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Abstract 

We investigate the time-dependent behaviour of entropy in excited nuclei. In 
distinction to recent claims, it is shown that no self-organisation is involved in 
pre-equilibrium nuclear reactions. 
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1 Introduction 

Pre-equilibrium nuclear reactions represent a special type of decay of excited nuclei. The 
involved processes show strong non-equilibrium characteristics and can be described by 
various statistical methods [1,2]. One very popular model in this area is the master-
equation exciton model [3,4]. On the basis of this model, Gao et at. [5] recently studied 
the time evolution of the entropy and reported that pre-equilibrium nuclear reactions show 
features of self-organisation. In this letter, we will further investigate the behaviour of the 
non-equilibrium entropy in excited nuclei from several alternative points of view. This 
more detailed analysis will show that self-organisation does not occur in pre-equilibrium 
nuclear decay. 

2 Time evolution of the occupation probabilities 

The master equation of the exciton model describes how the (coupled) occupation 
probabilities of the excited nuclear states evolve in time. It is given by [3,4]: 

^£1 s pn.2(t)\i_7 + P.„(0A;+ 2 - Pn(t)[\i + An- + i j . (i) 
Heret Pn is the occupation probability of the n-th state, and n = n0, n0 + 2, nP -f 4 , . . . , N 
is the exciton number, which can be seen as a measure of the complexity of the excited 
system. Note that we have An = 2 (which is understood throughout this paper) as a 
consequence of the two-body nature of the intranuclear interaction?. The A's are the 
forward (+) and backward (—) transition rates and the I's are the emission rates. 

Equation (1) can be rewritten in matrix notation as [6] 

P ( 0 = A P(<), (2) 

where A is a nonsymmetric tridiagonal matrix. There exists a diagonal matrix D such 
that D ^ A D = S, where S is tridiagonal, real and symmetric [TJ. Thus, A is a 
quasi-symmetric tridiagonal matrix. The matrix S has a complete orthogonal set of 
eigenvectors, and all its eigenvalues are real. Due to the quasi-symmetric properties of 
A, the same applies to A. In addition, the Perron-Frobenius and Gerschgorin theorems 
imply that (i) if emission does not take place (i.e., all I's are equal to zero), there is 
a unique eigenvalue that equals zero, whereby the corresponding eigenvector represents 
the stationary solution; and that (ii) all eigenvalues are negative if the emission term 
is present. In the latter case the system becomes depleted in the course of time: the 
occupation probabilities tend to zero. 

In the letter of Gao et al. [5] much attention is paid to a method for obtaining the 
time-dependent solution of the master equation. Therefore, we will first consider this 
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problem and present an elegant and much shorter derivation of the time evolution of the 
occupation probabilities. As is done in [S], we consider the Laplace transform of Eq. 
(1). From computational studies it is known that reasonably accurate results are obtained 
if one employs the *never-come~back' approximation, in which the A~ transitions are 
neglected. The physical reason for this is that the very first stages are the most important 
ones for the non-equilibrium part of the reaction. There, the A+ transitions are strongly 
dominant. This approximation leads to a simple recursion 

^n c b(*) = Tn(s) "Êf Ajf7*(5); Tk{s) = (5 + A*-)-1. (3) 

The tilde denotes the Laplace transform. 

From the master equation it is seen that 'his approximate solution yields a suitable 
Ansatz for the full solution, namely, P„(s) = Pn

ncb(5) n*=no C*. Inserting this into the 
Laplace transform of (1) immediately gives 

Cn{*) = [1 - X-^Tn+MXtT^Cn^s))-*; CK = 1. (4 ) 

This represents the full dynamic solution of the system in analytical form. From 
the computational point of view, one can obtain the time evolution of the occupation 
probabilities from (1) for example via one of the many simple explicit or implicit Euler 
algorithms. 

3 Coarse-grained relative entropy 

There are many possible definitions for the non-equilibrium entropy. An extensive 
discussion is found in [8]. As explained there, in the case of a master equation model one 
is dealing with a coarse-grained type of entropy, and its most natural definition is (for 
convenience we set the Bohzmann constant equal to unity): 

5(0 = - E ^ ) l n ^ - (5) 

Htrc, the probabilities are assumed to be normalised to unity, and Pn* is the stationary 
solution of the master equation system. 

The above definition is called the relative entropy with respect to the stationary 
solution. Stated in information-theoretic terms, it represents the information difference 
between the occupation probability and the stationary solution. It accounts for the 
possibility that the coarse-grained cells of the phase space, i.e., the exciton states, do not 
have the same size. This is a necessity in the case of the exciton model, because an exciton 
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state consists of many particle-hole microstates, the number of which is different for each 
exciton state. If emission is absent we have, under the assumption of an equidistant level 
spacing, that [4] 

Pn<xu>n{E)-g plkl{n_iy • (6) 

Here, wn(£) is the level density (number of microstates) at energy E, p and h are the 
number of particles and holes in the nuclear Fermi gas, the exciton number n is their sum, 
n = p + h, and Aph is a correction term due to the Pauli principle. Equation (6) shows a 
strong peak near the equilibrium exciton number n and decreases rapidly with increasing 
distance from n. Thus, the exciton model is an aggregate model in which the cells have 
different sizes. 

The above definition (5) of entropy contains two important differences with the one 
employed by Gao ei al. [5], namely 

S(t) = -Y,Pn(t)\nPn(t). (7) 
n 

The latter expression is adequate only if the phase cells are equally sized. Second, 
the given definitions of entropy all assume that the total probability is normalised to 
unity. However, if emission is present, it follows from the master equation (1) that 
limbec Pn(t) = 0 for all n. Then, all exciton states are transient Gao et al. [5] do not 
properly take this fact into account, although the depletion of the system crucially affects 
their results. The importance of the depletion according to the master equation is depicted 
in Fig. 1. 

Our study is based upon the relative entropy expression (5) which allows for diff" ~ent 
cell sizes. In order to account for the problems related to the depletion, we will take ee 
different viewpoints: 

1. The neglect of emission. 

2. The case in which is emission is present, but the occupation probabilities are 
renormalised to sum to unity. Here, one focusses upon the relative occupation only. 

3. The case in which emission is present, but the system is extended with an additional 
state that absorbs the probability that is depleted from the exciton states. 

4 Time evolution of the entropy 

First, we consider a system in which emission is absent: Ln = 0 for all n. In such a 
closed nuclear system, the use of expression (5) for the entropy is straightforward, and 
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Figure 1: Sum of the occupation probabilities as a function of time, as obtained from 
the master equation, for wNb at 37.5 MeV. The solid line represents the no emission 
case (£, P» = 1 identically), the dotted line corresponds to the case with t'ie standard 
expressions for emission, whereas the dashed and dot-dashed lines give the results for 
emission rates increased by a factor of 10 and 100, respectively. 

Eq. (6) is valid. In Fig. 2 we present the results for 93Nb at an excitation energy of 
37.5 MeV, an example also given by [5]. It is seen that the entropy according to Eq. 
(5) monotonically increases with time and reaches its asymptotic value at the nuclear 
equilibration time / % 3 • 10~21 s (solid line). The monotonie increase can in this case 
also be proved mathematically [9]. 

In Fig. 2 we have also depicted the results following the definition used by [5]. Their 
entropy expression (7) yields a peak at t as 10~21 s and subsequently decreases to the 
asymptotic value (dotted line: no emission). Hence, rather than being an indication of 
creation of order, this peak is artificial due to the neglect of the fact that the cells of 
the exciton state space have different sizes. The calculation presented by [5] includes 
emission and is given by the dashed line. In this case the entropy tends to zero. This 
result is also easily explained. Since P„(0) = 6n,no and Pn(t —• oo) = 0, we have that 
S(t) = 0 for both t = 0 and / - t o o , It follows from (7) that S(t) is continuous and 
positive semi-definite. Thus, it is bound to have a maximum somewhere. Again, this 
result is an artefact, due here to the loss of probability; £ „ Pn(t) < 1. Consequently, the 
calculations of Gao et al. do not provide any evidence for self-organisation phenomena 
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Figure 2: Entropy as a function of time. The solid line is the result according to Eq. (S) 
under neglect of emission, while the dotted and dashed lines correspond to the approach 
of Gao et at. (Eq. (7)) without and with emission, respectively. For clarity, the latter two 
curves have been multiplied by 10. 

in nuclear reactions. 

This conclusion is corroborated if we consider the afore-mentioned approaches th;it 
do include emission, but at the same time ensure that the occupation probabilities 
properly sum to unity. One way to do this is to consider the relative occupation 
Qn(t) = Pn{t)/T,n Pn{t) in Eq. (5). The quantities Qn are no longer directly given by 
the master equation (1), but they do represent the relative probability to find the system 
in state n. The calculated results are displayed in Fig. 3. Also included are the results 
if the emission is enhanced by a factor 10 (dashed line) or 100 (dot-dashed line) above 
its physical value. In all situations the entropy is a monotontcally increasing function of 
time. 

Yet another possibility to include emission and keep the property of conservation of 
probability intact is to add an extra state absorbing the probability that is lost from the 
exciton states. This state d represents the 'decay' state of the nuclei and its occupation 
probability is given by Pd(t) = 1 - £„ Pn{t) or equivalently by 

dft(" = +£*«) . . dt (8) 
«sno 
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Figure 3: Entropy as a function of time, including emission but using the relative 
occupation probabilities Qn. The dotted line gives tne standard emission case, and the 
dashed and dot-dashed lines are those with emission rates increased by a factor of 10 and 
100, respectively. For comparison, the no emission case is also indicated (solid line, as in 
Fig. 2). 

This equation is to be added to the master equation (1). Once this extended system has 
reached the absorbing state d it remains in d since there is no communication back to 
the exciton states. For this reason, however, we cannot directly apply here the entropy 
expression (5): we have P„ — <5m,j and therefore (S) is ill-defined To circumvent this 
problem, we did not use in the calculations the exact stationary solution (corresponding to 
infinite time), but integrate the master equation upto a very large time where the deviation 
from 6mtd becomes infinitesimally snail (Pj = 1 - c, Em** P„ = 0, the limit t -* 0 to 
be taken afterwards. The calculated results are given in Fig. 4 (here, t < 10~7). Again, 
in all cases the entropy increases monotonically with time. 
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Figure 4: Entropy for a system extended with a 'decay* state. For further explanation, 
see Fig. 3. 

5 Conclusion 

The time evolution of the entropy in an open non-equilibrium system of excited nuclei 
has been studied from several different angles. Whatever the perspective one takes, 
the entropy appears to be a monotonically increasing function of time, contrary to the 
conclusion of Gao et a!. [5]. Their calculations to support the claim of self-organisation 
in nuclei result from two facts: (i) neglecting that the phase cells of the exciton state 
space have different sizes, and (ii) improperly accounting for the depletion which is a 
crucial feature of the present system. Thus, the reported creation of order is seen to be an 
artefact of the calculations of [5], We have shown that the master-equation exciton model 
provides no evidence for the claim of self-organisation in excited nuclei. 
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