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Particular solutions of reaction-diffusion equations for temperature are

obtained for explosively unstable situations. As a result of the interplay

between inernal, diffusion, pinch and source processes certain "bell-shaped"

distributions may grow explosively in time with preserved shape of the

spatial distribution. The effect of the pinch, which requires a density

inhomogeneity, is found to diminish the effect of diffusion, or inversely to

support the inertial and source processes in creating -the explosion. The

results may be described in terms of elliptic integrals or, more simply, by

means of expansions in the spatial coordinate. An application is the

temperature evolution of a burning fusion plasma.

PACS: 02.90.+P, 03.40.Gc, 52.55.Dy, 52.35.Nx.
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Evolution equations of reaction-diffusion diffusion type: play an

important role in several branches of modern science. Applications are found

in different fields of physics, like plasma physics,1 laser and semiconductor

physics as well as in chemistry and biology. The reaction-diffusion equations

also form an area of active research in mathematics.2'4

From a fundamental point of view interesting phenomena li':e localized

nonlinear structures,5 and self-formation of such structures,1* 2« 6*8 have

attracted considerable attention, .is has the violation of Painlevé criteria.2

For physical applications considerations of the effects of boundaries and

simultaneous effects of diffusion, sources and losses are important. *> 9 ~ n

In plasma physics it has been known for a long time that transport in

plasmas does not always obey a simple diffusion equation, where the flux is

proportional to the gradient of the quantity studied.12' 13

The total transport problem can in general be formulated in terms of a

diffusion matrix where the diagonal terms are the usual diffusion coefficients

and the off-diagonal elements describe the pinch effects.13

Pinch effects in connection with drift wave transport seems to have

been discussed for the first time by Coppi and Spight in 1978,14 and by

Antonsen, Coppi and Englade in 1979.15 More general expressions for the

pinch effects caused by reactive ;rift modes are given in Nordman, Weiland,

Jarmén, 1990 . 1 6 The tendency of equilibration of the density and

temperature scale-lengths, indicated by coefficients of order 1 for the pinch



- 4 -

terms, remain for the generalized model. The equilibrium effects on the

scale-lengths gives the system a stiffness that contributes to profile

consistency.17

The purpose of the present investigation is to study the reaction-

diffusion equation for the evolution of temperature for explosively unstable

situations, taking into account the pinch effects. For the occurrence of

temperature pinch an inhomogeneity of the density is necessary. In the

present work the density profile is assumed constant in time and, for

simplicity, chosen identical in form to that of the temperature profile. Even if

for practical cases13 a time variation of the density occurs, it is of principal

interest to consider analytically the role of a temperature pinch caused by a

time-independent "bell-shaped" density inhomogeneity. The present study is

limited to one-dimensional situations, and to free cases (no other boundary

than that introduced by the fixed density profile).

The temperature evolution is assumed to be described by the following

equation, namely

(l)

where the terms including spatial derivatives refer to ordinary diffusion and

pinch, respectively, and where the last term on the right-hand-side of Eq. (1)

accounts for the heating, T and n denoting the temperature and density of the
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plasma. For a Tokamak fusion plasma diffusion caused by drift wave

turbulence for temperature gradient driven modes 1 6 the temperature

exponent 5 is given by 8 = 1.5. For a burning fusion plasma the exponent p

may be chosen p = 3 to 2 and even smaller for extremely hot plasmas, i.e. T =

25 keV. The coefficients of diffusion a, pinch k and heat source c are all

considered constant and may all be of order one. The exponent (3 is chosen

equal to one. Losses, e.g. radiation losses by bremsstrahlung, may be

represented by a term -eT<in but are here neglected for the high

temperatures considered.1

For explosive-type solutions the following similarity form of the

solutions is assumed, namely

(2)

(3)

Assuming, furthermore,

(4)

where no and $ 0 refer to the central (maximum) values of the corresponding

variables.
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It is convenient to introduce new variables of space and time;

accordingly

(5)

cht-n (6)

Introducing the expressions (2), (3) and (4) in Eq. (1) and matching powers of

(t0 - t) leads to the results

, v = 0 . (7)

when the pinch effect is considered, k A 0, it is necessary that p = 6+1 in order

to have a solution of the form

(8)

whereas for k = 0 the expression (8) is a solution even if p * 5+1, (p * 1). In

expression (8) the time of explosion u - to can be expressed by

, (p=8+l), (9)
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where To = T(0, 0).

Introducing for the ratio of the pinch and diffusion coefficients

K = k/a (10)

the remaining equation becomes

Multiplying both sides of Eq. (11) by $ 5 d<j>/dx and integrating one obtains

where

4>o=[(p+2+5)/(p-l)(&*-2)]1/p .

In relation (12) $ c denotes a constant of integration. One notices that <J>C = 0

and <t»c = $o give identical results. From Eq. (12) one has for x0 = 0, (pc = 0,
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(13)

The integral in expression (13) may be evaluated in terms of elliptic integrals

for certain values of p and 5. In the case where p = 3, 5 = 2 one has for

example

•• - - ^ r F(p, 5in 75°) . where
4V3

= arccos

•f"

l+u _, . , f* da
; F(q>,k) =

1-U Jo _ / 7 T f ~ l 2 l-k- sura

dx (14)

However, the integral I in (14) may be approximated in the central domain of

the plasma ($ £ $o). by the expression

(15)



r - 9 -

It follows from relation (13), and (IS) that

where

(p * 1, p * 0),

or

^•=1-{•£J , (x«L) , where

(16)

(18)

L2 = p l 2 , (19)

with I2 given by the relation (17), and where L plays the role of a width of the

profile.

The evolution of the temperature can therefore be written

T = To(l - lA.)"1**-» [1 - (x/L)2 + . . . ] . (20)
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where u , the time of explosion, is given by the expression (9) and the

relations (17) and (19), where in (18) x is the normalized space coordinate,

according to (S).

From the form of Eq. (11) one notices that the effect of the temperature

pinch is to diminish the influence of diffusion by the factor (1-K), or inversely

to support the inertia! and source processes, represented by the first and

second terms or the right-hand-side of the relation (11), respectively.

From the expressions (17) and (19) the pinch will accordingly, diminish

the width of the localized solution, which will evolve explosively with

unchanged shape. An extension to coupled equations for the evolution of the

temperature and density profiles is a challenging problem. Numerical

simulation studies of related questions have recently been performed.13' l 8

The dynamic coupling between temperature and density may cause

saturation of the explosive growth in temperature, followed by a rapid decay

in temperature and a simultaneous saturated explosion in density. These

extreme cases mark the transition to situations where a coupling between

temperature and density may lead to oscillations, approaching equilibria for

cases where radiation losses and boundaries are considered.13' 18



r
References

»H- Wilhelmsson, Nucl. Phys. A518. 84 (1990).

2R Jancel and H. Wilhelmsson, Physica Scripta 41, 393 (1991).

3J- Smoller, Shock. Waves and Reaction-Diffusion Equations (Springer-Verlag,

New York, 1983), Pan II, pp. 91-230.

4V.A. Galaktionov, V.A. Dorodnitsyn, G.G. Elenin, S.P. Kurdyumov and A.A.

Samarski, Itogi Nauki i Tekniki, Ser. Sov. Probl. Mat. Nov. Dost. 2JL 95

(1986); English translation: J. Sov. Math. (JOSMAR) 4J_, 1222 (1988).

5H. Wilhelmsson, Phys. Rev. A36. 965 (1987).

<*H. Wilhelmsson, Phys. Rev. A38. 1482 (1988).

?H. Wilhelmsson, Phys. Rev. A38. 2667 (1988).

«H. Wilhelmsson and R. Jancel, Physica Scripta 41, 269 (1990).

9M.-N. Le Roux and H. Wilhelmsson, Physica Scripta, 4J1, 674 (1989)

10H. Wilhelmsson, B. Etlicher, R.A. Caims and M.-N. Le Roux, Physica Scripta

184 (1992).

.-N. Le Roux and H. Wilhelmsson, Physica Scripta 45., 188 (1992).

12G. Boxman, B. Coppi, L. Dekock et al., in Plasma Physics and Controlled Fusion

(Proc. 7th European Conf. Lausanne 1975).

13M.-N. Le Roux, J. Weiland and H. Wilhelmsson, Physica Scripta, in press

(1992).

14B. Coppi and C. Spight, Phys. Rev. Len. £ L 551 (1978).

15T. Antonsen, B. Coppi and R. Englade, Nucl. Fus. !£ , 641 (1979).



- 12 -

16H. Nordman, J. Weiland and A. Jarmén, Nucl. Fus. 20_, 983 (1990).

17B. Coppi, Comments Plasma Phys. Contr. Nucl. Fusion 5., 261 (1980).

18M.-N. Le Roux and H. Wilhelmsson, Physica Scripta, in press (1992)


