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Abstract
We have shown how the explicit Lyapunov functions can be constructed in the

framework of a regular procedure suggested and completed by Lyapunov a century
ago {"method of critical cases"). The method completely covers all practically en-
countering subtle cases of stability study for ordinary differential equations when
the linear stability analysis fails. These sublte cases, "the critical cases", according
to Lyapunov, include both bifurcations of solutions and solutions of systems with
symmetry. Being properly specialized and actually powerful in case of ODE's, this
Lyapunov's method is formulated in simple language and should attract a wide in-
terest of the physical audience, The method leads to inevitable construction of the
explicit Lyapunov function, takes automatically into account the Fredholm alterna-
tive and avoids infinite step calculations. Easy and apparent physical interpretation
of the Lyapunov function as a potential or as a time-dependent entropy provides
one with more details about the local dynamics of the system at non-equilibrium
phase transition points. Another advantage is that this Lyapunov's method consists
of a set of nerjf detailed explicit prescriptions which allow one to easy programmize
the method for a symbolic proccessor. The application of the Lyapunov theory for
critical cases has been done in this work to the real Lorenz equations and it showed,
in particular, that increasing a at the Hopf bifurcation point suppresses the contri-
bution of one of the variables to the destabilization of the system. The relation of
the method to contemporary methods and its place among them have been clearly
and extensively discussed. Due to Appendices, the paper is self-contained and does
jut require from a reader to approach results published only in Russian.
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1 Introduction.

1.1 Goals of the work
The purpose of this paper is manyfold.

First of all, we wanted to draw the attention of those working in applications of
nonlinear science to physics, to the "o!d" method suggested by Lyapunov a century ago for
the rigorous treatment of the subtle stability problems in ordinary differential equations
(ODE's) .vhen the system under consideration has either bifurcation at a given set of
parameter values or has a hidden symmetry, rotational, for instance. Formally, these two
classes of subhe stability problems can be unified as a class of "critical cases" (Lyapunov)
v.hich are characterized by a presence of one or several characteristic eigenvalues with
zero real parts [1, 2, 3]. Surprisingly, there exists no English translation of the excellent
book by I. G, Malkin which is the most mature exposition of that Lyapunov theory.

Second, the- Lyapunov method of "critical cases'' which is almost unknown for the
Western society (there are only very poor partial English translation [4] and German
translation [5]) lias many advantages in front of the "contemporary" technique. These
are: much simpler formulation in terms of ODE's and basic linear algebra only; very
detailed exlicit prescriptions for solving each particular "critical case"; critenons like
Dulac-Kapteyn-Sibirskiy method which allow one to completely avoid frequently encoun-
tering difficulty to distinguish between focus and center (i. e.. to avoid foolish infinite
step calculations); the method is constructed in such a way that, for instance, one does
not encounter the solvability problem (the Fred holm alternative [6]) - it is automatically
taken into account; and many other merits which make work in the framework of the
Lyapunov theory of critical cases much easier and practically more effective than it is
possible in "contemporary" theories. We wanted to practically demonstrate the validity
of these statements.

Third, working with this method, one gets a way for a nice and easy physical inter-
pretation of resuts because the Lyapunov theory of critical cases allows one to inevitably
construct the Lyapunov function which usually serves as a potential (in Hamiltonian sys-
tems [7]) or as a time-dependent entropy (for open system [8]). It is widely believed that
the direct Lyapunov method is more of an art than an exact science, and it would be a
pleasure to convince tli,1 readers that this is not always true.

Four'h, taking into account the lack of the information about the Lyapunov theory of
critical cases in English literature, we wanted to collect in the Appendices the Lyapunov
prescriptions which are necessary to cover the pitchfork bifurcation and Hopf bifurcation
cases as well as t.wo kinds of systems with rotational symmetries - with one zero charac-
teristic root and with two imaginary characteristic roots. Readers, who are familiar with
other techniques for treating these problems will appreciate the simplicity of Lyapunov's
recommendations. Of course, in the single article, we are not allowed to make the ex-
position of the whole set of Lyapunov "critical cases" but we believe that the English
translation of the Malkin book will be eventually published elsewhere.

At last, we were motivated to choose for applications such a model which would both
be interesting for consideration and, at the same time, have some properties whic'i are
already known, allowing us to compare what we got in the framework of Lyapunov theory
of critical cases with earlier results. We have chosen the Lorenz model [9, 10, 11] and tried
to get a somewhat new insight on the details of the destabilization of its steady solutions

using merits of the technique,

1.2 Relations between "old-fashion" Lyapunov method for crit-
ical cases and "contemporary" methods

It is clear that the notion of the "old-fashion" technique and "contemporary" technique
is very relative.

Let's look at this comparison taking a concrete example of the Hopf bifurcation prob-
lem. Standard technique (i. e., "contemporary" one) is the application of the center
manifold concept for elimination of decaying deviations of perturbations and the subse-
quent application of the Poincare normal form [6, 12, 13]. At least the last starve, the
application of the Poincare normal form method has quite appreciable age (snore than a
century) which is similar to the age of the Lyapunov method for critical cases.

Moreover, it is interesting to discover that the first step in the Lyapunov theory for the
critical cases, "reduction to the critical variables" [1, 2, 3], is nothing else, but the center
manifold concept in action for ODE's! And the Lyapunov prescriptions are so detailed
as to leave completely no room for additional studies of the following critical cases for
steady and periodical solutions:

• the critical case with single zero characteristic root1;

• the critical case with two zero characteristic roots;

• the critical case with a couple of conjugate imaginary roots;

• the critical case with one zero and a couple of conjugate imaginary roots:

• the critical case with two couples of imaginary characteristic roots.

This list, perhaps, covers all practically encountering in physical applications sublte
stability problems. Many other cases are available in Rissian in Russian applied mathe-
matical literature, however, to the best of our knowledge, there is no review for the period
after last Russian edition of the Malkin book [3].

Let's return to the comparison on the example of the Hopf bifurcation, We have al-
ready seen that the detailed applications of the center manifold concept were already done
by Lyapunov and followers for a quite wide class of the stability problems including the
Hopf bifurcation albeit A. M. Lyapunov did not use this terminology, he said: "reduction
to critical systems".

It is also clear that theory of critical cases does not work (at least in its present
formulation) for the partial differential equations (PDE's), it is a detailed specialized
theory for ODE's, and the advantage of the genera! center manifold concept in case of
PDE's is, evidently, out of question.

At the same time, being more specialized, Lyapunov's theory for critical cases is easier
for practical applications in ODE's.

What about the final stage of the study of Hopf bifurcation? Nowadays, the Poincare
normal form technique is widely uied for this. The method certainly gives a desirable

Mt is assumed here and in other critical cases, of course, that other characteristic roots have negative
real parts.



answer about stability apart from the case when the center is encountered at the Hopf
bifurcation point (because one would spend all his life doing infinite number of successive
steps to evaluate stability quantities for the center). In addition, using the latter method,
it is hard to have a physical interpretation of the results apart from the stability itself.

At I he same time, the Lyapunov theory for critical cases is based on the Lyapunov
direct method, i. e., it allows to construct the proper Lyapunov function. There are no
difficulties to interpret a Lyapunov function; it is either a potential of system [7] or its
time-dependent entropy according to recent fundamental endeviours of Klimontovich [8].
The explicit form of the Lyapunov function allows one to analyze the relative contribution
of the dynamic variables into destabilization, for example, and we show this for the Hopf
bifurcation in the Lorenz model (sections 6-7).

Another merit of the Lyapunov approach, which seems to us has no analogies in
"comtemporary1" approaches, is its allowance for the possibility of the center at Hopf
bifurcation. In the latter case, the Poincare normal form method can practically fail
because of necessity to make infinite step calculations to fiinl non-zero stability quantity.
But the approach by '.yapunov to find the explicit conditions for the (-enter which have
been concluded for the Hopf bifurcation case by Dulac, Kapteyn and Sibirskiy, allows us
to make an intermediate study after the "reduction to critical system'1 (projection onto
the center manifold) but before the study of 2d-center manifod determining the stability
of the system. This will be shown on example in subsection 5.3.

1.3 Choice of the model for application
Our statements would be unsubstantiated unless we will apply the theory of critical cases
to a concrete model.

The Lorenz model [9, 10] was initially formulated as the model for the study of the
formation of cylindrical convection rolls of the fluid between two plates. A few years
later it was demonstrated that the Lorenz model can also describe the single-mode laser
with the fixed phase of radiation [14]. During more than a quarter-century history of the
Lorenz model the extensive bibliography has been accumulated (see, for example, books
and reviews [11, 15, 16, 17]).

Tiiis model possesses both pitchfork and Hopf bifurcations.
We have chosen this model for applications of the proper Lyapunov "critical cases"

(with single zero root and with two imaginary roots, respectively) because of the rela-
tive simplicity of results whi<4i can be visualized in some asymptotic limits and clearly
physically interpreted.

The model also admits construction of the both kinds of Lyapunov functions: the
global one (at the pitchfork bifurcation point) and the local one (at the Hopf bifurcation
point). The tatter Lyapunov function gives us a new insight on the destabilization of fixed
points of the Lorenz model at the Hopf bifurcation point.

1.4 Outline
In the next section we briefly discuss the known properties of the steady solutions of the
Lorenz model.

In section 3, we discuss how to construct at least a local Lyapunov function for non
critical cases and briefly explain why the linear analysis of stability works for non-critical

cases and fails to give rigorous results for critical cases.
In section 4, the global Lyapunov function will be constructed for the first bifurcation

point of the steady solutions for the Lorenz model. To our knowledge, this is the first
result of this kind for the Lorenz model albeit some attempts were done to contruct
Lyapunov function for this model [ll].

In section 5, we first explain the general steps for construction of the Lyapunov function
for the Hopf bifurcation (subsection 5.1). In subsection 5.2, we will be busy with tedious
reduction to critical system which is, for the case, just the diagonalization of the linear
part matrix. According to Lyapunov, we explain (with references to Appendices 1-2) why
one can treat further the 2-dimensional problem solely ("contemporary" wording can be
found in Refs. [6, 12, 13]). The contents of subsection 5.3 (with references to more general
results of Appendix 3) should be relatively (or completely) new for a reader because the
Dulac-Kapteyn-Sibirskiy method (which has been published only in a local Moldavian
journal [18, 19]) will be applied in that subsection to the Hopf bifurcation in the Lorenz
model. In subsection 5.4, we get the explicit form of the Lyapunov function (according
to the prescriptions of the Appendix 4) and, almost as a byproduct of our derivation, we
also get the rigorous result on stability (subsection 5.4.2).

Since the general form of the Lyapunov function obtained in subsection 5.4.3 is some-
what cumbersome we will get simpler asymptotic forms in subsection (i.

The main body of the article will be completed by the physical discussion of the
meaning of the asymptotic forms of the Lyapunov function (section 7). A clear picture
of the destabilization will be shown and the interpretation will be done both for the laser
physics and for the hydrodynamics. Validity of results will be also briefly discussed.

Conclusions are placed into section 8.
Four Appendices make the paper self-contained providing with the exposition of the

Lyapunov theory for critical cases with a single zero root and with a couple of imaginary
roots; the exposition is absent in English applied mathematical literature as well as the
expositions of other critical cases.



2 Lorenz system and its stationary solutions
The Lorenz system [9, 10] is three-parametric, three dimensional system of ordinary dif-
ferential equations of the form

i = — ax + <ry, a > 0,

y — —y + rx — XI, r > 0,

z — — bz + xy, b> 0,

(1)

where the quantity r is usually considered as a bifurcation parameter, and a and 6 are
thought to be fixed parameters.

Let us now recall the earlier known properties of the stationary solutions of the Lorenz
model [11]. The origin is always a stationary point for equations (I):

CD = JO ,0 , 0} at all real values of r. (2)

For r > rl = I there are two other stationary points:

at r > 1, (3)

and Ci is the one lying in x > U.
The bifurcation points of stationary solutions (2) and (3) are. respectively,

T = r, = 1.
3)

a - b - 1

(4)

(5)

At r = )•]. there is a supercritical bifurcation of the trivial solution Co into non-zero
steady solution L\,i on one side at a double point [6] or, in other words, a pitchfork
bifurcation.

At r = r j , there is a bifurcation into a periodical solution from steady solutions C\,i
at a semi-simple eigenvalue, or the Hopf bifurcation [13. 12, 6],

The qualitative behavior of the solutions at these points provides one with the infor-
mation about the non-equilibrium phase transitions [20, 21, 22, 8]. The points r = r{ and
r = r2 of the main physical interest are the points of non-equlibrium phase transitions
associated with the corresponding bifurcations oc uring at these points.

3 How to contruct Lyapunov function for "non-critical"
cases?

"Non-critical" case is, obviously, the case which is opposite to the "critical" one, i. e. it
is the case when there are no characteristic roots with zero real part.

Thus, the linear analysis certainly works for non-critical cases and one can take this as
a definition: "non-critical" case is the case when the stability of solutions can be rigorously
determined in the framework of the linear analysis while the "critical cases" are all those
which do not allow the rigorous linear analysis.

The investigation of stability outside the bifurcation points {4)-(5) provides the fol-
lowing results: at 0 < r < ?i the origin is asymptotically stable; at r > n the origin is ex-
ponentially unstable since the characteristic equation has one positive root; at 1 < r < r2

the C\ and C? solutions are asymptotically stable since the characteristic equation has
roots with negative real parts; at r > r2 the C\ and C2 solutions are exponentially unsta-
ble since the characteristic equation has a couple of complex conjugate roots with positive
real parts.

For "non-critical" case, it is conceptually (but not always practically) trivial to get a
local Lyapunov function which is just a quadratic form in the case. One easily obtains it
diagonalizmg the matrix of the linear part of the system and choosing as new variables the
eigenvectors of this matrix (for more information, consult monographs [1, 2, 3]). Then, in
principle, the desired Lyapunov function is just the diagonal sum of the squared absolute
values of new variables.

It is evident that when at least one of the eigenvalues of the matrix of the linear
part of the system has its real part equal to zero, this simple prescription fails. The
Lyapunov function is not anymore a quadratic form and the terms of the higher order
must be introduced. Thus, the linear approximation fails together with simplest method
of construction of the Lyapunov function as a quadratic form, the special theory, the
Lyapunov theory of critical cases, should be used to get the desirable Lyapunov function
for a given solution of the system.



4 Global (exact) Lyapunov function for solution Co

at first bifurcation point r = rx = 1.
The system of equations in variations near the trivial solution Co at r = r : naturally
coincides with the Lorenz system at r = 1:

= ;n - X2 - (6)

The matrix of linear part of the system (6) is singular at r = r^ = 1: the corresponding
characteristic equation has the roots A] = 0 , A2 = — (cr + 1) < 0, A3 = — b < 0.

Thus, according to Lyapunov [1, 2, 3], the "critical case with single zero root" takes
place. In contemporary wording, this is the bifurcation on one side at a double point [6].

However, the Lyapunov notion of the critical case with single zero root is more com-
prehensive than the notion of that bifurcation. The stability theory for the critical case
with single zero root covers not only that bifurcation but also (and mainly!) the sta-
bility problem for systems with "rotational symmetry" [23, 6]. Another example of the
application of the method for the critical case with single zero root can be found in [24].

In this case, it is impossible to rigorously study the stability using the linear approxi-
mation, one should either apply the method proper for this critical case [1, 2, 3] or apply
the direct Lyapunov method.

Fortunately, using Lyapunov's technique, we have succeeded in constructing explicitly
not only the local Lyapunov function for Ca but also the global Lyapunov function for
this case. Let us show this.

Introduce the new- variables

Zl = Xi + CT.l'2, S~i — — <T;l'i + CfX2. Z3 — IJX3. ( 7 )

The inverse transformation is

(8)

The system (6) in terms of the new variables (7) takes the form:

1)*3 - « 3 : (9)

z3 = -bzs

Defining the Lyapunov function as

V — ~S
~ 2 (

<T+ 1 CT+ 1

0

and differentiating it with respect to time, we obtain that in virtue of (6)-(8):

(10)

V = -( 0. (11)

So, according to (10)-(ll), the trivial solution of the system (9) is asymptotically
stable [1, 2, 3]. Since the stability problem for the z, variables coincides with the stability
problem for the initial x, variables of the system (6) we can conclude that the origin Co is
asymptotically stable at r = rx = 1. It should be noted that the Lyapunov function (10)
may be obtained from more general one [24] using known transformation [25, 26] from
the single-mode laser equations to the Lorenz systerji-

Ar-ording to Klimontovich [8], this global Lyapunov function is the global time-
dependent entropy of the Lorenz system taken at fixed value of the bifurcation parameter
r = ri (the "first threshold" of pumping, in the laser case [25, 26]).

This is, perhaps, the first example of a global Lyapunov function (not of an integral
of motion) for the Lorenz model at arbitrary a and 6 albeit attemts have been done to
get some integrals of motion (generally, time-dependent) at particular parameter values
[27,28,29].

T



5 Local Lyapunov function for solutions C\^ at the
second bifurcation point r = r2 = a(a + b + 3)/(<r -
6 -1 ) .

5.1 Lyapunov strategy for the critical case with two imaginary
roots (Hopf bifurcation)

The non-trivial stationary solutions C, and Cj at the bifurcation point r = r2 are

Ci.2 where z0 = T (12)

The corresponding equations in variations are of the form:

,Ti = —ax, + <TJ-2,

•i'2 = -("i ^ -£•:> - - r o ^ - a'i

The characteristic equation for the matrix fi.r the linear part of the system (13) has
the following roots:

pi = -(<7 + 6 + 1), — ±ip, where p =
2ab(a+l)

a - b - l '
(14)

Therefore the critical case with two imaginary roots occurs. The study of stability of
the origin of the system (13) or, which the same, for the stationary solutions C\,2 of the
Lorenz model (1) at r = r2, will be carried out in three stages [1, 2. 3] {see Appendices).

During the first stage we shall lead tile system (13) to the form which is required
by the genera! theory of critical cases [1, 2, 3] (see Appendixes 1 and 2), i. e. to the
form when equations for some two variables contain in the linear parts only the diagonal
terms corresponding to the eigenvalues ±ip (we shall substitute the complex variables for
the real ones for the sake of simplicity). Generally, such a transformation is a nonlinear
one, but in our case we can use the linear change of variables. As a result of this first
stage we shall rigorously reduce the initial three-dimensional stability problem to the
two-dimensional one.

In the second step we shall encounter the old problem of distinguishing between the
focus and center [30] set up by Poincare [31]. Using the proper for our iase method of
Didac - Kapteyn - Sibirskiy [3'2, 33, 18, 19] {Appendix 3) we solve this problem for our
case and, if we find a focus, we pass to the final stage of constructing of the Lyapunov
function of the special kind [1, 2, 3] (Appendix 4).

5.2 Reduction to "critical system" (projection onto center man-
ifold)

The change of the variables leading the linear parts of the equations to the required forms
can be chosen as

10

it -s»u<ryji" . ;,.•—,-nsimm if **•

2 2a
H

2,3 =

ill = ~—Z\ H ^2 - 77 nxZi
px0 px0 t>(r2-l}
xi + x2 a+\

U2 = r -r, TTT3 ,

x 6(r 1)

(15)

(ff — b — 1 ) I Q XQ

For the calculation of the nonlinearities it is necessary to use the inverse transformation

x 3 = 2b(a — I )(<7 — b — 1 )(?-2 — 1 )S(py, — (a + b •

where we have introduced the designations

r.2-\

(16)

b - )(

~ l)(fc(<7 + 6 + 1) - (<7

~ \)(b(a + b + 1) - (er

l -a-b}),

- a - b}),

- b - 1)).

(17)

b23y2y3

Using (15)—(16) we represent the system (13) in the form which is basic for the critical
case with two imaginary roots [1, 2, 3]:

(18)

Explicit expressions for all coefficients a^ and bXJ can be found in Ref. [34]. Below we
show the explicit form of those coefficients which will be used for further study of the
system.

The basic Lyapunov theorem2 on the critical case with two imaginary roots [1, 2, 3]
(Appendix 1) says that if the nonlinearity in the third equation of the system of the
standard form (18) has its lowest pow..;r greater than or equal to the lowest power of the

2This Lyapunov theorem has been formulated in 1892. Violating the historical ordering one can
rephrase il as a very detailed concrete implementation of the center manifold concept for the critical
case under consideration. Violating the historical order once more, one could say as well that T,yapunov
consideration includes the Hopf theory albeit being formulated without contemporary wording borrowed
from functional analysis and theory of dynamical systems.

11



nonlinearities of the first two equations then the stability problem for the initial system
(13) comes to the stability problem for the origin of the second-order "shortened system"
composed from the "critical" variables:

X = -P{Y + «uX2 + anXY + fljjV2),

where, after large-scale computer symbolic calculations with both Mathematica [35] and
Maple [36], one gets that the main coefficients are given by:

( 3 2 2 j 3 Q | 2 \ 2 / -.2

a,, = - 2 6 - 6 2 ) (cr2 - 1 - 4 / > - 6 2 ) ) ,

(21)

<Z12 =

U<r'Jb2

14 ab2

2b4 + \8a2b2 + V2<r2b + 4<7263 + 3 a 2 - (22)

- 20cr63 - 2ob - 1 - 9 64 - 16 63 - 66 - 2 65 - 14 b2)),

— a b {a - i - :

- 2 a t - ab2 - al? + 4 b + 5 62 + 2 63 + l) . (23)

— 1

_ ^ _ ,7 + CTft' _ r>62 - i 3 + l - 3 1 ) , (24)

~ b

a2b3

{a - b - 1) (<r5

- 5 o - 6 3 - 4 b3 - 6 6a - 4 6 - A4 - l ) , (25)

i 2 2 =

b + 2 a2 - vb + ab2 - 2 62 - 4 b - 2)) . (26)

1-2

5.3 Dulac-Kapteyn-Sibirskiy method: Avoiding infinite step
calculations

Now we are set for the second stage.
A point to note that it does not make sense to try immediately to build the Lyapunov

function since the system (19) may 1'ave a center at the origin. It means that we shall
take an infinite number of steps to find the Lyapunov function. Consequently, we shall
understand what is the singular point at the origin: center or focus?

The general problem of the distinguishing between the center and focus is still unsolved
in mathematics.

However, for the particular case under consideration the implicit solution has been
found by Dulac [32] and Kapteyn [33). A long time later Sibirskiy [IS, 19] found the
explicit solution. We shall use Sibirskiy's condition to determine the type of the singular
point at the origin of the system (19).

Thus, in order that there exists the center at the origin of the system (19) it is necessary
and sufficient that at least one of the following series of the conditions is fulfilled (see also
more general theorem, Appendix 3):

I. au + u22 = 6H + 622 = 0;
II. a(au + a22) - P{bu + b22) =

= 0; (27)

III. a 5(on + a22) = 0,

where a = a]2 — 2*n> J3 = 612 — 2«22- The tedious analytical computer calculations show
that the first conditions in each series (27) are not identically fulfilled. Therefore, there
is the focus at the origin of the system (19).

More exactly, we have shown symbolically that the conditions (27) are not fulfilled at
any positive values of a and b obeying the condition of existence of the bifurcation point
at r = r2 = <r(<7 + 6 + 3)/(<r - b - 1):

cr — 6 > I.

This is just the "bad cavity condition" for quantum optics [25, 26].

(28)

5.4 Construction of the Lyapunov function for the second bi-
furcation point

5.4.1 Method of construction

We shall look for the Lyapunov function of the form [1, 2, 3, 30]:

N

where Vn{X, Y) is the homogeneous polynomial of the n-th order with respect to X and
Y.

Calculating the derivative of V(X, Y) with respect to the time in virtue of (19) we
obtain

13



| ^ + ^ + ..). (30)

The third-order terms in expression (30) can be written as

PY(2( bl2XY Hx> (31)

In order that the total derivative (30) be locally3 definite in sign the polynomial (31)
must vanish (see Corollary 1, Appendix 4). This requirement determines the polynomial
V^(X, V) uniquely hrough the main coefficients (20)-(26) of the "shortened system":

V3(X, Y) = J2X
2Y (32)

h = - 2a,2)/3, = 2«
2a22 - 261 2)/3.

(33)

5.4,2 Result on stability: Lyapunov focus quantity as a byproduct of con-
sruction of Lyapunov function

Further, let us require that the set of fourth-order terms in the total derivative (30) was
definite in sign (see Corollary 2, Appendix 4), more exactly, we shall try to find such real
number G4 that the following equality takes place:

dV
~df

dV,{X,Y)x + Y , + ^ xy + ^y,

dV<(X,Y) , 2 . . . . , , 2
1 — ( f i n A + O i 2 A r + 11221

0Y

4{A + ) ) •

According to the main algebraic theorem for the critical case with two imaginary
roots the number G4 is determined uniquely through main coefficients (20)-(26) of the
"shortened system" by the formula (relation (A4.9), Appendix 4):

P /
2TT JO I

O(COSP) ( 9 ( 3 5 )

i. e., in the vicinity of solutions Ci.j

14

The straightforward integration yields

Substituting into (36) the expressions (20)-(26) for <tij and 6tJ. one gets:

(36)

(37)

where the numerator and denominator of Gi(a,b) are given by

(

364 - 8o2b- lab3 + 2a + 2a 3 6+ 1063) , (38)

In order to take into account the "bad cavity" condition (2t>) and to define the sign of
Lyapunov quantity G4, we introduce for the moment, according to [37, 38], new positive
parameter f instead of parameter a:

f. = a~b~\ > 0. (40)

Expressing G;UT™(<T,6) and Gi'n(a,b) through f and 6, we get that both the numerator
and denominator are strictly positive under "bad cavity" condition (28):

(41)

0,

Thus, we find that

Gt > 0.

> 0.

(42)

(43)

This sought-for inequality means that there exists a neighborhood of the origin of the
"shortened™ system (19) where the sign of the function V(X, Y) coincides with the sign
of its total derivative dV(X, Y)jdt calculated in virtue of (30). Consequently, the origin
of the "shortened system" (19) is an unstable focus (Appendix 4).

Using the general method for the investigation of stability for the critical case with two
imaginary roots [1, 2, 3] we have rigorously led the stability problem for the stationary
solutions Ci and C? of the Lorenz model (1) at r = <r(<74 'j + 3 ) / ( a - 6 - 1) to the stability
problem of the origin of the 2d-system (19). Therefore, the stationary solutions C\ and Ci
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of the Lorenz model (1) at the second bifurcation point r - r2 ("exponential instability
threshold", or "the second laser threshold" [25, 26]) are unstable.

It immediately follows from the instability of stationary solutions C\ and Cj at the
second bifurcation point that the corresponding Hopf bifurcation is always sub-critical
[12, 13, 6].

This rigorous result obtained almost as a byproduct of the construction of the corre-
sponding Lyapunov function confirms earlier endeviours which were done in the framework
of Bautin's version of Lyapunov technique [37] and, later, in the framework of popular
concept of the center manifold [38].

5,4.3 Explicit form of the Lyapunov function

Now, let us complete the construction of the explicit form of the Lyapunov function fo-
llie Hopf bifurcation point in the real Lorenz model under consideration.

This Lyapunov function will be necessarily of the local form, i, e., it will be valid onh
in the vicinity of the steady solution Ci,2 taken at r = r2.

One can easily expand the region of the validity of such a Lyapunov function taking
more terms and requiring that the derivative of the Lyapunov function was definite in sign
- the procedure is very straightforward and does not depend on the order of polynomial
which is included at the current step into the Lyapunov function. The cost will be the
further enlargement of the system of equations for determination of the coefficients in the
polynomials of the Lyapunov function.

We will restrict ourselves to the fourth order polynomials in the Lyapunov function
which have been sufficient for the determination of stability as we could see in the previous
subsection.

We have already shown that the sought-for Lyapunov function is of the form

V(X, Y) = A'2 + VJ + Y, Vn(AU-') (44)

Since we have proven that for a definite result on stability it, is sufficient to choose
N = 4, the selected polynomials in the Lyapunov function have the form

V3[Xt V) = + hX2Y + + f,Y (45)

V4(.V. V) = <M X' + g2X
JY + 03X

2Y2 + <MXY3 + fhY\ (46)

where the coefficients /, are already defined by relations (20) -(26) whiie the coefficients
gi are subject to be determined yet.

Requiring the fourth order terms to vanish in the total derivative of the Lyapunov
function with respect to time, one gets the following system to determine the coefficients
gi and the GV

X*.

X2Y2:
XY3 :
YA:

g2 + 2an(au - 2622) - G,/p;
gz -2fli + (an -6ji)(«'2 -2622) + 011(612 - 2au) = 0;
3ff4 - 3(fe + 2ajj(a,j - 2622) - 26,,(612 - 2a, 1) - 4{aua12

2fl5 - 33 + {aj2 ~ M(&i3 - 2an) - M Q i 2 - 2622) = 0;
S* - 2622(612 - 2a n ) = GA.JP.

p; (47)
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The system consists of three equations for gi, <?4 and Gi and two equations for 53, #4
and 35. Solving the system with respect to g, and G4 we get the coefficients g< through
the basic coefficients (20)~(26):

Si = o {9:

9-2 = 7

93

9A = - -

9s = ^ '

- 2622X022 -

(48)

(612 - 2a

2 - 2 o n )

- 612622}

and for

auaV2 - (49)

As expected, the forn' of the Lyapunov quantity G+ coir ide with the expression (36}
we have already got in the previous subsection by means ot straighforward integration.

Note, the form of the coefficient. g3 in the order in which we are working is irrelevant.
More exactly, the coefficient 33 contributes only in the terms of the fifth order in the
derivative of the Lyapunov function, mid consequently, can be determined when one
includes into Lyapunov function the higher order terms (in the case, of the fifth order and
higher).

Non-zero coefficient g$ contributes in the Lyapunov function by the term gz{X2 + V2)2.
The derivative of this term vanishes upto the fifth order terms in the derivative.

Now we can write down the explicit form of the local Lyapunov function at the Hopf
bifurcation point of the Lorenz model. One can re-formulate this in terms of, for instance,
laser physics and say that it will be the local expansion of the limt-dtpendtnt Entropy of
tke single-mode laser ai the laser second threshold [8],

Thr explicit form is this:

( A , ) ) = A + } + / i A + /2A f + JjA r + . / J J

where the coefficients are given by the following expressions:

(50)

(g - b - - 2 g3 + 8 02 1 2 <T2

(51)

+30<T262 - 2a2 + 5<T61 + 16<T63 + a + 14ab2 - 12b3 - 4 6 - 36" - 14 62 + l )
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(a 2 i + 2 o-2 - ab + <T62 - 2 62 - 4 6 - 2)) , (53)

U = (12 ab + 21 (7b2 + 4 ahb + <rV - 4 <r4fc - 13 <7362

3D,

+4 6 - 2<r2 + 6 b7 - -2<T* + 4 b3 + <r4 + fc4 + cr5 + 1 - 5<r>&3

(54)

5i = T

- 1 0 ff"6 + 180 <7362 + 80 o-36 - 1438 <rJ64 - 180 a1 b2 - 948 <r363 + 1600 T&4 + 244 ,7&3

-<T - 9 b + 5 CT2 + 24 b2 + 5 a3 + 332 fc3 + 10 a6 - 10 <T4 + 1122 bA + 198615

-10ff s - off9 + 127 6s* + !0CT7 + 121 />V + 705cr68 - 5IT8 - 268<r367 + 348a5b5

+2116 A" + 1404 67 + 567 6s + 420 a2?*7 - 232ff46* + 356cr266 - 180o-7fr3

-2408 ff'V -26ff*6 4 - 3 4 8 C T 6 & 2 - 30CT66 - 316<rfit;i - 144<7562 + 84Scrs64 (55)

+604 <r5/>3 + 342<r464 + 916<T 4 6 3 + a"1 + 12cr7fc2 + 80<r7t + 108ff*62 + 35ff8t

- 1 1 <710i - 20o-96 - 66S<r363 + \Sa9b2 + <r" - 338 (T46s - 40<T7A4 + 3646 t6o-

- 2696 65a3 + 12 61

-•\2tr5b+ 160 <T46i - 126CT"6 + 640<r3i2 - 34<73fc

- 116 cr2b2 - 1090 o-263 - 16S4 aft4 - 92S O-63 + 10 a + 10 A + 5 <r2

+42 b2 - 40cr3 + 9863 + 50<r6 - 3 0 C T 4 + 140i" + 1266s + 60CT5 + IOCT9 - 40<r7

- 1 3 & V - 22 (T&8 - 35ff8 - 36 <T367 + 58 CT5/)S + 70 6s + 22 67 + 3 6s - 194 ^

+ 26 a 4 6 6 - 984 <T268 + 20 a7b3 + 548 <7364 - 72 <76A4 - 140 <76t2 + 146 a6b

-382<7663 - 704<T562 + 112crs64 - 456crsfc3 + 1304<746<l + 1374 a4b3 + 9CT'°

+256 <r7b2 + 90<rT6 + 54 er8b2 - 52 asb - 38 <r96 + 1364 a3b3 + 372 a4b5 - 800 6

- 2 3 2 <7366 - 208t7c? - 1576CT65 - 2242 6 V - 322 65ff3) .

16£>-
b+l)(s-b-\f2b3'2

(l +64^6 + 278s2b - 200s62 + 198s5(>-1320^b2- 5 1 0 ^ 6 + 6 0 0 ^ ^ - 194s3b
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+204s2b4 + 1188s2i2 + 1374s2b3 -3116sb* - 1560s&3 + 2* - 54 6 - 3 ^

-37462 - 8 ^ 3 - 105463 + 2 / + 2s4 - 1620b4 - 14746s + 12s* + 2s9 - 8s7

+19 6 V - 22 sbs - 3 58 + 6 8 s V - 78 ss&5 - 794 b6 - 234 67 - 29 6s + 62 s3fc7 (57)

+18^466 - U2s2b6 + 12s763 + 2388s364 + 32s6b4 + 572se62 + 402s6i + 34^663

-600s5A2 - 296s564 - 816sbb3 + 360*464 - 354 js4i3 + s10 + 200sV - 70sTb

-66 s862 - 116 586 + 2 s96 + 2364 s363 + 148 s"65 - 1400 b6s + 368 ^366

-312 b7s - 2928 ibs - 41S655J + 1166&V) ,

- 16s 2 + 4262 + 8s3 + 7063 + 4 s 9 - 4 ^ 6 7 - 2 s 9 6 3 + 6^6 4 - 7.576' + Sssb - 16s465

-17s366 + 1067s - &sT + 2 9 . W - 56s3fc5 + 15^6 s + 92*6" + 267 + 1466 (58)

+22 & V - 114 6 V - 62 bs7 - 292 63^3 - 62 bse + 146 6 V - 94 i 4^ 4 - 222 63^4

+ 10 s8 + 322 bbs + 188 b V - 32 ,<6 +• 70 6" +- 42 65 + 36 *4 + 564 64« + 57 s2b2

+ 162 s56 + 464 32b" + 114 s4b - 383 s3b2 - 128 s4t2 - 138 s3f. + 410 s263 + 526 sft3) .

In these expressions, we have used expression (20) for D\ and also designated

D2 = (s - i f (.s3 + 3s26 + s2 - s - sb* - 36 - 1 - A3 - 3 62)" . (59)

It is important to stress once more that the coefficients ji and jr5 are defined in the
given order of accuracy upto the irrelevant term +<?a/2.
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6 Asymptotic forms of the Lyapunov function
The explicit expression obtained for the local Lyapunov function is somewhat cumbersome
and difficult for analysis.

It is expedient to get a simpler form of it, for instance, using a small parameter which
may be present in the system.

Since the value of the bifurcation parameter r is fixed (= r2), one may try to construct
a small parameter from two parameters c and b using natural physical condition of the
"badness"1 of the cavity" (28): <r > 6 + 1.

Two possibilities are available: either to get the "bad cavity limit" of the Lyapunov
function, when a > b+ 1, or to consider the opposite limit of "almost good cavity" when
<r is just a bit greater than fc + 1,

Let's consider both cases. We will find that these two cases are different ii• the mech-
anism of the destabilization at the Hopf bifurcation point. More exactly, while in the
"almost good cavity" limit all three components of deviations i< of the original physical
system (13) do contribute to the destabilization, in the opposite asymptotic case of the
"very bad cavity" the first component x\ does not contribute to destabilization at all.

Since the physical meaning of the first component Xi of deviations from steady solu-
tions Ci,2 has rather different character from the physical meaning of two other compo-
nents X2 and J:3 both for a laser and for hydrodynamics, the effect found in this way will
have very apparent physical interpretation (next section).

6.1 "Almost good cavity" limit
A parameter can be defined due to "bad cavity condition" (28) as the following positive
difference:

= a-b-\ > 0. (60)

Some remarks are in order here. This parameter is not a scale parameter, it is just the
difference between parameters of the system. This parameter has been already introduced
in (40) and used for the determination of the sign of the Lyapunov focus quantity G't under
the bad cavity condition (28).

To use this parameter as a small parameter, one should require:

0 < 1. (61)

Expanding the coefficients (5i}-(59) of the local Lyapunov function (50) into a series
in £ a.nd keeping only leading terms, one gets

h « - (62)

(63)

4 Remark for the specialists: as a matter of fact, in laser physics, this condition means not a bad cavity
at all but very narrow atomic lines of the resonant medium in the cavity [25, 26].
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(64)

(65)

(66)

(67)

(68)

(69)

We see that the lowest order of £ in these expressions is the first order. Only coefficients
/2 and /4 give contributions to this lowest order and the Lyapunov function (SO) can be
written in this limit as:

va; .v, Y) = A- + y + f (A- + y f - \YM ^ + T ) - (70)

The limit form of the Lyapunov focus quantity G± is given by the expression:

(fi + 3 ) ( 6 + l ) £ , , . ,
G 4 ~ — O L / L . n\—< ( 7 1 )

hence, the derivative of the Lyapunov function is equal to

dt ~ 86(6 + 2) VA + > [ >

Note, only terms different from powers of A'2 + Y2 give non-trivial contribution to the
derivative of the Lyapunov function and, hence, to the destabilization of the system.

6.2 "Bad cavity" limit
Only one scale parameter existing at fixed r can be defined due to the "bad cavity con-
dition" (28):

6 + 1
(73)

Expanding coefficients f< and g, into series in powers of t and keeping only first leading
terms, one gets in the limit (6+ 1)/IT —• 0 the following ; symptotic expressions:

h * - : (74)
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bt

3 ( 6 + 1 ) '

(75)

(76)

7 Physical discussion

The asymptotic results obtained alSow us to make an immediate and clear physical inter-
pretation.

Let us first show that in the "almost good cavity" limit all three deviations z; of the
system (13) contribute to the Lyapunov function and, hence, to the local dynamics of the
system.

To see this we evalute the form of the variables X and Y through physical deviations

16 (6+ ( '

7 + T m

Thus, at small t = (6 + 1)/<T, the leading contribution comes from /i solely (it is of
the order of t1/2). and the Lyapunov function (50) acquires very simple asymptotic form:

-.X3.

At the same time, the asymptotic form for the Lyapunov quantity G'4 is

b2

(82)

(83)
Sh + S

which means that the asymptotic form of the time derivative is presented by the following
expression:

dV
It 0. (84)

86 + 8 ^ 1
We note once again that only the last term in (82) violates the stability of the system.

X
2yjb(b+\){b+2)

Y (85)

Since both A' and 1' contribute to Lyapunov function (70), we conclude that all three
deviations x,- contribute to the destabilization of the syptem at the Hopf bifurcation point5.

However, the different situation is encountered in the limit of the "very b.id cavity".
It is evident, from (82) that at the "very bad cavity" limit only the variable X • ontributes
non-trivially to the Lyapunov function, i. e., to the time-dependent entropy of the system.

Thus, expressing the variable A" through the original variables of the Lorenz system,
one can see what physical quantities contribute effectively to the destabilization.

It is well known [14, 25, 26] that for the dynamic mode) of the single-mode homo-
geneously broadened laser the variable J1 of the original Lorenz system corresponds to
the laser field amplitude, while y and z are respectively the normalized polarization and
population difference of intracavity medium.

Tracing back the transformations which have led us to the variables A' and Y in which
we constructed the Lyapunov function, we see that asymptotically, i. e., in the limit t —> 0,
the variables X and Y acquire the forms;

A - V ' (86)^ I x - Vbx ) • Y - ^
b ^ i X3' ' b~

Thus far, we have obtained that in the "very bad cavity" limit both variables X and
Y do not depend on Xi

Since 12 and x3 are, respectively, the deviation from the stationary value of the normal-
ized polarization and the deviation from the stationary vaSue of the normalized population
difference, we immediately conclude that the local instability is determined by deviations
of these (atomic) variables (in laser case).

Such deviations of the atomic variables may be due to initial conditions or due to
external noise - as a result they will lead to the instability at the "second laser threshold".

Ohe can also understand this result in more traditional way: "the bad cavity limit"
implies that atomic relaxation rates are much less than the laser field relaxation iu.te.
Hence, any deviations from stationary values will be first reflected on the "volution of
atomic subsystem which will be destabilized first (in this limit, the laser field deviations
will relax almost instantaneously).

5One should remember that terms like A'2 + V2 and its square do not contribute to the derivative of
the Lyapunov function and hence to the local destabilization of the system at the given order of arcuracy.
One may safely put, for instance, g3 = 0 in this order of accuracy. Thus, only those terms are of physical
significance which non-trivially contibute to the derivative of the Lyapunov function!
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Another aspect comes from the time derivative of the Lyapunov function. The value
of this time derivative determines the speed of the destabilization of the system; we see
now that the speed of this destabilization does not depend on the (laser field) variable i-i
as well!

The similar wording is valid for hydrodynamics as far as the modelling of the Benard
instability is valid in the framework of the Lorenz model.

In this case, the first vari d>le Ti corresponds to the deviation from the stationary value
of a certain component of the velocity field of fluid in the vertical direction (resonant
light mode in laser physics) while the variables ,i:2 and x:i are the deviations from the
stationary values of other two components of the fluid velocity field which are connected
with temperature deviations (atomic variables in laser physics).

Re-formulating the results for hydrodynamics, one can say that at the second bifurca-
tion point and at appreciably high Prandtl number a values only the components which
are connected with temperature deviations do contribute both to destabilization of the
system and to the speed of the destabilization.

One can universally formulate the effect as follows: at the Hopf bifurcation point of
the Lorenz model, increasing a eliminates from the local dynamics of the system the
contribution of the deviation .rs from the steady solution.

Summarizing physical discussions, we jtisi add that it lias been pointed out ["21] that
while it is difficult to realize the proper (large) values of tin- Prandtl number cr in realistic
fluids, the conditions which are necessary for destabibzalion can be met in laser physics.
Past years gave an experimental evidence to these expectations [25].

8 Concluding remarks
In this paper, we tried to re-introduce in practice the Lyapunov theory of critical cases.
The method is simple because it is based on quite elementary parts of the theory of
ordinary differential equations and of lircar algebra; in applications, the method does not
require neither the knowledge of Pomcare normal form nor the knowledge of the center
manifold concept. The method of critical cases allows one both to avoid to deal with
the Fredholm alternative {which is automatically taken into account) and to avoid to fall
down into the meaningless infinite step calculations. The method being formulated by
A. M. Lyapunov and his followers as a set of detailed explicit prescriptions allows easiest
programmizing for modern symbolic software [35, 36] which we have essentially used in
our work.

Another important aspect of the method is this: the method is a particular case of the
Lyapunov direct method, i. e., it is based on the construction of the explicit form of the
Lyapunov function for a system under consideration. Apart from immediate and clear
physical interpretation of the Lyapunov function (as a potential or as a time-dependent
entropy), the method provides many details about locai character of the motioi. of the
system which helps, for instance, to get a clear picture of non-equilibrium phase transition
at a bifurcation point.

We considered the Lorenz model bifurcation points as examples for the applications
of the method. For the pitchfork bifurcation point we got the global Lyapunov function.
Both the general and the asymptotic forms of the local Lyapnnov functions were con-
structed at the Hopf bifurcation [joint, These are first rigorous results of this kind in the
vast Lorenz system bibliography. As a new insight on the behaviour of solutions of the
Lorenz model, we got. the comparison of the relative contributions of the different com-
ponents of the system to the destabilization at the Hopf bifurcation point.. Clear physical
interpretation has been done both for the laser physics and for the hydrodynamics.
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Appendix 1.
Basic theorem on the critical case with two imaginary roots of
the characteristic equation.

Consider tin- differential equations of the following form (see Appendix 2 in order to
know how the differential equation of more general form can be. transformed into this
one):

£ = \
at.

— - \.r r,,). (Al.l)

lit = ; » J [ | ' I + • • • + P s « >'« + /'..•'' + <?..;/ + V . , ( , r . / / . . , i < • „ ) . .s = i ? ) .

where the coefficients p, are such that the equation

det.

pa -1> p\-i

)hi p-i-i - P

Pnl Pn2

Plu

Piu

- f>

= 0 (A 1.2)

h a s on ly roo t s w i th nega t ive real pa r t s . Deno te as .Y u ( . r , i / ) . V*° (.r, j / ) and X°(x.y) t h e

func t i ons t o which t h e funct ions X(.r.y, Xi.., . , .rn). Y(.r,;/,./-, r,,) a n d A'.,( J-, t/, . r l n . . . , . r n

c o m e w h e n we pu t ,r\ — .. . = x,, = 0:

. Y ° ( . r , j / ) = ,Y( r . ;y ,0 0 ) .

A'°( .r , i / ) = -Y,(:r, i/.0 0) . s - \ n.

Suppose that
ps = qs = 0, .. = 1 „ , (A1.4)

and consider also tli following auxiliary ("shortened") second-order system:

Hx r0 rhj .y
— = — \y •+ \ (•'',,'/), ~ = AJ- + t (.(,//). (A 1.5)

Theorem (Lyapunov):
I. If the stability problem for the auxiliary system (A1.5) is solveij by the terms which
highest order in the expansions in series of the functions .V°(x,.i/) and >'u(.r,;;) is equal to
Â o, and if the expansions in series of the functions A'°(x, JI), s = 1,...,», start from the
terms having the lowest order greater than or equal to Nu, then the stability problem for
the system (Al.l) coincides with the stability problem for auxiliary "shortened" system
(A1.5). In this case the origin of the system (A 1.5) is always the focus. If it is a stable
focus then the origin of the system (Al.l) is asymptotically stable, and if it is an unstable
focus, then the origin of the system (A 1.1) is unstable.
II. It may happen that the origin of the auxiliary "shortened" system is a center (the
so-called "special case" of the critical case with two imaginary roots).

If the origin of the system (A1.5) is a center and if

then the origin of the system (Al.l) is stable but not asymptotically stable. It is here
worthwhile to recall the following
Proposition. In this case the system (Al.l) admits a single-parametric periodic solution
and has the integral of motion:

+ y2 + F ( J , J / . .T ] , . . . ,xn) = const, (A1.7)

where the expansion in series of the function F(i\y,Xi,. .. ,xn) s tar ts from the th i rd-order

t e rms or from the terms of the higher order.
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Appendix 2.
Reduction of the general system of differential equations to the
standard form of the previous Appendix (with automatical al-
lowance for condition (Al.4))

Consider the system of (n + 2)-th order

at
(A2.1)

where Z} arc the analytical in a neighborhood of the origin functions of ;, , in+2 having
the expansions in series which start from the trims of the second or of the high ord-r.
We also presuppose that the characteristic equation

del,

f/n — p <ln

</21 '122 ~ P

\ <7>!+2,l <?n + 2,

of the system of the lirst approximation

dZj

= 0. (A2 1)

(A2.3)

has a pair of imaginary roots ±A, and n roots with the negative real parts as well.
Introduce instead of some two variables zj the new variables i and y by means the

change:

= ciiZj -t- fijcj + • - • + an+2z,,+-2;

(A2.4)

where a} ami h, are some constants such thai some two equations among the equations
of tin- first, approximation (A2.:i) take the form

—
dt

'hi
—
lit

(A-2.0)

Therefoie, we shall obtain

n+2

(A2.6)

Ek)uating on both sides of the equalities (A2.G) the coefficients of r t

system to determine the coefficients a; and by.
we find the linear

2 + •*&* = 0,

+ • • • + qn+2.l6n+2 - Aat = 0, k = l , 2 , . . . . n + 2. (A2.7)

This homogeneous system of linear eqviations has a non-trivial solution because the de-
terminant of the system (A'2.7) is equal to zero by virtue of (A'2.2).

Supplementing the change of the variables (A2.4) by the identical tiansforraation

-r* = tk (A2.8)

where the numbers fc are not equal to the numbers of the variables z} changed by means
of (A2.4), we finally lead the general system (A2.1) to the standard form ( A l . l ) .

In order that condition (Al . l ) was fulfilled we introduce the new variables using the
following nonlinear transformation

6 = .!•,-!•,(.!•,;/). , s = l , . . . , n , (A2.9)

where vs(x.y) are analytical functions of j- and y and vanish at .r = ij = 0. So, after

(A2.9) we have

- £ = -Ay + X(i\ y, ii...., £„) = -Xy + X(x,y,
at

dt
• + P,M + P,-r + '/.,!/

p,)Vi + • • • +psnr,,

(

Constructing the [)artial differential equations

~{ + X[x,g, i., ••„)) + ^ ( A . v + Y(x,

= p.ii'i + • • • + P.<nVn + p,-r + qsy + Xt(x,y,vu-

we search for the solution of (A2.1f) in form of the series

• , i ' , t ) .

(A2.10)

(A2.ll)

v,(r,y) = v[t](x,y) + vV\x,y)-i (A2.12)

Further we shail proceed in two possible ways.
I. If the auxiliary "shortened" system (A1.5) has a focus at its origin and the stability
problem for this system is solved by the terms (in the expansions in series of the function
X°[x,y) and Y°{r,y)} having the highest order equal to JVo, then it is sufficient to retain
in the series (A2.12) the terms to the {No — l)-th order. Finally, in order to determine
the explicit form of v^{x,y),..., ^ " " " " ( T , JI) one should apply the method of indefinite
coefficients.
II . If the avixiliary "shortened" system (A1.5) has a center at its origin then in order
to satisfy the equation (A 1.6) it is necessary to solve the partial differential equations
(A2.ll) in a complete form and find alt terms in the series (A2.12).
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Appendix 3.
Sibirskiy's conditions.

Given an equation

c-20-r2 + ru.ry

(IT OiQ.r + O o i J + OTtjf + O\\Xy + 002*/

where cjj and l\j are time-independent constants. When is a center at the origin of the

system (A3.1)?
Theorem.
In order that there exists a center at the origin of the equation (A3.1) it. is necessn.iv and
sufficient thai at least one of the following conditions is fulfilled:

where

I. < > 0, A =

II . f > 0. A =

III. < > 0 , A =

= (.' = 0;

!" - Atf = ; \V + Qa2,] + PnS1 + MS' = 0: (A3.\»)

,\ = cm - h10; - l>l

IS — hui''ju
;V =

IA3.3)

Q = O J A I - ''oiCn + f\J\ t i -

For tlie "shortened" system (I!)) considered in our article these conditions red lire to
(27).

Appendix 4.
Basic algebraic theorem and special Lyapunov function for crit-
ical case with two imaginary roots.

This Appendix contains that Lyapunov's prescription .vhich handles the solvability
problem for the Hopf bifurcation analysis and replaces, in the framework of the "theory
of critical cases", the Fred holm alternative [6].

Given a system of linear differential equations

rr H V (A4.1)

Consider a homogeneous polynomial V ( j ] , . . . , .ra) of the m-th order and its derivative
with respect to time by virtue of the system (A4.1). Let the homogeneous polynomial
V'(j -[,.. . , x n ) be such that, the equality

(IV dV,
... (A4.2)

is fulfilled where A is rt constant. How one can calculate the coefficients of such a polyno-
mial V' (j"!, r71) for the given system (A-1.1)?

Numbering coefficients of the polynomial V'(j"|,.. . ,xT1) in the arbitrary order and
denoting them as a «lV we obtain for them the algebraic linear system

/! , ,« , + Ai2iii + • • • + A,NaN = A«,-, / = 1,2 ;V. (A4.3)

where Aij are some linear combinations of the coefficients p^m depending on the form of
the polynomial V(,cj,..., .]„).

The system (A4.3) has the non-trivial solution if and only if the number A is a root
of the equation

det

/ / I n - A Aw

A-n An - A
A i ,v

- A

= 0 (A4.4)

AM A.Mi

Theorem (Lyapunov).
All roots of the equation (A'1.3) arc defined by the formula

A =̂ *?'|Ai -{- "i-iAj + • • ' + ?>*/vA/v* ( A 4 . 5 )

where A] , . . .. A,v are the characteristic roots of the system (A4.1) and » ? i , . . . , mjv are
non-negative integer numbers obeying the relation

)n i + m-i + • • • + tnN = m. (A4.6)

Coro l lary 1. Given the homogeneous polynomial u m ( x , y) of the odd order m. Then the
equation

dvm (A4.7)



defines uniquely some homogeneous polynomial vm(x,y) of the same order m.
Corollary 2. Given the homogeneous polynomial um(^,y) of the even order m. Then
the equation

= um + G{,r2+y2)T (A4.8)

defines uniquely both some homogeneous polynomial vni(:r,y) of the same order m and
some constant G while the following relation is valid

/
Jo

= 0. (A4.9)

The method of constructing the Lyapunov function of special type for the critical case
with two imaginary roots is based on these two corollaries.

Let the "shortened" system have a genera] form

i±. = -Xy + ,Y,(,r,;/) + -V:,(.r,.v) + • • •,
at

~ = A . r + V 2 ( . i : , , v ) + V ; - , ( . c , y ) + - - ,
at

(A4.I0)

where A't(.e,;/) arid Vj.(:r,y} are the homogeneous polynomials of the k-th order over the
variables .;• and y.

The task is to lind the Lyapunov function of the lorni

V ' ( . r , y ) = , r 2 + y* + V3(.r, y) + VA(.i\ ;/) + • • • (A4.ll)

where Vj(r,y) is also the homogeneous polynomial of the j - th order with lespect to the
variables .r and y. Calculating formally the time derivative of the Lyapunov function
(A4.ll) by virtue of (A4.10) one shall successively use the first Corollary in order to
eliminate from the derivative the terms of the odd order.

In order to make this derivative definite iti sign one shall apply the second Corollary
to the equalities of the following type

To niakea certain conclusion on stability, it is necessary to calculate the terms Vi.(.r.,y)
in the expansion (refA4.11) of the Lyapunov function only until the appearance of the
first non-zero constant G?n. The sign of the constant fr'2j, gives the answer about stability
of the origin of the "shortened" system: if the constant G'2TI is negative then the origin of
the system (A4.10) is the asymptotically stable focus and if the constant G2,, is positive
then the origin of the system (A4.10) is the unstable focus.

It may happen that there is a center at. the origin of the system (A4.10). In this
case all constants (72n will be equal to zero, the Lyapunov function (A4.ll) becomes the
integral of motion for the system (A4.10) and the methods provides the formal expression
for this integral of motion with any a priory given analytical accuracy.
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