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TRANSIENT FLOWS OCCURRING DURING THE ACCELERATED CRUCIBLE ROTfiTION TECHNIQUE 

Atara HOROWITZ, Ylgal HOROWITZ* 

November 1992 

BBSTRBCT 

The transient flows occurring after a change in the angular velocity of the 

cylindrical container are described. The dependence of the transient (known as 

the spin-up or spin-down time) on experimental parameters such as kinematic 

viscosity, cylinder dimensions and the cylinder's initial and final angular 

velocities are elucidated by a review of the literature. It is emphasized that 

with large Rossby numbers the spin-up time is longer and the amount of fluid 

mixing is greater than with small and moderate Rossby numbers. It is also 

elucidated that most crystal growth crucibles cannot be considered as 

infinitely-long cylinders for the evaluation of the fluid dynamics. 
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Boor-Sheva 84120. Israel. 
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1 INTRODUCnON 

The fluid flows occurring in cylinder-contained liquids after certain changes of 
the cylinder's angular velocity were theoretically analysed in several works 
Li-4] and reviewed by Greenspan [4]. 

To allow the use of these fluid flows for mixing, Scheel suggested in 1971 [5,6] 
the Accelerated Crucible Rotation Technique (ACRT) as a stirring method for 
melts and solutions during the crystal growth process. Experiments with the 
ACRT have, since then, been carried out in several crystal growth procedures 
[5-10] and these experiments demonstrated the powerful stirring effects of the 
ACRT. Theoretical calculations as well as experimental evidence revealed that 
the amount of mixing during ACRT depends on the following experimental 
parameters: 
(a) the kinematic viscosity of the liquid; 
(b) the dimensions of the container; 
(c) the container's angular velocity; 
(d) the relative change in the container's angular velocity and; 
(e) the tune between changes of the angular velocity. 

In 1972, Schulz-DuBois gave a lucid qualitative description of the phenomenon 
and presented the approximate quantitative solutions fcr the cases of a slight 
change in the angular velocity of a finite cylinder and of an infinite cylinder 
coming to rest from the state of rigid rotation [11]. 

Our purpose in this paper is to recount the literature in order to present a 
more general estimation of the influence of the above mentioned parameters on 
the ACRT mixing. It is revealed that when a considerable change in the angular 
velocity is applied, the duration of the transient situation is several times 
higher than that estimated for the case of a slight change in the angular 
velocity. We also show that most practical cases cannot be treated as 
infinite-cylinder cases. 
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2 1HE FLUID FLOW HHENOMENB AND ITS APPLICATION TO CRYSTBL CTjQWTH PROCESSES 

The physical situation considered is that of a fluid-filled cylinder, which is 
initially in a state of rigid rotation or at rest. The cylinder's angular 
velocity is then instantaneously changed. In due course, the fluid rotates 
rigidly with the new angular velocity and this is achieved during a certain 
period of time, in which transient flows cause the proper adjustments to the 
final state. 

The problem of interest is to determine certain aspects of the fluid flow 
velocities, as well as the duration of the transient period. 

All analytical treatments as well as experimental evidence [1,3,4] reveal the 
same basic physical picture of the transient period. The following is a 
description of a spin-up case. The initial instantaneous change in the angular 
velocity immediately produces Rayleigh shear layers at the top and bottom ends 
of the cylinder. Within a few revolutions (with the new angular velocity), 
quasisteady Ekman boundary layers develop from the vorticity diffusion (there 
are also minor inertial oscillations of the magnitudes of the velocities around 
the quasi-steady flow pattern in the Ekman layers which will not be described 
here). Within the Ekman layers, fluid particles are propelled radially outwards 
by centrifugal action and when they hit the region near the cylindrical 
side-walls, they are transferred up (or down, from the top) along the side-walls 
where they aro subjected to shear stress applied by the cylindrical walls. To 
compensate for the mass flow from the Ekman layers, a small normal flux from the 
inviscid interior is created and ring-shaped fluid columns move radially inwards 
to replace the liquid entering the Ekman layers. Thus, the Ekman layers act as 
sinks for low angular momentum fluid in the interior, tliis fluid being replaced 
by higher angular momentum fluid, drawn from larger radii. As the conditions in 
the interior approach the final steady state of rigid rotation, the Ekman layers 
decay. The same picture describes the transient situation of a spin-down case, 
with the directions of the flows reversed. 

As was previously mentioned, the powerful stirring effects of the flows produced 
during ACRT were demonstrated by several crystal-growth experiments: growth from 
hicjh-tonperature solutions (flux melts) [5-8], tho Czcchralski technique [9] 
and the ncn-stoichiometric-melts Bridgman technique (10J. These experiments 
revraled that the ACRT reduced the thickness of the stagnant boundary layni 
[W.. 13) thus enabling tho growth of incluslon-frm crystal* at f;v;tor I tnl.it iw 

http://tnl.it
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to non-ACRT experiments) growth rates [5, 6, 10]. Also, the ACRT eliminated 
uncontrolled localized cooling thus restricting nucleation to one to three 
crystals in the case of a non-seeded growth [5, 6]. The application of the ACRT 
to silicon production by Czochralski pulling, allowed control of the oxygen 
doping level and additional homogenization of crystals [9, 14]. It is 
obviously, therefore, to be expected that the ACRT will attain much wider use in 
future crystal growth experiments and production. 

When the ACRT is considered for a crystal growth experiment, the primary 
question relevant to the choice of optimal experimental ACRT conditions (with 
given liquid and growth-crucible) is the dependence of the duration of the 
transient situation (the time before the liquid attains the state of final rigid 
rotation and before the decay of the Ekman layers. This time will hereafter be 
referred to as the spin-up time) on the initial and final angular velocities. 
Obviously, the frequency of instantaneous changes of the rotation rate should 
closely correspond to the inverse of the spin-up time. In this manner, maximum 
benefit of the ACRT mixing is achieved. 

In order to evaluate the spin-up time it is necessary to know the dependence of 
VU-the azimuthal velocity of fluid particles in the oore region (the region 

outside the Ekman layers) on position and on the time elapsed after the 
instantaneous change in angular velocity. Since in finite containers V„ is 

related to UL, the radial velocity in the core region, this relationship has to 

be formulated via a detailed boundary layer analysis, before solving for V\,. 

The exact relationship between \̂ , and UL can be formulated only under severe 

restrictions, i.e., moderate spin-up from one angular velocity to another 
[1, 2, 4] and it was not possible to analyze spin-up from rest by the same 
manner [4]. The results of this analysis are presented in the next section. 

A very successful approximate procedure was used by Wedenmeyer to analyze the 
case of spin-up from rest [3] and the results of this analysis will be presented 
in section 4. A similar procedure was enployed by Greenspan to evaluate the 
spin-up time for a general case, which is, however, not employable to spin-up 
from rest [4]. This will be presented in section 5. 
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3 MODERATE SPIH-UP BETWEEN BNGULRR VELOCITIES 

The case of a slight deviation from an established state of rigid rotation was 
analyzed by Greenspan and Howard [1] and also described by Schulz-DuBois [2, $9]. 
The analysis was carried out for the case of two infinite plates with 
separation, L, between them. A liquid with a kinematic viscosity v is confined 
between the two plates which rotate in unison with the angular velocity fi. At 
some time, t = 0, the angular velocity is changed to (l+e)n, where e<<l e being 
the Rossby number. Although the liquid is laterally unbound in this 
configuration, the change in n produces the flows previously described which are 
typical to all contained liquids. 
The increase of the azimuthal velocity in the core region, V , was derived via 
an approximate analysis, valid during the spin-up time: 

™ i c f - 1 2 s ( 2 t n ) < 1 - C " 2 T ' -
where r is a time parameter: 

V V 2 „l/2 [2] r = — JP t; 

and S (2tn) is the Fresnel integral (e.g.:15): 

[3] S (x) = f (2nt) 1/ 2 Sintdt; 
Jo 

which increases in an oscillatory manner, approaching the value of ~0.45 at 
x = 5 [15]. 

It appears from equation (1) that the term 1-e approximately expresses the 
ratio between the increase in the liquid's angular velocity at a certain time t 
{expressed by r) and the final increase in the angular velocity at the new state 
of rigid rotation. It then follows that the spin-up time, i.e. the time 
required for the interior flow to approach the final state of rigid rotation 
within e [1], is reached when r = 0.5, and the approximate tune is: 
... ,_ . 0.5L 
W t =

 vV2 nl/2 ; 

(the symbol = represents an approximate equality in the sense that the 
functional relationship between variables is exact but the mulUplicotivo 
numerical factor Is not. It therefore denotes equ.illty in ,i loonor !»av-.r> Uvui 
the siymbol u I. 
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Equation (1) reveals that with a certain container, fluid, and initial rotation 
rate, the relative change in the azimuthal velocity in the core region is 
dependent only on the time elapsed from t . The effects of the height and 
radius of the cylinder as well as of (1 and v are the same, everywhere in the 
core region. The independence of the relative change on the vertical and radial 
positions can be anticipated from the fact that the fluid was initially 
revolving and the change of angular velocity was small. The independence on the 
height is in accordance with the Taylor-Proudman theorem of motion in a steady 
rotating fluid and the independence on the radial position is due to the fact 
that relatively little motion is needed to cause the required change in the 
rotation rate. The conservation of angular momentum implies that the fluid 
particle spins faster as it is convected inward and that it moves inward just so 
far until its speed and vorticity are at their required levels. 

Given this basic physical picture it is possible to estimate the spin-up time to 
within an order of magnitude, from mass conservation considerations [1]: If 
U = enL is the characteristic transport velocity within the Ekman layer of 

thickness d = - ' ,the mass influx from the core into the Ekman layers has the 

W ~E^ 1/2 1/2 velocity ~C = -. „ = 2cn ' v ' . For an order of magnitude calculation, L is 

used as the radial velocity in the core flow. In order that an annular ring 
2 with mass M and angular momentum ML n will increase its angular momentum to 

2 (ML (1+E) n) it must move radially inwards a distance l/2eL, this will take 
place at: 

t = ( ,~ , p, = i f/o'Tfo which i s the approximate value previously derived. 2cn vV / z n v V ^ 
If the cylinder is infinitely long, so that the influence of the bottom and top 
plates can be neglected, the mechanism of spin-up changes. 
The fluid acquires the higher angular velocity through visoous diffusion of 
vorticity from the cylindrical sidewalls inwards. The ordinary diffusion 
equation can then be used to calculate the spin-up time. If a is the radius of 
the infinite cylinder, then the new state of rigid rotation is achieved during 
the tLmc: 

2 
1 ^ 1 < - - ' ? . • • 
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However, the analysis of Schulz-DuBois [11] revealed that after the time: 

a 2 
[5b] t a 0.13 ~ ; 

the liquid at the center of the crucible attains »63 percent of the final 
angular velocity and therefore equation (5b) approximately gives the spin-up 
time. 

The physical picture described in the former section reveals that in finite 
cylinders, the spin-up time is considerably shortened because of the convection 
of fluid from the core region into the Ekman layers which affects the inward 
radial velocity in a dominating way. 

Obviously, when the cylinder's dimensions are such that the spin-up time is 

given by both equations (4) and (5b), the aspect ratio - of the cylinder is 

the minimal one for the infinite-cylinder case. By setting equations (4) and (5) 
equal: 

t 6 ] °-*£-Mfi; 

and substituting for the Ekman number: 

C7] E = - \ ; ni/ 
we get: 

[8- [ajmin " ET/4' 

(note that E is also a function of L, so that the term: =0.26 , ? 

a v ' 
should be used for practical estimations). Since E is always very small [typical 
values are (1*10 -1-10 )], it is expected that with most practical cases, 
viscous diffusion from the sidewalls can be neglected and the spin-up time io 
approximately given by equation (4). 

Experiments performed to determine the decay rate1 in spin-down (with c^-0.17 J, 
resulted in close agreement with equation (<l) (i). 

An exact analysis for tho ca.no in whirl, tho Ro:;';lr/ nunlmr ir) is not. voiy rsivit 1 
but E;tlU mxlorate ( | e|„<0.ri > w;is carried out tr/ Crrnniip.-in and Wptnh.iiDii \7.\ . 

http://ca.no
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The exact solution for the charge of u'.̂  azimuthal velocity in the core region 
(ir. the case of the concentric infinite disks) was found to have the same 
dependence on a terr. of the form 1-e , however, £ is now a stretched time 
parameter given by: 

,1/2 1/2 , 
[9] —-jp t = C + c • [0.5« + | (1 - e-2S)]; 

An interesting fact is revealed by plotting the fractional difference 

V - V „ ^̂ ci ~ci €• — 0 -- •—- as a function of the time, for several representative values 
~ci, e - 0 

of c [2]: 

When this fractional difference is compared with the solution for the 
infinitesimal case (e = 0), "I t is found that the percentage difference between 
the two solutions never exceeds 13% even for Rossby numbers as high as 0.5. 
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4 SPIN-UP FROM REST 

As was previously mentioned, the initial analyses reveal that the equation for 
V_ as a function of time and position includes a term in IX,. In Wedenmeyer's 

analysis of spin-up from rest (e = 1), it was possible to express U„ in terras of 

V^ after a few approximations [3]. The boundary layers were considered as 

quasi-steacy and the distribution of the azimuthal velocity, V_ was supposed to 

be linearly interpolated between initial and final states. The established 
formulas £16] connecting mass transport in the viscous boundary layers with the 
inviscid secondary flows were then used to evaluate the desired connection 
between V, snd Up. After neglecting viscous terms in the inviscid core, the 

equations for the azimuthal velocity in the core region were formulated: 

-2T e 
-"2T , e -1 

[IQa] _ - j — at - > 

and: 

[10b] ~~ = 0 at 0 i - < e ; 

where a is the radius of the cylindrical container, r is the radial position, 
n is the angular velocity with which the cylinder has started to rotate at the 
time t = 0 (at t<0 the cylinder was at rest) and r is a time parameter: 

r ., 0.886 v 1/ 2;! 1/^ 
[U] r = ; 
Equations [10a] and [1Gb] reveal that during the transient situation of spin-up 
there are two regions in the core fluid: an outer cylindrical region, confined 
by the cylinder sidewalls, which has begun to rotate and move towards the center 
of the cylinder, and an inner region, confined by the outer one, which does not 
yet rotate. The inner region is convected into the Ekman layers, and is 
gradually replaced by the outer region. As was previously described, the fluid 
particles which are oonvected into the Ekman layers are subjected to centrifugal 
forces which drive them outwards to the sidewalls where they are transferred up 
(or down, from the top) and attain angular velocity via the shear stress applied 
by the sidewalls. 
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The similarity between the time parameters in equations (2) and (11) is obvious 
and Greenspan argues [4] that the factor 0.886 in equation (11) might as well be 
replaced by unity. 

Equation (10a) enables the calculation of the ratio between the instantaneous 
frl angular velocity (n-t;) at a certain relative radius — and the final angular 

nt Xc velocity (n) 
a function of the time parameter for different relative radii and in figure 2, 

"t the calculated — are presented as a function of the relative radii for 

different time parameters. 
It is possible to see from figs. 1 and 2, that the time required for the liquid 
near the center of the cylinder to approach the final state of rigid rotation 
within e~ is reached when T-4 and therefore the spin-up time is approximately: 

[ 1 2 ] t B T ^ 7 2 
This is several times higher than the spin-up time for a moderate change in the 
angular velocity [eq. (5)]. 

With this longer time-scale, the minimal aspect ratio of the cylinder to prevent 
the influence of the top and bottom ends (and thus to cause a diffusive spin-up 
mechanism typical to infinite cylinders) should be modified (see previous 
section) to a somewhat lower value than the one given by equation (8) 

However, with the majority of crystal-growth crucibles, the 

mechanism of viscous diffusion from the sidewalls can still be neglected 
relative to the faster convective mechanism. Wedenmeyer reported experimental 
results [3] in reasonable agreement with the theoretical predictions for 

a cylindrical container with - = 5.36. 
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5 SPD1-UF BETWEEN flNGUUW VELOCmES (0<e<l) 

The case of spin-up from an initial state of rigid rotation with G<e<l was 
analyzed by Greenspan in much the same manner as Wedenmeyer's analysis. The 
development was carried out for the case in which the rotation rate of the 
cylinder was changed from (l-e)n to n. Wedenmeyer's first order partial 
differential equation for the azimuthal velocity was solved with the appropriate 
new boundary conditions. The equation for fluid particles in the core region 
which remain there after spin-up is: 

)fc r 1 

i + 1 - e 
i <\ v^V^t 

so that the term . e -2r represents y— at the time given by r = = , 
x + l̂i E ° L 

and at all positions in the core region. 

The fact that n is not dependent on the radial position reveals a poor 
approximation. Such an independence which could be accepted for the case of an 
infenitisemal change in angular velocities cannot be true for the general case: 
The instantneous angular velocity must depend on radius, otherwise, the 
conservation of mass and of angular momentim cannot both, be true. 

It should, however, be noted, that when eq. (13) is used to draw — as 

a function of the time parameter for different Rossby numbers (fig 3), the 
agreement with the two extreme cases e«l (sec. 3) and E = 1 (sec. 4) is good. 
For small Rossby nirnbers (e<G.5), over 50% of the final ancjuiar velocity is 
achieved before the time parameter reaches the value of 0.5 (eq. 4) while for 
high Rossby numbers (0.99<c<0.999) over 60% of the final angular velocity is 
achieved when 3<r<4 (eq. 12). 

The main difference between spin-up between angular velouities and spin-up from 
rest is that in the latter, the main body of fluid is not rotating initially and 
must be completely flushed, spin-up from rest and returned to the interior by 
the boundary layers. 
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Fig. 3 The case of spin-up between angular velocities, (0<e<l). The 
calculated ratio between the instantaneous angular velocity (i 

the time parameter the final angular velocity (n), vs. 

!/ 2„l/2 
v ' n ' r = 
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6 SUMfflRY AND CONCLUSION 

The analysis of the transient spin-up in fluids reveals the same basic physical 
picture of fluid-motions. The length of the spin-up time in a certain fluid, 
cylinder and final rotation rate, depends on the Rossby numoer and xn cases of 
spin-up from rest (e = 1) this time is several times longer than in cases with 
small (|e|<0.5) Rossby numbers. 

Obviously the higher the Fossby number the more fluid motion occurs during the 
spin-up period and, when stirring is the main reason for the application of 
spin-up mechanisms, this fact should be taken into account. Also, the time 
allowed for the duration of the transient situation should be estimated 
according to the appropriate experimental conditions. It is also obvious that 
most crystal-growth crucibles cannot be considered as infinitely long and 
therefore the mechanism of pure diffusion of shear-strain does not have to be 
taken into account. 

The results of two quantitative experiments with small and unity Rossby numbers 
were in good agrrement with the predicted equations (4) and (12) respectively. 
It would be of interest to check the validity of equations (4) (12) and (13) 
over a wide range of liquid kinematic viscosities, cylinder dimensions, final 
rotation rates and Rossby numbers. 

Another phenomenon, leading to fast homogenization of liquids during ACRT is the 
spiral shearing distortion occurring because of the differences in rotation 
rates of the liquid near the cylindrical sidewalls and at the center of the 
cylinder. This phenomenon was described by Schulz-Dubois [11], who suggested 
that a factor of G.5 between these rotation rates is necessary to produce enough 
spiral shearing distortion for fast homogenization via diffusion. Obviously, 
with small Rossby numbers, such rotation-rate differences are never achieved, 
while with higher Rossby numbers, the time necessary to produce a factor of 0.5, 
is somewhat lower, but still closely corresponds to the spin-up time. When high 
Rossby numbers are applied, the spiral shearing distortion is therefore to be 
considered as an additional phenomenon, occurring along the main convective or 
diffusive phenomena during ACRT. 
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