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Emittanee Growth due to Beam-Gas Scattering 

T. O. RAUBENHEIMER 
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Abstract 
The etfect of beam-gas scattering on beam emittance is examined by deriving the 

beam distribution function. The distribution function is found by treating the beam-gas 
scattering as a filtered Poi.sson process and calculating the cumulauls of the distribution. 
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1. Int roduct ion 

Future linear e+jt~ colliders will require beams with very small dimensions to achieve 
a useful luminosity. It is expected that damping rings will be needed to generate these 
beams. This paper will address one of the many effects that could limit the performance 
of the damping rings, namely, beam-gas scattering. Beam-gas scattering occurs when 
particles in the beam scatter, elastically or inelastically. with the residual gas in the 
vacuum chamber. 

We can divide the beam-gas scattering into three processes: elastic scattering with 
the nuclei, elastic scattering with the atomic elections, and inelastic scattering with both 
the nuclei and the atomic electrons. All of these processes are analogous to the quantum 
excitation clue to synchrotron radiation; they cause a discrete change in the particle's 
betatron oscillation amplitude. The processes differ from the synchrotron radial iuu ejects 
in that the beam-gas scattering events occur very infrequently, but the expected amplitude 
change due to a beam-gas scattering event is much greater than that resulting from the 
emission of a synchrotron photon. Thus, we will find that for reasonable vacuum pressures, 
the beam-gas scattering does not affect the core of the beam; only a few particles are 
scattered to significant amplitudes. Instead, the beam-gas scattering will cause a halo of 
large amplitude particles about this core. 

In this paper, we will first calculate the mis emittauce growth due to the beam-gas 
scattering and present an approximate form for the distribution function that is valid for 
typical vacuum pressures. Then, we will calculate the distribution function by solving fur 
the cumulants of the distribution and using these to calculate the characteristic function. 
A more general approach, that was developed independently, is described in Ref. 1. 

2. Coulomb Scattering 

In low energy storage rings, such as the damping rings for future linear colliders, 
the dominant contribution to the emittance is from the elastic Coulomb scattering with 
the gas nuclei." We are interested in scattering with small momentum transfers: large 
momentum transfers will cause the particle to exceed the accelerator aperture. In this 
regime, the Born approximation with the Fermi-Thomas model for atomic potential yields 
a differential cross section of 
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Here, vo is the classical election radius. Z is the atomic number, and 0mm is a function 
of the screening: 0mln ^ It/pa where /> is the incident particle momentum and a is the 
atomic radius: a % l . - l / r / m f t - Z l ' \ 
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At this point, we can solve for the contribution to the nils equilibrium emittance. 
This is given by:" 

Z{Z + l)tj 
«•« Be; = Tc r,— . l nUJ-2 <S»tfg» - (2) 

where the overbar denotes the average taken around the ring, Qj, is the vertical damping 
rate due to the synchrotron radiation, and jiy is the vertical beta function. In addition, 
the factor (Z + 1) includes the scattering contribution from the atomic electrons. fl„„ix is 
the maximum scattering angle, this is usually determined by the aperture of the ring, and 
.V8as >s l ' 1 ( 1 number density of the gas molecules; numerically. .V g a g is equal to: A' B a s = 
3.21 x 10-Torr" 1 m - 3 at a temperature of 300° K. 

Equation (2) would seem to impose tight tolerances on the required vacuum pressure, 
l-or example, in a preliminary damping ring design of the Next Linear Collider (NLC) 
project!' Eq. (2) yields an emittance equal to ten percent of the design emittance. -yis = 
3 x I0~* m-rad, at a pressure of roughly 1 0 - 8 Torr; this assumes Z = 7.3 and two atoms 
per molecule which approximates air or CO. a common molecule in the vacuum. 

Hut. as noted in Rel. 2. the rms omittance is not i 'easonable measure of the emit tame 
growth due to the scattering. The expected number of elastic beam-gas collisions is 
typically very small. For example, with a pressure of 1 0 - 8 Torr, we expect roughly five 
elastic collisions )H r .second; the damping time in the NLC damping ring is -1 ins. In this 
case, the distribution is dominated by single scattering events and we cannot expect a 
gaussian distribution. 

In the limit that the scattering rate is much less than the damping rate, the distribu
tion can be approximated by the single scattering distribution. Thus, examining Eq. (1). 
we would expect the distribution density in ;/ to depend upon ; / - ! at large amplitudes. 
We can approximate this with a distribution density of the form" 

f(!l) ~ , , , //"'i" .,.,,., ( < / < w ) • (3) 

where , i / m f i x . like 0„,11X. is determined by the machine aperture and i/ n lj u is determined from 
the requirement that the expected value of cr^/dy equal the equilibrium rms emillance 
due to beam gas scattering, Eq. (2). Assuming that (/„ l i i x 3> um\n. we find 

,?. * • i ' l » t t a . (•!) 
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3 . Distr ibut ion Funct ion 

To go beyond this simple approximation, we need to determine the distribution func
tion. We will do this by treating the beam-gas scattering as a filtered Poisson process and 
calculating the cumulants K„ of the distribution function using an extension of Cambell's 

7 8 
theorem.' Cambell's theorem states that, given a filtered Poisson process 

00 

0 ( 0 = 5Z ®r,w(t-tn) , (5) 
<„ = - 0 0 

where the 0„ are identically distributed random variables and iv is a filter function, the 
cumulants are equal to: 

K„=l / (0") J W"(t)dt , (6) 

where ;/ is the rate of the Poisson process and the angle brackets denote the expectation 
value. Now, we can express the characteristic function for the distribution as a power 
series in terms of the cumulants: 

I..V(--) = £ > ) " ^ - (7) 
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and finally, the beam distribution function can be found from the inverse I'ourier transform 
of the characteristic function: 

/(.r) = - i - I t-"--H = )dz . (8) 

In an < + / t storage ring, the filter function w can be written: 

u.'Us) = ^ " s o / r s i n * / J ( .s>0) . (9) 

where a is the damping rate due to the synchrotron radiation, .i is the average beta 
function, and we have made a smooth approximation, neglecting the variation of A with 
azimuth a. Now, using Cambell's theorem, Eq. (6), we find 

"•» = "{&,) J ^ ' - " ' < n j / ' s i n ' ' ( . s / ^ ) y • (10) 
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where ©„ is the vertical projection of the scattering angle 0 . 
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The scattering rate is found by integrating the cross section: 

' mill 

and, assuming that flmax ;» 0min, the expected value of Qy is 

( 0 , K ) = J > " ' s i n 2 " 0 ^ 0 
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where only the even moments are non-zero. Finally, performing the integrals over the 
filter a;, we find the cumulants: 
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where, again, all of the odd cumulants are zero. 

Now, logarithm of the characteristic function can be expressed as an infinite series of 
the cumulants. This can be put into an analytic form by expressing the series in terms of 
the Jo bessel function. In particular, using the identity: 

. . . , , , ^ (-. t"')"(2»!) 

we find 

^j^mzi . ( 1 5 ) 

At this point, it is worth describing the dependence on the scattering rate. To examine 
the case where the scattering rate becomes large, we first scale the distribution so that it 
is in "nornial" form and the second moment (and K->) equals one. In this case, the other 



scaled cumulants K>TI a r e scaled by KJ,', This is equivalent to a coordinate transformation: 

y -+ ye,, s -> z/(Ty 

and 

_ «2n 

Obviously, in the limit that v/a -> oo, all of the cumulants of order greater than two 
approach zero and the distribution becomes gaussian as expected from the central limit 
theorem. 

In the other limit, where the scattering rate goes to zero, we can expand the logarithm 
in Eq. (15), finding that 

" i n * * # ^ 

Thus, the moments of the distribution become equal to the cumumlants, Eq. (10); this can 
be seen by equating coefficients in respective power series. Now. we see the justification 
for the approximation Eq. (3). The moments of the beam distribution have the same form 
as the moments of the scattering angle (0") times a dependence on the filter in. This 
contributes a factor (2?i — 1 )!!/«(2n)!! which is small compared to the relative magnitude 
of the moments. Thus, one can approximate the beam distribution with the .iculul single 
scattering distribution. 

4. Evaluation 

It is difficult to progress further analytically with the distribution function. Instead, 
we can numerically integrate Eq. (15) to find the characteristic function for the beam-gas 
scattering; this integration is simplified by first integrating by parts to express the double 
integral as three single integrals. 

Next, we perform the inverse fourier transform to find the distribution function. This 
fourier integration is difficult because, when the scattering rate is slow compared to the 
damping rate, integral converges very slowly. The convergence can be improved by cal
culating the integrated distribution and then take the numerical derivative to find the 

(i 



10 6 = - - i 1 — i — i — i — i i i -1 1 1 1 — I — r 

G O 
• i - i 
-t-J 

o 
a 
0 a o 

•f-4 
-4-> 

0 
.1—( u 
-t-> 
W 

Q 

101 

10L 

10" 

10" 

10" 
» • I l__l ' ' 

10~° 
Y[m]-

_1 I I I 1 I L_L_ 

10 - 4 

Fig. 1 Beam distribution in the NLC damping ring with CO gas pressures 
of 1(T 1 3 Torr (solid), K T 1 0 Torr (dashed), l O - 8 Torr (dot-dash), and 1(T 6 Torr 
(dotted). 

distribution density. Thus, we calculate 

P(x 
1 / s i sin(zx) 

•iM*) , (17) 

where it has been assumed the distribution is symmetric, and the distribution is then: 

dP(x) ( 1 S ) /(*) = dx 

Finally, we can include the emittance due to the synchrotron radiation. Since the 
synchrotron radiation process is independent of the beam-gas scattering, the total char
acteristic function is just the product of that for the scattering and that for the radiation. 

7 



100000 

80000 

R 60000 

.2 40000 

£ 20000 
w 
3 

o 
0 0.000005 0.00001 0.000015 

Y[m] 
Fig. 2 Same as Fig. 1 on a linear-linear scale. 

Furthermore, since many many photons are radiated in a damping time, the central limit 
theorem can be used to show that the radiation distribution is gaussian: 

4>SR{z) = e-z*a2»/2 • (19) 

This is illustrated in Fig. 1 which shows the beam distribution, in the NLC damping 
ring, for four different pressures of CO gas: 10~ 1 2 Torr, 1(T 1 0 Torr, lCT 8 Torr, and 10-° 
Torr. Figure 2 shows the same data on a linear scale which is useful for comparing the 
cores of the distributions; the first three cases are indistinguishable. The nns beam size 
without beam-gas scattering is ery = 4/tm. This is increased to 4.00, 4.02, 4.20, and 
12.65/im in the four cases. But, the core of the beam has increased negligibly in the first 
three cases, and even in the fourth case, the core is only increased by 40%, rather than 
the 215% that the rms beam size is increased. 

Finally, in Fig. 3, the approximate distribution, Eq. (3), is compared with the dis
tribution for a pressure of 1 0 - 8 Torr. One can see that there is good agreement; in this 
case, the scattering rate is roughly 50 times smaller than the damping rate. 

8 

i i 1 1 1 1 ! 1 1 1 1 1 r 



1 1 1 — I — 1 — I I 1 I • 1 1 1 1 — I — I I I 

J 1 I I I 1 I t I I _J I I I I I l _ 

1 0 ~ 6 1 0 ~ 5 1 0 ~ 4 

Y [ m ] 
Fig. 3 Comparison of approximate distribution, Eq. (3), with the full distri
bution for a pressure to 1 0 - 8 Torr in the NLC damping ring. 

5. Discussion 

We have derived the beam distribution function for the beam-gas scattering. This is 
used to show that, for typical vacuum pressures, the beam-gas scattering only contributes 
a halo of large amplitude particles and does not affect the core of the beam distribution. 
Our result is similar to that of Ref. 1 which is derived in a more general maimer. The 
results differ slightly for two reasons: first, we have included an upper bound on the 
scattering angle, 0 m a x , which is due to either the accelerator aperture or nuclear diffraction 
effects (or at least 0 m a x < jr), and, second, we did not make the small angle assumption 
when calculating the projected vertical scattering angle 0„; of couise, the small angle-
assumption is completely valid since 0 l l l a x is typically the order of 10"-. 

In addition, we have examined the two limiting cases where the scattering rate is very 
large or very small. It was shown that, when the scattering rate is slow compared to the 
damping rate, the beam distribution has a form similar to that of the single scattering 
distribution. Finally, in the other limit, where the scattering rate is large compared to 
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the damping rate, the beam distribution becomes gaussian, as expected from the central 
limit theorem; this differs from Ref. 1 where no upper bound was applied to the scattering 
angle and thus the moments of the distribution are infinite. 
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