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ABSTRACT

A semi-empirical method is used to calculate the numerical values of the interband mo-
mentum matrix elements of the allowed optical transitions in semiconductors. This method is based
on the evaluation of the ratio of the two-photon and one-photon absorption coefficients and the
compare the result with the corresponding experimental values in a number of semiconductors
both for direct and indirect transition processes. The numerical values of the momentum matrix
elements are compared with the convenient theoretical calculations available. The result is found
to agree fairly well with the corresponding values computed using the h • p perturbation theory.
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The direct and indirect interband transitions models are often used for the description of
the optical properties of solids. These models require, in the dipole approximation, the calculation
of the matrix elements for the electric dipole transitions between the initial and final states.

There are, in general, 16 different types of transition matrix elements depending on the
specific transition concerned. In direct allowed transitions we have four interband (usually in-
dependent of k) matrix elements, namely; band, exciton, exciton-exciton and biexciton-exciton
momentum matrix elements. There are other four matrix elements corresponding to the indirect
transitions. The remaining 8 (intraband) matrix elements are associated with the forbidden transi-
tions in the direct and indirect processes. They couple states (band, exciton and biexciton) of the
same band. We will concentrate, in this work, on the allowed band momentum matrix elements
(MME) which is extensively studied and since the other matrix elements can be written in terms of
it.

The computation of the MME is a crucial point in the calculation of optical properties
because it depends very sensitively on the accuracy of the wave functions. There is a consider-
able amount of theoretical calculations concerning the MME which lack of a consistent with their
approximate wave functions. Starace ' has differentiated between the alternative forms, so-called
length, velocity and acceleration formulas for the MME. He showed that the MME is correctly
given by the length formula for procedures involving a nonlocal Hamiltonian. In metal Petroff et
al, 2 and Gegusin et al. i using the APW functions have calculated the MME with 2 and without3

including the summation over the magnetic quantum number. Making use of the commutator rela-
tion of the Hamiltonian with the mpmentum operator the MME can be transformed into W-matrix
element (V is the crystal potential). Fritzsche 4 has proved that the MME should be preferred in
numerical calculations of optical properties where VV-Tnatrix element becomes inaccurate at low
energies. The calculation of the MME in the Green's function method has been obtained by Chen 3 .
For zinc blende semicondui'tors the MME has been derived by Weiler 6 including the nonparabolic
effect (i.e. at & i 0).

In Section 3 the first four theoretical investigations 7~'° of the MME are analysed. These
calculations are more reliable and usually treated when dealing with the one-photon and two-
photon processes in semiconductors. The MME in these works are related to both band parameters
and excitation energies in correspondence to a certain band model adopted in each process. We
compare our numerical results of the MME with the values obtained from these calculations since
our method depends on the type of band model and the specific transitions involved.

The purpose of the present paper is to provide a new method to evaluate the MME be-
tween the initial valence, v, and the final conduction, c, bands

< c | f f - p > > = IP^I

where E and p are, respectively, the photon polarization and electron momentum operator. Nu-
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merical values of \Pcv\2 are given for different classes of semiconductors such as the direct gaps
materials ZnO,GaN,ZnSe and CdS and also for indirect gap ones GsP and GaS. The method
is based on the theoretical estimation of the direct one-photon as well as two-photon absorption
conefficients, a ^ . a ^ ' . The expression of al

d
l) contains the square of MME while that of a™

includes the square of the product of two MME. Therefore, the square of the MME required can
be deduced directly by comparing the ratios of a^/a^ from both the experimental and theo-
retical results provided thai the same states are involved in the two processes. This occurs when
h <* ~ (ft wi + ft W2) > £j,whereA uand(A «i + ft u/2) are the photon energies in the one-
pi lOton and two-photon processes, respectively and Es is the band gap. We have also provided
a calculation of the indirect one-photon and two-photon absorption coefficients orj , a) for the
application to the cases of GaP and GaS.

2, FORMALISM

2.1 Calculation of a^"

Direct one-photon transition rate can be obtained from first order perturbation theory
as " (according to the 2-band model of Fig. la)

\Pa,\
1(hu-El)

lfl. (1)

(2)

The absorption coefficient ;s therefore (=

<*<'>(«) = C i | F m | 2 ( f t w - .

ne2 A* u"1

where C\ = jr 2 ., J*. w where the parameters have their standard notations .

2.2 Calculation of af*

From second order perturbation theory one obtains for the two-photon transition rate n

(adopting a 3-band model of Fig. lb)

tt\ , . , „ „ .^ I 1 t j2

i(E*-Ev-Kw)
-Ety'2

- £ „ - f t
(3)

where En is the intermediate band energy. However, for some materials PM and Pw give nearly the
same numerical values as P w . As a result, the coefficient a^1 for equal photon energies (h wi =
ft w2 = ft u)') can be obtained from Eq.(3) as

(4)

where

2 tO- h* mA
0 c
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Therefore, the required square MME is given by dividing Eq.{4) to Eq.(2) as

1 " ' 2 W o ,

2.3 Calculation of a.(l)

2hui' - Ea
(5)

From second order perturbation theory, concerning the 3-band model (Fig. 2a), we ob-
tained for the phonon-assisted one-photon absorption coefficient "

(6)

where

3 26
 TH ft7 ml c3 JV

ft ft is the phonon energy and Qm is the electron-phonon matrix element. (=f) due to emission or
absorption of phonons.

2.4 Calculation of a|2)

The indirect two-photon absorption coefficient can be derived n from third order per-
turbation theory as (adopting the 4-band model of Fig.2b and taking equal photon energies)

(2ft w' -Bs

where

"' f(Em-Ev-2hw'

ne4 A* mV1 ml'1

(7)

"3 2* «* ft7 mU5N •

Since the magnitude of the matrix elements Pmn, P^ and Pmv have nearly the same value as P^,
therefore the square of the MME can be obtained from Eqs.(6) and (7) as

(En-Ev-hu,)

-E,V
(8)



3. REVIEW OF KANE, KELDYSH, BRAUNSTEIN AND BASOV CALCULATIONS

We provide, in this section, some theoretical derivations of the MME which relate it to
the excitation energies and to a certain band model as we have done in the previous section. For
the allowed one-photon process, the first approximation given by Kane 7 by means of the k • p
perturbation theory in which he relates the energy gap, Es the spin-orbit splitting of the valence
band, A,o. and the conduction band effective mass, mc to [Pn, |2 . In his non-pcrturbative approach
to the problem of multiphoton absorption process Keldysh ! has provided a new approximated
expresssion to the MME reladng its value to the band parameters of the material.

For the two-photon process there are two approximations considered in the calculation
of MME. The first one is given by Braunstein 9 considering a 3-band model like that of Fig.lb.
Two MME have occurred in his expression of the allowed two-photon transition rate. These MME
are related to the oscillator strengths / „ , /„, which couple the valence and the conduction bands
to the intermediate band. After evaluating the oscillator strengths from the / sumrule and £ • g
approximation, the two MME take the forms given in Table 1. The second approximation is due
to Basov l0 in which a 2-band model consisting of only the valence and the conduction bands is
adopted. The intermediate state, in this case, could be a state of the same valence or conduction
bands. As a result one has a product of two MME, an interband allowed MME of constant magni-
tude and an intraband forbidden MME of magnitude proportional to the wave vector £. In Table
1 we summarize the different approximate expressions for the MME and the corresponding band
model adopted for each process.

4. NUMERICAL RESULTS AND CONCLUSION

We have performed numerical calculations of the square of magnitude of MME in dif-
ferent classes of semiconductors such as Zn O, ZnSe,GaN,CdS and GaP,GaS whose band
structures and physical parameters are well known. These samples have been chosen because they
are representatives of different band structures and consequently of different transition processes.
The values of a^, aj,2), a j " and af have been taken from the available experimental data. The
results together with the corresponding values from Kane, Keldysh, Braunstein and Basov works
are summari^ed in Table 2.

From Table 2 we show that the numerical values for the square of magnitude of MME
have nearly the same order of magnitude as the values obtained using other theoretical approxima-
tions. It is of interest to remark that the present values of \Pcv\l agree fairly well with the values
computed using the £• ̂ perturbation approach7. One could has used the theoretical values without
much difference in the results.

In conclusion, we have introduced a new semi-empirical method for the calculation of the
MME. In the previous theoretical estimations of the MME different approximations have been used

in order to obtain an analytical form of the MME. On the other hand, the present method is simply
based on comparing the numerical values of the ratios a(2:i / a ( ' ' calculated from perturbation theory
and the corresponding experimental values for a number of semiconductors. The results agree with
the different theoretical approximations.
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TABLE CAPTIONS

Table 1 Different forms for the square of the MME obtained by means of different authors and
their corresponding band models.

Table2 Experimental values of a^/atf* (for ZnSe,ZnO,GaN and CdS) or a^/a\ly (for
GaP and GaS) and the numerical values of \Pcv\2 (erg gm) fr̂ m present work and the
other calculations 7~10.



Table 1

Source Square of MME Band Model

Kane7

allowed

transitions

2-band model

Eg(E,+
heavy

(light hole)v
2 ' ' v /f\ split off

Braunstein 9

allowed-

allowed

transitions

3-band model n

•»-*-(£

Keldysh

allowed

transitions

2-band model

Basov '°
allowed

forbidden

transitions

2-band model

Table 2

Crystal

ZnSe

ZnO

GaN

CdS

GaP

GaS

exp.

0.72 x 10-5a '6

0.73 x 10-5"'e

0.43 x \Q-S''d

0.21 x lO"5"''

0.41 x 10-5^"

0.56 x lO-5"''

IF I2

present work

3.56 x 10~38

3.23 x 10~3S

3 12 x IO-38

2.92 x 1O~38

2.68 x 10^38

3.32 x 10"39

Kane

2 28 x 10 - »

2.58 x 10~M

3.9 x 10"3S

0.87 x 10"38

0.22 x 10~38

3.9 x 10-3»

IP I2
l"«l

Braunstein

1.52 x 10 "3*

1.81 x lO"38

2.6 x 10-3*

1.43 x 10 "38

1.42 x 1O"38

2.53 x IO-39

1 p \2

Keldysh

0.97 x IO-38

1.21 x lO"38

1.81 x IO-38

0.95 x 10-3S

0.94 x 10~38

1.86 x lO"39

IP I2

Basov

0.98 x 10~38

0.64 x 10- 3 8

1.52 x 10 ~u

0.73 x 1 0 M

0.34 x I O 3 8

1.66 x 10 " 3 9

" Ref.14, * Ref.15, c Ref.16, •* Ref.18, Ref.17, Ref.19
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Fig. 1 Schematic diagrams of a 2-band (a) and 3-band (b) models used for the calculation of
the direct one-photon and two-photon absorption coefficients. The MME are indicated
by the arrows. Fig.2 Schematic diagrams of the 3-band (a) and 4-band (b) models needed for the calculation

of the indirect one-photon and two-photon absorption coefficients. The MME and the
electron-phonon matrix elements are indicated by arrows.
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