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Abstract 

For a two dimensional system of electrons in a strong magnetic field a standard approxi

mation is the projection on a single Landau level. The resulting Hamiltonian is commonly 

treated semiclassically. An important element in applying the semi classical approximation is 

the intcgrability of the corresponding classical system. We discuss the relevant integrabiiity 

conditions and give a simple example of a non-integrable system — two interacting electrons in 

the presence of two impurities — which exhibits a coexistence of regular and chaotic classical 

motions. Since the inverse of the magnetic field plays the role of the Plank constant in these 

problems, one lias the opportunity to control the "closeness" of chaotic physical systems to 

the classical limit. 
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1 Introduction 

Discovery of the Integer and Fractional Quantum Hall Effects in two dimensional electronic 

systems have stimulated intensive studies of quantum mechanics in strong magnetic fields 

[1-4]. Tn particular the semiclassical aspects of the strong field limit were investigated. The 

present article is a contribution to these studies. 

The dynamics of the electron system in a strong magnetic field can be divided into a fast 

quantum mechanical cyclotron motion and a slow almost classical motion of the center of the 

cyclotron orbit. Consider the Hamiltonian of the system 

tf=|:{fv?+£>(?,,)}, (i) 

where v, = (p, + f A , ) / m , and U[r) = e2/er. In the strong magnetic field limit hu = 

hcB/mc > e?/d where t = JhcjeB is the magnetic length, one can approximate the 

dynamics by neglecting the transitions between the Landau levels i.e. fby replacing the Hamil-

tonian by its projection on a single Landau level. This projection is most easily done using the 

operators a = (fif/\/2m)(vx - ivy)t a+ = (M/^m){vx + ivv), b = {\/iy/2)(y0 - ?>0), &
+ = 

(1/£\/2)(!/Q + Wo), whore xn and yo are the operators of the guiding center coordinates [5]. 

Expressing a- and if in terms ol these operators and ordering them in such a way that all o's 

act first and all a+,s act last, one finds that the projection on the first Landau level of e ,k? 

is e-f'*
a/->c'Wo , Using this one obtains for the Coulomb interaction ^(r , j ) = e2/£rii l n e 

following projection 

Pol'(r,j)P0 = ^-Jd2kJe'if"-'e''^ • (2) 

The integration in (2) can be done by expanding c ° and integrating term by Icrm keeping 

track of the order of the operators [6]. The resulting expression is 

A M - i ^ + £g^{. + 4 + o ( ^ - ) } . (3) 

where r£ ; = (in,, — TQJ)2 + (3/0.1' ~Vo,j)2- The zeroth order term can be obtained by the 
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"Peierles substitution" [7], that is simply a replacement of the coordinates x,y in the poten

tial by their guiding center counterpartners. The noncommutativity of the latter leads to a 

nontrivial dynamics for the projected HamiHonian. 

Apart of the explicit appearance of t in (3) it also enters the commutator between x0 

and 3/0. Therefore when (. is much smaller than the characteristic length of the problem, i.e. 

the average distance between the electrons, one can use the semiclassical approximation with 

(2 playing the role of h. For a single particle in external potential this approximation was 

studied in Refs. [1-4]. It was applied to systems of few interacting particles in Refs. [8-10]. 

The scmidassical analysis depends crucially upon the integrability of the classical motion of 

the system. Iutegrable systems have the number of independent (commuting) integrals of 

motion equal to the number of degrees of freedom. Their classical trajectories in phase space 

lie on manifolds determined by the constants of motion, which are called invariant tori, and 

in general are of dimensions equal to half that of the phase space. The constants ot motion 

for such systems arc quantized by the WKB-like quantization conditions, cf. [11-13]. The 

resulting energy levels usually exhibit quite regular patterns. The single electron problems 

treated in e.g. Kefs. [1-4] are all integrable. In a strong magnetic field these are problems 

with one degree of freedom, and one integral of motion — the energy. 

!\'on integrable classical systems have the number of integrals smaller than the number of 

degrees of freedom. TI103' are expected to have chaotic classical Irajeclories. Their semiclas-

sical analysis is much more involved and is still under development, cf. [14,15]. One expects 

that their eigenenergies have many properties characteristic of ram' nn Hamiltonians [16]. 

The projected llamiltonian (3) contains only half of the original degrees of freedom. Three 

commuting integrals of motion 'ire immediately available for this problem - the energy, the 

angular momentum and one of the center of mass coordinates. Thus the two and three 

particle problems are integrablc. The two particle problem remains integrable even in the 

presence of a single point impurity. The impurity breaks the translational symmetry but two 

independent integrals still remain. These integrable systems were discussed in Kefs. [8-10]. 

The four particle system is in general non integrable. The evidence for chaotic behavioui in 

this system was presented in Refs. [17,18]. fn this article we present an even simpler system of 

two interacting particles in which we break both translational and rotational symmetries by 
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introducing two impurities. Only the energy integral is left in this system with two degrees of 

freedom which has the following strong field Hamiltonian projected on the first Landau level 

11 - . = = + £ -™= ' + o(l2). , (4) 
7(2-0.! - x0,2)2 + (y0,i - Vo.if i.J=i V(*oj " -Y,)2 + (Poj - Yif 

where wc omitted the constant terms. As before xo,j, yo,j are the guiding center coordinates of 

the two electrons; A',-, 1̂  are the fixed coordinates of the impurities. The Hamilton equations 

are 
dy0ii __ dH t dxQti OH 
dr ~ dx0ii ' dr ~ dy0,i 

where r = Ptjh. The time here is measured in units of fiji2 since the commutator of x0 and 

,1/0 is if2 and not ih. 

2 Poincare sections 

In order to study the solutions of the classical equations (o) we use the so called Poincare 

sections. In a system with two degrees of freedom a Poincare section is a two dimensional 

surface in a four dimensional phase space of a system [14,19-21]. It is usually defined by fixing 

the energy and one other physical parameter. The character of a classical trajectory can be 

determined from I lie way its crossing points with the Poincare section are distributed. For a 

periodic trajectory with a period pfq there will be q points on a circle. For a quasiperiodic 

motion one will find a full circle. This is a cut through the invariant torus on which the 

quasiperiodic trajectory lies. For a trajectory which is chaotic the crossing points will densely 

fill a part of the Poincare section. 

We have defined 1 he Poincare section by fixing the values of the energy at KQ = A.Qt 2/f and 

the coordinate J~2 at r2 = 0. We numerically integrated the equations of motion with various 

initial conditions consistent with the energy En. Wc recorded the values of ,ri and if\ every 

time along the I rajectory when the coordinate x2
 w a » equal to zero. In this way we obtained a 

projection of the Poincare section on the (x\,y\) plane. This projection contains points which 

an* projections of different folds of the Poincare section. In • case of I lamiltonians quadratic 

in momenta the folds wotdd correspond to two possible signs of the dependent "momentum" 
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y2. In our system the dependence of the Hamiltonian (4) on yi is more complex. We have 

selected points from the projection of the Poincare section using an additional condition that 

they have the values of y2 belonging to the same branch of this dependence. This is illustrated 

by the examples of Fig. 1. 

We found that there are both chaotic and regular trajectories for the same value of the 

energy. In Fig. 2 we show an example of (he Poincare sections as defined above for one chaotic 

and nine regular trajectories. The two "holes" in the middle correspond to the inaccessible 

regions of high potential energy around the scatterers. The regular trajectories at the perime

ter correspond to one electron close to one scatterer and another far, Fig. 3. The regular 

trajectories in the upper part of the Poincare section describe the electrons rotating around 

each olher with their center of mass rotating around the impurities, cf. Fig. 4. The regular 

trajectories in the "smile" region at the bottom of the Poincare section are of the type shown 

in Fig. 5. The chaotic trajectory is shown in Fig. 6. This trajectory has the elements of all 

three types of th.1 regular motion present in Figs 3, 4 and 5. This is jn agreement with the 

general expectations that chaos develops on the trajectory which separates between different 

patterns of regular motion. 

In conclusion we have shown that even in a simple two dimensional system in a strong 

magnetic field one finds a coexistence of chaotic and regular behavior in parts of its phase 

space. This space is the real space of the guiding centers. Other such simple systems exhibiting 

chaos also exist, e.g. two interacting electrons in a rectangular well. In a strong magnetic 

field this is a two dimensional system in which the translational and rotational symmetries 

are broken so the energy is the only conserved integral. An advantage of considering such 

examples is that for fixed geometry of the system the magnitude of the magnetic field controls 

the effective inverse Plank constant. Apart from an academic interest, modern fabrication 

techniques may enable experimental studies of such systems. The chaotic classical motion 

in these systems should be reflected in the correlation properties of the quantum mechanical 

spectrum and transition probabilities. 
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Figure Captions 

Fig. 1 The energy (E ~ EQ] versus 3/2 for #2 — 0 and different values of 11,3/1: (a) A typical 

dependence for â  > 0.705 and any value of y\. (b) x^ = 0.48, and yl = 5. (c) #j = 0 

and y\ = 5. (d) x^ = 0.3, and yi = 3.8. AH values of the coordinates are in units of the 

magnetic length L The full dots denote the branch which was selected for the Poincare 

section. 

Fig. 2 Poincare sections of nine regular and one chaotic trajectories. 

Fig. 3 An example of the regular classical trajectory at the perimeter of Fig. 2, as it is seen in 

(lie (.i'oil/u) plane of the guiding centers. The trajectory of each particle is distinguished 

by (he full and dashed lines, respectively. The full dots denote a simultaneous position 

of the particles. 

Fig. 4 Same as in Fig. 3 for one of Ihe regular trajectories in the upper part of Fig. 2. 

Fig. 5 Same as in Fig. 3 for one of the regular trajectories in the "smile" region of Fig. 2. 

Fig. 6 Same as in Fig. 3 for the chaotic trajectory of Fig. 2. 
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