

eqs. (13) and of the representations (16) respectively. This problem is addressed in 

[12] for the periodic Temperley-Lieb algebra with an even number of generators and 

needs further investigation, in particular in the case of an odd number of generators. 

Acknowledgements 

The author would like to thank D. Levy for explaining his results on the periodic 

Temperley-Lieb algebra. Financial support by the Minerva foundation is gratefully 

acknowledged. 

12 



References 

[1] J.B. Kogut, Rev. Mod. Phys. 51 (1979) 659 

[2] M. Marcu, A. Regev and V.Rittenberg J. Math. Phys. 22 (1981) 2740 

[3] P. Martin, Potts Models and Related Problems in Statistical Mechanics, World 

Scientific, Singapore, 1991, and references therein 

[4] S.Howes, L.P. Kadanoif and M. den Nijs, Nucl. Phys. B215 (1983) 169; 

G. von Cehlen and V. Rittenberg, Nucl. Phys. B257 (1985) 351 

[5] A.B. Zamolodchikov and V.A. Fateev, Sov. Phys.-JETP 62 (1985) 215 

[6] P. Chaselon, J. Phys. A22 (1989) 2495 

[7] J.L. Cardy, in Fhase transitions and critical phenomena, vol.11, 

ed. C. Domb and J.L. Lebowiti, Academic Press, New York, 1987 

[8] A. Rocha-Caridi, in Vertex Operators in Mathematics and Physics, 

ed. J. Lcpowski, S. Mandelstam and I. Singer, Springer, New York, 1985. 

[9] F. C. Alcaraz, U. Grimm, and V. Rittenberg, Nucl. Phys. B316 (1989) 735 and 

references therein 

[10] U. Grimm and G. Schutz, Weizmann preprint (1992) 

[11] H.N.V. Temperley and E.H. Lieb, Proc. Roy. Soc. A322 (1971) 25 

[12] D. Levy, Phys. Rev. Lett. 67 (1991) 1971 

[13] U. Grimm, Nucl. Phys. B340 (1990) 633 

13 


