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1. INTRODUCTION

Nontopological solitions (NTS's) arc stable solutions of the classical field theory [1],
where the field is confined to a finite region in space and there exists a conserved Noether charge.
In the past few years, these solutions have been investigated widely in the explanation of soliton
stars [2], cosmic neutrino balls [3], quark nuggets [4], Bose liquid [5], structure of hadrons [6], and
a scenario for producing them in a phase transition in the early universe has been considered [7],
We have also studied the existence and stability of the nontopological fermion string [8], and the
classical solutions of the nontopological soliton in a local [7( 1) theory [9], In this paper, we con-
struct a new class of nontopological solitons with scalar self-interaction term KIJ>A . In thin-walled
limit, we show the explicit solutions of NTS with scalar self-interaction and/or gauge interaction.
In the gauged case, soliton becomes a superconductor. For large charge Q, there exist Qmaz and
Qmin •» couplings less than critical values.

It was proposed by Lee and his colleagues [10] that the simplest renormalizable field
theory that admits nontopological solitons is composed of two scalar fields: the real scalar u and
the complex scalar tf>. Let us consider the following Lagrangian, which is invariant under the
discrete symmetry a —» -a and the global [/(1) symmetry (j> ~* e'"0:

= \ O, °)2 + IA, <t>\2 ~V(4>,a)-j F,, F""

where Da~ du — ieAu and

(1)

(2)
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The spherically symmetric NTS solutions for the above Lagrangian were first studied by
Friedlberg, Lee and Sirlin [10] for the special case K - 0 and e = 0. In this paper, we are going to
study the situation for n ^ 0 and/or e ^ 0. Here we are only interested in the case when uj > 0.
Therefore, the discrete symmetry is broken spontaneously in the ground state with < a > = ± oo •
The U( 1) symmetry is still intact. As a result, there is a Noether current

and a corresponding conserved charge

'= f

(3)

(4)

which is the necessary condition for the stability of a nontopological soliton. For large Q, it is
characterized by an interior false vacuum region with a = 0, surrounded by a thin domain wall
where a rapidly approaches its ground state value a = ffo- In the soliton interior, the potential
energy density in a is balanced by the pressure of the masstess <j> charges, which are confined by
the mass gap fi at the domain wall. As a simple consequence of the symmetry breaking for the
t ^ 0 case, the gauge field is massive inside and soliton is a U( I) superconductor.
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2. QUALITATIVE PROPERTIES OF SOLITON

We begin by deriving the solitons for the K. i 0 nnd e f 0 case as a natural extension of
the derivation in Ref.[ 10]. We expect the solitons to be stable as long as their self-energy is much

smaller than the other energies. Consider a coherent configuration of <£, a and A^ with a given

electric charge eQ. The lowest energy solutions are of the spherically symmetric form [1, 9]

a(r , t ) =a(r) ,

= lu-g{r)]/e, (5)

where we assume w > 0 for definiteness. The lowest energy state will have no electric currents

and therefore no magnetic fields. The spatial components of the gauge potential are zero as there

is no magnetic field. We choose a boundary condition Ao(r) —t 0 as r —>oo.

The Lagrangian for the configuration described above is

2^ I tf'2 I '2- I tf.2 - I a
~ g'2 - (6)

where prime denotes d/dr. By varying Eq.(6) with respect to / , a and g at fixed u, we find the
equations of motion:

= \a(a2 - ag) + —
u2

— tj>2

(7)

(8)

(9)

The energy functional for the solution (5) can be written as:

1

The solition charge is

Q = 4ir fr2 4,2 g dr .

(10)

(11)

To get insight into the NTS solutions for K j - 0 and e ^ 0 , we show some qualitative properties of

the soliion solution. From Eqs.(8) and (11) we have

(12)

as r —» oo. Furthermore, $ approaches zero and g approaches the constant <ro for large r, and

Eq.(7) can be reduced

t- (w2 - n2)<j> = 0 . (13)

For the approximate Eq.(13), we have a solution as follows

= <£0 exp (-y (14)

Clearly, a necessary condition for the existence of a solution is w < ji1. Additionally, for the soliton

to be well behaved at the origin, $, a' and g' should approach zero at least faster than T for t —» 0 .

By using the asymptotic behaviour of <j>, a and g, the energy functional can be written as

E= y fr2 dr [y <f>'2 + j a'2 + V(f,a)] (15)

Recall that nontopological solitons are quantum mec hanically stable if they are the lowest

energy configuration of fixed charge. For the K - 0 and e = 0 case, Lee and his colleagues [10]

have shown that E ~ ^ uo A1/4 Q 3 / 4 , for large Q so that for Q > Q, the lowest energy state is

favoured over the free particle one (Efrce = ( i Q ) . For the K y 0 case, we expect that the energy

will be increased over the « = 0 case due to <j>4 self-interaction becoming more important as Q gets

large. Therefore, if dE/dQ > fi, we must consider that some charge can be put into the interior

region of soliton and some can be put in free panicles. As discussed above, there exists a Qmm and

a Qmax, so that when Q > Qm*n the nontopological soliton is quantum-mechanically stable, when

Q > Qmai the lowest-energy state of the system is composed of a nontopological soliton with

charge Q™, together with free particles carrying charge Q — Qmaa:. For a field-theoretic model,

the condition for the existence of stable nontopological soliton solutions is Qmin < Qm*x- In the

K = 0 and e = 0 theory, since Qmax —* oo, this condition is always satisfied.

For the e f 0 case, we have a similar discussion on the Qmax because of energy wii! be

increased over the e = 0 case due to Coulomb repulsion with Coulomb energy becoming more

important as Q gets large. For the n ^ 0 and e y 0 , we must consider both the scalar self-energy

and Coulomb energy. In the late two cases, there exists also a maximum charge Qm Q I such that

Q > Qmax< a nontopological soliton with charge Q m l plus Q — Qmax free particles will be the

lowest-energy state for the system.

THEV-WALLED SOLITON WITH SELF-INTERACTION K<I>4

In the K J 0 and e = 0 case, the equations of motion (7M9) are reduced to

1 u2

- ( r<r )" = XCT(<T2 - a1) + i-j- 4>2a .
r cr

(16)

(17)



In principle, the NTS solution can be constructed by choosing suitable values for the
parameters w, K , p and X, as well as making use of the boundary conditions </>( oo) = 0, <r( oo) = 1
and <j>'(0) = 0, cr'(O) = 0. Then the numerical solution of the nontopological soliton can be
easily obtained from Eqs.(16) and (17). In this paper, however, we would like to pursue an analytic
solution. For this, we select the thin-wall limit and make use of the following spherically symmetric
test functions:

r^R. ( l g )

fc(r), r<R,
l - e x p [ ~ ( r - H ) / L ] , r>R.

(19)

There are two length parameters R and L, where R is the radius of the soliton to be determined
from the first zero of / ( r ) , and L is the thickness of the soliton wall which separates the internal
false vacuum from the external real vacuum. When Q is large (the thickness of the soliton wall is
much less than the soliton radius), the energy associated with the wall can be neglected. Therefore,
in the thin-wall limit L —> 0, a(r) can be considered as a step function. The equations of motion
are reduced to

-{rf)" = *f -ulf . (20)
r

This equation can be solved explicitly by the series in the form

(21)

where

0 1 = 1 , 0 2 = 3 * 0 ^ — 4 , Q3 = 1 9 « O Q — 3 5 K a o + 1 7 ,

a4 =
4 + 366* ag - ^ , . . .

In the weak coupling situation of n <£ 1, we have

, ^ oo sin wr

Substituting Eq.(23) into the energy funcitonal, we get

where
1 T s i n 4 ! . 6

T JO

(22)

(23)

(24)

(25)

For a fixed value of Q, the radius R of the soliton can be determined from the minimum
of the energy

Rmin ~
1/4

(26)

At the radius i?™n the energy of the nontopological soliton is

3/4

According to Eq.(27) and E < /JQ, we have

(27)

(28)

The value of Q depends on s and fife, which are model-dependent parameters. It is easy to derive
that

Qmin ~

There exists a critical value v n for the coupling K,

3

(29)

(30)

(31)

When K < Kerif, we have QmlB < QmaI . In other words, when Q satisfies QmiB < Q < Qmax, the
nontopological soliton solution of Eqs.(16) and (17) is stable. When K > *„«, stable solutions for
the nontopological solitons do not exist.

and
r<R,

In the thin-wall limit, the equations of motion (7)-(9) are reduced as

1

4. GAUGED THIN-WALLED SOL1TION

In the K = 0,e ^ 0 case, we consider spherically symmetric trial functions (18), (19)

(32)

(33)

(34)

(35)

(36)

" + fg* = 0 ,

= 0 .

One can find the power-series solutions for / and g:

h (2fc

5 = 6
CO n

V 92k

T



The recursion formula of the coefficients fay and j ^ can be expressed as follows:

m n

(2J t+ l ) !
ft[m-*)

)! (2m-2n+l)!

<2fc+l)l ( 2 n - 2 * + l ) ! ( 2m-2n+ l ) l

, (37)

2a2 .(38)
t»a jt-o

The function / ( r ) may be written as a sum of two terms, the first is independent upon e and the
second part is dependent upon e,

7 7 ! - . . . (39)

In the weak coupling situation, we have

, r<R,
r>R.

4*r>

r = f 0 , r < H ,
[CTO, r > R.

(40)

(41)

(42)

Substituting Eq.(40>-(42) into the energy functional, the energy of the nontopological
solition at the radius Rmin is

, 3 / 4

(43)

According to Eq.(43) and E < nQ, we have

From (44) we have

7T+ COS"

COS •

8TT2

8TT2

(44)

(45)

(46)

There exists a critical value of e above which there is no solution to the equation defining
; and Qmin. From (45) and (46) it is easy to find that

• • (47)

We see that the NTSs can occur when e < e^. As a consequence of the symmetry breaking, the
gauge field is massive inside and NTS is a U( 1) superconductor.

m •¥

5. GENERAL THIN-WALLED SOLITION

Now we discuss the general case with * ^ 0 and e ^ 0. By using spherically symmetric
trial functions (18), (19) and (32), the thin-walled solution can be written as follows:

(48)

(49)

/ e , (50)

<T = (70 6(T-R) ,

r / <
Au <* Sao \u - I b } fft r2

where ^( x) is a step function, R is radius of solition and

i

The recursion formula of the coefficients fk and gk can be expressed as follows:

1 T-V

2 fc{ 2 Jfc

?* =
2fc(2Jfc+l) flfm9n •

) , . . . (51)

(52)

(53)

In the weak coupling case using similar process above, we get the energy of the nontopo-
logical soliton is

(54)

at the radius iJmjn, where / is defined in Eq.(25). We can define an effective coupling constant

e
21'

(55)

then Eq.(54) is back Eq.(27). Therefore, there exists also a critical value in the general case,

16ir2A
(56)

However, the general thin-walled soliton is a superconductor in contrast with the same problem in
the K<f>* theory.

We exhibited in the above a new class of nontopological solitons and pointed out the
existence of a critical value for the coupling constants. When K + e2 /2I larger then the critical
value, there does not exist any stable nontopological solition. Below, we put for the three simple



comments: (i) In the K -» 0 or e -» 0 limits, from Eqs.(29) and (30) or Eqs.(45) and (46)
we obtain Qm a l —* oo and Qmin —* \(4-!t<j/3n)*, which agrees with the study of Lee and his
colleagues [10]. (ii) The Lagrangian (1) has the discrete symmetry <j —• - a spontaneously broken
in the ground state with < a >—> ± do. If CTO > 1 MeV, this will lead to the well-known problem
of domain walls, which breaks the discrete symmetry explicitly. Since this additional term will be
very tiny, it will not affect the study made in this paper, (iii) Furthermore, if we introduce a realistic
model [11] we will arrive at a similar conclusion. This separate work will be reported in future.
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