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Abstract

An exact analysis has been carried out for general analytical expressions for
the second threshold of a single-mode homogeneously broadened laser and for the
initial pulsation frequency at the second threshold for arbitrary physical values of
the relaxation rates, and at arbitrary detuning between the cavity frequency and
the atomic resonance frequency. These expressions also give correspondingly exact
forms for asymptotic cases that have been previously studied with some approx-
imations. Earlier approximate results are partly confirmed and partly improved
by these more general expressions. The physical status of various expressions and
approximations is re-considered and specified more clearly, including an analysis of
which reasonably can be attained in lasers or masers. A general analytical proof is
given that for larger detuning of the laser cavity from resonance a higher value of
the laser excitation is required to destabilize the steady state solution (the second
threshold). We also present results for the minimum value of the second threshold
at fixed detuning as a function of the other parameters of the system and on the
dependence of the ratio of the second threshold to the first threshold as a function
of detuning. Minima of the second threshold and of the threshold ratio occur only
if the population relaxation rate is equal to zero. The minima of the threshold
ratio are shown to be bounded from above as well as from below (as functions of
the relaxation rates, so long as the second threshold exists). The upper bound on
the threshold ratio is equal to 17. The variation of the second threshold in the
semi-infinite parameter space of the decay rates is shown at various detunings in
plots with a finite domain by normalizing the material relaxation rates to the cavity
decay rate.
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1 Introduction

1.1 Background
The problem of obtaining and analyzing an exact analytical expression for the second
threshold (at which steady state operation gives way to time-dependent behavior) in lasers
has been and continues to be a challenge in nonlinear and quantum optics. Although the
problem is exactly solvable, at least in principle, for the semi-classical equations for a ho-
mogeneously broadened single-mode laser, the solution requires both an enormous amount
of calculations and further simplifications of the resulting equations. The calculations and
the symbolic simplifications are so daunting that to our knowledge they have not been
attempted by hand or by ordinary symbolic manipulation programs.

For instance, a rigorous mathematical treatment of the problem in [1] met rather
formidable algebraic relations which had to be restricted to a special limiting case for
evaluation. Such technical complexity has been the main obstacle to a full treatment
of the problem and it has limited previous work to only a few particular, though highly
instructive, cases.

Our goal is to present a general study of the problem. This has become possible
with the availability of MATHEMATICA, notable for its versatility in computer-based
symbolic mathematics [2]. While we demonstrate this power for solving our particular
problem, this can also be taken as an illustration of how this tool can be applied in the
fields of nonlinear dynamics and nonlinear optics.

1.2 Outline
Our main purpose in this article is to investigate the influence of the detuning and the
relaxation rates on the second threshold of the homogeneously broadened single-mode
laser, especially the influence of the detuning on the relative accessibility of the second
threshold as the pump parameter is varied.

We have completed this investigation without any restrictions (within physically ac-
cessible ranges) on the values of the parameters of the problem, and we present a purely
analytical treatment.

The paper is structured as follows.
In this section we start from the original semi-classical equations of motion for the

homogeneously broadened single-mode laser. These equations are variously known as the
standard laser equations, the single-mode homogeneously broadened laser equations, the
single-mode Maxwetl-Bloch equations, or the Laser-Lorenz or Haken-Lorenz equations.
To the best of our knowledge, the stability of the steady-state lasing solutions of these
equations (or their Maxwell-Schrodinger equivalents for lasers or other two-level systems)
were first investigated by Gurtovnik (3] {for applications to masers) and then by Grasyuk
and Oraevskiy [4], [5] and Uspenskiy [6] and later by Korobkin and Uspenskiy [7] for
the resonantly tuned laser, and by Uspenskiy [8] for the case of a detuned laser. An
alternative development in the framework of studying the response of lasers to intrinsic
noise through analysis of nonlinear Langevin equations for the resonantly tuned laser was
given by Haken [9] and in the framework Fokker-Planck equations by Risken, Schmid and
Weidlich [10] who also set up the stability analysis of the detuned laser without computing
instability thresholds. Using what are now more conventional methods of linear stability

analysis of steady state solutions, their eariler results were soon thereafter generalized to
considerations of multi-longitudinal-mode stability and instabilities as well as single mode
instabilities [11]—[12], though in these papers the single mode studies were limited to the
resonantly tuned situation.

Section 2 is devoted to an extensive discussion of the intersections, overlaps and iso-
morphism of the standard laser equations and various versions of the equations known as
the Lorenz equations (both real and complex).

We give a systematic derivation of Lorenz models from the standard laser equations
and summarize in the process previous results on this topic which are a bit scattered in
the literature. Taken together, these results give three levels of isomorphism between the
standard laser equations and the "hydrodynamical" Lorenz models. The levels of this
isomorphism are presented in Table 1. The established isomorphisms allow us to continue
our analysis in alternative sets of terms: either laser or "hydrodynamical".

After the section 2, we present our calculations which have been done using the "hydro-
dynamical" form which is more convenient for the, usage of MATHEMATICA. However,
since we deal here with laser physics we will re-formulate all intermediate results in laser
terms.

In section 3, we give the rigorous solution for the second threshold of the homoge-
neously broadened single-mode laser. In order to do this, we prove that another analyti-
cally possible solution for the second threshold does not exist although MATHEMATICA
successfuly produces it. (It turns out that this alternative second threshold requires a
negative intensity.) We also demonstrate that we start with the same expressions as in
previous studies, which makes it possible to straightforwardly compare our general results
with previous results which should be obtained from our expressions for particular choices
of the parameter values.

In a very short section 4 the absolute minimum of the second threshold for the reso-
nantly tuned laser will be made more precise than has been previously reported.

Since the evaluation of the pump value for the second threshold is closely related to
the evaluation of the initial pulsation frequency of the Hopf-like bifurcation at the second
threshold, we derive in section 5 the general expression for this initial pulsation frequency
and, on the basis of this, we present the values for the initial pulsation frequency for
certain special cases.

In section 6 our general results are compared with previous results which have been
derived for special cases, the dependence of the second threshold on all parameters is
restored in comparison with those previous results, and special limits that can be reached
only for either lasers or masers are distinguished. The importance of the order in which
double parameter limits are taken is also discussed.

In section 7 we show that a pertubative approach to the problem of the position
of the second threshold can evidently fail. Thus, to overcome this, we give a general
analytical proof at arbitrary parameter values that increasing the detuning has the effect
of increasing the second threshold. In this section we also assess how the ratio of the
second threshold to the first threshold depends on the detuning.

In section 8, in order to satisfy the common temptation to look at the surface which
represents the second threshold in the parameter space, we demonstrate that a new nor-
malization of the relaxation rates of the laser system brings the domain of the existence
of the second threshold from a semi-infinite half plane of the parameter space into a small
triangle, allowing us to plot the second threshold surface easily at various values of the



detuning. This will help to illustrate our general result on the influence of the detuning
on the second threshold.

Section 9 is devoted to the search for minima of the second threshold and of its ratio
to the first laser threshold as functions of the detuning and the relaxation rates. We show
that the minima of both occur when the population relaxation rate is equal to zero. We
also find that the minima of the threhold ratio are bounded not only from below, but also
from above. The minima of the threshold ratio are found to be limited between 9.0 and
17.0. Numerical results of this study are given in Table 3.

We have summarized the new results of this article in section 10 where we have also
summarized the main points of our discussions.

In the Appendices we have collected some details on points which are only mentioned
in the main discussion of the physical results, but which are necessary for the rigorous
justification of our statements.

1.3 How to check and compare other results with our results
Since we have used MATHEMAT1CA, it is probably not practical to check most of our
results by hand because they are produced by computer. However, in order to provide
interested readers with the opportunity to check our results, to compare them with other
results and/or to develop them further, we have created a number of special files which
are available upon the request by e-mail from the first author. The choice of the file we
will send depends on the purposes of the requester.

It should be also mentioned that working with symbolic programs requires some pre-
cautions, otherwise one can get explicit, though wrong results. Examples can be found in
Appendix A.

1.4 The basic dynamical system
Semi-classical equations for the homogeneously broadened single—mode laser have the
following well known form [13]-[16]:

~E(t) = -KE(t)-iu>£(t)-igP(t), (1)

-P(t) = - - itP(t) + ig"E(t)S(t), (2)

-S(t) = - - Nd0) + 2i (gE-(t)P(t) - g'E(t)P'{t)). (3)

In these equations, E(t) is the electric field amplitude of the lasing mode of the optical
field, P(t) is the macroscopic polarization of the two-level medium inside the cavity of the
laser in the rotating wave approximation, S(t) is one half of the macroscopic population
difference between upper and lower atomic levels.

Further, w is the frequency of the cavity mode which is the nearest one to the atomic
transition frequency t, g is the atom-field coupling, 71 and 7|| are, respectively, the
polarization and population relaxation rates of the two-level medium inside the cavity,
K is the relaxation rate of the optical field mode. An incoherent pumping rate for the

population inversion is described by the level of the unsaturated inversion per atom, do;
N is the density of the atoms in the cavity.

Contributions to the analytical study of the threshold properties of the standard laser
models have been made by many workers [3]-[25] where the contribution of the group of
P. Mandel should be particularly noted.
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2 Complex Lorenz model and standard laser equa-
tions

2.1 Alternatives for identification of the standard laser equa-
tions with the complex Lorenz model

The complex Lorenz model [26] which is a 5-dimensiona] generalization of the famous
(real) Lorenz model of three dimensions [27], [28], has the form

— X ( T ) = -<rx(r) + <ry(r),

— y{r) = -ay(r) + rz(r) - X(T)Z(T),

(4)

(5)

-^Z(T) = -bz(T) (6)

where T is the normalized time which is measured in the laser case in the units of 7 ±
: (this

will be shown later on), the parameters a and 6 are real and positive, and the parameters
a and r are complex:

a = \ — ie; r = rj + ir2. (7)

The connection of the basic equations (l)-(3) with the complex Lorenz model has been
pointed out and described in literature several times [18] [23], [29], after the basic work of
Haken [17] on the connection of the resonantly tuned laser equations with the real Lorenz
model and it is, therefore, well known. However it seems to us that the discussions of
the connection between the equations (l)-(3) and the complex Lorenz model and of the
physical meaning of the complex Lorenz model in laser physics are somewhat scattered
[20], [22], [23], [29], we find it useful to collect everything in one place.

There are two different ways to develop a correspondence between the standard laser
equations and the complex Lorenz model. They both were described in the article by
Fowler et at. [26].

The first possibility is to put the parameter r2 identically equal to zero (making the
pump parameter, r, real as in the laser equations) and to identify at the same time the
parameter e with the normalized detuning, Fowler et al. preferred this strategy ([26],
p. 140): "The complex Lorenz equations ... form the ... model for ... optical systems
of two level atoms ... semi-classical equations are the set of damped Maxwell-Bloch
equations. ...In this case, r% = 0, but e ̂  0." This approach has been used in almost all
other work devoted to this subject, [18] - [23].

The alternative approach is to keep r2 always equal to — e. Although this approach
was called by Fowler et al. a "..rather pathological possibility" ([26], p. 141), it has
been developed and explored in recent work by Ning and Haken [29]1. This approach

'An important feature of the work by Ning and Haken [29] is that for the first time the spatial
dependence has been embedded inlo the connection between semi-clasaical equations for slowly varying
amplitudes and complex Lorenz equations, thereby generalizing the Lorenz-laser analogy to apply as well
to the multimode laser equations and providing a complex-variable version of this analogy which was first
set forth for real variables by Graham [32] .

has proven helpful, albeit somewhat controversial, in discussions of geometrical phases in
detuned laser systems [30]—[31].

Since we will not develop in this article the second approaih, let us try to characterize
briefly that possibility for the identification and reasons why we have chosen another one.

Fowler et al. [26] pointed out both ways for the identification, obtaining for the first
time formal expressions for the second threshold (formula 2.43 in [26]) and the initial
pulsation frequency (formula 2.38 in [26]) basing their consideration on the biquadratic
equation they derived (formula 2.41 in [26]).

Eight years later Ning and Haken repeated many of these formal results: finding the
expressions for the second threshold (formula 74 in [29]), the initial pulsation frequency
(formula 75 in [29]) and the basic biquadratic equation (formula 70 in [29]). In addition
they formally included consideration of the spatial coordinate and analyzed numerically
the supercritical bifurcation in the laser case.

Nevertheless, while it was relatively easy to write down the biquadratic equation and
the formal solution for it, the main part of the work still lays ahead.

The following questions which were obstacles to converting those formal results to
truly analytical ones had been left unanswered:

• Is the one of the roots of the biquadratic equation always negative? If not, then one
should compare each root and its prediction of a second threshold with the value of
the first lasing threshold to make clear whether or not there are two branches for
the second threshold;

• Is another root of the biquadratic equation always greater than the first laser thresh-
old under the bad cavity condition or does a domain of parameters exist where the
second threshold has no meaning at all? (If so, then there is an additional restriction
on the parameter values for which the second threshold can occur, and the physical
meaning of such a restriction should be understood)

• Does the second threshold increase with detuning or can it be decreased by varying
the detuning and relaxation rates (a result that would be important for experimental
observations of the phenomena) ?

• Even if the second threshold does increase with detuning, does the ratio of the
second threshold to the first threshold decrease in some parameter domain?

• Generally, what are the extrema of the second threshold, what is the shape of the
second threshold in a parameter space?

• What are the asymptotes for the second threshold, what is the physical meaning for
those asymptotes?

No exact analysis of these problems has yet been given making use of the beautiful
formal expressions obtained in both works [26] and [29]. To complete our analysis of these
expressions to answer many of the questions we have identified, it was necessary to find
many simplifications and substitutions in order to bring the expressions to a form which
would make possible a subsequent analysis.

Further, one can see that the approach taken by Ning and Haken connects the com-
monly used bifurcation parameter r in (7) with the difference of the normalized pump
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and normalized detuning ([29], formulae (27) and (29) under the condition r2 = - e ) .
Thus, two physically different dependences, on the pumping rate and on the detuning,
are mixed in the single parameter in the Ning-Haken approach. This particular feature
can sometimes be a disadvantage because it makes it difficult to separate the effects of
detuning from the effects of variation of pumping intensity in the course of variation of
bifurcation parameter r.

We present here the derivation of a particular form of the complex Lorenz model from
(l)-(3), following the approaches taken in [18] - [23]. In this way, we collect in one article
most of the various forms of the standard equations for a homogeneously broadened single-
mode laser with non-zero detuning, and try to understand their overlaps and hierarchy.

2.2 Idea of transformation
We will establish this connection in two steps. In the first step, equations (l)-(3) are
brought to a form which is qualitatively similar to the complex Lorenz model, and in the
second step we properly normalize those intermediate equations.

First of all, one can see from direct comparison between the standard laser equations
(l)-(3) and the complex Lorenz model (4)-(6) that if the connection is possible, then it
should be between E(t) and X(T) (because the differential equations for these quantities
are the only linear equations in these two systems), between S(t) and z(r) (because these
are the only real variables in these two systems) and, consequently, between P(t) and
V(r)-

However, equation (1) for E{i) has an imaginary part in the coefficient in front of
E(t) while equation (4) does not have this. This means that in order to eliminate this
imaginary coefficient at B(t) from (1) we must takea reference frame for the field rotating
with the cavity frequency LJ.

Further, the coefficients of both X(T) and at y(r) in equation (4) are real, while even
after transformation to the rotating reference frame the coefficient at P(t) in (2) is com-
plex. In establishing the equivalence, the phase shift between E{t) and P{t) must be
eliminated by together with the transformation to the rotating reference frame.

Finally, one has to shift the scale for S{t) onto the value of JV<f0 in order to eliminate
the constant term from (3) which is absent in (6), and to invert this scale in order to bring
the signs in the new equation for the polarization to a form coinciding with equation (5).

2.3 Change of reference frame and scale
First we perform the transformation of the amplitudes of the optical field E(t) and the
polarization P(t) and the changes in the population difference S(t).

The explicit form of this intermediate transformation is

S(t) = V(t) = S(t) = -(£(<) - Ndo), (8)

includes both the complex numberwhere the value of the compensating phase shift
i and the phase arg(j) of the complex dipole matrix element of the atomic transition
between upper and lower levels

(9)

The intermediate equations can then be written as follows

-£(t) = -

-V{t) = - 7

7tsW = ~

2.4 Normalization

(10)

(11)

(12)

Second, equations (10)-(12) need only proper normalizations of the time, and of the
variables and parameters. Since the term in the equation (5) which is linear in y(r) has
a coefficient with a real part equal to unity, the normalization of the time is evident:

(13)

Hence, time now is measured in the units of the polarization relaxation time 7J1.
By means of the following relations for the coefficients

a = 1 — ie — 1 — i-
71 7x

where

(14)

(15)

(16)

(17)

(18)

is the well known value for the first threshold* (onset of steady state lasing) of the reso-
nantly tuned laser, and by means of the following normalization of the dynamic variables

(19)

(20)

(21)

we finally get the complex laser-Lorenz equations:

-Xlr) = -aXU

-i
dr
-rY(r) = -aY(r) + rX(T) - X(r)Z(r),

2For the first laser thteshold we use d'*r (respectively, rj*r) where "thr" denotes the threshold and the
subscript " 1 " denotes the first laser threshold; we use d\h^ (respectively, r\%) for the first laser threshold
with resonant tuning of the cavity, where the subscript "0" denotes the resonant detuning, w = (.
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^Z(r) = ~bZ(r) + \ (X'(r)Y(r) + X(r)Y'(r)), (22)

with the only difference from the original complex Lorenz model (4)-{6) being that in the
laser case (20)-(22) the normalized pumping parameter r is a real parameter

Im(r) = 0, (23)

while in the general case of the equations (4)-(6) this parameter (7) possesses a non-zero
imaginary part which has been discussed already in [20]-[21].

2.5 Distinctive features of the laser Lorenz model and a hier-
archy of standard laser equations

We can conclude from this derivation of a particular form of the complex Lorenz equations
(20)-(22) from the semi-classical equations for the single-mode homogeneously broadened
laser (l)-(3) that:

• the complex Lorenz equations are practically* applicable to the laser only in two
particular cases; one is considered by Ning and Haken [31] which we discussed in
subsection 2.1; in our article, we consider the particular case when the parameter r
is a real number [20]-[21], i. e., if Im(r) = r2 = 0;

• in the laser case, the variables X(T), Y{T) and Z(T) describe, respectively, the
normalized amplitudes of the field and polarization and the population difference;

• \\\ the laser case, the reference frame both rotates with the cavity frequency u and
there is an inverted scale for the population difference with its origin shifted to the
Value of the unsaturated population difference;

» in the laser case, the time is measured in units of the polarization relaxation time

• in the laser case, the phase shift between the optical field and polarization which
is due to the Coulomb gauge and complexity of the dipole matrix element of the
transition between upper and lower lasing levels, has been formally eliminated by
the compensating phase shift in the definition of the field variable X(T).

The hierarchy of the standard equations for the single-mode homogeneously broadened
laser is presented in Table 1.

It is clear from our derivation of the laser-related form of the complex Lorenz model
from the equations (l)-(3) that one can successfully use either the description by means
of laser physics terms and parameters (the left column in the Table 1) or the description
in the "hydrodynamical" terms of the Lorenz models, complex and real (the right column
in the Table 1).

Downward arrows in both columns of Table 1 show the direction from a general form
to a more particular one.

3 Formally, one can assert that there is a continuum of possibilities for cuch an identification defined
by function F(ri,e) = 0 which allows to eliminate from consideration the parameter r j .
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Table 1: Hierarchy of standard laser equations

Detuned homogeneously
broadened single-mode laser,

eqs. (l)-(3)

Complex
Lorenz model
with 1-2 = 0

The same but
tuned laser:
w — t = 0

Complex
Lorenz model

with e = r2 = 0

Tuned laser with fixed phase
(arg(<?) = ±r/2) _

and special initial conditions
for E(i) and P{t)

Real Lorenz model, i. e. complex
Lorenz model with e = r2 = 0

and special initial conditions
•forJ£(r)and Y(r)

Thus, the equations (l)-(3) in 5 dimensions for the detuned homogeneously broadened
laser are completely isomorphic to the complex Lorenz model with r2 = 0.

If one puts the detuning equal to zero, the parameter e in the complex Lorenz model
vanishes as well. Therefore, the standard equations for the resonantly tuned laser remain 5-
dimensional and are completely isomorphic to the complex Lorenz model with e = r2 = 0.

The following warning is required here: one cannot yet identify these equations with
the 3-dimensional real Lorenz model because these equations contain, for instance tran-
sient and noise driven, time-dependent processes which cannot, in principle, be described
in 3 dimensions. However, for most deterministic transient processes, there is a rapid re-
laxation to a 3-dimensional sub-space of the 5 dimensions with the adoption of a particular
fixed value of the absolute phase which remains asymptotically fixed.

In contrast, when Langevin noise sources are added to these equations, there is noise-
induced diffusion of the absolute phase which requires the full 5-equations for a proper
description [33]. Hence, capturing the effects of laser dynamics in the presence of sponta-
neous emission requires, necessarily, the complex rather than the real equations.

For deterministic evolution, it is easy to see that the 5-dimensional equations for the
resonantly tuned laser can be effectively replaced by the 3-dimensional equations in the
case when one takes the special choice of the relative phase such that P(Q)/E(0) is real
at an arbitrary value of 5(0).

The resulting equations will be effectively isomorphic to 3-dimensional real Lorenz
model.

We can now distinguish three levels both for the standard laser equations and for
the Lorenz models in the laser case. At each level, one can use both the laser and the
"hydrodynamical" presentations which are completely isomorphic as we have shown in
this section.

We have collected in one place both the previous results [18]-[23] and our results about
connections and overlaps between the standard laser equations and the Lorenz models.
This helps to clarify the parameter regions and initial conditions which define the validity
of applications to each particular case.

12



3 Exact expression for the second threshold
The laser-related complex Lorenz model itself is not so convenient for the study of stability
because of the choice of a reference frame which rotates with the cavity frequency u> rather
than the reference frame which rotates with the actual frequency of the stationary optical
field [20], [19], [22], This leads to the transformation of the steady solution, describing
steady-state (constant intensity) laser operation, into a periodic solution which seems to
us to have been properly termed "undue complexity" [19]. Even in the original work by
Fowler et al. [26], wherein the complex Lorenz model was analyzed for the first time,
the authors changed the reference frame by transforming to the reference frame which is
commonly used in laser physics [13] for the description of the detuned laser. From the
point of view of stability theory it is always easier to treat a fixed point rather than a
periodic solution. This is the reason why previous workers [18]-f2l] used the reference
frame adopted in laser physics but not the complex Lorenz model itself even when they
considered equations (l)-(3) which are completely isomorphic to the equations (20)-(22).

3.1 Equations for the normalized variables in the reference
frame rotating with the frequency of the stationary optical
field

It can be easily shown [13], [15]-(25], that in the reference frame rotating with the fre-
quency

n =
Kf + 7J.OJ

(24)

the basic equations (l)-(3) have a non-trivial (lasing) steady solution4. So, taking the
dynamic variables in this reference frame

€{t) = £(()e'(m+wi\ P(t) = P(t)em, S(t) = -(S(t)-Nd0), (25)

where the compensating phase shift <p0 was defined earlier by relation (9), and introducing
a parameter 6 containing the absolute detuning (w — t):

6 =

we get the system of equations

-£ ( t ) = -K(l + i6)£(t)+\g\V(t),
at

~P{t) = -7
at

s

(26)

(27)

(28)

(29)

4The shift of Q from the cavity frequency u is called "frequency pulling", see, for example, in [13], p.
121 and 187.
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The parameter 8 scales the detuning of the frequency H of the steady-state lasing solution
from the cavity frequency w and the transition resonance frequency e. for which the values
are, respectively, K8 and ii_6.

3.1.1 Discussion of the parameter S

Before proceeding, it is helpful to discuss in detail the dependence of 6 on the other
parameters of the system.

Since the relaxation rate K which characterizes the loss of the cavity

« > 7J.+7||. (30)

should be compared with 71 and 7|| when analyzing the second threshold, it is better to re-
write the quantity 6 as a product of two separate factors using the common normalization
of all parameters to the parameter 71 which is, therefore, a fixed constant:

(31)

The first factor in this product depends solely on the cavity detuning as measured
in the natural units of the transition linewidth (since fL is now a fixed normalizing
parameter) while the second factor characterizes the relative loss of the cavity. This
means that if one wants to vary the quantity i5 changing only the detuning at fixed
relative cavity loss, one has to vary only the first factor. Varying the relative cavity loss
at fixed detuning, requires variation of the second factor only.

Thus, the parameter 6 contains simultaneously both the dependence on detuning and
on the relative loss of the laser cavity in contradistinction to the common misconception
that S is just a normalized detuning. If the value of K is also to be varied, (K + 71) cannot
be used as a constant normalizing factor.

It is easy to illustrate this statement. For instance, one has 8 equal to zero in two
physically different cases: either when detuning goes to zero ((w - t)/7± —• 0) or when
the cavity is very bad (n/*fi —* 00). Hence, simply putting the value of S equal to zero
does not specify completely the physical situation - further specification of the value of
either (u> — e)/7i or «/7x is required for understanding the physical meaning of a zero
value of the parameter S.

Another but also ambiguous situation occurs for large values of 6. It is clear that the
detuning (a) — «)/7x is large in this case. However, to what extent is the detuning large?

The answer is not unique and strongly depends on whether or not the limit of large 8
is taken simultaneously with the bad cavity limit n/fi —» 00. We can say in advance that
the limit of large S in the extremely bad cavity limit can be reached only for masers while
either limit (K/-/± :» 1 or |u — el/71 3> 1) is difficult to achieve for any laser (see also the
discussion in the subsection 6.3). In the experimental observations of second threshold in
homogeneously broadened lasers, it was not possible to operate much beyond K/71 < 3
and |w - el/7i < 10.

Since the standard laser equations are completely isomorphic to the laser-related com-
plex Lorenz model, we can re-formulate the remarks of this subsection in terms of the
parameters cr, e and 6. Recalling the definitions (14),(15) and (16), we re-write S as a
function of e and u:
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He; a) = (32)

In this form the previous remarks are even more clear - the parameter e describes
solely the cavity detuning while the parameter a describes the relative loss of the cavity.

Conclusion: if one performs some limits in 6 one should necessarily specify the behavior
of both a and e.

3.1.2 Explicitly symmetrical form of equations

Our aim in this subsection is to make a normalization of the new dynamical variables
to simplify the form of both the steady solution and the coefficients of the equations in
variations near this steady solution.

In this way we also get an explicitly symmetrical form of the equations, i, e., a form
which is covariant with reBpect to the rotations of the steady solutions.

To this end it is convenient to define a new "angular" variable

p — arctan 6 = arctan = arctan •
K + 7i <T + 1 "

The normalized time is now measured in the units of (711/I + 82)~i:

By means of relations for the coefficients
_do_
d\hr'

where-

^ r = (l+«Vi*o' =
«7i(l+<52)

(33)

(34)

(35)

(36)

is now the value for the first laser threshold of the dttuned laser, and by means of the
following normalization of the dynamic variables

Y(f) = , Z(r) =

we obtain another representation for the complex laser Lorenz equations:

~X(t) = -atipX(f) + oY(f),
dr

JZY{T) = -e-
ipY(f) + fX(i) - X{T)Z{T),

±Z(f) = -lZ(f) + I (X'(f)Y(T) + X(f)Y-(f)) .

f(t), (37)

(38)

(39)

(40)
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The striking feature of equations (38)- (40) is that now they have steady state solutions
which can written down in very simple form:

Xo = v4exp(^), Yo = Aexp(<j> + p}, 2b = r — 1 , (41)

where the magnitude A of the normalized stationary field and polarization is equal to

(42)

and the parameter <j> is arbitrary:

0 < 4> < 2TT, (43)

while the "angular" parameter p characterizing both the degree of the detuning and the

relative loss of the cavity has been introduced earlier by means of relation (33).

3.1.3 Symmetrical equations in variations with respect to the stationary so-
lutions

It is more convenient to use a set of the real variables {xi,X2,X3,X4,xs}:

X{f) =
Y[f) =
Z(f) =

tx2(f) (44)

(45)

(46)

In terms of these variables, equations (38)—(40) acquire the following explicitly sym-
metrical form with a simple trigonometrical parameterization of the coefficients:

d
5Fa

—22 = —asinp xi — (rcosp X2 +
aT

d

d? = TX\ — COS/3 X3 — Sin/> I 4 —

—x+ — fx2 -\-sinp x3 — cosp X4 —
aT

—-T5 = -bXs + X\X3 + X2X4.
tiT

(47)

(48)

(49)

(50)

(51)

The stationary solutions turn out to be written in a very simple form as well (compare
with the relations (3.45) and (3.46) in section 3.4 of [26]):

(52)

Now we introduce the variations near the solutions (52):
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qn - xn -x'*, n =

The equations for the variations are written as

—?i = -ocosp qt+ff sin p qt+oq3,
AT

—q-i = -a sin p qi - a cos p q2
aT

-p?3 = ?i - cos p q3 - sinp q4 - Acos <fr g6 -

U

j 7 ? 4 = 92 + sin /> 93 - cos p qt - A s in <t> q$-

(53)

(54)

(55)

(56)

(57)

— x 5 = A cos(p + 4>) qt+ A sm(p+<j>) <j2 +A cos <j> q3 + Agin <f> q4-bqs-\-qtq3-\-q2qi. (58)

The matrix of the linear part of equations (54)-(58) is therefore written as follows

(59)

/ —acoap <Tsinp
~<7sinp —crcos/j

1 0
0 1

, Acos(p+0) Asin(p + ^) Acos<^ Asin^ — b
Straightforward calculation immediately shows that this matrix is a degenerate matrix:

a 0 0
0 u 0

— cmp —sinp — Acos<^
sin/) — cos p —.

detl,o, = 0, (60)

and, hence, at least one characteristic root A, i.e., one of the solutions of the characteristic
equation

/(s> = d e t ( l i « - Ai) = 0 (61)

is equal to zero. It turns out to be that there is only one zero root5 of equation (61),
and we get the characteristic equation for this matrix in the form of a partially factorized
polynomial of the fifth order in A:

/'5> = A/(4) = A(<iA4 + ciA3 + cjA2 + c3\ + d,) = 0. (62)

This characteristic equation was obtained in [19], and in the next subsection we show that
equation (62) and the characteristic equation derived in [19] are the same.

We write down the coefficients c,, i = 1,..,4, for this equation both in terms of the
coefficients of the system (38)-(40):

sWith the exception of the first threshold where there is an additional root exactly equal to zero. At
the second threshold a pair of characteristic roots with zero real parts appears in addition to this zero
root. From the point of view of stability theory a pair of purely imaginary roots is equivalent to one zero
root [34].
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co = 0, (63)

c, = 6 + 2(1 +<T) COS p , (64)

c2 = (l-o)2 +4aco32 p + 2b(\+o)cosp+ A7, (65)

C-J = t | (1 — CT) "i~ 4<TCO8 p f •+• A. ( 1 + 3<T) COS yO, ( ^^ )

C4 s t i / 1 (7^1 + &) COS ^J, (OfJ

£uid? in the next subsection, in terms of the parameters of the complex Lorenz system

3.2 The Hurwitz minor T3, the Lienard-Chipart stability cri-
terion, and the exact explicit expression for the second
threshold

3.2.1 Characteristic equation for the problem

Equations (38)-(40) and the equations for their variations (54)-(58) near the stationary
solutions (52) are very convenient to the study of the Hopf-like bifurcation at the second
threshold because of their symmetrical form and simple trigonometrical parameterization
of the coefficients (which are the components of the stationary solution). This study will
be reported separately.

However, in this subsection it is more convenient to use the original notation for the
complex Lorenz model [26] because of the need to compare the results we will derive here,
with the previous results in [19], [20], [22]6.

In terms of the original complex Lorenz model we can re-write the characteristic
equation using a re-definition of the characteristic number

form

A = Acosp.

ThuSj apart from the common factor of cos4 p = (1 + •
m

(68)
2, equation (62) takes the

= 0, (69)

where the parameters of the original complex Lorenz model are now used in the following
expressions for coefficients:

'We compare our results mainly with results obtained in the work [19] which is upto now, probably, the
work containing the most analytical results about the threshold properties of the standard laser equations
under consideration in the present article. Studies of the various aspects of stability for the standard
model of the single-mode homogeneously broadened laser have been done in [19j in the reference frame
rotating with the cavity frequency w, the time has been measured in the units of *""', the normalization
of the variables was different. This might make long the way of the comparison of our results with [19],
however, very fortunately, the results from [19] have been reproduced in the section 5 of the review [22]
in more frequently used notation which makes a direct comparison with our results easier.
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CO = 1 ,

: 2(1

(70)

(71)

(72)

c3 = 6(1 + 3<r)(r - 1) + 6(1 + <7)2 + &{(1 - a ) 2 - (1 + 3<r)} <52(e; a ) , (73)

We see that coefficients of the characteristic equation contain only the squared nor-
malized detuning e2 through the squared parameter function <52(e;u).

The quantity 82(e;cr) entered into the characteristic coefficients (70)-(74) not only
by means of the squared (normalized) field amplitude A2 = 6(r — 1 — £2)/(l 4- S2) in
the equations for variations (54)-(58) but also separately as a part of the coefficient
a = 1 — it in the original complex Lorenz equations. Therefore, if we perform expansions
of the second threshold in the powers of 62, in order to be consistent we must collect the
total factor at each power of 62 (i. e., including that part in the expression for A2) in
order to get the true coefficients in such expansions.

The neglect of this fact in previous work [19]—[20] led to quantitatively inconsistent
results. This is why we have collected the total factors at 62{e;a) in the characteristic
coefficients (72)-(74).

The characteristic equation (62)-(69) is the basic one for exact derivation of the ex-
plicit expression for the second threshold. Let us now make sure that we have the same
characteristic equation as that derived previously by others,

Recalling the expressions obtained and used in [19] and [22], p, 61, we found there the
characteristic equation

= 0

with the following coefficients an

= 1,

(75)

(76)

a3 =

a2 = 27(1 + k) + (1 + k)2 + (2C - 1 - A ^ + (1 - k)2A>,

a, =

a0 = 2*7(1 + k)(2C - 1 - A2).

Making the correspondence between the physical quantities

(77)

(78)

(79)

(80)
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K «• a,

7 «• b,

2C O r, (81)

and between the characteristic coefficients

an = c4_n (82)

we have verified that the characteristic equation (69)-(74) which we are using in the
present work, and the characteristic equation (75)-(80) used by previous workers [19],
[20], [22], are the same equations. This means, of course, that we studied the same
Hurwitz minors as were studied previously.

3.2.2 Lienard-Chipart stability criterion

In this subsection we will derive the formal solution for the second threshold. This formal
solution has two different branches. We show in the next subsection that one of the
branches is not physical because it gives the value of the second threshold which lies
below the first laser threshold r\hr for the detuned single-mode homogeneously broadened
laser

r\hr = 1 + S'(e\v) = 1 + (83)

By virtue of the characteristic equation (70)-(74) the Hurwitz minors of our problem
are defined by the following matrix [35]

and written as

7\ = cj > 0,

T2 = CiCj - c3,

= C3T2 -c\c4.

(84)

(85)

(86)

Since the non-trivial stationary solution (52) exists only above the first threshold (83):

r-r\hr = r - l - 0,
all the coefficients c,, i = 1,..,4 turn out to be positive

c, > 0, 1 = 1,2,3,4.
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The latter inequality means that the exponential instability of the non-trivial station-
ary solutions (52) under consideration is determined 7 solely by the sign of the the third
Hurwitz minor T3 [35]. This particular case of the general Routh-Hurwitz criterion is
called in the theory of matrices the Lienard-Chipart stability criterion [35j.

Calculating the minor T3 we find that one might write this minor as a quadratic
equation with respect to the normalized unsaturated population difference r. This gives
us an equation for determination of those values of r at which the minor 7a changes sign:

r3(r) = kr2 + pr + q = 0. {89)

This quadratic equation (which is a biquadratic equation with respect to the steady-
state intensity of the field 4̂) was formally solved in the original work by Fowler et
al. [26] and later, also formally, in the work by Ning and Haken [29]. No comparative
analysis was done for two possible solutions of this equation and for the value r[hT of
the first laser threshold. Nor was an analytical study of the influence of detuning on
these quantities provided. This situation has-left open the problem of the analytical
study of the dependence of the second threshold on the parameters of the model and
its relation to other threshold values (i. e., to the value of the second threshold for the
resonantly tuned laser, and to the value of the first threshold) as well as the problem of
analysis of asymptotic expressions for the second threshold over the whole physical region
of parameters.

Up to now, the main attempts to carry out parts of these analyses were, in our opinion,
made in [19]—[22]. A discussion and comparison of our results and theirs can be found in
sections 6.1 and 6.2.

Thus, one of the roots of this quadratic equation (or maybe both roots in some physical
region of parameters)

-± _
Ik

(90)

is the sought-for value for the second threshold for the single-mode homogeneously broad-
ened laser. The upper index of these roots r* corresponds to the sign in front of the square
root.

The coefficients p and q in the equation (89) are very cumbersome and one can find
their explicit general forms in Appendix B.

The most easily calculated coefficient k

k = b2(l (91)

should be negative because the Hurwitz minor T%(r) as a quadratic function of r defined by
(89) should be negative for large values of r when the stationary solution (52) is unstable
according to known results [16]—[23]. This implies that even for the detuned laser we
retain the usual bad cavity condition [4]-[5]:

7In general, when the real part is equal to zero for at least one of the characteristic toots while the
other characteristic roots have negative reai parts, the rigorous investigation of the stability may no
longer possible in the framework of linearization, and special theory should be applied - stability theory
for critical cases, see for review [36]. However, if, as in this case, the zero eigenvalue corresponds to a
symmetry {the indeterminacy of the absolute phase) which is not broken by the subsequent bifurcation,
the analysis can continue with a study only of the minor determinant governing the roots with initially
negative real parts [37].
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a > b+ 1 (92)

as a necessary condition for obtaining a second threshold.
To define the true second threshold from the formal expression (90) one has to use the

following requirements:

• the second threshold should be a real number.

• the second threshold should not be less than the first threshold r\kr = 1 + P(e;a).

We have proven8 that, under the bad cavity condition (92), both roots (90) are real
numbers because the discriminant of the quadratic equation (89) is always positive:

p* - ikq > 0. (93)

Hence, both roots (90) can be considered as a. possible second threshold and they
do not cross each other at any physical values of the parameters under the bad cavity
condition.

3.2.3 Elimination of the root r+

Now we check whether or not the root r+ is more than the lasing threshold. We show
that this root r + is always less than the first laser threshold r\hr.
Proposition 3.1. At a zero value of the detuning and at an arbitrary finite value of the
relative cavity loss, i. e., when e = 6(e;cr) = 0, the root r+ is a negative number.
Proof 3.1. Taking the limit of zero e2 in the expression (90) with the plus sign in front of
the square root, one gets

lim r+ —
- 2 - 6 - 6a - bo - 6ff2 - 26c-2 - 2a3

(94)

which is obviously less than zero for all positive values of b and a.
The physical consequence of Proposition 3.1 is that for the resonantly tuned laser the

root r+ has no physical meaning and the only second threshold is given by the root r~ in
expression (90).

However, one must be attentive to the behavior of the root r+ with growth of the
parameter 8{e;a). For instance, at a = 3 and b = 1 the root r+ grows rapidly becoming
positive at £2(e; tr) > 7 (Fig. 1). Even in this particular case, the competition between two
increasing functions of S2(e;a), the root r+ and the first threshold r|*r = 1 + 82(e;o), is
evident. If r+ becomes more than the lasing threshold r[ht a second physically meaningfull
branch of second thresholds will appear.

Fortunately, this is not the case and we will show this in
Proposition 3.2. The difference r+ - r\ht has no zeros for real values of 8(e; <r), and r+ is,
therefore, always less than r\hr (according to the previous proposition) for physical values
of 6(e;<r), er and b.
Proof 3.2, Straightforward solution of the equation

r + - r\hr = 0 (95)
8Since that proof is very tedious, we have also put it in Appendix B.
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with respect to 62(e\ ff), gives after very long transformations:

(96)

Thus, the equation (95) has either one (or both) of the roots (96) or no roots at all
depending on the values of the parameters a and 6. In any case, the relation (96) is an
obvious contradiction because there is a positive quantity on the left-hand side and there
are explicitly negative quantities on the right-hand side of this relation.

Thus, the root r+ can never cross the value of the first laser threshold r\hT, remaining
below it.

3.2.4 Verification of the position of the root r~

Now we verify whether or not the root r~ is less than the lasing threshold. If so for
some domain of physical parameters, this would mean that the root r~ cannot be a
second threshold inside that domain of the parameters, being therein less than the first
threshold. But we demonstrate that the root r~ is always greater than the first threshold.
Proposition 3.3. At zero detuning, at arbitrary finite value of the relative cavity loss and
under the bad cavity condition, the difference r~ — r{*' is a positive number:

<r - b -
(97)

Proof 3.S. According to the contents of section 4, the absolute minimum for r (= rj'"')
occurs at zero detuning and is greater than or equal to 9 while the minimum of r\hr also
occurs at zero detuning and is equal identically to 1.
Proposition 3.4- The difference r~ — r|*r has no zeros at real values of 6(e; a), and r~ is
always greater than r'f* for physical values of 6{e;ff), a and b.
Proof 3.4. Solving the equation

r- - r;'" = 0 (98)

with respect to 62{e\ a), we find once again symbolic relations (96)9.
Further proof just repeats the Proof 3.2. Thus, the root r~ remains always above the

first threshold r\hr.
The physical conclusion from Propositions 3.1-3.4 is that among two roots (90) of the

basic equation (89) derived from the Lienard-Chipart stability criterion [35] only the root
r~ has the physical meaning as the second threshold for the single-mode homogeneously
broadened laser.

3.2.5 Exact analytical expression for the second threshold at arbitrary phys-
ical values of (u - e)/7± = e, (c/71 = a and 711/71 = b

Thus, we get for the value of the second threshold the following exact explicit expression

9 Let us recall once again that a symbolic solution can exist in a domain of the parameters where the
corresponding numerical (or exact) solution does not exist. If so, there are no roots at all which does not
violate our consideration (see for explanations Appendix A).
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-P- N(62(e;o-),<r,b)
(99)

To make the expressions more compact we are using here the parameter 6(e; a) which
contains the dependence on the normalised detuning e = (w - t)JiL. The numerator of
this exact expression has the following explicit form

N{62,c, b) = 2 + 36 + b1 + 262 - bP - b2P + 4(7 + 96<T + 262<r •

7WV - 86262<7 + Mbcr2 + 5b2cr2 - 862c

4a 3 + 36<r3 — 482a3 — bi2a3 — 2<T4 •

( - 1 + a) (2 + b + 2a) (1 + 26 + b2 + 262 - 2636J + <5" - 2W"+ (100)

P6* + 4<J + 66.7 + 262<r + 8S2<7 + 466V - :

• - 2b76*a + 6<J\+ 6ba2 •

V2 - 2«V2 + 10MV + b76*a2 + 4<T3 + 26<r3

-SS2a3 + 28bPa3 - 12<54<r3 - 606*0* + a4 - 6<S2<r4 + 964a4)1/2

(101)

while the denominator is just

D(<r,b) = -2k = 2i2(l+3<7)(<T-6-1).

Such cumbersome expressions as expression (100) are, very unfortunately, typical for
the Hurwitz minor method in stability theory. The main difficulty is to understand the
behaviour of r^1" as of a function of the main variable, the normalized detuning e2, over the
range of the set of the physical values of the other parameters, the normalized relaxation
rates a and 6.

3.3 Analytical expansions of the second threshold in powers of
detuning e = (UJ — e)/7j_ for arbitrary a = K/^^ and b = 711/71

In this subsection we can consider the normalized relaxation a as a fixed finite parameter
but not as a variable going to infinity. Thus, the limits of zero detuning e and zero
parameter £(e;<7) will coincide.

Expanding expression (99) into a series with respect to powers of the squared normal-
ized detuning e2, we get

+ + + O(e8) =

4 ( -1 + g) c (1 - b + a) {-b + 2a) (2 + b + 2<r) e"

4 ( - l + < r ) < T ( l - 6 + <r)(-6+2er)(2 + i+2<7)x
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( -1 + b2 - 3(7 - 2ba + lb2o + g2 - liber2 + 3<r3) e6

In addition to this expansion, in order to make comparisons easier with earlier results,
we give here the same expansion but in powers of the tr-dependent parameter 62(e\ <r):

(103)

4 (-1 + a)<J(1 - b + a)(-b + 2a) (2 + t + 2c)x

(-1 + b2 - 3tf - 26(7 + 7i> - Uba2 + 3<73)

Both expression (102) and expression (103) provide us, of course, with the true value
of the second threshold for the resonantly tuned laser [l8]-[23] (or, in other words, for the
bifurcation point at which the non-trivial steady-state solution of the real Lorenz model
loses stability [28]):

r%o = > f V = G ) = rfr(6'2 = O) =
cr-b-l

(104)
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4 Absolute minimum of the second threshold for
t he resonantly tuned laser

What is the minimum value of the second threshold for the resonantly tuned laser?
Differentiating the expression (104) with respect to the variables a and 6, we get

dr% _ 2a (1 + <r)

- 3 - 46 - 62 - 2(7 - 2iir + i

(105)

(106)

The derivative (105) is always positive at positive a.
Therefore, r ^ as a function of 6 is a monotonically growing function which has its

obvious minimum at the lower boundary, i. e., at b = 0.
The derivative (106) has a unique zero at the following positive values of a:

tro(b) = 1 + b + Vi + 6fc + 2b2. (107)

At 6 = 0 the value of <jo(b) is equal to 3.
Putting the function (70(6) and zero value of b into the expression for r ^ , one can

obtain the minimum value of the second threshold for the resonantly tuned laser:

m i n ( r ^ ) = 9. (108)

While the expansion for rfy at a = ao[b) in powers of b in the vicinity of 6 = 0 has
the following form

(109)

(110)

9 + 6 6 - ^ + ^ + O(b%

for large 6 this function is asymptotically a straight line:

\/2
9 + 5.82843 6.

Thus, the value of the minimum for the second threshold lies not far (less than one order
of the magnitude) above the first laser threshold for the resonantly tuned laser which is
equal in these units exactly to 1.

This value of CTO(0) at which the minimum occurs is not approximately equal to 3.5 [22]
but equal exactly to 3. The specific dependence of ffo on b which realizes this minimum
for non-zero values of b is given by the relation (107).

The minima of the second threshold rf^(tt = cro(b}) have been collected in Table 2
together with the specific values of <To(6) which realize these minima. We note that the
transition to instability at the value of 6 = 7||/7i = 0.25 was predicted for the ammonia
laser [38]-[39j and observed [40] -[43].

For atomic gas lasers and solid state lasers with strong homogeneous broadening, 6
may be much smaller than one, while the physical upper limit of the two-level model for
b is 2, though multi-level models have a physical upper limit for b of 1 [22]. We include
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Table 2: The minimal values of the second threshold
achieved at the specified value of a = Uo{b).

for various values of b which are

The value of b
0.0
0.001
0.01
0.1
0.25
0.5
1.0
2.0
8/3 « 2.666..
10.0

The value of <7Q(b)

3.0
3.0025
3.02499
3.24942
3.62171
4.23861
5.4641
7.89898
9.51664
27.2481

~thrr2.0
9.0
9.006
9.05999
9.59884
10.4934
11.9772
14.9282
20.798
24.7
67.4962

the values of b — 8/3 and 6 = 10 for comparison with other studies of the Lorenz model
for non-laser systems [2S].

One can see from Table 2 that the value of r^(cr = <To(6)) grows with b but not too
rapidly for the most physically accessible region for lasers between b = 0.0 and b — 0.25.

The values of r^p a r e n°t s o inaccessible for the physically accessible range of values
for b, being very close to the absolute minimum which is equal to 9.

The discussion in this short section has shown that it may be experimentally easier
to observe the transition to instability of the standard laser equations or of the Lorenz
model in the case when the relation 7|[/7i = b is very small and when the value of the
ratio «/7x = u is matched to the value of o0 according to its dependence (107) on
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5 Initial pulsation frequency: general and asymp-
totic analytical expressions

One can derive from the characteristic equation (69) the expression for the initial pulsation
frequency by taking in that characteristic equation the characteristic number A as a purely
imaginary quantity:

A = i Ao- (I l l )

Then equation (69) splits into a system of two equations: the equation for the deter-
mination of the value of the second threshold (89)

T3(r;<7,b) = C1C2C3 - Cj - cjc4 = 0,

which has been already solved in the subsection 3.2, and the equation for the value of Ag

A. = g ) | ^ , (m)
where the normalized intensity of non-coherent pumping r is equal to the value of the
second threshold.10

It is very important to note that due to the positiveness of the quantities c3 and ct

defined by relations (73) and (71), respectively, the solution of equation (112) exists at all
physical values of parameters under the bad cavity condition above the lasing tbreshoid
i f ' = 1+«»(«; «r).

The latter result means that the bifurcation at the second threshold occurs always at
the presence of two imaginary characteristic roots.

We have put the explicit analytical expression for the initial pulsation frequency Ao
in Appendix C.

The expansion in powers of 62{e.\o) for the square of the initial pulsation frequency at
the second threshold has the form

1+6-ff (l+b~cr)(

46(-l+<r)<7(l-6 + <r)(-i +

) ,

+ 3 ^

(113)

{-1 + b2 - 3<r - 26<T + 7b2*

We immediately see that in the limit of large <r taken after the limit (113) of a small
value of parameter 6(e; a) the following expression is obtained:

loln [19] and [22] the initial pulsation frequency is denoted by 0. We are using here the designation
AD for the initial pulsation frequency because we have already used the symbol 1"! for other purposes.
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AQ(<52 < l ;o -> b+ 1) »= 24a(l + iS2 + 12<54 + 3666) (114)

Let us also consider now other asymptotic cases.
In the single limit of large 6* taken in the general expression (184) we get the following

form

( - 1 + qr)3 (1 - & + 3g) 2

1 + 6-g

g ) ( - 1 + b2 - 3<T - - 126<T2

a (I - b + g) (-6 + la) (1 + 3g) 1 . J_
+ ) 5 ( l t 3 ) 3 *2 V '

+

(115)

At the same time, in the single limit of large a we have

(116)
(1 + S2) ( - 1

27<54 + \2b64 - 54W6

+0(1).

These two expressions coincide in the double limit of large a and large 62, providing
us with the following limit expression:

If we consider the expression for A2, at large a and moderate 62 = 1/3, we get

a 3 + ̂ -4=̂  + 4r- . (118)
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6 Discussion of the pump value required for the sec-
ond threshold

6.1 Brief overview of previous analytical results

It is now possible to compare our results with previous analytical results for this dynamical
model (19], [20], [22]. In order to make the comparison of all results easier, we give this
brief overview of the earlier results. Some of these results were formulated in another
time scale - more exactly with time normalized to K"1 [19] while in this article we use
the common normalization of time to 7^' , some other results contain misprints [22].
At last, there are both a minor inconsistency in the derivation of these results which
has led to different values of the coefficients in expansions for the second threshold and
initial pulsation frequency, and incomplete specification of the physical meaning of the
asymptotic case of large 53(e; a) at large values of a (see the preliminary discussion in
subsection 3.1.1).

In particular, these results concern the analytical expressions for the second threshold
and for the initial pulsation frequency of the Hopf-Hke bifurcation of the steady solution
at the second threshold. They have been accomplished previously only under certain
approximat ions.

Generally, the earlier results were calculated for the fixed value of 7||/7x = 6 = 1 while
in this article we have restored in ali expressions the dependence on 6 and therefore we
can easily proceed to the particular case of b = 1.

Further, in previous work the value of K/7J. = a has been either fixed (a = 3 in [20])
or taken in the limit of cr > 2 (for b = 1) at various limits [19]-[22] for S2(e; a).

The following expression has been derived in [20] for the expansion of the second
threshold in powers of the parameter &2(e;<j) at ft = 1 and a = 3:

= 3;6 = l ) as + (324 + 194.4^ + 262

21 + 22.2S2 + 7.296\ (119)

Other approximate results have been given in [19], [22] under the condition a >• 2
which is a particular case of the asymptotic expressions in the bad cavity limit cr ^> b+ 1
at 6 = 1.

Three situations have been considered in the particular case of the bad cavity limit:
small detuning 62(e;<r) <£ 1, moderate detuning 82(e;&) = 1/3 and large detuning
tf(e;cr)> 1.

.Unfortunately, when reproducing the expressions from the original work [19] in the
review [22] the re-scaling factor of a1 for the initial pulsation frequency was neglected, we
have restored it below.

According to [19], for small values of the parameter S(e; a-) the second threshold value
is

(120)
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and the initial pulsation frequency is given by

For a moderate value of Si(e;a) = 1/3, the corresponding expressions are

2i -

And for large values of 82(e;0) one finds in [19] the following expressions

(121)

(122)

(123)

(124)

r a (3« 2 - 1). (125)

6.2 Various asymptotic expressions
In this subsection, on the basis of our general results, we derive and consider miscella-
neous asymptotic expressions both foe the second threshold and for the initial pulsation
frequency.

We compare our general expressions with earlier results, discuss differences and specify
more clearly the physical meaning of the asymptotic expressions.

6.2.1 Comparison with previous results and some remarks

Let us now compare our results with earlier results [19], [20], [22] which we have collected
in subsection 6.1.

For instance, at IT = 3 and 6 = 1 used in earlier studies one can get from the general
expansion (103) the following particular expansion:

^-S1 + ~6'1 ~~6* SB 2
J5 125

6
5 J5 125

(126)
All coefficients in powers of i2(e; c) in this expansion are different from the coefficients

in the earlier expansion (119). However, more important is the information which we get
from the additional (in comparison with (119)) term of the sixth power of S, It gives
a negative contribution to the value of the second threshold at the values of a = 3 and
b = 1. Thus, making just one step beyond previous studies, we found that the perturbative
approach reveals, even in the particular case, a possibility of a decreasing of the second
threshold with increasing of detuning. A general treatment of this problem is given in the
next section.

In order to understand the origin of the quantitative difference from previous results
(i.e., in coefficients of these particular expansions) we have repeated all calculations keep-
ing the quantity (r - 1 - P) as completely ^-independent, and have reproduced the result
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(119). Thus, the difference appears to have originated in an inconsistent treatment of the
quantity (r — 1 — P) in [19] as a ^-independent quantity.

This inconsistency is quite minor, however it generally leads to values of the coefficients
which are regularly different from the true values. Fortunately, the qualitative meaning
of the previous results remains valid.

In the double limit of small 67(e; u) and large a the second threshold depends linearly
on the c variable and contains only positive corrections in the powers of the parameter
S(e;a) (up to the sixth power) to its value in the case of exactly resonant tuning:

r * * r ( ^ < l ; < T > i + l ) SB <r(H-5<52 + 16<S4 + 48<56} + 0($8). (127)

Comparing our expression with the analogous expression (120), one can conclude that
again the coefficients of powers of f>(e;o) in (120) are different from the true values and,
in addition, there is strange appearance of unity in the expansion (120).

The qualitative difference between our results and the earlier results in this limit of
small 5 ! and large a is quite minor: the different coefficients of the powers of 62 do not
disturb sufficiently the value of r^T, and unity can be safely neglected in comparison with
large a.

However, the earlier expansion (120) is not suitable for numerical treatment.
At these values of 62 and <r, the previous particular asymptotic expression (121) for

the initial pulsation frequency Ao contains a coefficient at 6* which is different from our
expression (114) when it is evaluated in the particular case b — 1.

The authors of [19] have also considered the case of S2 = 1/3. In this case, we get
from (103) at arbitrary values of 6:

n (WE 4(-2

(128)

27ft!

74 28

The first term in this our expansion gives in the particular case of b — 1 the same result
as expression (121). However, a new feature is visible from our expansion (128) which is
b-dependent: with increasing 6 the value of the second threshold is slowly decreasing.

Our expansion (118) for A£ in this region of parameters has the same leading term as
the previous result (122).

The limit expression for the second threshold in the case of large detuning has (after
a number of possible transformations) a quite simple form

, - 2 + b + b2 + 2<7 - be + 2<r2 - 2<r3

(129)

Taking in this expression the additional limit of er ^ b + 1, we get a very simple
dependence of the second threshold on large 62 and the normalized relaxation rates a and
b:

„""•/
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Recalling the analogous result (124) from [19] and putting 6 = 1 in our general ex-
pression (130), we find that the inconsistent treatment of (r — 1 — S2) as ^-independent
quantity leads to a qualitatively different result: now the superfluous addition of €2 in the
limit of large 62 can give an appreciable absolute correction while the relative correction
may be small because la2 3> 1.

Summarizing our comparison with previous results from [19) and [20], we have not only
added a few new general limit expressions to the earlier results but have also improved the
earlier results. However, our study might not have been possible without those previous
studies which made our work much easier.

And once again we found that rj*r decreases with increasing of b in presence of detuning
which is opposite to the increase of r^J when b is increasing.

6.2.2 On the order of perfomance of double limits

Another interesting question is whether or not these double limits in a and 82 depend
on the order of performing them or not? In both cases (129) and (130) which we have
already considered we first varied the detuning S2 and only after this took the large values
of <r. Let us see what happens if we will first take the limit of the large a, and after this
will vary the value of <52.

In the limit of the large a we get the very simple expression

s< (131)

This relation gives the same value of the second threshold in the limit of the large 62

as the expression (130). However, in the opposite limit of small detuning P we cannot
now get expression (127) and, moreover, we get a negative unphysical value.

We found that the result of the double limit of small 62 and large normalized relaxation
rate of the field a strongly depends on the order of performing this double limit because
of the* implicit dependence of i2 on a given in (26) and (31) and discussed in section 3.1.1.

Thus, in order to avoid an ambiguity in the interpretation of the double limit of large
62 and large a we have to specify that the double limit of large a and large S2 means not
only the inequalities a >• b + 1 and S2 >• 1 but rather also

(132)

6.3 Laser and maser asymptotes

The latter inequalities mean in terms of the atomic and field relaxation rates and frequen-
cies the following conditions

(u , -e ) J > ( « + 7i) 2 » (7|| + 7i)2 . (133)

It is clear that this condition can make physical sense in the framework of the single-
mode approximation only for masers, as pointed out by Oraevskiy [44]. He proposed [45]
that it is more probable to observe experimentally the transition to chaos as described
in Lorenz model when dealing with masers rather than with lasers. However, for the
moment there is no experimental verification of this very interesting proposal.
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If the analogous double limit is performed not in the variables a and 62 but in the
variables a and e2, one avoids the unnecessary additional requirement (133). It turns
out to be that in the limit of large a taken without the additional requirement (133) the
second threshold does not possess a dependence on the normalized detuning e2 at all! The
corresponding expression has the form

1 + b a <r2

(134)
The leading term in this expansion which contains the squared normalized detuning

(w — t)2l"l\ = e2, vanishes in the limit of large K/71 = cr and this asymptotic expression
does not depend on the detuning e2 as should be expected (see discussion in the subsection
3.1.1).

For lasers which have been studied thus far the practical limit for achieving bad cavities
and sufficiently high pump values to reach the second threshold, limit the parameters to
<? S 5, |e| < 5 and thus 62 < 1. This means that neither of the two limits (either that
of large cavity loss or that of large detuning) in the double limit for the second threshold
has relevance to any presently realizable laser that we know.

Thus, the conclusion is important: the simultaneous double limit of large 62 and a (or
the double limit of large e2 and <r) makes physical sense only for masers, and all our and
previous results which are derived in these double limits are applicable only to masers but
not to lasers.

For example, for the cryogenic hydrogen maser, the following numerical values have
been reported in the recent work [46] by Mandel et al.: 71 «s 7|| PS 1 and « PS 105 (in
sec"1). It is evident after our analysis that for such a maser the expressions obtained in
the double limit of extremely bad cavity and large detuning have physical sense.

Although the NMR laser cannot be precisely described by the Lorenz model because of
the presence of additional nonlinear polarization damping [47], the values of the relaxation
constants (a es 4.875 and b ss 2 x 10~4) give rise to hopes that for a NMR laser it might
be possible to realize a regime of operation similar to that described by simple expressions
obtained in the double limits discussed before.
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7 General proof that increasing the detuning in-
creases the Second threshold for the homogeneously
broadened single-mode laser

7.1 Motivation for the general proof (failure of perturbative
approach)

Both the exact analytical expressions (99)-(101) for the second threshold and the expan-
sion (103) carry a lot of the information about the actual position of the second threshold
as a multiparameter function of the square of the normalized detuning (w — e)/f± = e.

The natural question is: does the second threshold only increase with detuning or can
the second threshold also sometimes decrease with increasing detuning?

The common conception based on many approximate studies (see reviews [22] and [23])
answers that increasing the detuning can only increase the value of the pump required
to observe the second threshold. We will prove this exactly, however for the moment, we
will try to get a feeling for the situation considering the approximate expansions tell us.

One might think for the moment that the values of the parameter 6(e;cr) are not more
than, for example, 1/2, in the most physical values of the parameters u, t, 7± and ft of
the initial laser system (l)-(3).

If the first few coefficients of the expansion (103) of the second threshold in powers
of the normalized detuning are positive in this region of the physical parameters, then
we can assert that inside the most physical region of the values of parameters the second
threshold only increases with increasing detuning.

Thus, let us check the definiteness in sign of the coefficients of the expansion (103).
To this end, we introduce a new subsidiary variable [48]-[49]

=a-b-\ > 0, (135)

which is always positive due to the bad cavity condition (92).
Substituting the variable (135) into (103), we see that first two terms in (103) are

positive at all physical values of a and 6 (or, in terms of the initial system (l)-(3), at all
physical values of K, ~/X and 7|| obeying the bad cavity condition (92))

A, =
(1 + b + Q (86 + 46* + 10^ + Wbj +

f (2 + 21 + 0

4 (2 + f) (6 + Q (1 + ft + f) (2 + b + 2Q (4 + Zb + 2Q
R =

4

while the third term in this expansion is not definite in sign:

(136)

(137)

(-8b - 12b2 -
(138)
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However, one may consider the perturbation of the value of the second threshold by
the latter term as negligible for small detuning. Actually, recalling the original definition
(26) of P:

S2 = (•"-«)'

and values of the parameters K and 71 for the class-C lasers [50]-[53], one might conclude
that the first three terms describe the behavior of the second threshold in the most physical
region S2 < 1 quite precisely.

In this region one can ignore safely all higher order terms in the expansion (103) and
assert on the basis of the approximate expansion (103) that the conclusion of [22]-[23]
that the second threshold increases when the detuning increases is valid practically always.

However, one cannot ignore the possibility of a failure of the above considerations for
higher values of detuning.

Moreover, the presence of the coefficient R$ (which is not definite in sign and can
dominate in the expansion at large detunings) is a mathematical basis for certain doubts
whether this common conception is valid in general, and, in particular, for large values of

Thus, this evident failure of the perturbative approach strongly motivates the general
non-pertubative consideration of the influence of the detuning on the second threshold.

7.2 The proof
So, we prove in this subsection that the values of the second threshold rt

1
hr at non-zero

values of detuning (i. e. when e2 = (u> — t)2 /7i ^ 0 or, which is the same for exact
treatment, S2 ~ (u> - €)2/(K + 7x)2 / 0) are always (i. e. at arbitrary values of K and fL

under the bad cavity condition) greater than the value of the second threshold r^J for
the resonantly tuned laser.

For simplicity of notation in this subsection we denote

x = 6*(e;<j). (139)

Thus, all operations with respect to x will be the operations with respect to the
parameter 62(e; <r) which is proportional to the square of the absolute detuning.

The difference between the value of the second threshold rij1* for the detuned laser and
the value of the second threshold for the resonantly tuned laser acquires the following
form:

where all quantities a, /3, 7 and a are strictly positive under the bad cavity condition, the
quantity x0 is not definite in sign.

In relation (140), the denominator M is equal to

It is obviously a positive quantity under the bad cavity condition and does not depend
on the detuning x = S2(e;a).
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To show explicitly the positiveness of the above-mentioned quantities we have to in-
troduce once again the positive variable £ instead of the parameter c:

i = a - 6 - 1 > 0.

Considering a, ji, 7 and a as functions of two positive parameters £ and 6 we can write
down the following explicitly positive expressions (after symbolic simplifications):

a = (6+ {) (2+6 + 0(2 0(4+ 36 +20 > 0, (HI)

= 1662 + 2063- 406f
0, (142)

7 = 0(4 > 0, (143)

4 + 26 + 3O2 > 0. (144)

We have succeded to prove that the difference Ar(x) is always positive using expres-
sions (141)—(144) and the special representation of quantities through the elliptic integrals.
However, this direct proof is extremely complicated and it is not worth presenting it here.

Instead, we have also found another proof which is much simpler and based on the
properties of the derivative of the threshold difference Ar(ac) with respect to x.

Differentiating Ar(x) with respect to x, we get

d(Ar(x))
dx

= M~

+ -ya(x - x0)

a2

~2

(145)

From (145) and from (142)—(144), we immediately extract a very important conclusion:
the derivative d(Ar(x))/dx is asymptotically, at x —> 00, a positive quantity:

(146)

which means that asymptotically, at x —* 00, the second threshold r̂ *1" grows monoton-
ically with increasing detuning x = 62 independent of the normalized relaxation rates
a = K/I± and b = n\/f±.

But what happens in between, at moderate values of detuning?
To understand this, we use the following two propositions.
Proposition 7.1. At zero detuning, (w — t) = 0 (or, in other terms, x — P = e2 *= 0),

the derivative (145) is strictly positive at all physical values of the parameters under the
bad cavity condition.

Proof 7.1. Substituting the expression for Xo

l

A
(147)
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where

X, = - {(2 + 6 + 0 (86 + 1262

(148)

(149)

into expression (145) and putting the detuning equal to zero, we get after symbolic sim-
plifications the following explicitly positive expression:

= 0)) _ 26(1 + 6 + Q (4 + 3i + 3Q (8b + 4t.a

dx _ —— > 0.

(150)
Thus, at this stage we have shown that the derivative of the second threshold is strictly
positive at zero detuning. This means that at least at the vicinity of zero detuning the
value of the second threshold is growing with increasing detuning.

Let us now consider the region of non-zero detuning, when x > 0.
Proposition 7.2. The derivative (145) either has no zeros at x > 0 or has only one zero

at x > 0.
Proof 7.2. Since the denominator of the derivative (145) is always positive, the deriva-

tive (145) can have a zero when

where

m
(151)

(152)

F2(x) = -ia(x-x0). (153)

The function F J ( I ) is a straight line which goes from the fourth quadrant into the
second quadrant. The function Fi(x) is a curve which lies inside the upper corner created
by two straight lines: f-(x) = -0i/a(x - xo) and /+(x) = 0^/a(x — xa). At zero value
of x the value of F\(x) is equal to (a/J/7) and i*i(x) approaches the straight lines f-(x)
and /+(x) from above when x goes from x0 to ±00.

Therefore, the functions Fi(x) and F%(x) can intersect each other only one time. The
necessary condition for this is obviously written as follows

fly/a < -/a. (154)

and F2{x) have noIf the condition (154) does not hold then the functions Fi(x
intersections at all.

Thus, here we have shown that the derivative of the second threshold either has only
one zero or has no zeros at all.
Conclusion from the propositions. Since the derivative (145) is strictly positive at zero
detuning (according to Proposition 7.1) and is strictly positive asymptotically, at x —+ 00
(according to (146)), it is positive everywhere for x > 0 excluding, probably, only one
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point where it might be equal to zero (according to Proposition 7.2). It cannot be negative
at x > 0 because in this case the derivative (145) would have at least two zeros which
would be in evident contradiction with Proposition 7.2.

Since the derivative of the second threshold is positive everywhere including at zero
detuning and excluding maybe only one non-zero value of detuning, the second threshold
at non-zero detuning is always greater than the second threshold for zero detuning at all
physical values of the parameters of the problem under the bad cavity condition.

We have strictly proven here that increasing the detuning has only a stabilizing effect
on the homogeneously broadened single-mode laser.

This is now a rigorous mathematical statement.
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8 Compact visualisation of the second threshold

The second threshold rj*r can be defined on different but isomorphic sets of variables.
If one uses the original relaxation rates K, 7|| and fi of the single-mode homogeneously

broadened laser, the threshold can be understood as a function of these three variables
and of the square of the detuning (a> — t)2. The parameter domain in which the threshold
is defined at a fixed value of the detuning is the infinite area determined by the bad cavity
condition:

for positive values of these parameters.
It is clear that the infiniteness of the domain of existence of the second threshold does

not allow viewing of the 3d-surface of the second threshold as a whole.
The situation is not better if one uses the "hydrodynamical" parameters <r = K/7J_

and 6 = 7| | /7J. at a fixed detuning because the domain of existence of the second threshold
is not compact yet but is defined by another version of the bad cavity condition:

b + 1 < a

for positive values of a and b. Hence, one cannot look at the whole surface of the second
threshold because the domain of its existence is still unbounded.

In order to compactify the domain of existence of the second threshold, let us note
that the parameter K is larger than the parameters 7y and 71 (the parameter a is an
upper bound on the sum 6-1- 1 if the second threshold is to exist).

Therefore, one can easily compactify the domain of the existence of the second thresh-
old by choosing as a normalization this largest parameter K (or the parameter a).

In view of this, let us introduce new parameters:

fx = — = - , (155)

r,| = -̂  = -. (is6)
In terms of these parameters the domain of the existence of the second threshold is

the interior of the triangle defined by the re-formulated bad cavity condition:

rx + r,, < 1
and by the conditions of the positiveness of these parameters:

> 0, > 0.

(157)

(158)

We note a further physical limit for the physics of the two-level optical systems given
by b < 2 which limits rH < 2FX.

The exact expression for the second threshold written in terms of T±, Fp and 62 can
be easily obtained by the direct symbolic substitution on a computer of the relations

<,= - ! , (159)
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b = yr1, (160)

into the exact expression derived in subsection 3.2.5. However, it is not worth repeating
here the form of the exact expression for the second threshold even if it is written in terms
of other variables. The resulting expression is too cumbersome and does not carry new
information.

The only but very important advantage of the choice of the parameters F i and F|| is
that they compactify the domain in which the second threshold is defined.

We have plotted the 3d-surface of the difference Ar(£2) between the second threshold
rj' l r for the detuned laser and the second threshold r ^ for the resonantly tuned laser as a
function of two variables Fj. and F|| for the following values of detuning: |w — €| / (K + 7 I ) =
\S\ = |e|/(<r+ 1) - 0.1; 0.5; 1.0; 2.0; 3.0.

The surface is always above the Fj,F||-plane according to the main statement about
the influence of the detuning on the second threshold which we proved in the previous
section.

In all figures the abscissa corresponds to Fj. and the ordinate corresponds to F||. The
surface is defined only below the straight line where the sum of the abscissa and of the
ordinate is equal to one.

At small values of detuning \8\ = 0.01 or 0.1 one does not see (Fig. 2-4 and Fig. 5-
7) any essential qualitative changes of the difference Ar(£3). The lowest values of the
difference lie in the region which is close to small values of Fx = 1±/K and to large (i. e.,
close to one) values of F|| = 7||/«-

According to the contour plots on Fig. 3 and Fig. 6, the maximal values of the second
threshold are close to the straight lines T±_ = 0 and Fj. + Fy — 1 at large (close to one)
values of F||.

However, even at the moderate value of the detuning |<5| = 0.5 one can note the
beginning of qualitative changes: the value of the difference Ar(<52) at the origin has
grown (Fig. 5-6).

This qualitative change becomes more and more evident with increasing detuning. At
the large values of detuning \S\ ~ 1.0, \6\ - 2.0 and \6\ = 3.0 (Fig. 8-10, Fig. 11-13 and
Fig. 14-16) the minimal values of the difference Ar(£2) move along the abcissa to the
value of Fi = 1.0, being at the same time near the zero value of Fy = 7||/«.

Thus, this approximate information based on 3D-plots shows that at high detunings
the minimal values of the second threshold are located at moderate relative values of K,
high values of -/± and near zero values f\\.

The exact treatment of the minima of the second threshold will be done in the next
section.

However, Fig. 11-16 are more typical for masers rather than for lasers according to
our discussion in the subsection 6.3.

We also see that the second threshold is quite smooth and does not possess any local
extrema. It is growing extremely fast near the boundaries of the domain of existence and
it is relatively small at the middle of this domain.
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9 The effect of detuning on the ratio of the second
threshold to the first threshold

While there is no reason, in general, to expect that higher pumping rates are easier to
reach out of resonance than in resonance, it is at least conceptually interesting to see how
these two thresholds scale in order to complete our understanding of the dependence of
the two thresholds on the detuning parameter.

9.1 Minima of the second threshold at various detunings

In section 4, we have shown that the absolute minimum of the second threshold r^7 occurs
at zero detuning, S2 = 0, at 6 = 0 (or 7j| = F|| = 0) and at a ~ 3, and it is equal exactly to
9. Since the value of the first threshold, r\hr, is equal identically to 1 when the detuning
is zero, the ratio rjfcr'/f[hr is equal to 9 at this set of parameter values.

It is natural to expect that at least at small values.of detuning 6 the minimum of the
second threshold r"" is still along the straight line F|| = 0.

Moreover, we will show that a stronger statement holds: all minima of the second
threshold r^hr lie on the straight line F|| = 7|| = 0 independent of the detuning.

To show this, we need both to know the shape (the profile) of the cross-section between
the second threshold r£*r and the plane defined by the equality 7|| = F|| = 0, and the sign
of the derivative of the second threshold r'2

hT with respect to the variable F|| at the border
of the domain of existence of the second threshold rjlT(r^,T^) defined by F|| = 0.

It is clear that if the derivative of the second threshold rj*'(Fj., F||) with respect to F||
taken at the minimum of the profile of the second threshold at F|| = 0 is positive, then
this minimum belonging to the profile of rj*' at F|| = 0 is the true one".

The profile of the second threshold r^ in the plane F|| = 0 or, which is the same, in
the plane 7|| = 0, is given by the following expression

lirn (161)

where

Npr= - 1 - 5FX - - 2S2 - 2Vi
262+

and

rr = ( - 1 IV -

(162)

(163)

At the same time, for the derivative of the second threshold rfr with respect to Fj| at
the border F|| = 0 one can write:

''Provided, of course, that there are no local minima far away from the border Tj = 0 . Our verification
of the interior of the second threshold at chosen values of S1 has shown no such local remote extrema, i. e.,
has shown no zero absolute values of the gradient inside the domain of existence of the second threshold
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(164)

r | = 0

where £ ( r x , 6 2 ) is a function which is positive-definite in sign and analytical under the
bad cavity condition but V4{r_L,62) is the following polynomial of the fourth order in r x :

(165)

- 12r±<54 3r x
4 , 5 4 .

Thus, the sign and zeros of the whole derivative (164) depend only on the polynomial
^ (Tx ,^ 2 ) ^f the fourth order in F x .

Zeros of the polynomial Vi{Ti_,$') define the minima of the profile 5pr(Fx,<S2) which
will be the minima of the whole second threshold rfhr if the derivative (164) is positive in
this point.

Depending on the value of detuning 6, the derivative (164) can be both negative
and positive as a function of F x on the physical interval of the values of F x between
- 1 + 26/</\+6i and 1.0.

We denote the value of F x where the derivative (164) becomes positive with growth

The criterion whether the minimum {Fi}m;n of the second threshold is the true one
is therefore the following simple inequality:

{F x } m m > { r x } c r (166)

As shown in Table 3, at small values of the detuning 62 the point {Fx} c r does not
exist at all, and the derivative (164) is strictly positive according to the sign of the
polynomial ^ (Fj . ,^ 2 ) . It is obvious that at these values of detuning the minima of
the profile SpT(Ti,62) are the true minima of the whole second threshold r2

kr; it is not
necessary to use the inequality (166).

The situation changes at higher values of detuning because there appears a 2ero of the
derivative (164) lying on the physical interval ( — 1 + 2bj\/\ + S2; 1.0). However, using
the values of {Fx} c r , we see that the inequality (166) holds (albeit to show this, one needs
very high precision, for instance, at S2 = 100.02 the value of { I \ } m i n differs from the value
of {rx} e t , only in the ninth digit, see last two numbers in the last line of the Table 3).

Thus, at arbitrary detuning, the second threshold rj*' has minima lying in the plane
defined by the relation 7|| = F|| — 0.

9.2 Saturation of the minima of the threshold ratio

Since the first threshold r{*r does not depend on the parameters Fx and F|| at all, the
ratio r'2

hr /r\hr has the same minima as the second threshold r2
Kr itself but other values of

them.
We know that the value of the second threshold is bounded from below by 9.0.
In view of this, it is very interesting to note that the minima of the ratio r\kr/r\hr have

an evident saturation at the value of 17.0 with S1 going to infinity (Fig. 17):
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Table 3: The minimal values of the second threshold r'j" and of the ratio r't
hr/r[hT for

various detunings.

The value of 62

0.0001 = 0.012

0.01 =0.1'
0.25 = 0.5'
1.0 = 1.0*
4.0 = 2.0'
9.0 = 3.0'
16.0 = 4.0'
25.0 = 5.0'
36.0 = 6.0'
49.0 = 7.0'
64.0 = 8.02

81.0 = 9.0'
100.0 = 10.0*
225.0 = 15.0'
400.0 = 20.0'
2500.0 = 50.0'
10000.0 = 100.0'
100000.0

9.0015000549
9.1505437176
12.997288299
25.756497690
76.898272096
161.94945584
280.97038731
433.98068092
620.98644226
841.98997559
1096.9925893
1385.9938937
170S.9950434
3833.9977863
6808.9987527
42509.010012
170009.01028
1700009.64199

9.00059999499
9.05994427491
10.3978306392
12.8782488454
15.3796544192
16.1949455844
16.5276698418
16.6915646508
16.7834173579
16.8397995113
16.8760451007
16.9023645520
16.9207430044
16.9645919753
16.9800467648
16.9968012098
16.9991998953
16.9999264206

{rx}mm

0.3333889
0.338905641
0.470310748
0.701373622
0.893177820
0.94836852
0,970033754
0.980534257
0.986371027
0.989936964
0.992270466
0.9938790803
0.9950341231
0.9977845457
0.99875214447
0.9998000549
0.99995000343
0.99999500003

{rx}cr

* * *
* * *
0.2753816
0.66817863
0.8899717
0.94766522
0.96980225
0.9804375
0.98632394
0.98991138
0.99225541
0.99386966
0.99502793
0.997783316
0.998751754
0.999800045
0.9999500028
0.9999^4997

lim
43—<x

= 17.0, (167)

The verification of this, based on our analytical exact results, was done for higher values
of the detuning 6 than it are shown in the Table 3 and Figure 17, we have restricted the
presentation of the results on the saturation effect to the most probable physical values.

To show the saturation effect analytically, one should solve the equation

+ 8Fx3 + 3F.L4 + 2<5' - 20Fxl5
2 + 20Fx3*

3£" - 4I\<54 - 6 r x V + 12FXV - V* 4 = 0,
(168)

(169)

and then substitute all four roots obtained for Fx into the expression for SpT{TL,S2).
Dividing the results of substitutions by (1 + £'), one should try to get the asymptotic

behavior of the resulting expressions in the limit of 6 —» oo. The result of one of these
limits (which is the only physical case) should be, according to the results obtained, equal
to 17.0.

Unfortunately, we failed to show this completely analytically, because of limitations
of the computers at our disposal. We hope that this will be shown symbolically later, on
a more effective combination of computer and software.
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In summary, we showed in this section that independent of detuning the second thresh-
old of the single-mode unidirectional homogeneously broadened laser has its minima when
the ratio of relaxation rates J^/K is equal to zero or, in other words, when the population
relaxation rate 7|| is realty negligible in comparison with the cavity width K under the bad
cavity condition.

We also showed that the minimum of the ratio of two thresholds, of the first (or lasing)
threshold and of the second threshold (threshold of exponential instability), is limited (as
a function of detuning) both from below and from above on the interval between 9.0 (at
zero detuning) and 17.0 (at large detunings), Fig. 17.

Such minima may be, in principle, attained in a proper experimental set-up by means
of reducing the ratio F|| — 1\\JK to zero and adjusting (at given detuning) the values of
the ratio Fj. = 7±/« to the value given by the equation

V,{TL,62) = 0. (170)

Another interesting aspect of our analysis is that at high detunings the domain of
the existence of the second threshold at f\\ = Y\\ = 0 becomes narrower and narrower
converting into an almost zero-width region near TL = 1.0 (Fig. 18-22). While that
domain has the natural right limit at {Tx}r = 1 due to the bad cavity condition, the left
limit is given by the expression

{Pi}, = - 1 (171)

It is evident that the left limit {F±}( becomes equal to the right one {Fj.}r in the limit
of infinite detuning S2 —> oo.

Thus, the domain ({Fj.},; {F±}r) which contains the true absolute minima {F±}ra.n

of the second threshold, becomes arbitrarily smalt at large detunings, Fig. 18—Fig. 22.
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10 Summary of the results
We have treated fully analytically, at arbitrary physical values of parameters, the threshold
functions for the dttuned single-mode homogeneously broadened unidirectional laser, one
of the most tutorial but still very physical models in laser physics.

As main results, we have obtained the following:

• It has been shown, by simple example, based on general analytical expressions,
that the neglect of another possible branch for the second threshold, based on the
opinion that this branch gives negative values for the threshold, was not consistent
because that branch also can provide one with positive second threshold values.
Nevertheless, the direct comparison of that branch with the first threshold, for all
physical values of the parameters, shows that this branch is un-physical because it
gives values which are less than the values of the first threshold.

• We have proven that the physical branch of vahes for the second laser threshold
is always greater than the values for the first threshold, i. e., there are no other
physical restrictions on the parameter domain of the threshold functions except for
the well known bad cavity condition.

• For the first time, it has been proven analytically, over the whole physical region of
parameters, that the second threshold only increases with increasing of detuning.
This is now a rigorous mathematical statement for the dynamical model under
consideration.

• It has been proven that the second threshold has its minima at various values of
detuning when the ratio of the population relaxation rate to the cavity relaxation
rate goes to zero. The second threshold has no local minima (at non-zero values of
that ratio).

• For the first time, it has been shown that the ratio of the second threshold to the
first (lasing) threshold has minima which are bounded not only from below (by
9.0) but also from above, by 17.0. This is a completely unexpected result - to our
knowledge, there was no hint before that those ratios when minimized would be
bounded from above.

• We have shown that the threshold ratio is a monotonicatly increasing function of
detuning and, therefore, there is the effect of the saturation of the minima of the
threshold ratio to the value of 17.0.

•' Based on the general expressions, we have obtained a number of limiting and asymp-
totic expressions for the second threshold and the initial pulsation frequency. This
has allowed us not only to improve earlier approximate results which were obtained
under more extreme approximations than ours (and which were also partially incon-
sistent) but also to separate in our discussions the laser asymptotes from the maser
asymptotes. The latter allows us to distinguish parameter regions where the second
threshold may be accessible for lasers and for masers.

• It has been shown that the commonly used dimensionless normalization of the the
absolute value of detuning can lead to ambiguous situations mixing the effect of
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detuning with the extent of the "badness" of the cavity. In such situations, in
previous works, a few inconsistent results have been obtained; we have shown how
to improve them.

• We have rigorously shown that the order in which double parameter limits are taken
("bad cavity" limit and large detuning limit) is crucial for obtaining the correct
asymptotic results for threshold functions.

• We have managed to compactify the domain of the existence of the second threshold
by proper normalization, and to satisfy the common desire to look at the surface of
the second threshold, by plotting it over a finite domain of the normalized relaxation
rates. Quite a number of subsidiary plots give a complete representation of the
topology and properties of the surface of the second threshold.

• Trying to make clear the relations between several representations for the dynamical
systems for a single-mode homogeneously broadened laser (which are still scattered
in laser literature), we have given a complete and self-contained derivation of the
laser versions of the complex and real Lorenz models from the semi-classical equa-
tions for such a laser. A clear hierarchy for those standard laser models, based on
our derivation, has been presented.
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A On some peculiarities of symbolic computer pack-
ages

Here we would like to make the following warning about one disadvantage (or advantage)
of all current symbolic software (even of the very advanced ones).

Consider <J(a — b}2. The numerical and symbolic evaluations of this expression might
lead to different results !

Why? Let us put in this expression a = 1 and b = 3. If one calculates this, for
example, in FORTRAN, one gets 4 under the square root, and then gets the arithmetic
square root of 4 which is equal to +2.

At the same time, the symbolic processor opens the square root providing us with
a — b. Substituting here a = 1 and 6 = 3, one gets —2!

This looks like a basis for logical games for children (one may "prove", for instance, that
+2 = —2), however in cumbersome calculations this leads sometimes to wrong results.
This feature is known to the creators of MATHEMATICA (see [2], p. 395), and the
prescription to overcome this is both continuous tracing of all symbolic calculations and
the parallel numerical verification of results.

As concrete simple examples we can mention two such problems from our work.
Example 1. The solutions (96) are symbolic solutions of equations r+ — r\ht = 0 and

r~ — r[hr = 0. However, if one puts, for instance, a = 3 and b = 3/4, symbolic solution
(96) is not a numerical solution of the equation r~ - r\hT = 0. This simply means that
this equation has no solutions for these values of a and 6.

Example 2. The formal limit of the following expression

lim = 1.0, (172)

where. Spr(T±,P) is defined according to (161), provides us with the limit value equal to
1.0 but not to 17.0 as it should.

It is not so difficult to understand the reason just looking at Fig. 18-22. We see that
in (172) we got the maximum of the unpkysical branch for Spr(Ts_,S2) while the minimum
of the physical branch of SpT('T±,S2) has just collapsed into a single point in the limit of
infinite 62 and becomes unattainable for the symbolic treatment.

In order to avoid such confusions in symbolic calculations which could lead us to
wrong conclusions, in our work we have applied a tracing program written especially for
the particular problem under consideration. This special program was used primarily to
handle the huge square root in the exact analytical expression for the second threshold.
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B Coefficients of eq. (89) and the sign of its dis-
criminant

The coefficients of equation (89) have the following explicit forms

Jt = 6 J ( l+3<7)( i+ l - f f ) , (173)

p = b (2 + 36 + b2 + 2S2 - b&2 - b2S2 + 4<7 + 96a + 2tV+

46V - 7MV - SbH^ff + 176<T2 + 5 6 V - 8 6 V + 966V

_ 4 a 3 + 36a3 - 4 6 V - 6 6 V - 2a4 + 6 6 V ) ,

(174)

q = 6a(6 + 56 + 6 2 - 4 6 2 - 6 6 6 2 - 2 6 2 £ 2 -

WS4 + 5664 + 56264 + 20<T + 106,7 + \?a -

126*0- - W<r - b26*a + 24,72 + 136a2 + 2 6 V - 2bSV + 2b2S2a2 + (175)

8 6 V + W V + 12cr3 + 46<r3 + ibS2a3 - 126*a3 + 2a* + 4 6 V + 2<$V) .

Since we use the bad cavity condition (92), we consider all expressions in terms of
parameters <r, b and e, i. e., we replace the parameter <5(e;<r) by its expression (32)
through a and e.

After straighforward calculation the discriminant T> of the equation (89) can be pre-
sented in the form of a biquadratic function of the normalized detuning e:

Z> = p2 - ikq = At* + Be2 + C, (176)

where the coefficients A, B and C have the following, apart from the common factor of
l/(<7+ I)4, form:

A=

B = 2 - 2b2 + 12<7 + 46o- - 206V + 22^ + 40kr2 - 486V + 8cf3 +
966U3 - 446V - 18<r4 + 886a4 - 14*V - 20(T5 + 286<rs - 6<r6,

(177)

(178)

C =
56a3 4. 706a3 + 206V + 70CT4 + 706<r4 + 156V + 56a6 + 426<rs + (179)

6&V + 28<r6 + 146<76 + 6 V + 26<r7

To use explicitly the bad cavity condition (92) we replace everywhere the parameter a
by the parameter £ according to (135). The latter parameter [48]-[49] is always positive
under the bad cavity condition:
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f = o - - t - l > 0. (180)

The coefficient A turns out to be explicitly positive in terms of £ and b:

I)*
(181)

After this one can re-write the expression for the discriminant V as a sum of two
terms:

2
A

> 0, (182)

where the quantity A'j is now explicitly positive in virtue of (181):

- ^ - 646£ (2 + {) (1 + 6 + f) (2 + b + 0 6 (2 + fr + 2f) (4 + 36 + 3|) (183)

Thus, we have shown that the discriminant of the equation (89) is always positive
under the bad cavity condition.
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C Initial pulsation frequency

The exact explicit analytical expression for the initial pulsation frequency Ao at the second
threshold r'2

hT has the following form

(184)

where

and

- 1 - 6 - cr -

(_ 1 + b - a - Iba + 5<r2 + be1 - 3a3) +
(1 - a) (1 + 2b + 62 -(- 2<S2 - 262i52 + 6" - 2bSA+

+ 4<r + &ba + 2*V + 862<r + 2

& V + 4^

+ 4a3

* - 6S

(185)

£2 = 2 ( 1 + 6 - C T ) . (186)

52



References
[1] M. Renardy and H. Haken, Physica 8D, 57 (1983).

[2] S. Wolfram, Mathematica (A System for Doing Mathematics by Computer),
(Addison-Wesley Publishing Company, Redwood CA, 1988).

[3] A. S. Gurtovnik, Izvestiya Vuzov (Radiofizika) 1, 83 (1958).

[4j A. Z. Grasiuk and A. N. Oraevskiy, in: Proceedings of the Ith International Congress
on Microwave Tubes, Scheveningen, 1962, p. 446.

[5] A. Z. Grasiuk and A. N, Oraevskiy, in: Quantum Electronics and Coherent Light,
ed. by P. A. Miles (Academic Press, New York, 1964) p. 192.

[6] A. V. Uspenskiy, Radiotekhnika i Elektronika 8, 1165 (1963) [Rad. Engr. and Electr.
Phys. 8, 1145-1148 (1963)].

[7] V. V. Korobkin and A. V. Uspenskiy, Zh. Eksp Teor. Fiz. 45, 1003 (1963) [Sov. Phys.
JETP 18, 693 (1964)].

[8] A. V. Uspenskiy, Radiotekhnika i Elektronika 9, 747 (1964) [Rad. Eng. and Electr.
Phys. 9,605 (1964)].

[9] H. Haken, Z. Phys. 190, 3276 (1966).

[10] H. Risken, C. Schmid, and W. Weidlich, Z. Phys. 194, 337 (1966).

[11] H. Risken and K Nummedal, J. Appl. Phys. 39, 4662 (1968).

[12] R. Graham and H. Haken, Z. Phys. 213, 420 (1968).

[13] H. Haken, Laser Theory, Encycl. of Phys., Vol. XXV/2c , (Springer-Verlag, Berlin,
1970).

[14] L. W. Casperson, Phys. Rev. A 21, 911 (1980).

[15] P. Mandel, Phys. Rev. A 21, 2020 (1980).

[16] L. W. Casperson, in: Laser Physics, ed. by J. D. Harvey and D. F. Walls, (Springer-
Verlag, Heidelberg, 1983) p. 88.

[17] H. Haken, Phys. Lett. A 53, 77 (1975).

[18] L. A. Lugiato, L. M. Narducci, D. K. Bandy and N. B. Abraham, Opt. Commun.
46, 115 (1983).

[19] P. Mandel and H. Zeghlache, Opt. Commun. 47, 146 (1983).

[20] H. Zeghlache and P. Mandel, J. Opt. Soc. Am. B 2, 18 (1985).

[21] H. Zeghlache, P. Mandel, N. B. Abraham and C. O. Weiss, Phys. Rev. A 38, 3128
(1988).

53

[22] N. B. Abraham, P. Mandel and L. M. Narducci, Dynamical instabilities and ptdsa-
tions in lasers, in: Progress in Optics, ed. by E. Wolf, Vol. XXV, (North-Holland,
Amsterdam, 1988) p.l .

[23] L. M. Narducci and N. B. Abraham, Laser Pkysics and Laser Instabilities, (World
Scientific, Singapore, 1988).

[24] P. Mandel, Opt. Commun. 44, 400 (1983).

[25] P. Mandel, Opt. Commun. 45, 269 (1983).

[26] A. C. Fowler, J. D. Gibbon and M. J.. McGuinness, Physica D 4, 139 (1982).

[27] E. N. Lorenz, J. Atmos. Sci. 20, 130 (1963).

[28] C. T. Sparrow, The Lorenz Equation: Bifurcations, Chaos and Strange Attractors,
(Springer-Verlag, Berlin, 1982).

[29] C.-Z. Ning and H. Haken, Phys. Rev. A 41, 3826 (1990).

[30] E. Roldan, G. J. de Valcarcel, R. Vilaseca and P. Mandel, private communications
"Single Mode Laser Phase Dynamics" (submitted to Physical Review A).

[31] C.-Z. Ning and H. Haken, Z. Phys. B 81, 457 (1990); Phys. Rev. A 43, 6410 (1991);
Phys. Rev. Lett. 68, 2109 (1992).

[32] R. Graham, Phys. Lett. 58A, 440 (1976).

[33] S. Sarkar, J. S. Satchell and H. J. Carmichael, J. Phys. A 19, 2751 (1986).

[34] A. M. Lyapunov, Stability of motion, (Academic Press, New York, 1966).

[35] F. R. Gantmakher, The theory of matrices, Vol. 2, (Chelsea, New York, 1960).

[36] A. A. Bakasov and B. B. Govorkov, Stability theory of critical cases and the bifurca-
tion points of the stationary solutions of the Lorenz model, ICTP Preprint IC/90/247,
Miramare-Trieste, 1990.

[37] M. Golubitsky and D. Schaeffer, Singularities and Groups in Bifurcation Theory,
Appl. Math. Sc , Vol. 51 , (Springer-Verlag, New York, 1985).

[38] C. 0 . Weiss and W. Klische, Opt. Commun. 50, 413 (1984).

[39]' C. O. Weiss and W. Klische, Opt. Commun. 51, 47 (1984).

[40] E. Hogenboom, W. Klische, C. O. Weiss and A. Godone, Phys. Rev. Lett. 55, 2571
(1985).

[41] C. O. Weiss and J. Brock, Phys. Rev. Lett. 57, 2804 (1986).

[42] C. O. Weiss, W. Klische, U. Hiibner and N. B. Abraham, Appl. Phys. B 49, 211
(1989).

[43] C. O. Weiss, Opt. Quantum Electron. 20, 1 (1988).

54

T "T



m<m/tmMt 1

[44] A. N. Oraevskiy, in: Research in Laser Theory (Transl, of Proceedings of the Lebe-
dev Physical Institute, Vol. 171), ed. by A. N. Oraevskiy, (Nova Science Publ.,
Commack, 1988) p. 1.

[45] A. N. Oraevskiy, private communication.

[46] P. Mandel, A. C. Maan, B. J. Verhaar and H. T. C. Stoof, Phys. Rev. A 44, 608
(1991).

[47] M. Finardi, L. Flepp, J. Parisi, R. Holzner, R. Badii and E. Brun, Phys. Rev. Lett.
68,2989 (1992).

[48] N. V. Roschin, J. Appl. Math. Mech. 42, 1038 (1978).

[49] J. Pade, A. Rauh and G. Tsarouhas, Phys. Lett. A 115, 93 (1986).

[50] J. R. Tredicce, F. T. Arecchi, G. L. Lippi and G. P. Puccioni, J. Opt, Soc. Am. B 2,
173 (1985).

[51] F. T. Arecchi, in: Optical Instabilities, ed. by R. W. Boyd, M. G. Raymer and
L. M. Narducci (Cambridge University Press, Cambridge, 1986) p. 183.

[52] F. T. Arecchi, in: Optical Chaos, SPIE Proceedings, Vol. 667, ed. by J. Chrostowski
and N. B. Abraham (SPIE, Bellingham, 1986) p. 139.

[53] A. E. Siegman, Lasers, (University Science Book, Mill Valley, California, 1986).

55

Figure captions

Fig. 1:

A numerical example why one cannot neglect the root r+ of the equation
(89) without careful consideration. The root r+ is shown vs squared detuning
62 at a — 3.0 and b = 1.0. The values of r+ become positive (dark line)
when 82 > 7.0. For these values of parameters, this root should be obligatory
compared with the value of the first threshold r'*r.

Fig. 2:

The value of squared detuning 65 is equal to 0.01.

The difference Ar(62) between the second threshold rj*" for the detuned laser
and the second threshold r^J for the resonantly tuned laser is shown as a
function of two variables Fj. (the abscissa) and F|| (the ordinate).

The surface of Ar(8i) = rj*r — r^J is determined above triangle defined by
positive values of Fi and Fy taken under the bad cavity condition Fj. + F|| < 1.

Fig. 3:

The value of squared detuning P is equal to 0.01.

The contour plot for the second threshold rj*r for the detuned laser is shown
as a function of two variables Fi {the abscissa) and F|| (the ordinate).

The contour plot is determined above triangle defined by positive values of Fj_
and Fi| taken under the bad cavity condition Fj_ + F|| < 1.

Fig. 4:

Fig,

Fig

Fig,

Fig

Fig.

Fig.

The value of squared detuning 82 is equal to 0.01,

The cross sections for the second threshold rj*' for the detuned laser vs the
normalized polarization relaxation rate Fi = 7i/«-

Dark curves correspond to physical branches while unphysical branches are
plotted in light.

The cross sections are plotted for the following relations (from left to right,
respectively) F|| = tan(3jr/8)F±; Ty = T±; Ty = tan(ir/8)ri.

5: The same as Fig. 2 but for 62 = 0.25.

6: The same as Fig. 3 but for 62 = 0.25.

7: The same as Fig. 4 but for S2 = 0.25.

8: The same as Fig. 2 but for 62 - 1.0.

9: The same as Fig. 3 but for S2 = 1.0.

10: The same as Fig. 4 but for S2 - 1.0.
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Fig.

Pig.

Fig.

Fig.

Fig.

Fig.

Fig.

Fig,

Fig.

Fig,

Fig.

Fig.

11: The same as Fig. 2 but for P = 4.0.

12: The same as Fig. 3 but for S2 = 4.0.

13: The same as Fig. 4 but for <55 = 4.0.

14; The same as Fig. 2 but for 82 = 9.0.

15: The same as Fig. 2 but for 62 = 9.0.

16: The same as Fig. 2 bul for P = 9.0.

17:

The effect of the saturation of the minima of the threshold ratio to the value
of 17.0.

The minima of the threshold ratio \rlkTir\hr\ are shown vs detuning <5.

18:

It is shown the profile 5pr(r±,)5s) of the second threshold rthT in the plane
I"11| = 7|[ = 0 vs the normalized polarization relaxation rate T±.

The croos section S^fTi ,^ ) of the second threshold rthr contains the minima
of the second threshold.

The value of the squared detuning 62 is equal to 0.01.

19: The same as Fig. 18 but for P = 0.2S.

20?

The same as Fig. 18 but for 82 = 1.0. The physical branch of 5pr(rx,<52) is
plotted in dark while unphysical branch - in light.

21: The same as Fig. 20 but for P = 4.0.

22: The same as Fig. 20 but for P = 9.0.
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