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ABSTRACT

A generalization of the deformation of Lie algebra of SU( 2) group is established for the
Hopf algebra, by modifying the / 3 component in all of its defining commutators. The modification
is carried out in terms of a polynomial / , of J$ and the ^-deformation parameter, which contains
the known g-deformation functional as its particular cases.
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The algebra of quantum group SU(2)f was first realised by Sklyanin [1] and indepen-

dently by Kulish and Reshetikhin [2] from solutions of the quantum Yang-Baxter equa-

tion. This algebra is now founded [3-5] is a Hopf algebra [6] and hence can be regarded

as a deformation of the universal enveloping algebra of SU(2). More recently, a new

realization of it is obtained [7-9] in terms of a pair of boson creation and annihilation

operators.

Many applications of the SU(2), algebra are now being mode in many diverse fields of

physics, This is evident from the number of papers being published in this field. Also,

the q-deformed algebra of the higher dimensional groups SU(3) and SU(1,1) ® SO(6)

are developed [10.11] and successful attempts are made [12-14] to use these deformation

algebras as tools for breaking the dynamical symmetries in the usual (undeformed)

algebraic approaches [15]. Apparently, these studies take us closer to the physical

systems. With a similar aim, in this paper, we deform the algebra of SU(2), further by

modifying the angular momentum component J3 in all of its denning commutators and

also by using a more generalized function of J3, like a (MlcLaurin) polynomial in J3 .

The usual trigonometric function (eq. 1) and monomial of degree two, used by Jimbo

[4], are shown as its special cases. Our work is very much inspired by that of J i m t i [f]

and we follow the contraction method [16], UBed recently by Celeghini et al. [5]. We

carry out this procedure for the general axioms of Hopf algebra [6],

The algebra of SU(2), is defined by the following three commutators of the three com-

ponents of (quasi) angular momentum operator / :

(la)
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where

Sinht q-q~
• = [2J3] (14)

J± = Ji± >Vj, Jl = J- and 4 = J3 (2)

and the « and q are, in general, the complex g-deformation parameters, related as

a = Inq or q = eM (3)

Equations (1) are apparently obtained by modifying the J3 component in only one

of the commutator brackets of Lie algebra of SU(2), since for s—0 ( or q — 1 ),

the square bracket [2.7s] —• 2J3 in eq. (lb). This modification in the right-hand-

side of the commutator (lb) is later generalized by Jimbo J4] to a rational function

of monomials of degree two, instead of the trigonometric rational function, by using

the same representation as in eqs. (1). His algebra is worked out for an arbitrary

symmetriiable generalised C&rtan matrix.

Starting from the Lie algebra of SU(2), we construct its (-deformation, embeded in the

universal enveloping algebra U(SU(2)), denoted as U, CU(SU(S)), by adding to the

three generators J± and J3 of SU(2), a unit element 1 and the (MacLaurin) polynomial

ring C[J3, J31] with complex coefficients, generated by J3 and J j 1 . Thus, with new

generators J± , f°(Ja, q), / " " ( J a , q) and 1, we introduce the following defining relations

of our generalized algebra

r» = r-r = 1 (4a)

and

or,tquivaiently,

j°-r~

"° = q±aJ± (46)

(4c)

where a is in general a fixed integer number, a 6 Z , and h(q) and f(Js, q) are

analytic functions in both arguments (If). Eq.4(a) defines the inverse / " " of

f . In the following, we prove that the eqs.(4) satisfy the requirements of Hopf

algebra and go over smoothly to the Lie algebra of SU(2) for q—>1. In this

attempt we obtain some restrictive conditions on the analytic functions f(Jz,q)

and h(q) and also on the limiting values of a and q.

Proposition A: Equations (4) represent the algebra of quantum group SU(2),.

Proposition B: In the limit q—»1, eqs.(4) give the three commutators of the Lie

algebra of SU(2), namely:

[J3,Jt] = J± and [J+.J-] = «3- (5)

Proof A: We need to show that eqs.(4) satisfy the three axioms of Hopf algebra;

namely: (i) coproduct A:U/ - .U, ® Uf, (ii) counit £-.11/ -• C, and (iii) antipode

S:U/ —• Uf. This means that we need to define the following three algebra

homomorphism (i.e. linear with respect to Uf, as a vector space and semi

group homomorphism with respect to the multiplication in Uj). Thus[6,l8],

for any x£Uj,

(6a)

id)A(i) = .(i (66)

.(S®id)A(«) = •(id®S)A(z) = (ij •«)(«)• (6c)

Here U; is the associative algebra of elements {/+, J_, f(J3,q),f'l(Js,q), 1} and id

means the identity map onto U/, ® gives the tensor product and • represents the
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multiplication of the two terms m a tensor product. The function r) represents

the unit map of the Hopf algebra [3.8,1<J.

In order for the axioms (6) to be applicable to eqs.(4), we must define the

compatibility conditions [5,19] for any z ,y , j£ Iff.

(76)

(7c)

(Id)

which means the result; /^j = /^j and

A(x') = (A*)*

A{z) if [x,V]=:,

and

(8a)

c(l) = 1. (86)

The coproduct (7d) of the commutator must be checked if the coproduct (7a)

on the product of elements of Vj ia to be extended [5,19J to defining eq.(7c).

(i) coproduct A: Since J± are connected through a commutator, we choose

them as primitive elements of Vj J6|. This allows us to define:

where a is a group-like element of Uj (i.e. Ag = j®?). We also define g as a

function g(Ji, q) which'may or may not be the same as f(Js,q).

We also define / as a group-like element,

A/ = /®/. (10)

Then, due to the defining relation (4a) of our generalized deformation algebra

and eqs.(7a) and (7b), we get [6JL8, 19]:

') = A(l) = 1 ® 1 = //"}}
= A(/)A(/"J) = (/ a /)(/"> (11)

and consequently,

A/ ± o -

(12)

(13)

Using (9)-(13), it is now straightforward to prove that the coproduct condition

(6a) is satisfied for x = J±.

Also, the compatibility conditions (7) are satisfied by the defining relations

(4a) to (4c). Using the relations (7a) to (7d) along with (9), (10) and (12), we

get

and

fa _ f-a

(15)

(16)

iff

g = f°, J - ' = / - ° . (17)

Thus, the algebraic homomorphism of coproduct with the new algebraic

defining relations (4a) to (4d) is established, under the generalized definition

(9) for the analytic function f(J3,q)-

(ii) cuunit e: For a primitive element, it is usual to define [3,5,618],

Also, for the group-like elements [3,6,18),

£(/) = it/"1) = £(?) = «(«"') = 1,

6
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and we define,

(20)

Then, using (18)-(20) and (7b), (8a,b) and (9), the counit condition (6b) can

be easily verified for x = J± and /*".

(iii) antipode S: Introducing the definitions [16],

= -<t±aJ± (21)

5(/±<*) = / T ° , (22)

the antipode condition (6c) is verified simply, for z = J± and /*" . Tn proving

these identities, one has also to use the defining relation (4b).

Thus, V/ is a Hopf algebra defined by eqs.(4) along with (9), (10), (13) and

(17)-(22). Notice that we have not studied here the behavior of J3 since it is

no more an element of U/, but a limit of the element in the right-hand-side of

eq.(4c) for q—*1 (see, however, the discussion at the end). Assuming that the

proposition B is true, the above result proves the proposition A.

Proof B: We show here, how U; transforms smoothly to SU(2) for a. fixed limit

qo = l of the deformation parameter q.

In eq.(4c), for

h(q) = q" -q~", (23)

we obtain,

iff

lim '•-./. = h
»-i n(s)

9 0 = 1

(24)

(25a)

= 1 (256)

df(J3,qo)
dq ~ •

(25c)

Thus, we obtain one of the commutators of eq.(5).

Next, in eq.(4b), multiplying it first on the right by /" , differentiating with

respect to q and multiplying again on the right by f~" and introducing (4b) in

it, we get for this term, in the limit q—> go:

which, under the restrictions (25), gives the other two commutators of eq.(S).

This completes the proof of proposi.ion B, which means that the Uy algebra is

contracted to SU(2) Lie algebra in the limit of q—>1.

The Casimir: Having realized the algebra of SU(2), by eqs.(4), we have

constructed the Casimir element in a general form flO],

(27)

with * = x(q) and y = y(g), as arbitrary analytic functions of q, to be determined

for C to commute with all the generators of 11 j ,

[C,J±) = 0 (28a)

[C,f±") = 0. ("284)

The first commuta tors (28a) , combined with eq.(4b) , give the following limiting

condit ions (for f and f~" to be two linearly independent vectors and a ^ 0):

(i) for [C,J + j - -0

(29a)

(ii) for [O,J_]=0

(30a)



Dividing (29a) by (29b) or (30a) by (30b), we get the unique solution

which, on substituting in any one of the above equations gives

( »*-«"* \^ - ( *'*" ""* V - ( Sinlis% \ *
" ~ \Z(f — I"")/ ~ \2{t"* — e~'a)J ~ \2Sinhia)

The second commutator (2Sb) must also be true, since by use of eq.(4b) it is

straightforward to show that

(33)

Thus, the final form of Casimir element (27) is

( " T=W (34)

We have also calculated the limit of C when q-»l. Starting from eq.(27) and

noting that

lim z =; lim g~ ̂  = 1

im y = li

and consequently, as in eq.(24), we get:

l i r a l =

Assuming also,

J ± r (limf = 0)

(35a)

(354)

(35c)

(35J)

(36)

we get,

IT 1 1
(37)

Then, re-scaling the Casimir element in (34) and remembering that the limiting

value of q=l , we get the final form of Casimir operator,

or, equivalently, in terms of s,

with the limiting due

(184)

(39)

This is a well known result [5,7].

Concluding, we have realized for Hopf algebra a fully generalized deformation

of the Lie algebra of SU(2) in terms of a single parameter q. The J3 component

of the quasi-spin J is modified, in terms of a generalized analytical function

f(trJi)i '" all the defining commutators of Lie algebra. This deformation is

particularly important if one defines the J3 as the direction of measurement

and associate this algebra to physical systems. In this case, one must also

establish that J3 is also a well defined element of the corresponding algebra

Vf. This means, far example, knowing the coproduct A(/), what is A(/a).

Such a question can more suitably be answered if one chooses a particular

form of the function /"(}, J3) or equivalently f(ttJs), where q=e'.

Examples: We choose the following two general functional forms of /:

(406)
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where, ĉ s are the complex analytic functions. Notice that these two equations

contain the monomial of degree two [4] and the trigonometric function in

eq.(lb), respectively, as their special cases.

These functions must satisfy the definition [6]

(41)

where A(/°) = f ® /•», from eq.(13).

Restricting ourselves only to eq.(40a) and to invertible functions f with

analytic inverses with respect to J3, we can write

(42)

Then, using eq.(13):

A(J3) =

(43)

This equation can have a family of trivial solutions for a well defined coproduct,

hut we are interested in the one that satisfy the restrictive conditions of eq.(25).

Thus, the appropriate forms of the functions in (40) could he:

M
ct[(q- 1)J3]*, (44a)

and

/(.,j,)= (444)

For such particular forms of the function f(q, J3), we can construct C[Ca,{q)]-

linear map $:Uf-* SU(2), as follows:

4{1) = 1 (45a)

(456)

11

= q±3>. (45c)

Here C[C«,(j)] means a set of polynomials in variable analytical functions of q

with complex coefficients. Since both U, and SU(2), are Hopf algebras, <j> is an

algebra map and we observe that [18]:

(i) for SU(2),:

(46o)

and (ii) for U;:

= q±J' ® <!**'• (464)

A similar identity is true for J* in (45b). Thus, for all generators of Vt and

SU(2),, we have the following identity of mappings for the coproducts Aj[/(j),

and Au, in SU(2)( and Uy, respectively:

(47)

Thus, the function ^, defined by (45) is also a coalgebra morphism [6). Since

there is a Hopf algebra morphism between U/ and SU(2),, the axioms of Hopf

algebra must also be true for J3 and it can be considered as a well defined

element of both U, and SU(2),. Consequently, eq.(43) has nontrivial solutions.

Finally, choosing a proper representation \jm > of SU(2),, the energy eigen-

value problem for the Casimir operator (38) can be solved. Apparently, there

IB another Casimii operator [5] of SU(2),, which together with (38) distinguish

between the integer and half-odd j-values. Further work on such questions is

in progress.
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