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1 Introduction

The organisers requested that 1 give eight lectures on the theory of normal
metals, \vith an eye on superconductivity1. My job was to cover the general
properties of metals. The topics were selected according to what the students
would need to know for the following lectures on superconductivity. My role
was to prepare the ground work for the later lectures.

The problem is that there is not yet a widely accepted theory for the mech-
anism which pairs the electrons. Many mechanisms have been proposed, with
those of phonons and spin fluctuations having the most followers. So I tried
to discuss both topics. I also introduced the tight-binding model for metals,
which forms the basis for most of the work on the cuprate superconductors.

2 Hamiltonians
The first step in any calculation is to write down a Hamiltonian. The most
general llamiltonian for a solid with N electrons contains the kinetic energy,
potential energy, and electron-electron interactions. Its general form is

/ / = A' + Vk + Vee (1)

Vti = /d3r|^(r1I2rei(r1 (3)

The electron-ion interaction is i>ei. The many-electron Hamiltonian / / can
not be solved exactly, so one must make approximations. Many approxima-
tions are made in writing down the Hamiltonian. For example, in the above
Hamiltonian we made an approximation that the ion cores are rigid, and can
be represented by pseudopotentials. We also have not yet mentioned the ion
vibrations, which require adding more terms to the Hamiltonian.

The wave function for the electron is V'(0- ^ c a n o e expressed as a sum-
mation over one-particle eigenfunctions $}{r) plus a raising C] or lowering



C} operator.

(6)

r) (7)

ft, - {Ci.Cj} (8)

The raising and lowering operators are orthogonal, and the eigcnfunctions
$j are a complote, orthonormal, set of functions. Almost any set can be
used for $,-. However, usually one of two sets are selected: planes waves and
tight-binding. Both cases â e discussed, starting with the plane wave.

2.1 Plane Wave Basis
Here the eigenvalue index j denotes (A*, a) for the wave vector and spin of
the electron. The wave function expansion is

k^e* (10)

The volume of the solid is Q. The spin function is .\», The electron density
operator is p(q). In taking the product of two wave functions, we use \ ] \ v —
6U». In this basis set, the three terms in the Hamiltonian are

K = ^kClCkt (12)
ka

Vt, = ^VapiG) (13)

E^(>() (14)



(15)

(16)

The number of atoms sites is A', and the volume per cell is V'o = fl/.V. The
solid is assumed to be crystalline and the electron-ion potential is periodic.
Then the potential term l'c, has a Fourier expansion which contains only the
reciprocal lattice vectors G of the solid, where \'a is the crystalline potential
at the value of G, The electron-electron interaction has been written for a
three dimensional solid.

The 9 — Q term in VfP is usually omitted, since it is cancelled by other
terms. The solid must have overall charge neutrality, which means that
long-range Coulomb interactions are absent. The contributions at <7 ~ 0
must cancel from electron-electron, electron-ion, and ion-ion. We assume
this cancellation occurs, and omit these terms. The above Hamiltonian has
been the starting point for many calculations. If one omits the terms in Vei

with Gj^O then the model Hamiltonian is called the homogeneous electron
gas.

2.2 Tight Binding Basis
We begin the discussion by assuming that there is a solid with only one ion
per unit cell. Furthermore, it is assumed that only one orbital state, with
5-symmetry, is needed to obtain an accurate description of its conduction
band. In actual practice, as shown below, we usually have to consider several
orbitals per cell in order to obtain an ciccurate conduction band. However,
we begin by treating the one-band tight-binding model. The single electron-
orbital centered at site Rj is denoted as ^(r —/?,). It is assumed that orbitals
on different sites are orthogonal. A process for doing this was suggested by
Lowdin. Then the electron wave function is expanded as

3'

yZCj,C},\<j>{r — Rj)] (IS)



The quantity j v t r ^ should be a double summation over two site labels (ij).
However, we assume that the largest term is the one with both labels the
same, and the others are negligible. We have explored this approximation in
detail, and find that the approximation is usually okay.

First examine the kinetic energy term in the Ilamiltonian. In the tight-
binding basis it is

rnnj
(19)

(20)

The largest terms have in = n, which is called A'Q = A'mm, The next largest
term are where (»n,»») are nearest neighbors. Denote 6 as the set of vectors
to all nearest neighbors of an ion. The notation m + 5 means a neighbor
of m. Then A'i — A"m,m+s, Similarly, A'j denotes the term where second
neighbors overlap. Most tight-binding model retain only the zcroth and first
neighbor overlaps. However, in the cupratc superconductors there is some
evidence that second neighbor oxygen overlaps are needed to obtain a correct
band structure. Here we shall neglect second and higher neighbors. Then
the kinetic energy' term is written as

K = A'o J2 Cl,Cm, + A', £ Cl+s<tCm, (21)
"IJ mtS

The first term just renormaliy.es the chemical potential /x' = /i — A'o. It is
added to the terms which determine the chemical potential, and vanishes
from sight. The important term is the first neighbor hopping. It determines
the major features of the electron energy bands. Recently it has become
customary to denote A'I = — t, where t is the 'hopping' energy. This notation
is unfortunate since this symbol could be confused with the time.

The electron-ion interaction is handled in a similar way.

v'ei = £<?La.tw, (22)
mm

vmn = Id3rt{? -/?„)•<>(/ -/?«K,(r-) (23)

Vei = vo'£Clt,Cm, + vx
n£Cl^Cm, + ... (24)



One has a sequence of terms, The first is when both orbitals are on the same
site. Since v(x[r) is periodic in i\ then the same value v0 is obtained for any
site. The second term is when the two sites are first neighbors. The first term
contributes to I he chemical potential, while the second term contributes to
the hopping energy t. This hopping has both kinetic and potential energy.

In evaluating the term for electron-electron interactions, we retain only
the term in (IS) with both orbitals on the same site. Then the interaction is

(26)

V = winm (23)

M,nn - 7 J — when m j<5 » (29)
'•inn

The Coulomb interaction umn is between orbitals at the two sites /?„,,„. If
the two electron arc at the same site, this Coulomb potential is denoted as Lr.
It has a value of 1-S eV, depending upon the orbital. This parameter plays a
central role in the theory of strongly correlated electrons. For different sites,
we assume that the interaction has the form of Coulomb's Law. This latter
form is exact if the spatial orbitals at different sites do not overlap.

The Hubbard model keeps only the largest term in the hopping and
Coulomb energy

# = -*£ , Cl+s*C™ + | L ««.W (30)

The above method of writing the Hamiltonian is correct but usually it is
written differently. In a model with a single s-state orbital at each site, two
electrons can only be on the same site if they have opposite spin. So the
Hubbard Ilamiitonian is actually written as

The terms with s = s' have been eliminated from the potential energy term.
Actually, one should put particle statistics in the wave functions, and not



in the Hamiltouian. However, we are not awaie of any error encountered in
using this form of the interaction potential.

The extended Mubbani model retains some Coulomb terms which beyond
l\ Sometimes only first or second neighbors are retained. We prefer the
version where all neighbors are retained. So we write it as

e2

t/E""il"">i+ E nnann<r (32)

We shall show how this model compares with the Hubbard model, and with
the homogeneous electron gas.

It is useful and customary to express these llamiltonian in a wave vector
basis. We convert our raising and lowering operators between site and wave
vector labels using

"fl™ (33)

'*'*" (34)

(35)

(36)
mS k

ik = E c " i M (37)
i

The factor of N is the number of sites. For the terms with sums over neigh-
boring sites, there is an extra phase factor of exp (—i6 • k) which produces the
factor of fig when taking the summation over neighbors. This factor provides
the dispersion of the electron energy band. We can now write the Hubbard
and extended H> bbard models using a wave vector basis

H = -t

1C



The extended Hubbard mode! is similar to the Hubbard model, but has the
additional term of long range Coulomb interactions. The interaction v{q)
behaves as ~ I/92 at small q. However, at large values of 9 near the edge of
the Brillouin Zone, then v(q) becomes negative. The negative value docs not
come from an attractive interaction in real space, rather it comes from phase
factors e.vp((<f • ̂ ) - F°r example, if R is a first neighbor /? = a, and <] *- IT /a
then the phase factor is e'" — — 1. See Mattis for actual graphs of v(q).

2.3 Electron Energy Bands
Electron motion in solids can be classified into two categories: one-electron
behavior, and many-election behavior. Here the word 'many' means more
than one! Many of the properties of the electron can be understood from its
one-electron behavior. By this is meant the states which form the electron
energy bands in the metal. This section is devoted to a brief discussion
of energy bands. Usually one ignores electron-electron interactions when
evaluating energy bands. If they are included, it is done approximately, and
within a framework of the single particle model. For example, exchange and
correlation forces, which come from electron-electron interactions, are often
included approximately as a local function of the electron density. Here we
shall assume that all such potentials are included in the potential term re<.

For s- and p-electrons in metals, they behave as nearly free electrons.
Then it is sensible to start with a plane wave basis. Ignoring Vct> we need
only to solve for the kinetic energy plus the periodic potential. This is done
by limiting values of p to the first Brillouin Zone, and by including larger
wave vectors by including reciprocal lattice vectors G. Each value of G
which is retained increases the number of basis states, and increases the
dimension of the matrix to diagonalize. Modern computers can diagonalize
large matrices. Near a symmetry point one can get an accurate picture of
the bands by diagonaiizing a matrix of small dimension. For example, near
the edge of the Brillouin Zone at the point p % - G / 2 one can diagonalize



Figure 1: Free elect ron band structure. The free particle bands (dotted lines)
are altered by the periodic potential, which causes band gaps at symmetry
points.

the simple matrix

which has the eigenvalues

E = I(

)

± yj1-^ - (42)

There is a band gap at the zone edge of energy 2jV'o|. Fig.l shows how the
free particle bands, denoted as dotted lines, iire altered by energy gaps.

The other case of interest is the tight-binding model. Here the energy
bands are given directly by the particle dispersion sp = - t7p , where 7P is the
summation in (37). The negative sign in front means that the band minimum
is at p — 0. Note that the expression is easier in the tight binding model than
in the free electron model. The dispersion is a simple formula, rather than a
square root. Also, the cigenfunctions are simple, being linear combinations
of atomic orbitals.

10



Figure 2; (a) Reals space structure of the graphite honeycomb lattice, which
has two atoms per unit cell, (b) the Biillouin Zone, with the three important
points F - 0, A/, and A'.

The free electron basis is best for simple metals such as N \ Mg, Al,
whose conduction bands are dominated by .sp-cleclrons. For metals where
the conduction electrons are in d~ or /• orbitals, the tight binding model is
best.

2.4 Graphite

Before the cuprates, graphite was the most investigated two-dimensional elec-
tron gas. Pure graphite is a three dimensional layered stucture. The layers
can become separated by a process called staging. Here we assume that
this has happened, and treat a single layer. The structure is shown in fig.2.
Each vertex has a carbon atom. There are two atoms per unit cell. Denote
a = 1 .42 A as the bond length between first neighbors. Then the lattice and
reciprocal lattice vectors are:

G2 =

" =('•«•

(43)

(44)

(45)

(46)
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The area of the unit cell is Ao - 3v/3«i3/2. The Brillouin Zone is a hexagon,
<us shown in fig,2b. The 4one center is P, the center of a zone edge is ,\/,
and the corner of the ,:one edge is called A". The latter two vectors are
?,\j - ™(l,0) and fix = ~(1, l/\/3). The interesting feature of the energy
bands occur at the A'-point.

The energy bands are provided by the carbon (2^)2(2;>)3 electrons. Most
of these bonds form or-bonds, which are in the plane. The p, orbitals form
JT—bonds. In graphite the principal conduction and valence bands, for low
energy excitations, are provided by the TV-bonds, There is one per carbon
atom. Every other carbon atom in real space is called a lattice point. Denote
their lowering operators by Cj, The other carbon atoms are a bond length <S
away. Denote the lowering operators on these other sites as dj+$. The first
neighbor tight-binding model for kinetic and potential energies is

The first term contains on-site interactions. It does not have a summation
over S since each site is counted once. The second term is from hopping
between neighbors. Now there is a sum over the three neighbors 6, since the
electron can hop in three directions. Going to the wave vector basis, we find

d[dk) + KxhsCtd* + y's4Ck)l (48)

This Hamiltonian is equivalent to diagonalizing the matrix for each wave
vector

( A'o Km}
\Krll *o /

which has the eigenvalues

(49)

The absolute magnitude is required in the second term since 7JJ is complex
when each site does not have inversion symmetry.

There are two rcots. The number 'two' comes from the fact that there
are two atoms per cell, and two <r-bands per unit cell. It is interesting to see

12
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Figure 3: rr-bands of graphite near the A'-point.

how the two roots behave at the symmetry points in the Brillouin Zone:

l7r| = 3
iTAfl = 1
I7A-I = 0

(50)

(51)
(52)

The two bands coalesce at the A'-point. Next consider how the bands behave
in the vicinity of the A'-point. Let k = kj<+P where p has a small magnitude.
After some algebra, one finds that

3a
(53)

The bands have a linear dispersion going away from the A'-point, as illus-
trated in fig.3. The reason this is interesting is that the chemical potential
is at this point. In undoped graphite, the chemical potential is right at the
A'-point. The lower band in fig.3 is the occupied valence band, while the
upper band is the empty conduction band. The energy band surfaces are
cones. The density of states vanishes linearly at this point. When graphite is
doped, by staging, the chemical potential moves away this point. However,
the linear dependence ep = ±(3aA"i/2)p is a valid approximation even for
the doped material. The constant K% = 2.4 eV (Blinkowski et al., 1980). See
Zlinger (197S) for a complete band structure of graphite.

Doped graphite can have an electron density in two dimensions which
is similar to a metal such as copper. There is an optical phonon of high

13
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Figure 4: Arrangement of copper ions (Cu) and oxygen ions (0) in the
conducting plane of the cuprates.

frequency. So doped graphite is a two-dimensional electron gas with a high-
frequency phonon, and high quasiparticlc density. Be aware that the highest
superconducting transition temperature recorded in doped graphite is less
than 1 K. So low dimensionality and a high frequency phonon are not suffi-
cient to cause high-Tc.

2.5 Cuprate Superconductors
The high temperature superconductors are layered materials. The conduct-
ing electrons are confined to planes which consist of copper and oxygen atoms.
These planes have the only mobile electrons. They provide the conducting
electrons in the normal state, and also the superconducting electrons for
temperatures below the superconducting transition temperature Te, In the
plane the copper ions are arranged in a square lattice with a lattice constant
of o = 3.78 A. The oxygen ions are found between each pair of copper neigh-
bors. The two dimensional structure of the conducting plane is shown in fig.
4. The conduction bands are accurately described by a tight-binding model
composed of the oxygen p-orbitals and the copper rf-orbitals. There are nine
orbitals for the CuOa in the unit cetl. Including spin degeneracy, this makes
available 22 electron states. The nominal chemical valence is Cu2+ and O2"
which makes 21 electrons per cell. So nearly all of the bands are full, with
one electron missing. This situation is thought to be antiferromagnetic, with

14
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X
Figure 5: (a) The spatial representation of the rf-orbitals of copper, (b) First
neighbor overlaps which give zero.

one localized hole on each copper site. The superconducting state is achieved
by doping so that an additional 0.2 electrons per cell are either missing, or
present. Then one has a paramagnetic arrangement, and a high temperature
superconductor.

The six p-orbitals from the two oxygens plus the five <i-orbitals from the
copper make eleven orbital states per cell. Seven are K-bands, while four are
<r-bands. The conduction band is thought to be the top a-band. Here we
shall do the tight-binding analysis of all eleven bands.

An xy coordinate system is used for the plane, and the s-axis is perpen-
dicular to this plane. The oxygen orbitals are described as PxiPyyPt which
are combinations of the (£ = l,m = 0, ±1) states. Their eigenfunctions
are pM = r,,/<=i(r) where /i(r) is an isotropic function of r. Similarly, the
d-orbitals are denoted as rf«,flfja_vs,rfIV,rfXi,</vl. These unnonnalized eigen-
functions are

d, = ( 2 « a - * a - y ' ) / 8 ( r )

dyt = j/*/j{r).

(54)
(55)
(56)
(57)
(58)

These are illustrated in the fig. 5.

15
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Figure 6: (a) jr-band formed from dX3 orbitals overlaping the p. orbital on the
oxygen in the i-direction. Here the view is of the (xz) plane, (b) The ff-bands
from from the diy orbital bonded with the px orbital from the oxygen along
the j/-bond, and the py orbital from the oxygen along the i-bond. The view
shows the {xy) plane, (c) The view of the (xy) plane showing the cr-bonds.

The analysis is simplified by the fact that many neighboring bonds give
zero overlap, which can be deduced by reflection symmetry around the bond
direction. This can always be deduced by inspection. In fig. 5b are shown
neighboring overlaps which vanish, since above the bond they overlap with
one sign, while below they overlap with the opposite sign. The sign of the
overlap is found by multiplying the signs together from the two neighboring
orbitals. In fig.6 are shown cases which do not vanish, since the bond overlaps
have the same sign on the two sides of the line joining the bond.

The first sr-bonds we examine are shown in fig. 6a. We consider the
overlaps of the dXJ orbital on the copper with the pt from the oxygen along

16



the x-direction. Note that the hoiu! to the right of the copper produce plus
overlaps, while to the left they produce negative overlaps. Thus we should
write the hopping terms as plus to the right and minus to the left. Let d}

be the lowering operator for the copper orbital, and c ; + x be the lowering
operator for the oxygen orbital. Then the hopping term is

0*)\4A, - rfU.]- (60)

The asymmetry of the hopping produces a factor of sin(0x),0x = kxa/2. The
eigenvalues of this tight-binding Hamiltonian are

E a ^(Ep + fld) ± ^ { E p - £d)3 + 16A'? sin3(^). (61)

The bands have dispersion along the kt direction in the Brillouin Zone, but
no dispersion along the kv direction. This accounts for two of the eleven
bands.

The next two are from jr-bonds along the y-direction. Here one bonds
the dyt along with the p. of the oxygen which is along the y-direction. The
analyisis is the same as above, except that 0s is replaced by 0y. This accounts
for two more bands.

Three more ff-bands are produced by the bonding of the dxy with the
py orbital from the oxygen along the i-direction, plus the px orbital of the
oxygen along the y-direction. This overlap is shown in fig.6b. Notice again
that each bond is plus on one side of the copper and minus on the other,
so the band dispersion is governed by sine functions. The tight-binding
Hamiltonian in /i-space is represented by the following matrix

Ed

2iA'isin0x

Here we use the symbol A'j for the magnitude of the bond overlap energy.
The eigenvalues are

E = Ep, 1{E, + Ed) ± ly/iE, - EiY + 16A*?[sin2(*x) + sina(«,)]. (62)

17



Here there is band dispersion in both ihe kr and kv directions. For JT-bonds
the overlap constant A*| seem to have a value of less than 1 eV. This completes
the description of the seven ?r-bands.

The arrangements of the a-bonds are shown in fig.Gc, where one is viewing
down on the plane. These bonds are directed towards the neigboring ion. The
four orbitals involved are the dt and dxi~vt plus the px orbital on the oxygen
along the i-bond and the py-orbital for the oxygen along the y-bond. The
bond overlaps between the p-orbitals and the two d- orbitals are different,
and are given by the coefficients A and .4'. The Hamiltonian matrix is

Ed
0

Aam$t

0
Ed

~A'$\nO}

A sin $x

-A' sin dx

t Ep

A sin Ov
A' sin Ox

0
x ,4sin^v t

The four eigenvalues for each fc-state are

E = E» Ed, ™(jep + Ed) ± \J
(63)

There are four bands. Usually theorists simplify this band structure by as-
suming that EQ = Bp = Ed- There is no reason to think that these eigenvalues
are alike, but making this assumption does simplify the algebra. In this ap-
proximation there is a dispersionless band of energy Ep = Ed, and two other
bands of energy

E = £0 ± v ^ + ^Hsin'flx + sin3 Bv). (64)

Note that one can treat the two <f-states as one, and assign them an effective
overlap with the p-bonds of B = \/A2 + An. This 'three band model' is
widely used to describe the cuprates. When comparing with rigorous band
calculations, one estimates that B ~ 2 eV. The top band in energy is the
conduction band, with band dispersion £* = £o + By/sin2 0X + sin2^. Con-
sidering only this one band, a tight-binding wave function for the electron
would be

18



Figure 7: Brillouin Zone for the square lattice. The inscribed diamond is the
Fermi surface when the band is half-filled

f - % - fv)]

A. =
sin <?„

/sin2 ^ + sin3 9y

(66)

(67)

The copper ion has been designated as the center of the unit cell at Rj, while
the two oxygen orbitals are displaced rx — (a/2)(l,0) and fy = (a/2)(0,1)
respectively. Their spatial orbitals are denoted <£XiV. See the review by Pickett
for a discussion of the crystal structure and Brillouin Zones of these materials.

For the two dimensional lattice of copper and oxygen, the Brillouin Zone
is a simple square as shown in fig.7. For half-filling, when there is exactly
one electron in the band, the Brillouin Zone has the diamond shape shown
by the dashed line. This gives a constant energy surface. For example, when
sin0y = ±7r/2 ± sin0x then sin20v = cos20x and sin20x + sin20y = 1. The
dashed lines are the surfaces of constant energy for the dispersion in (63).

19



3 Electron-electron Interactions

Electron-electron interactions are the terms in the Hamiltonian which are
hard to calculate. Most theorists spend most of their time, one way or
another, worrying about these interactions. There are numerous quanilies
which could be calculated:

• self-energies of individual electrons, which determine effective masses
and lifetimes,

• ground state energies of a system of electron, which provide information
about which ground state is likely,

• charge susceptibilities, and dielectric functions,

• spin susceptibilities

With our limited lime, here we shall only try to calculate the charge and
spin susceptibilities for the different models of the electrons: free electron
and tight-binding.

3.1 Susceptibilities
The definition of the charge susceptibility as a function of wave vector <f and
imaginary frequency ?u>n is

)p^Q)>, (68)

= 2(xtf + Xu) (69)

T)pl,(qy0)>. (70)

We have used the useful notation that the charges susceptibility is equivalent
to the charge correlations between two up-spin electron, plus that between
two fluctuations of opposite spin. This comes from the basis definition of
P = P\ + Pi- *n a nonmagnetic system, \]\ = X'U-

In a similar way, we can define the spin susceptibility. For the zz compo-
nent, we need the operator which measures the spin ^-component

s{q) --= /,,(,) - /> , ( , ) (71)

X.(S ••**») = 2 ( \ ' n - Y U ) . (72)

20



Another way to define the spin susceptibility is in terms of the .r.r and yy
components of the spin. Then one must introduce spin raising and lowering
operators

Ei I™)

El (?4)

e.-w*r K Trpl-)ft T)pH+\j,Q) > . (75)Xxifrvn) = ^ tdre
A >/0

In an isotropic system, the two spin susceptibilites must be identical \ x = \».
It is always a good test of ones approximations to make sure this equality is
maintained.

These quantities will be evaluated using an approximation called the Ran-
dom Phase Approximation which is denoted RPA. The phases are not ran-
dom. RPA is taking the bubble diagram as the basic element of the 'Green's
function expansion.

The polarization is taken for a single component of spin. A four-vector
notation p = (p", ipn) is used in the Green's function G(p). The summation
over p denotes a summation over frequencies ipn plus a summation over the
wave vector. The summation over the frequencies yields the expression in the
second line. It can be evaluated at zero temperature for quadratic dispersion
(ep ~ pa) but not for tight-binding models. Computers are needed for the
latter.

The charge susceptibility in RPA, for the homogeneous electron gas, is
given in terms of i», =

Xc = 2P[l + 2t>vP + (2t>,P)a + (2i>,P)3 + ...] (78)
op
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Figure 8: Feynman diagram for charge and spin susceptibilities

The Feyman diagram for this series is shown in fig.8. Each bubble is P(q).
The factor of two comes from summing over the two spin configurations.

It is interesting to see how this result breaks down into the two parts of
\w«. For \ J J , both the beginning and end bubble must have electron with
spin up. The intermediate bubbles can have up or down. The first two terms,
with one and two bubbles, must have all bubbles with spin up. The other
terms can have intermediate bubbles with both spins. Thus this series is

< 8 0 >
Similarly, the up-down susceptibility has only diagrams where the first bubble
has up spins, while the last bubble has down spins. There must be at least
two bubbles. Intermediate bubbles can have either spin, the result is just
the second term above

X, = 2P. (82)

When one adds \e — 2(xtt + Ytl) o n e Se t s t n e P"o r result. Subtracting
them gives the above formula \» = 2P f°r the spin susceptibility. There is
no denominator for this function. In fact, the electron-electron corrections to
\ , come from the dressing on the single bubble, such as ladder diagrams and
other corrections. These results are valid for the electron-electron interactions
given by the homogeneous electron gas.

22



Next consider the Hvibbard model. Karlicr we remarked that it could
bo written two ways. In (30) one includes interactions between electrons of
parallel spin. Then the RPA results are identical to the above results, except
that one replaces vq by V. The common form for the llubbard model is (31)
and (3S), where one has eliminated the onsile interactions between parallel
•spins, which are forbidden by the exclusion principle. The RPA result for
this latter model is different. The elimination of onsite interactions between
parallel spins is the result of the electron exchange. So the RPA series actually
implicitly includes the exchange graphs which cancel the onsite interaction
between parallel spins. That is, when taking the sum of bubbles, one is
indirectly including other terms which contribute to the exchange.

The RPA for the traditional JIubbard model (3S) is also <\ series of bubble
diagrams. However, the Coulomb interaction exists only between electrons of
opposite spin. In a string of bubble, connected by the interaction V, adjacent
bubbles must have electrons of opposite spin. The bubbles alternate spin up-
down-up-etc. Consider \ j | . The first and last bubble in the string must have
electrons of spin up. The first term in the perturbation expansion is a single
bubble of up-spins. Two bubbles, or any even number, are not allowed. If
the first is up, the second must be down, which does not have the last vertex
down. Three bubbles are allowed, where the first and third are up, and the
middle is down. The scries is all odd number of bubbles

+ ,..} (S3)

Similar consideration apply to the evaluation of , \ | j . Here the first bubble
must have up-spin, and the last bubble must have down-spin. The minimum
number is two, and the perturbation series has all even numbers of bubbles.
We find for the various susceptibilities

rro2
(85)

(86)
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One finds the standard result that the charge and spin susceptibilities have
different denominators, which means they have different collective behavior.

Finally, consider the extended Hubbard model. The first slop is to decide
how to write the Hamiltonian. We shall adopt the standard fonn (38) that
the onsite Coulomb term only has interactions between terms of opposite
spin. That is, we assume that there arc exchange diagrams which cancel
the interaction between parallel spin. However, note that we are treating the
two Coulomb terms differently. The onsite term U has some hidden exchange
terms which cancel the interaction between parallel spin. The term with v{q)
is assumed not to have the same exchange graphs. Such exchange graphs will
affect this term also. However, since we do not consider exchange graphs in
RPA, then the two Coulomb terms are treated differently-one has exchange
graphs, while the other does not have them.

It makes sense to group the Coulomb terms as an interaction v(q) between
electrons of parallel spin, and an interaction U + v(q) between electrons of
opposite spin

! (88)

The perturbation theory for this case gets complicated. The easiest way
to soh*e the problem is to derive a set of coupled equations. Let S{q) be
the screened interaction between electrons of parallel spin. Here the word
'screened' means that one sums all intermediate bubbles in RPA. Similarly,
let R{q) be the screened interaction between electrons of opposite spin. The
self-consistent equations are

S(q) = v + P[vS + {U + v)R] (89)

R(q) = U + v + P[{U + v)S + vR] (90)

The derivation of these equations is illustrated in fig.9, 5 is an unscreened
interaction t\ plus terms with a polarization diagrams P. Here P is the
polarization response of a single spin component. If the spin in P is up, the
top line is v and the bottom is S. If the spin in P is down, then one has
(6T + v) above and R below. Similar terms occur in the equation for R. These
algebraic equations are solved to yield

{l + UP){l-(U + 2v)P) y '
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Figure 9: Feynman diagrams illustrating the self-consistent equation for the
interactions S between parallel spins.

R

Xc

X.

U
(l+UP)(l-(U+2v)P)

2P__
l-(U'+2v)P

2P

(93)

(04)

The spin susceptibility is the same as the Hubbard model. The off-site
Coulomb interactions have no affect on the spin response. So the spin fluctu-
ations are quite local. On the other hand, the charge fluctuations do depend
upon the off-site Coulomb interactions. These results are summarized in Ta-
ble 1. There we also show the results as (g,u;) —» 0. This result depends upon
which variable vanishes fastest. So define the dimensionless ratio x = ^/qvF->
and the table gives the results as either x —• 0 or i —» oo.

First do x —» 0, which sets w = 0. The polarization diagram is

PI t\ ~ JL
£p-

When 9 —» 0 then ep+, = £p + S where 6 ~ q is small. Then expand

P(0) =

(95)

(96)

(97)
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homo, el.gas,

Hubbard

Extended Hubbard' yrjfj-

Table 1: RPA results for the charge and spin susceptibilities for the homoge-
neous electron gas, the Hubhnrd model, and the extended Hubbard model.
The latter was evaluated for parabolic energy dispersion, x ss wfqvp.

= -JV(0) . (98)

The quaiuity Af(0) is the density of states for one spin component of the
electronic system at the Fermi energy. Note that this derivation is valid for
any kind of band dispersion: parabolic or tight-binding. For parabolic bands
.Y(0) = mtfVi/(2ffJft2), where m is the effective mass of the band. For the
homogeneous electron gas, the screening length is

? W). (99)

For the Hubbard model, the denominators for charge and spin fluctuations
contain the factors 1 ± (/AT(0), which can be viewed as a renormalization of
the density of states yielding JV*(O). For the extended Hubbard model, the
i - » 0 limit for the charge susceptibility can be written as

A7'(0) - r n § o j (!00)

JV(O)
Xc = -



(102)

(103)

Thus the onsite term {/ renormalizes the effective density of states in the
extended Hubbard model, just as it does for the regular Hubbard model.
However, for the extended Hubbard model, one still has long range screen-
ing through the dependence upon q1. For the spin fluctuations, something
interesting happens when UN(Q) > 1 since the numerator becomes negative.
This signals the onset of a instability, which will be discussed further below.

3.2 Collective Modes
Now consider the other limit of x ~* oo. In the definition of P in (93), change
variables in the term rcp+, to -p" =:p

<104)
p

2

We have expanded the denominators while assuming that w >> ep — ep+v

The first nonzero term is O(l/o/J).
First evaluate this expression for a band with parabolic dispersion. Ex-

pand sp — €p+ , = - s , - q- vp. The term with $• vp vanishes when averaging
over angles. So the leading term is

' -^ (106)

WrtPM = 3 (107)

(108)

The resulting term is of O(l/x J). The product of 2v(q)P(q) cancels all factors
of q in three dimensions, and one is left with the ratio of the square of the
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)»!<».sm«x frequency to the oxoitation frequency u.\ Plnsmons are the excitations
of the charge duct nations at long wave length.

Next consider the same expansion for the tight-binding model.

(109)

(110)

(in)

We have assumed that the solid is isotropic in d-dimensions. The average
kinetic energy per site is Eo > 0. This result is also O($3/wJ), as is the result
for parabolic bands. The coefficients are different for the two cases.

For charge fluctuations for the Hubbard model, the denominator has the
form of w2 - { V , where £2 = 63E0U/d or £s = n0l'0ft3l//Oi) in the two
models. Here the collective mode for charge fluctuations has a linear disper-
sion with a velocity £. However, this new mode seems to be an artifact of the
Hubbard model. When one examines the extended Hubbard model, the col-
lective mode has vp{q)2 = u>2 + i7q7 which is & plasmon at long wavelength.
The linear mode is only predicted in the Hubbard model, while the extended
Hubbard model has the normal behavior of plasmons. Thus the new mode
of the Hubbard model does not exist in nature. It is predicted only when one
neglects off-site Coulomb interactions. When they are included, the linear
mode goes away.

The spin susceptibility at x -* oo for the Hubbard and extended Hubbard
models has the form

Here there is a relaxation mode. The 'collective mode' has a lifetime of
1/r = fa since the pole occurs at imaginary frequency. All of these results
are summarized in the table.
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3,3 Antifeiromagnetism
For the Hvibbard and extended Hubbard models, the spin susceptibility can
diverge in the limit that x ~* 0 if UP(q) —* 1. This divergence signals the
existence of an instability in the paramagnetic slate. Usually the system of
correlated electrons prefer to be in a state with another spin configuration,
such as ferromagnetic or antiferromagnelic. For a ferromagnetic system, all
sites are identical, and the divergence occurs when UP{Q) —* 1. Another
possibility is the ant {ferromagnetic state, where alternate spins are in the
opposite direction, The wave vector for antiferromagnelic ordering is Q, For
example, for the two diemensional square lattice one has Q = J (± l ,± l ) .
This wave vector has the feature that the expression exp(?Q#«i) has alternate
values of ±1 as the lattice vector /!,• moves from site to site, Also note in
fig. 7 the vector Q spans the Fermi surface. When large areas of ihe Fermi
surface can be connected by a single wave vector q, the system is said to be
nested.

The Stoner Criteria for the phase boundary is

Ue{no) = ~W)' (115)

For example, for the two dimensional square lattice, these quantities are
easily calculated in the tight-binding model. One must calculate the particle
density no and polarization as a function of the chemical potential. Note
that Sp+q = —ep and one has at zero temperature

d0* I' dOvQ(fi + 2t cos $x + 2t cos 0v) (116)
J

After doing both integrals, one gets results for the density dependence of the
electron polarization, which allows one to find the phase boundary using the
Stoner criteria. This result for the 2D square lattice is shown in the fig.10.
This procedure finds the phase boundary in an approximate fashion, since
the spins susceptibility has been found in an approximate fashion. One can
also add the possibility of the ferromagnetic phase, which was done in 2D by
Hirsch (1985).
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Figure 10: Phase boundary between the paramagnetic and antiferromag-
netic phases of the two dimensional square lattice as predicted by the Stoner
criteria.

The cuprate superconductors can be doped with impurities which changes
the density n0 of conduction electrons. There is usually a density region near
one hole per unit cell where the system is antiferromagnetic. Superconduc-
tivity is found when one changes the concentration by adding about 0.2 extra
holes or electrons per unit cell. In fig. 10, imagine that we are at fixed U,
and are just changing n0. One goes from a paramagnetic to an antiferro-
magnetic region. The Hubbard model is believed to be a good description
of the antiferromagnetic phase. The most interesting theoretical question in
the cuprate superconductors is whether the antiferromagnetic correlations
are also important in the superconducting phase. Opinions seem divided
between the believers and the unbelievers. Those advocating that pairing is
achieved by charge fluctuations think that the spin fluctuations are unim-
portant bystanders. The other school of thought is that the spin fluctuations
provide the pairing mechanism and charge fluctuations are a nuisance. Both
viewpoints will be heard during this school.
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4 Electron-Phonon Interaction
In superconductors the electrons are paired. There must be an attractive
interaction between the electrons to cause the pairing. In elemental super-
conductors such as lead and aluminum, the attractive interaction between
electrons is caused by the electron-phonon interaction. This mechanism has
also been proposed for the high temperature superconductors. This proposal
encounters certain difficulties. The basic coupling parameter between elec-
trons and phonons is called A, It must be larger than one and nearer to two or
three, in order to have high-Tc, This coupling can be measured by a variety
of normal state properties, and in the cuprates they indicate that A is small,
on the order of A <*» 0.5 - 1.0. This small value will not cause high-Tc. Here
we define this clectron-phonon coupling parameter, and review the normal
state measurements which indicate its value.

4.1 Harmonic Chain
First we discuss phonons. We wish to show how to quantize the vibrations
of the ions. We start with a simple model, and then build up to actual solids
with many vibrations. First consider in one dimension a chain of masses M
connected by springs with constant K. The Hamiltonian for a system of JV
masses, with periodic boundary conditions, is

I + jte-WI <1 1 8)

The displacement of each ion is Zj. We assume that the momentum and
displacements are canonical variables in quantum mechanics. They com-
mute unless one is talking about the same mass. Transform to collective
coordinates, where the site Rj = aj

(121)
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P} ~
\

1
Pk = —/==

3

This choice of phase factors makes the operators commute except at the same
value of wave vector

1

(126)

We used (119) to give the factor of ih and to force ( = j . The Hamiltoaian
can be written in terms of the new variables as

+ ] (127)

(128)

The classical frequencies of the harmonic chain are w* for — T < ka < 7t.
The quantum oscillator has the same frequencies, but their amplitude is
quantized.

The Hamiltonian for each it-state are independent. Each has the form of
a simple harmonic oscillator. We can solve it by introducing a set of raising
(a\) and lowering (a*) operators. They operate on a state with TI* excitations
and either raise or lower this integer by one

> = Vftfc + I K + 1 > (129)
(130)

(131)

(132)

(133)
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This choice for or* and p* is forced by several canst mints. First, we must
have the commutation relations (126). Second, we have that Md.Tk/dt — pk.

One can write the Hamiltonian as

H = £ > t ( a l a * + i ) (134)
it A

E = I> f c(n*H-I). (135)

The energy for each fc-state is hu^nit + \), where n* is an integer. In thermal
equilibrium at a temperature T then the average value of this integer is
«a(wfc) =s l/[exp(fiwfc/&aT<) — 1]. The raising and lowering operators are the
quantum operators which govern the motion of the mass. Putting all of these
results together, we can deduce the quantum operator of the displacement of
an ion

^ k i + - ^ ( 1 3 6 )

The displacement of an ion is described by this quantized operator, where
the quantization is described by the raising and lowering operators.

The result in three dimensions is similar, but has more subscripts to
denote the vector direction, and the type of ion. For a crystal with L ions
per unit cell, there are 3L vibrational modes, corresponding to the three
directions for each ion. The dynamical matrix which describes this motion
has dimension, in k—space, of 3L. The eigenfrequencies are denoted u;x(«),
where the index A denotes one of the 3L eigenstates for each value of wave
vector. There is also an eigenvector of dimension 3L which is denoted as ^j:?\
Here a denotes which of the L ions are moving, while the hat " "" symbol
denotes a vector direction. In two or three dimensions, the displacement of
an ion of type or in unit cell Rj is

Q{?'(t) = V •/ £ rV 9 ( f l ' + y ° ) (a . c~
ituxt^ + a! -e'tw*<«) {137}

This operator is the basis for most calculations of electron-phonon interac-
tions in solids.
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4.2 Electron-Phonon Interaction

The potential energy between an electron at r and an ion at Ji is called
l«i('7 — /?)• This potential is quite complicated, because the ion has bound
elections with exchange interactions with the electron in the conduction
band. The usual procedure is to ignore all of these complications, and to
represent l^, by a simple potential, called a psevdopotential. This pseudopo-
tential is constructed to include some exchange effects.

Let Q denote the displacement of the ion from its equilibrium position.
The potential is expanded in a Taylor series in powers of this displacement.
The electron-phonon interaction is derived from the fust term in this expan-
sion

a;
The unit cell position is /?,• while the site of ion a in this cell is given by
the position vector ira. The electron density is ^(J^l*. This expression is
quite general, and applies to almost all cases. However, the further steps in
evaluating it depend upon whether we are using the free election model or
the tight-binding model.

First consider the free electron model. The first step is to take the Fourier
transform of the electron-ion potential. This will take all wave vectors, which
is denoted as a summation over the the Brillouin Zone q plus a summation
over reciprocal lattice vectors G.

fa)va(g + G) (139)

• G). (140)

The Fourier transform of the electron ion is denoted as va since it does depend
upon ion type. We also expanded the electron density operator the same
way. Here the summation over G denotes a summation over higher energy
bands. The phonon wave vector is always confined to the first Brillouin
Zone. Putting these results together, we find for the generic form of the
electron-phonon interaction

(141)
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Mi) - «>,- + «'>-,- (U2)

This matrix element is screened by electron-electron interactions. Ignoring
band structure effects, the screening is simple. One divides the matrix cle-
ment A/,\(9",G) by the dielectric function for charge fluctuations i{q + (?) =
1 — 2i"?+<ji3(g + G). When band structure effects are included, the dielectric
function becomes a tensor which must be inverted on the computer.

The electron-phonon interaction is easier in the tight-binding model.
When the conduction electron can move among several orbitals per unit cell,
denote as u^{k) the amount the orbital on ion ft contributes to an eigenstale

^ E E r - nt - ?„) (144)

Then one finds

E U J q ) (145)

(147)

Note that the summation over G is in the matrix element. It has to be
evaluated only once at the beginning of the calculation in order to derive
an effective matrix element. The screening is equally easy, since one has to
divide the matrix element by t(q), where again there is no summation over
reciprocal lattice vectors. In the tight-binding model, there is more work at
the beginning of a calculation to find the matrix elements. The many-body
calculation are easier since there is no summation over G in the correlation
functions, except for those in the matrix elements.
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4.3 Electron Self-Energy
With the electron-phonon interaction derived in the prior section, we can
determine the effects of the electron" on the phonons, and the phonons on
the electrons. Here we are more interested in the properties of electrons,
since superconductivity involves electrons. So we skip the changes in the
phonons, which are quite large, and instead move on to a discussion of the
electrons. In Green's functions the important quantity is called a self-energy.
The self-energy of the electrons, due to the interactions with the phonons, is

-}Msl\l

ip

We are using the tight-binding model, so there are no summations over G
in the correlation function. This expression is the basis for the rest of this
section. It is a standard expression which has been evaluated by many people
for all kinds of solids. Now there are standard techniques for dealing with
this formula. The first is to notice that all of the dynamical information is
contained in the square brackets. The rest is the matrix elements. They
must be evaluated carefully, but are dull. So separate these two parts by
defining the McMillan function

S(p,ip) = / tUI duoJ-Ffw, u)(
JO J-x

- »f (u)

ip — u — u>
RB

ip - u

(149)

( 1 5 0 )

The symbol w,\/ is the maximum phonon frequency in the solid. All of the
information regarding matrix elements and sums over phonon modes has been
put into a*F(i/}, u). There is one simplification we can make immediately.
Only electrons near to the Fermi surface are involved in superconductivity.
The rclcvcnt values of u are near to the Fermi surface, which is u as 0. The
function c^Ffa, u) has only a small dependence upon u and this dependence
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is just neglected. Henceforth we write this fund ion as a£/•*(*?). The retarded
function is obtained by the analytic continuation ip -* E + i&. Take the
imaginary part and get

OS(p, E) = -a- P' dw r rfuo?f(w){[n8(w) + 1 - nF{u)]S(E -u-u)
JO J-<xi r

(151)

J (152)
L

J
r(A)

This expression gives the lifetime of the electron. This does not usually
depend much on the momentum j», since all relevent electrons are at the Fermi
surface and have the same wave vector. However, the energy dependence is
quite important.

At zero or low temperature, the inverse lifetime vanishes at the Fermi
surface E = 0. It increases as a function of E. For values E > UM the Fermi
functions cease to have an effect, and the answer simplifies to

- = 2-K I dwo?F(u). (154)
T Jo

This result is only valid at zero temperature and for energies E > w.\f. The
lifetime becomes a constant. One can lose energy by emitting phonons, and
this process does not depend upon the electrons energy, as long as it has
enough energy to emit any available phonon.

This expression is interesting at high temperature. Notice the difference
in Bose-Einstein and Fermi functions at large T, which is x —* 0 below

(156)

2jrAJtsr

2nF -» r_2^ + 0(x) (157)

A = 2 I""" —o?F(u). (159)
Jo w
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As T becomes large, (he Bose-Einsteiu factor becomes large and dominates
the integrand in (152). The inverse lifetime becomes linear in temperature.
All of the information regarding the electron-phonon interaction resides in
the dimensionless factor called A.

The elect ron-phonon interaction is weak if A < 1 and is strong if A > 1.
The equations for superconductivity have been solved for different values of
A. High Tc is predicted when A ~ 3 — 5. This raises the important question
of what values of A are found in these materials.

4,4 Electrical resistivity
One way of measuring A is from the temperature dependence of the electrical
resistivity. At high temperature it is linear in temperature, and this linearity
can possibily be related to A, The resistivity is

(160)

(161)

+ phonon contributions. (162)
<2

In order to find T from p we first need to know the plasma frequency w'.
This quantity is defined as &'* = irnioe2 fm*. The prime is added to alert
the reader that this is not the actual plasma frequency, which is defined as
where 3te(vp) = 0. One can see that u>p = u}'p(y/t^. This distinction is
quite important since «<» ~ 5 — 6 for the cuprates. The plasma frequency
can be found by measuring the optical properties in the infrared part of
the frequency spectrum. So in order to interpret the resistivity, one must
do another experiment! Early attempts to calculate w£ found results about
three times too high, which in turn gave very large values of A. However,
when optical measurements on single crystals were done (see Collins et al
for LSCO, Kamaras et al for YBCO), they found hu'p ~ 0.S - 1.3eV, which
predicts that A *- 0.3. This is the weak coupling regime. Values this small
predict low values of Tc. The temperature dependence of the resistivity
seems to indicate weak coupling. This is a powerful argument against the
phonon mechanism of superconductivity.
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There is a big problem in estimating A from the temperature dependence
of the resistivity. The measurements are usually made up to 500 K. This
temperature is less energy than the maximum phonon energy 500 kn <
hu.\\f. Therefore our analysis does not apply. As an example, fig. 11 shows
the results of a calculation we did of a2F for LCO. This gives A = 0.10
and A < wa > = 200 (meV)2. This latter value is in agreement with the
thermal relaxation measurements discussed in the next subsection. Next we
calculated the temperature dependence of the resistivity according to

<T>(T) a /<IE (-^jjpM r(E) (163)

JL - i + - J _ /i«n
r(E) TQ

 + r,p(E) {if>i)

We added a constant TQ™1 S 1 THz to simulate impurity scattering, and to
give a sensible result at low temperature. The dectron-phonon relaxation
time was given in (152-153). The result for 1/ < r > is shown in part (b)
of the figure. Above 100 K the curve is quite linear. One can take this
slope, and deduce a value of A, = 0.02 from the slope. This value is one-
fifth of the actual value of A. The small value is produced because, at these
relatively low temperatures (compared to 7\f = fium/^'B *** 1000/C), one is
sampling only the lower part of the phonon frequency spectrum. So the low
temperature slope of p(T) measures A, which is not directly a measurement
of A, the actual values must be 3-5 times larger. These arguments suggest
a value of A ~ 1. Finding the right value for A is complicated, and we have
not yet converged on a firm answer, even after much effort.

4.5 Thermal Relaxation
Allen (19S7) suggested another way to measure A. Lasers with short pulses
(femtoseconds) are focused on the sample. The electrons absorb this energy,
and raise the average kinetic energy of the electrons which is described by
an electron temperature Te. As time goes on, they lose this excess energy by
emitting phonons, and transfer this heat to the phonon system. For a short
time after the laser pulse has been absorbed, the electron temperature Tt

is higher than the average phonon temperature 7^. The thermal relaxation
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Figure 11: (a) a*F(w) for LaCuO. It predicts A = 0.1. (b) shows the ther-
mally averaged relaxation time as a function of temperature. The slope of
the curve predicts A = 0.02.
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Units 123 2212 2223
TL K 410 560 560

A<u?a> (meV)2 475 220 13S
A 0.9 Q.S 0.5

Table 2: From Brorson et al, Solid State Comm. 74, 1305 (1990). Error bars
have been omitted.

time governs the rate at which these two temperatures come to the same
value. The phenomenological theory is written as

6T a T,-TL (165)

f - -f •
Allen showed that the thermal relaxation time provided a measurement of a
different moment of a2F(i)>) called A < u;2 >

A<w2> = 2jT udua2F[u) (167)

h

The formula for T,"̂ 1 is very simple. It depends only upon the lattice tem-
perature, fundamental constants, and A < w2 >. The table shows some
experimental values for three superconductors. There remains the question
of how to reduce A < w2 > to find A. A crude guess is to say that the average
value of w = WA//2 =45 meV, so that < w2 > « (45)2 = 2000 (mev)2. This
estimate gives that A « 0.1-0.2, which is probably too small. Another esti-
mate is given by assuming that the coupling function is a constant A except
at small frequencies where it must vanish. A simple function which does this
is

(169)

A = A\n[\ + f =2-1'] (170)

A < w2 > = A{ui\f —u'oln(l + (—") )} (171)
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This model gives an expression for the average frequency squared. A guess is
ftu'o = omev which makes the log about ten and gives < w2 >« 800 (mev)2.
This calculations suggests that the values of A as 0.5. The experimentalists
guestimated higher values, as indicated in the table.

Both the resistivity and thermal relaxation experiments suggest values
for the electron-phonon coupling in the range of A « 0.5 - 1.0 . These values
show weak interactions between the electrons and the phonons. The values
are far too small to explain high-Tc.

Research support is acknowledged from the University of Tennessee, and
from the U.S. Department of Energy through contract DE-AC05-84OR21400
administered by Martin Marietta Energy Systems.

42



References
• P.B. Allen, Phys. Rev. Lett. 59, 1160 (1987)

• J. Blinowski et al., J. de Phys 41 , 47 (1980)

• S.D. Brorson et al., Solid State Comm. 74, 1305 (1990)

• R.T, Collins, et al., Phys. Rev. B 39, 2251 (1989)

• J.E. Hirsch, Phys, Rev, B 31, 4403 (1985)

• K. Kamaras et al., Phys. Rev. Lett. 04, 84 (1990)

• G.D. Mahan, Many-Particle Physics, Second Ed. (Plenum, 1990)

• D.C. Mattis, Int. J. Mod. Phys. B4, 1 (1990)

• W.E. Pickett, Rev. Mod. Phys. 61 , 133 (19S9)

• A. Zunger, Phys. Rev. B 17, 626 (1978)

43


