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Abstract 

Stored electron/positron beams polarize spontaneously owing to the spin-
flip synchrotron radiation. In the existing computer codes, the degree of 
the equilibrium polarization has been calculated using perturbation ex
pansions in terms of the orbital oscillation amplitudes. In this paper a 
new numerical method is presented which does not employ the pertur
bation expansion. 
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NON-PERTURBATIVE CALCULATION OF EQUILIBRIUM 

POLARIZATION OF STORED ELECTRON BEAMS 

Kaoru Yokoya 

National Laboratory for High Energy Physics, Oho, Tsukuba-shi, Ibaraki, 305, Japan 

1 Introduction 
In electron(positron) storage rings the beam shows self-polarization owing to spin-flip 
synchrotron radiation. This is called the Sokolov-Ternov effect [1], The degree of 
equilibrium polarization was investigated intensively by Derbenev and Kondratenko [2] 
and has been summarized by a neat formula (referred to as DK formula in the following) 

'-"i5l£ ( u ) 

with 

•--(S/CSF-•'-*')' ( u ) 

where C is the circumference of the ring, s the length measured along the design 
orbit, p the curvature radius of the orbit, cv the unit vector along the motion, CB the 
unit vector along the transverse component of the magnetic field and the integral § 
is performed over the ring circumference. The unit vector n is, roughly speaking, the 
periodic solution of the classical equation of motion of the spin. Its rigorous definition 
will be described later. It is a function of s as well as of the variables of the orbit motion. 
The vector d, the Derbenev-Kondratenko (DK) vector, is defined as d = jdn/dj where 
7 is the instantaneous particle energy in units of rest mass. The sign () in eq.(1.2) is 
the average over the distribution of the orbital variables. Owing to this formula the 
calculation of the polarization, which is basically a quantum-mechanical phenomenon, 
is reduced to calculation of the classical quantity n . 

The vector n depends on the machine parameters in a very complicated manner. 
In general it shows resonant behavior, becoming a very sensitive function of the orbit 
variables, when 

v, = n + nxvx + nyvy + n.i/z (1.3) 
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is nearly satisfied. Here, nx, ny, nz and n are integers, vx, i/y, vz the orbital tunes 
(horizontal, vertical and synchrotron, respectively) and vs the spin tune. (Rigorously 
speaking, we need to write like i/f, VJJ, etc. since we cannot in general identify the 
orbital oscillation modes as ( i , y, z) in the presense of coupling, but still we use this 
notation.) 

Resonances with \nx\ + \ny\ + \n,\ = 1 are usually referred to as linear resonances. 
Higher-order resonances \nx\ + \ny\ + \n,\ > 1 come not only from non-linear orbital 
motion but also from the structure of the equation of motion of the spin. In this respect, 
it is not appropriate to call higher-order ones 'non-linear resonances'. 

An algorithm to calculate n and d was first presented by Chao [3] and was im
plemented in the computer code SLIM, although in this code d is not defined as a 
derivative of n. The code SLIM can include only the linear resonances. 

However, the detailed measurement of the equilibrium polarization at the storage 
ring SPEAR has revealed many higher-order resonances [4]. It is expected that these 
higher-order resonances, in particular higher-order synchrotron side-bands will become 
more important at higher beam energies. 

Mane [5] has written a computer code SMILE which is capable of taking into account 
higher orders. The method is the perturbation expansion of n with respect to the 
amplitudes of the orbital oscillation. The orbital motion is assumed to be linear. The 
present author proposed another perturbation algorithm which employs Lie algebra [6] 
but has not published a computer code. Eidelman and Yakimenko [7] have written a 
computer code using Lie algebra up to the third order. These methods are based on 
perturbation expansions. The convergence depends on the machine parameters and is 
occasionally poor. 

A totally different method which does not make use of the DK formula (1.1) is 
employed in the program SITR0S[8]. The code tracks spin and orbital motion of 
many particles with ordinary (spin non-flip) synchrotron radiation. There are several 
problems in the method. One is that the number of photon emissions is limited because 
of the computing time. Another problem is that it is very hard to take into account 
the contributions of particles with large orbital oscillation amplitude. 

In this report we shall propose a new method in which n is evaluated from the 
information of numerical tracking of the classical (i.e., no photon emission) spin-orbit 
motion without using (at least explicitly) a perturbation expansion. The formula (1.1) 
is then used to estimate Pcq. 

In the next section we give a description of notation and define the one-turn spin 
map. We describe the algorithm of calculating n in Sec.3. It will be shown that we 
can easily find n if we have a spin-orbit tracking code. In Sec.4 we give a method to 
calculate d and to integrate over the phase space of the orbital motion. In Sec.5 an 
example using a simple orbit optics will be given. A summary and discussion will be 
found in Sec.6. 
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2 One-Turn Spin Map 
The orbital motion is represented by six canonical variables (x,px, y,py,T,e), where 
x and y are horizontal and vertical position, px and p„ the horizontal and vertical 
momentum divided by the reference momentum, T the time delay (multiplied by the 
velocity of light) with respect to the synchronous position and e the off-energy divided 
by the reference energy. All these variables are measured with respect to the closed 
orbit. We shall represent these six variables by *. 

We assume throughout that the orbital motion is (at least nearly) integrable so that 
it can be represented by three sets of action-angle variables {IxJyJx,<t>x,<i>y,<l>z) which we 
symbolically denote as (1,4)- We assume that the orbital motion is already solved in 
the computer, i.e., the relation between x and (7 ,4) is known numerically at one point 
in the ring 0 = 9o, 0 = 2ws/C being the generalized machine azimuth. If the orbital 
motion is linear, one can easily find 

*« = £ y/a&tEJpe*', (a = 1,2,. . . ,6). (2.4) 

j=x,y,z 

at 0 = $o- Here E^ is the eigenvector of the one-turn transfer matrix of the orbit 

TorbE^ = e'*'E<'\ (j = x, y, z) (2.5) 

Hj being 2v times the orbital tune i/j, and is normalized as 

J2 (Ei^'J^E^ = 2i6jk, (2.6) 

where J is the 6x6 matrix 

' - O X ? ?)•(:-.')• <»> 
When the orbital motion is not linear, one possible method of finding the orbital 

action-angle variables is the perturbation expansion. For our purpose, however, we rec
ommend to employ the non-perturbative method proposed by Warnock and Ruth [10]. 
In fact, our present method is an extension of their method to the spin motion. (Note 
that n is closely related to the spin action variable [11].) 

The equation of classical spin motion in a storage ring is given by the so-called BMT 
equation [9]: 

^ = n(*,0)xa, (2.8) 
where s is the spin vector and ft the precession angular-frequency vector. Details of 
fl are not needed in this report. It suffices here to say that it is a periodic function of 
4 and 9. 

If the initial condition ( J , ^ 0 ) is given at a point in the ring 6 = 6g, we can convert 
it to the original variable *o and track the orbital motion over one turn. At each 
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element in the ring, we compute the spin rotation matrix according to eq.(2.8) and, by 
multiplying these matrices, we get a one-turn spin map T(I, ^ 0 ) . Because the angle 
variable $ advances during one turn by ft = (/iz,/i y,/i*), the two-turn map will be 
T{I, +0 + n) x T{I, fa) and so forth. 

Although 3-vectors and 3 x 3 rotation matrices are more intuitive for people working 
with classical dynamics, the two-component spinors and SU(2) matrices will be better 
for actual use because of the smaller number of components. The relations between a 
two-component spinor ip and a 3-vector 4 and the relation between an SU(2) matrix 
M and an S0(3) matrix T are 

3 
a = tf v ^ , £ Ti^ = M^iM (2.9) 

where IT'S are the Pauli matrices and the dagger denotes Hermitian conjugate. 
The relation between the rotation parameters (direction of the axis v and rotation 

angle |w|) and the corresponding SU(2) matrix R is very simple: 

R{v) = exp(-^«r • v) = - i ^ ^ + R2o2 + Rz^) + R*, (2.10) 

where 
R4 = cosOI /2) , Rj = viAi(\v\/2)/\9\ 0 = 1,2,3). (2.11) 

With the standard representation of the Pauli matrices, R is written as 

*-(•£"+* t V * ) - < 2 I 2 » 
Thus, it can be expressed in terms of four real numbers with a constraint iif + R\ + 
R\ + R\ = \. If the variation of fl(z, 0) within an interval A0 is small, we can construct 
a spin rotation matrix from eq.(2.10) by putting v = HA9. Thus, by multiplying all 
these matrices, we can compute a one-turn spin map in the form of an SU(2) matrix. 

Let us denote the one-turn map for the motion on the closed orbit z = 0 by T0 (and 
the corresponding SU(2) matrix by Mo). Usually, there is a unique solution n 0 which 
satisfies To no = no- In the SU(2) notation we have 

Mo = exp(—iirv,o<r • n 0 ) , (2.13) 

where i/ a 0 is the spin tune on the closed orbit. With two other solutions I 0 and m 0 we 
can form an orthonormal basis (lo, m 0 , no). It is better to work with this new basis in 
expressing the spin vector instead of the accelerator coordinate system ( e r , e s , ez). To 
go to the new frame, first express the components of no as (sin0 ncos<^ n, s in0„sin^ n , 
cos0„) and rotate the axis ( e r , e y , ez) by an angle Vo = (—exsinpn + eycosipn)0n. 
Then the one-turn matrix in the new basis becomes 

M'(I, *) = R(-v0)M{I, 4)R(v0) (2.14) 

where the SU(2) matrix R{v) can be constructed using eq.(2.10). From now on we 
shall work in the new basis ( / 0 , m 0 , n 0 ) and omit the prime. The new basis is needed 
only at 0 = 60-
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3 Calculation of the Vector n 
First, let us briefly give the definition of n . In a generic case, eq.(2.8) for given orbital 
motion has a unique (apart from the overall sign) solution a = n(I, j,0) that satisfies 
a periodicity conditon[2] 

= n ( / , <j>x, 4>y, <t>, + 2rr, 0) = n( J , &,, <j>y, <j>2,0 + 2TT). (3.15) 

This is the definition of n . If we observe n at a fixed point in a ring 0O, we find 
n ( J , ^ o + m p , 0 o + 2m7r) = n ( J , t 0 + mp,$0) at the mth turn. This means that, if we 
observe n over many turns and make Fourier transformation, we will find only Fourier 
components related to the orbital motion. Any other solution of eq.(2.8) contains 
Fourier components related to the spin tune i/„. 

Now, let us describe the method of computing n at 0 = B0. 
Since the angle variable ^ advances by /i in one turn through the ring, eq.(3.15) 

implies 
T{I, * ) • ( / , * * , ) = » ( / , * + * * , ) . (3.16) 

When the orbital motion is non-linear, /i depends on J in general, but this fact does 
not cause complication to our method. The periodicity eq.(3.15) means that n( J , 4, 0Q) 
can be expanded into a Fourier series with respect to the angle variables 

• ( * ) = £ - . e * ~ * . (3.17) 
m 

(We will often omit / and 0O in the arguments.) Therefore, if we have T for several 
values of initial ^ with the same / and if we compute its Fourier expansion coefficients 
Tm numerically, we can rewrite eq.(3.16) as 

E r m - » " » m ' = » » e ™ ' M . ( 3 - 1 8 ) 

which, together with the constraint |n | = 1, can be solved by truncating the harmonics. 
This is the basic point of our method. Another method which also employs Fourier 
expansion has been suggested by the present author[ll]. The essential difference is 
that, in the latter, n is Fourier expanded in terms of 0 too, where as the present 
method uses particle tracking instead. The expansion with 0 is not practical because 
extremely high harmonics are needed in order to express large rings. 

Actually the constraint |n | = 1 is very complicated if expressed in terms of n m 

so that we go to the spinor representation. Let us denote the spinor corresponding to 
n ( ^ ) by ip+{$). Because of the arbitrariness of the spinor phase, the spinor equation 
corresponding to eq.(3.16) is in general written in the form 

M(4)1,+(4) = e - " (*> / 2 0 + (*+ #»)• (3.19) 
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Here v($) is a real function periodic in ^ and depends on the choice of the phase of 
ip+. Once we get a solution ip+ with any phase convention, we can replace the phase 
function v( $) on the right hand side with a constant phase factor independent of ^ in 
the following way. The equation 

v ( t ) + «> + | 0 - «(*) = const, s p.. (3.20) 

has a periodic solution u{4>) provided m • /i/2jr is not an integer for any integer set 
m ( ^ 0), i.e., provided the orbital motion is not in resonance. Then the new spinor 
defined by 

*+(*) = e ' - W ' V + O ) (3.21) 

satisfies 
M( * )¥+(*) = e - * - / » « + ( * + | i) . (3.22) 

As one can guess from the notation, /i, is 2ir times the spin tune i/„, which is in general 
a function of the orbital action variable J even if the orbital motion is linear. (One 
finds, by expanding eq.(3.20) into a Fourier series, that (i, is the zero-harmonic of v(j). 
The zero-harmonic of u (^ ) is arbitrary.) 

We choose the phase of if>+ so that the upper component is real and positive and we 
parametrize >̂+ as 

^ i + ic(*)i2 V « * ) J 
with a complex function C(^) which is periodic in 4- We expect £(^) to be small (i.e., 
n ~ no). In fact, this is one of the assumptions which led to the fundamental formula 
(1.1). The spinor defined by 

*--_i_(-™>) (3.24) 
Vi + ic(*)i2V i / 

satisfies eq.(3.19) with v(f) replaced with — v(4). The corresponding spinor 

* _ ( f ) = e - ""»»V_( f ) (3.25) 
satisfies eq.(3.22) with opposite sign for (i3. These spinors 0_ and $_ represent the 
vector — n ( ^ ) . The spinor <SV defined by 

¥ „ ( * ) s - L [ e - " ^ « + + e + , v / 2 * _ ] (3.26) 

represents a vector perpendicular to n and the angle between $ V 1 and * V 2 is equal 
to tp-i - v?2. This spinor is mapped to *„+„.( ^ + /») by M(#). Therefore, ^o(^) , 
*ir/2(^) and * + ( ^ ) define an orthonormal frame (I , m, n) which is a generalization of 
(lo, mo, ito) to the case of oscillating particles. 

For the calculation of the equilibrium polarization, however, we need only the 3-
vector n. Therefore, we do not need to solve eq.(3.20) in order to obtain $!+ because it 
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represents the same 3-vector derived from ip+. \t± is only needed to find the spin tune 
and the spin angle variable for oscillating particles. 

Let us rewrite eq.(3.19) in terms of f. We parameterize the one turn map M as 

where / and g are complex functions corresponding to R1+M2 and R3+M4 in eq.(2.11). 
Then, from the ratio of the upper to the lower component of eq.(3.19), we can eliminate 
v( f) and obtain 

gm(*)a*)+g(*)«++1»)=/(« - nmm*+*o- (3.28) 
Now, let us give a method to solve this equation numerically. We take the Fourier 

series up to |my| < M, (j = x,y,z). Obviously, if Ij = 0, Mj should be zero. The 
number of Fourier coefficients is N = (2MX + l)(2Afy + 1){2MZ + 1). We track N 
particles with the same / and with N different combinations of the initial angle variables 
<j>j = 2nkj/(2Mj + 1) (kj = 0 ,1 , . . . ,2M, , j = x,y,z). Then, we find the Fourier 
coefficients of / and g by the discrete Fourier transformation 

/™ = ^ £ / ( # k ) e x p H m • *k) (3.29) 

and similarly for gm. We also expand £ into a Fourier series 

«*)= E Cme™*. (3.30) 
m=-M 

Then, we obtain an equation for Cm: 

E ( £ . - » + 5 m - ™ ' e < m ' - " K m . = / m - E /»'-H»»-mC»<»»e i»"". (3.31) 
m'=-V m',m" 

Here, the indices are reduced to the interval [— M, M] with modulus 2Af + 1. 
Since £ is expected to be small, this equation can be solved by iteration. When 

T(I,+) as T 0, gm is large only for m = 0. Therefore, the diagonal components 
are dominant in the left-hand side. This fact allows us to solve eq.(3.31) by Gauss-
Seidel-like iteration. Actually, since the computing time for solving this equation is 
negligible compared with that for calculating the one-turn map, it seems better to use 
LU-decomposition of the left-hand side because a wider range of convergence than in 
Gauss-Seidel iteration is expected. At each iteration only the backward substitution is 
needed. In any case, the convergence is poor when 

S f i + * e " * = i 0 (3.32) 
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for some m. This is equivalent to the spin-orbit resonance condition 

H, ~ m • p + lit x integer. (3.33) 

(Note that % ~ i exp(i/i s 0/2) near the closed orbit.) However, in practice the con
vergence is fast enough except at very close proximity to low-order resonances with a 
mistune less than, say, 10~ 3. 

Once C,m is found, we can compute ij>+ at #o for e a c h particle using eq.(3.30). By going 
back to the spinor expressed in the original basis ( e x , e y , e,) and then by multiplying 
by the spin rotation matrix (in the form of an SU(2) matrix) of each machine element 
successively, we find 0+ and, therefore, n at each element. 

Thus, we are able to compute n by tracking the spin and orbit motion of particles 
over two turns for each (or one turn if all the matrices are stored in a computer memory). 

4 Computation of the Vector d and the Equilib
rium Polarization 

Once an algorithm of computing n is given, one should, in principle, be able to compute 
its derivative d = -ydn/d-y. The following three methods are conceivable: 

(A) Derivative of spline interpolation in the six-dimensional phase space. 

(B) Compute n for additional nearby points and use first-order difference. 

(C) Compute the differential map dM/dz, from which dean be computed directly. 

After finding d, we have only to integrate d and |d | 2 in the orbital phase space. 
Since numerical integration is in general more accurate and reliable than numerical 
differentiation, only relatively few points at which d is to be evaluated are needed. (We 
call these points 'primary'). In the method (A), these primary points are also used 
for numerical differentiation. In this respect, (A) is the most economical. However, 
we actually need more points for reliable spline differentiation than those required for 
integration. Therefore, (A) does not seem to be the best. 

Obviously, (C) is the best from the point of view of numerical computation because 
it does not suffer from inaccuracy of numerical differentiation. It is also economical 
in computing time. The programming labor is the largest, however, and we leave this 
method for the future improvement of the program. 

Let us take the method (B). First, note that 7 in 78/87 is the instantaneous particle 
energy but not that at 0O. The relation between the derivative with respect to the 
instantaneous variable and that with respect to the initial variable is 

^ = E fci(Mo)l -J- (4-34) 
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where T~T\{6,0Q) = [dz0p/dza] is the inverse orbital transfer matrix from 0Q to 0. If the 
orbital motion is linear, Tor(, is common to all the particles but otherwise it must be 
evaluated along the trajectory of each particle. Since the derivative with respect to 7 
must be taken with fixed x' = dx/ds and y' = dy/ds rather than with fixed canonial 
variables z2 = p x and z4 = p y , we have, rigorously speaking, 

d d a d 
7 T " = a r 52"5 h *4-5 r z6-£— 

07 as6 0«2 o?4 ozs 
(4.35) 

but the last three terms are small in practice. Also note that the spatial position (21, z 3 , 
2 5) is fixed in this partial derivative since the position does not change at the moment 
of radiation. 

The relations between ZQ and the initial action angle variables are given by the 
orbital dynamics and, if the orbital motion is linear, it can be expressed by eq.(2.4). 

Since we constructed n using a Fourier expansion in terms of the angle variable, it 
is quite natural to use the expansion for finding the derivative with respect to the initial 
angle variables. If a periodic function f(<j>) is given at the points (j> = fa = 2xk/(2M+1) 
(k — 0 , 1 , . . . ,2M) in the case of one dimension, the derivative can be evaluated by 

d<t> 
2M 

= £ 
(-1)*-

** j=0%k)2sm[ir(k-j)f(2M + l)] Si-

This can easily be generalized to three dimensional case. 

(4.36) 

Figure 1: Configuration of primary 
(circles) and secondary (crosses) 
points in one-dimensional phase 
space. Each point corresponds 
to many particles having the same 
( / , 41) >n the other dimensions. 
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Now, it remains to deal with the derivative with respect to the action J. We use 
the amplitude a,- = J2Ij instead of the action. The primary points, where d is to be 
evaluated, are specified by the amplitude set (ax,ay,az) and the initial angle variables. 
For each amplitude set, we choose three nearby sets (ax + Sax,ay, az), (ax, ay + 6ay,a2) 
and (ax,aytaz + Saz) and for each of these amplitude sets, we track particles (we call 
'secondary') with N different angle variables (see Fig. 1). (Jlf and, therefore, N should 
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be the same as that for primary particles. Otherwise, the error due to the truncation 
of Fourier series will affect the accuracy of the numerical differentiation.) Then, the 
derivative d/daj can be estimated simply by 8/Sa.j. Thus, it costs a factor of four (three 
for the secondary particles) more in computing time to calculate d than to calculate n 
only. 

There is an except!'..; fcr the rase that some of the ttj's are zero for a primary 
particle, because d/dfa caimoi ue evaluated by the Fourier expansion. In this case we 
choose a secondary amplitude 0 + Saj with the other a's the same as the primary (see 
near the origin in Fig. 1) and we take Mj = 1 because \m,j\ < 1 is enough if Saj is small. 
In this case, therefore, M,- is not the same as that of the primary particle, for which 
Mj = 0 because aj = 0. Then, we track three particles with fa = 2irk/3 (k = 0,1,2) 
and use 

df _ 2 / 0 - ( / , + / , ) df h-h 
d(a,jCosfa) 3fiaj ' d(aj sin fa) y/SSaj' 

where fk is the value of / at fa = 2?rfc/3. 

(4.37) 

Next, we integrate functions (d and \d\2), given at the primary points, over the 
orbital phase space weighted with a correct distribution function. Since the distribu
tion function does not depend on the angle variables, the integration over df is given by 
simply averaging over particles with equal weights within the same amplitude set. After 
integrating over ^ and the ring circumference, we have functions of actions (amplitudes) 
only. In the case oi nonlinear orbital motion, to find the distribution of actions itself is 
a big problem. We do not discuss this problem and use a simple Gaussian distribution 
exp(~lj/avrlj)dlj = exp(—a^/2 (Ij))a.jdaj. (From now on, we use the action Ij nor
malized by the emittance (/,) and also the amplitude aj normalized by the r. m. s. size 
•J{Ij)-) Thus, we need to integrate / / ( / ) exp(—Ix — Iy — Iz)dlxdlvdlz given the values 
of / at selected (primary) amplitude sets. 

Several methods are possible but we take the following way keeping in mind that the 
integrand can in practice be approximated by a low order polynomial of the betatron 
amplitudes but is often complicated as a function of the synchrotron amplitude. 

First, we select the primary amplitudes to be multiple of a mesh size (Aa r , Ao t f, 
Aaz). Take points with the same az. On this slice / is a function of ax and ay and we 
approximate / by a polynomial of Ix = a\f1 and Iy = aJ/2. (Note that / is a smooth 
function of amplitude squared.) The form of the polynomial is determined in such a way 
that the term / " / £ is contained if the point (mAaj ,nAa s ) exists among the primary 
amplitude sets. This is necessary and sufficient in determining the coefficients from the 
given values of / . Then, we can easily perform the integral /^° / exp(—Ix — Iy)dlxdly 

= f(az) o n e a c n z-slice. 
The integration over Iz can be done by a linear interpolation of /(a*) with respect to 

/j = a ' /2 . We need an extrapolation for the integral beyond the largest az (a z , m n x) to 
infinity. This uncertainty must be minimized by taking az,max so large that /exp(—12) 
is small enough at a„ > at>max. 
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If we compute d only on the closed orbit and assume rf is constant in the orbital 
phase space, the linear results of SLIM should be reproduced. (To do so, we need 
to track 10 particles, one on the closed orbit, three with a small horizontal betatron 
amplitude, three with vertical and three with a small synchrotron oscillation amplitude.) 

5 Examples 
The algorithm described above has been coded into a program SODOM (Spin-Orbit 
Dynamics using One-turn Map) which is a FORTRAN subroutine to be called by the 
general orbit-dynamics code SAD [12]. Since SAD calculates the closed orbit and passes 
all necessary information to SODOM such as the emittances, the magnetic field on the 
closed orbit etc., most of the SAD facilities such as machine error generation and the 
orbit correction are available in SODOM, too, but nonlinear orbital motion has not yet 
been included. 

As a demonstration we choose a simple ring consisting of 128 identical FODO cells 
plus four vertical S-bend cells. The vertical bends are introduced in order to produce 
vertical dispersion. Otherwise, in order to make non-zero spin resonances, we would 
need random numbers for machine imperfections, which may cause unnecessary com
plications in comparing with other program codes. 

Each FODO cell consists of a focusing quad (length lm with inverse focal length 
+0.18243216/m), a defocusing quad (lm, —0.16763610/m) and two bends of rectangular 
type (length 6m, bending angle 2ir/256) in between. The magnets are separated by drift 
spaces of length 0.5m each so that the total length of a cell is 16m. In the S-bend cells, 
the bends are replaced with vertical bends of the same length with an upward/downward 
kick angle of O.ldegree. The half ring consists of an upward-bend cell, 32 FODO cells, 
an rf cavity (zero length), 32 FODO cells and an upward-bend cell. In the other half, 
upward-bend cells are replaced by downward ones. (Actually, all the quads are split 
into two pieces and the rf cavities are artificially placed between the split quads to keep 
the symmetry.) In this model, the n 0 axis points to the vertical unit vector e s except 
in the S-bend cells where it is tilted longitudinally by a few degrees at E ~20 GeV 
and is restored immediately. The peak voltage of each cavity is 75 Megavolts. These 
parameters give betatron tunes of vx = 33.264 and uy = 28.379. The synchrotron 
tune I/J and the r. m. s. relative energy spread ere are 0.06365 and 1.113xl0~ 3 at 
E = 20.27GeV and 0.06101 and 1.161 x l O - 3 at E = 21.15GeV, respectively. (Between 
these energies vt and ae can be estimated to sufficient accuracy by linear interoolation.) 

The equilibrium polarization from the linear part (rf on the closed orbit only) was 
calculated in the energy range 20.27 GeV < E < 21.15 GeV (corresponding to 46< -ya 
<48) at every 0.01 GeV and is plotted in Fig. 2. The crosses are the result of SODOM 
and the solid line is that of SLIM [13]. The agreement is almost perfect. The computing 
time of SODOM for this linear calculation is nearly the same as SLIM (about 3 seconds 
per energy point on a scalar computer HITAC M880). 
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Figure 2: Polarization in the energy range 46 < 70 < 48 with only the linear effects 
taken into account. The solid line is computed by SLIM and the crosses are by SODOM. 

For a test of SODOM including higher-order resonances, we shall investigate the 
synchrotron sideband resonances around an integer spin tune. The sidebands around 
betatron resonances are more complicated because of the chromaticity etc., and will not 
be studied here. Let us consider the region 47 < 7a < 47.3 which was chosen because 
the effects of the betatron resonances seem to be minimal there as one can see in Fig. 2. 

To compute higher-order effects, we have first to determine the technical parameters 
such as the selection of the primary amplitude sets (ax,ay,az) and the truncation of 
the Fourier series (Mx,My,M:). 

Let us see the dependence of d on the betatron amplitudes. The most important 
depolarization term in the DK formula (1.1) is the \d\2 term. We define 

Q{ax,av,a,} = (lLjWds)Jf^, (5.38) 

where {). denotes the average over angle variables so that Q is a function of the am
plitudes only. In our example, where the vertical bends are very weak, Q is related to 
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the equilibrium polarization as 

8 
5N/31+Q' 

Q = J Qe-''-'>-'-dl. (5.39) 

Figure 3: Amplitude dependence 
of the integrand eq.(5.38) of the 
DK formula at four energy points. 
Curves for different betatron ampli
tudes ax and ay are almost degen
erate. 
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Fig. 3 shows the function Q(a.x,ay,az) at the energies 20.736, 20.750, 20.780 and 
20.794 GeV as a function of az. These energy points are located near the first sideband 
(v, = 47 + J/J), in the middle between the first and second, in the middle between the 
second and the third, and near the third (47 + 3vz), respectively. The crosses are the 
actually computed points and the curves are the linear interpolation with respect to a\. 
Four curves are clearly seen in the plot but in fact five lines corresponding to different 
betatron amplitudes, Q(0,0,az), Q(l,0,az), Q(2,0,az), Q(0,l,az) and Q(0,2,az) are 
overlapping on each curve. (The amplitudes are in units of the relevant r. m. s. beam 
size, as stated before.) Splitting is only seen for E = 20.794GeV at large az. Thus, 
we find that the dependence on the betatron amplitudes are negligible in the range 
concerned. Only primary amplitudes on the <zz-axis are needed. (This does not mean 
that the betatron oscillation is totally ignored. Some secondary particles have small but 
non-zero betatron amplitudes. Therefore, synchrotron sidebands of betatron resonances 
should be seen if they are strong enough.) 

Next, consider the Fourier series truncation. Fig. 4 shows the magnitude of the 
Fourier coefficients max(|CmJ ,|C-m,|) plotted against mz for some values of az (ax = 
a„ = 0) at E = 20.794GeV (near the third sideband). Obviously, large a. requires large 
Mz. Judging from this figure, we shall adopt Mz = 4, 5, 6, 7, 8, 9 for az = 0.5,1, 1.5, 2, 
2.5, 3, respectively. In general, large numbers of harmonics (mz) are needed to describe 
adequately high-order sidebands. A small range, M*, suffices at low-order sidebands. 
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Figure 4: Magnitude of the Fourier harmonics of £ plotted against mz at various az, 
showing the convergence with respect to mz. 

The fact that we need mz up to 9 (actually, at least 6) means that a perturbation 
expansion in terms of az would need to extend up to approximately 6th order. 

Fig. 5 shows the function Q (the dashed line, scale on the right) and the integrand 
in eq.(5.39), Qexp(—/,), (the solid line, scale on the left) at the same energy as above. 
The latter is already small at az = 3. One finds that a t , m o I = 3 is enough to estimate 
Pcq with a reasonable accuracy. (Remember that extrapolation of Q to infinite az is 
done and that the az dependence is milder near lower-order sidebands.) Also, we find 
that the az mesh size, Aa.=0.5, is small enough. (The increment for the numerical 
differentiation was fixed at 6ax = Say = Saz = 0.01 for all the runs shown here. The 
results do not change over a wide region of 8a.) 

Using the technical parameters explained above, we have computed Pcq in steps of 
0.002 GeV for the energy range 20.71GeV < E < 20.84GeV, corresponding to 47.0 < 
7a < 47.3. The result is represented by the crosses in Fig. 6. The dotted line is the 
linear effect for comparison. At each energy 85 primary and 597 secondary points are 
tracked. The computing time was about 75 seconds per energy point. 

The standard theory of the synchrotron sideband resonances is summarized in [14]. 
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Figure 5: Integrand of the DK formula, Qe~'', (solid curve, scale on the left) as a 
function of az for ax = ay = 0. The dashed curve Q (scale on the right) is the one 
before multiplied by the distribution function. The crosses are actually calculated points 
and the curves are derived by a linear interpolation of Q with respect to a*. 

The formula for sidebands around an integer is written as 

oo 

where Af is the fractional part of the spin tune, Im the modified Bessel function and 
A = ac-ya/vz (w 0.86 in our example). This formula has only one parameter c which 
can be determined by fitting the curve for the zero-amplitude particle (dotted line) near 
the first sideband v, = 47 + vx in Fig. 6. Then, eq.(5.40) predicts all the higher-order 
effects. The solid line in Fig. 6 shows the result. The agreement between the standard 
theory and SODOM is excellent except near the 'zeroth' sideband v, = 47 (at the left 
edge of the figure). The dashed curve represents the result of SMILE up to the 7th 
order [16]. 

Thus, the standard theory with the parameter fitted by a linear program such as 
SLIM can reproduce the higher-order effects quite well. From this result, one might 
think that programs for higher-order effects are not needed. However, the standard 
formula was derived under several assumptions such as an isolated resonance and small 
synchrotron oscillation tune. At higher energies the resonance overlap will become more 
important because higher-order sidebands will come into play as the energy spread 
increases. (The size of our model ring is comparable to the arc sections of TRISTAN, 
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Figure 6: Equilibrium polarization calculated by SODOM with only the particle on 
the closed orbit (dotted curve) and with all the particles (crosses). The solid curve 
is the theoretical prediction normalized at the first sideband and the dashed curve is 
7th order perturbation calculation by SMILE. Up to the fourth synchrotron sideband 
(i/, = 47 + 4J/Z) is seen in this plot. 

for which polarization data have been taken near 29 GeV [15], considerably higher than 
our test energy.) For example, the sidebands of the strong resonances 13+i/ r and 18+i/ y 

in Fig. 2 will overlap with those around 47 at higher energies. Even with our careful 
choice of the energy range, a small disagreement between the theory and SODOM is 
already seen near midway between sidebands which can in fact be attributed to the 
non-resonant (or far-away resonace) contribution ignored in the standard theory. (A 
non-resonant contribution can be seen in the slightly decreasing slope of the dotted 
line for E > 20.8 GeV.) Also note the shape of the polarization curve near the 'zeroth' 
sideband, where SODOM and SMILE agree with each other whereas the standard 
formula shows no resonant behavior. This phenomena has recently been explained by 
Mane[17]. 
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6 Summary and Conclusions 
We have developed a new method of computing the equilibrium polarization in electron 
storage rings. The method calls only for a spin-orbit tracking code for the estimation 
of the vector n and some additional subroutines for the differentiation and integra
tion. The method is extremely simple and has already been implemented in the code 
SODOM. It agrees well with SLIM for the first order resonances and with the existing 
theory of the synchrotron sideband resonances. Although the test runs are performed 
on a scalar computer, the program can easily be vectorized because the major part 
of the computation concerns tracking of many independent particles over one or two 
turns. 

A disadvantage of our method is that it relies on many technical parameters, such 
as A<ij, <5aj, a j , m a x and M, in contrast to the perturbation expansion, which is almost 
uniquely determined once the maximum order is specified. Consequently, various pre
liminary runs are needed in order to decide these parameters for a given machine in 
a given energy range. A blind choice of these parameters may result in either poor 
accuracy or tremendous computing time. 

A proper choice, however, can greatly save the computing time compared with the 
perturbation expansion. The key issue of our method is that the integrand of the 
DK formula is a fairly smooth function of the orbital amplitude so that relatively few 
amplitude points are enough for an accurate integration, although polynomials of a very 
high order would be needed if we were to expand the integrand into a Taylor series in 
terms of the amplitudes. 

Our formalism allows non-linear orbital motion to be treated, although this has not 
yet been included in SODOM. The extension is formally straightforward if the Warnock 
and Ruth method is coded in SAD (actually, already done recently). However, in 
addition to the problem of the computing time for finding orbital action-angles in the 
six dimensional phase space, there is a more fundamental problem. When the orbital 
motion is non-linear, the orbital tunes have a spread in general, and we encounter a 
problem of the phase-space integration with double poles (resonance denominator) in 
the integrand. (Even in the case of the linear orbital motion, the spread of the spin tune 
can cause the same problem in principle. However, unless the closed-orbit particle is 
just on a resonance, the spin tune spread does not in practice cause a problem because 
it is extremely small.) The DK formula (eq.(l.l)) does not apply when the distance 
from a resonance is smaller than the radiation damping rate (expressed in terms of 
tune). This problem has already been discussed by Derbenev and Kondratenko [18] 
but fully general formulas are not yet known. 

Acknowledgements 
The author is thankful to Dr. Mane for helpful discussions and his effort in comparing 

our results with SMILE and to Dr. Barber for helpful comments and correcting the 
manuscript. The author is also thankful to Dr. Oide for laborious modifications of SAD 

18 



for our program. 

References 
[1] A. A. Sokolov and I. M. Ternov, Sov. Phys. Dokl. 8 (1964) 1203. 

[2] Ya, S. Derbenev and A. M. Kondratenko, Sov. Phys. JETP. 35 (1972) 230, 37 
(1973) 968. 

[3] A. W. Chao, Nucl. Instr. Meth. 29 (1981) 180. 

[4] J. R. Johnson et al., Nucl. Instr. Meth. 204 (1983) 261. 

[5] S. R. Mane, Phys. Rev. A36 (1987) 120. 

[6] K. Yokoya, Nucl. Instr. Meth. A258 (1987) 149. 

[7] Yu. Eidelman and V. Yakimenko, 'The spin motion calculation using Lie method 
in collider nonlinear magnetic field', Proc. 1991 IEEE Particle Accelerator Confer
ence, May 6-9, 1991, San Francisco, USA, to be published. 

[8] R. Rossmanith, J. Kewisch and T. Limberg, Phys. Rev. Lett. 62 (1989) 62. 

[9] V. Bargmann, L. Michel and V. L. Telegdi, Phys. Rev. Lett. 2 (1959) 435. 

[10] R. L. Warnock, Phys. Rev. Lett. 66 (1991) 1803. 
R. L. Warnock and R. D. Ruth, Phys. Rev. Lett. 66 (1991) 990. 

[11] K. Yokoya, 'The action-angle variables of classical spin motion in circular acceler
ators', DESY report 86-057, June 1986, Hamburg, unpublished. 

[12] K. Hirata, Proc. Second Advanced ICFA Beam Dynamics Workshop, 11-16 
Apr. 1988, Lugano, Switzerland, CERN-88-04, July 1988. 
K. Oide, Nucl. Instr. Meth. A276 (1989) 427. 
There has been considerable progress since these reports. 

[13] The SLIM version compared here uses thick lens for the orbit motion and average 
values at the entrance and exit of each magnet for the spin integrals. Also note that 
the input parameter for rf cavities in SLIM is not the peak rf voltage Vp but rather 
the focusing force kVp cos 6,1 E, k being the wave number and 6, the synchronous 
phase. We have fixed this parameter at 0.03305/m for the SLIM run. This gives the 
synchrotron tune vz of 0.06231 independent of the energy, while vz varies slowly in 
SODOM where Vp is fixed. Therefore, there is a slight disagreement in the location 
of the first sideband. 

[14] S. R. Mane, Nucl. Instr. Meth. A292 (1990) 52. 

19 



[15] N. Nakajima, M. Arinaga, T. Kawamoto, Y. Mizumachi, Y .Mori, A. Ogata and 
K. Yokoya, Phys. Rev. Lett. 66 (1991) 1697. 

[16] S. Mane has modified SMILE for our comparison such that thick lens magnets are 
used for the orbit motion. The entrance-exit averaging is not done. As in SLIM, 
the input parameter for rf cavities is the focussing force so that the synchrotron 
tune is constant. The disagreement in the location of the higher-order sidebands 
between SMILE and SODOM is due to this fact. The present author is indebted a 
great deal to Dr. Mane for the laborious modification and runs of SMILE. 

[17] S. R. Mane, submitted to Nucl. Inaw. Meth. 

[18] Ya. S. Derbenev and A. M. Kondratenko, Sov. Phys. Dokl. 19 (1975) 438. 

20 


