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version of the binary SPRT KFKI 1991 36/Q 

ABSTRACT 

In the present paper a new method is outlined for detection of soft failures. The procedure 
is applicable when (he failure can be described by an additive term (failure vector) in the 
measurement process o( an observable dynamic system A dedicated Kaiman filter generates 
the Innovation process for further testing. The innovation is investigated by a sequential 
hypothesis testing method, in order to avoid the computational difficulties related to 
sophisticated multiple hypothesis testing methods, an extended version of Walds's classical 
binary SPRT has been developed. The procedure is applied for the problem of (small) leakage 
detection in the feed water system of nuclear power plants. Computer simulation results show 
that the method can recognize less than 1% relative water loss reliably. 

А.Рац: Нахождение небольших течей с помощью настроенного фильтра Кальмана и приме
нения SPRT. KFKI-1991 -3f>/<; 

АННОТАЦИЯ 

В статье описывается новый метод обнаружения небольших ошибок. Настоящий спо
соб применяется в том случае, если сшибку можно записать с помощью вектора ошибки, 
появлямцейся в модели измерении. Необходимо наличие динамической система. Получен
ные с помощью настроенного фильтра Кальмана инновации тестируются способом SPRT. 
В интересах избежания сложностей при расчете SPRT, мы разработали новый способ, ко
торый является обобщением классического двоичного SPRT Wald. Данный способ был при
манен на АЭС в системе питательное волы для обнаружения небольших течей. 1>еэульта-
ты симулирования показали, что данный способ с большой надежностью обнаруживает 
уже 1%-ную потерю жидкости. 

Rácz A.: Kis szivárgás felismerése hangolt Kálmán szűrő ós kiterjesztett SPRT együttes 
alkalmazásával. KFKI-1990 36/G 
KIVONAT 

Jelen tanulmányban egy ú) módszert mutatunk be ún. lágy hibák felismerésére. Az eljárás 
akkor alkalmazható, amikor a hiba leírható a mérést modellben megjelenő additív tag 
(hibavektor) segítségével A dinamikai rendszernek megffgyelhetőnek kell lennie. A hangolt 
Kálmán szűrő által generált innovációt a továbbiakban szekvenciális hipotézisvizsgálati 
módszerekkel teszteljük. Annak érdekében, hogy az összetett hipotézisvizsgálatokból adódó 
számítási bonyodalmakat elkerüljük, kifejlesztettünk egy új eljárást, amely Wald klasszikus 
bináris SPRT jenek egy kiterjesztése. A módszert alkalmaztuk az atomerőművek 
tápvízrendszerében bekövetkező (kis) szivárgások felismerésére A szimulációs eredmények 
mutatják, hogy az eljárás már 1% folyadókveszteséget Is megbízhatóan képes felismerni. 



1. INTRODUCTION 

In nuclear power plants (NPPs) it is an important task that failed instruments be 
recognized before serious degradation of the power delivery or safety occurs. In order to 
control a dynamic and controllable system, its state must be known. The information 
can be gathered by performing different measurements. Having collected the necessary 
data about the system under investigation they must be compared to the parameters of 
its desired or reference state(s). The main problems of this seemingly simple task are the 
followings: 

• The state variables must be chosen properly. 
• The dynamics- and observation mode! must be known. 
• Every measurement process is noise-corrupted. 
• Usually the dynamic model is stochastic. 

Even if one would try to circumvent the difficulties of the first, and the second items by 
using a so-called black box model, the problem of the presence of noise still remains. In 
the following it is always supposed that both the dynamic and the observation models are 
known, i.e., one has a white box description on the investigated system. 

Reverting to the task of failure detection, additional difficulties arise. In fact, mal
functions may occur both in the system (system failure) and/or during the measurement 
processes (measurement failures). The other problem is that small failures (soft failures) 
ate hidden by the background noises. 

The problem of identification of malfunctioning instruments is thoroughly investigated 
and excellent methods are developed and applied. One gioup of trese fruitful procedures 
is that which is based on the estimation of the state variables by a Kaiman filter (KF). The 
go-called Generalized Log-Likelihood Ratio (GLR) method should also be mentioned [1,2]. 
Having estimated the state vector the estimated values of the measurement vectors can be 
calculated as well. The difference between the measured value and the estimated one is 
the innovation process (or residual). As long as both the dynamic and the measurement 
processes are accurate, the innovation is a zero mean, white Gaussian process with known 
variance. However, if a failure occurs either in the dynamic or in the observation process, 
the mean and/or the variance of the innovation must change. The failure detection problem 
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can lead back into investigating the changes of the parameters of a random process. As 
long as a failure can be modelled by the apj>earancc of an extra, additive term (fault 
vector) in the state or observation equations, the GLR method is capable to identify the 
degradation in the system or observation instruments. 

If the lack of the suspected signal does not degrade the observability of the dynamic 
sy: iLvm, the method of the so-called dedicated Kaiman filter (DKF) is recommenced [3,4]. 
In such a case the estimation can be made to be unsen.sit.ive to the wrong signal. In 
fact, the DKF produces also the estimated value of the missing signal because of the 
observability. This value can be used as a reference one versus the measured (and failure-
corrupted) signal, and certain hypothesis testing procedures can be performed. Earlier 
works proposed the following decision making scheme: after forming the square of the 
difference of the estimated and measured signals, a simple comparison to a pre-determined 
threshold number could indicate if a failure occurs. The main advantage of this method is 
that it produces prompt alarm. However, if the failure amplitude versus signal's noise ratio 
is small, the detection performance is seriously «lecreased. This method is recommended 
only in the case of hard failures. A comprehensive survey of these procedures are collected 
in Ref. 5. 

In our paper the concept of the dedicated Kaiman filters is renewed. Restricting to the 
case when a malfunction can lie modelled by an additive failure vector in the observation 
process, the statistic properties of the innovation is investigated. In order to detect soft 
failures, the innovation is tested by sequential methods. As long as one is satisfied with 
recognizing the failure but the amplitude and exact timing of the failure is not interesting, 
an extended version of the classical binary Sequential Probability Ratio Testing (SPRT) 
method is applicable. In this case the H'0 hypothesis means the no-failure state and the 
alternative hypothesis 7i\ indicates the occurance of some failure. The prime (') intends 
to show that this method is a modification of the original SPRT procedure. Although the 
capability of classifying different failure modes is lost, the sensitivity and reliability of the 
detection procedure can be increased. While in the earlier methods the threshold values 
were calculated and fitted via experiments, 'by hand', so to speak, in the recent method 
the threshold values as well as the probabilities of the missed and false alarms can be 
exactly determined. 

The method was applied for detection of a small leakage in the feedwater system (FS) 
of the secondary circuit of the NPP. The FS was chosen for the following reasons, a) It has 
an important role in the process of power delivery, b) Having supposed a normal operation 
conditions, the fluid How can be modelled by balance, equations, c) In spite of the fact 
that a leakage means the violation of the balance law (therefore it should be treated as a 
failure in the dynamic system), a proper choice of the signals mokes one able to consider 
the effect of the leakage as a bias failure in the measurement process. 

The necessary formulae of the Kaiman filtering and the scheme of the dedicated 
Kaiman filter are surveyed in Section 2. Section 3 details the extension of the binary 
SPRT problem. The discrete, linear, stochastic dynamic and observation model of the 
feedwater system is given in Section 4. Numeric results are shown in Section 5. Conclu
sions are given in Section 6. 

2 

http://unsen.sit.ive


2. THE DEDICATED KALMAN FILTER 

Here only the basic formulae of the Kaiman filter (KF) is recapitulated for several 
excellent texts provide the derivation in details [6,7]. 
Let us assume that the following discrete, linear, stochastic vector-matrix equation de
scribes the dynamic behaviour of the investigated system: 

x(* + 1) = Ф(* + 1 ,k)x(k) + B(Jt)u(Jt) + w(*), (2.1) 

where x(Jt) is the state vector, Ф(к + l,k) is the state transition matrix, B(Jt)u(Jfc) is the 
deterministic input (or control) term, w(fc) is the plant noise and к is the discrete time. 

The observation model gives the rules how to construct measurable quantities y,(Jt) 
via linear combinations of the state variables т,(к) 

y(fc) = H(fc)x(*) + v(*). (2.2) 

Here Vi(k) is the ith component of the measurement (or observation) vector y(k), H(lfc) is 
the measurement matrix and v(k) is the measurement noise. 

In addition, the plant and measurement noises are supposed to be a zero mean, white 
Gaussian processes with Q(fc) and Щк) variances, respectively. 

w(*)€JV(0,Q(*)), 
\{k) £ Щ0,Щк)). (2.3) 

2.1 The Kaiman filter 

The so-called Kaiman filter gives an optimal, linear estimation of the state vector at 
t = к using the measurement vectors up to t — к. Let x(&|&) denote the estimated state 
vectors, then the KF algorithm is the following: 
The filter equation is 

. Щк)--
The one-step prediction equation is 

х(к\к-1) = Ф(к,к-

The innovation is 
£(*) 
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l)x(* - 1|* - 1) + Щк - 1)и(к - 1). (2.5) 

= у{к)~у(к\к-\) (2.6) 



where 
y(Jfc|fc-l) = H(fc)x(lb|fc-l) 

The so-called Kaiman gain K(Jt) can be recursively pre-computed. As long as the Ф, H, Q 
and R matrices are constant, the Kaiman gain can be considered time-independent as well. 
The steady-state Kaiman gain К is computed using 

К = V Ä H 7 x [R + H V * H r ] " ' . (2.7) 

The quantity V* is the steady-state variance of the estimation error x(k). Per definition 
x(k) = x(k) - x(fc|&) and V Ä = var{x(&)}. The latest can be determined by the algebraic 
Riccati equation as follows: 

V i = *{V* - V i H T [ R + H V Ä H r ] - I H V i } # T + Q. (2.8) 

The fundamental property of the innovation is that if the system evolves according to the 
plant equation (2.1) and the signals are taken from the observation process modelled by 
Eq.(2.2) then ((&) is a zero mean white Gaussian process with variance V*. 

i(k)€AT(0,VL(k)). (2.9) 

Eq.(2.9) is valid for time-dependent case, too. 
A special reason which makes the KF so preferred an estimation method is that using 

a KF for estimation, the variance V< becomes determinable: 

V^fc) = R(fc) + Щк)\к(к)Нт(к), (2.10) 

In a steady-state calculation the matrices in the right hand side of Eq.(2.l0) are time-
independent thus so is V(. 

2.2 Malfunctions during the measurement 

Having constructed the KF we would like to use it for failure detection. We shall 
concentrate on the so-called measurement failure». In addition, it is supposed that the 
malfunction can be modelled via an extra, additive failure vector fm(k) in the observation 
model. Thus Eq.(2.2) is modified as 

y(Jfc) = Щк)х(к) + Г (Jt) + v(fc). (2.11) 

Two main types of failures are considered here; the bias (m = 1) and the jump (m — 2) 
types. In case of bias failure, the failure amplitude f remains constant after the first 
occurrence of the failure. In the case of jump failure, the failure acts only at a given 
instant afterwards it appears. Let us suppose that a failure occurs at t = т. Depending 
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on the kind of the failure, its effect on the observation at t = k, where к > r, is different. 
If there is a jump failure at t = r, then it has no effect on the signals at t = it, к > т. 
However, if there is a bias failure at t = r, then it does have an effect on the signals at 
f = £v к > r. The above differences can be handled easily by introducing the so-called 
failure signature matrix S m (r , k). Let £*"(*) be partitioned as 

rB(*r) = STO(r,fc)a, (2.12) 

where a is the failure-amplitude. There is a tacit assumption in £q.(2.12), namely that 
the failure F"(fc) has either zero or constant amplitude, i.e. from the first occurrence of 
the failure the magnitude of the failure does not change till the failure exists. The failure 
signature matrix is 

S ( T , * ) _ | M t ^ m = 2 (2.13) 

where I is the identity matrix, 6k,r is the Kronecker symbol and 6; к, т) is the step-function; 
в(*,т) = 1 if к > г otherwise в(*,т) = 0. After substituting Eq.(2.12) into Eq.(2.11) the 
measurement vector reads as 

y(Jt) = H(Jt)x(Jk) + S w (r , *)a + v(*). (2.14) 

The failure detection means that the following question must be answered: are the 
measured signals generated by the failure-free model given by Eq.(2.2) or by the failure-
corrupted one given by Eq.(2.14). If Ho and H\ denote the hypotheses that does not or 
does occur some malfunction during the observation procedure, respectively, then it can 
be written formally: 

Но: у(к) = Щк)х(к) + у(к), 
Tii : у(к) = Щк)х(к) + S m (r , *)a + v(*). (2.15) 

iff the vectors x(k) and a were known, then a binary sequential probability ratio test method 
would be able to make a proper decision [8,9]. 

2.3 Filter de-sensitization 

First it is eupposed.that the failure vector is known and we show that hypotheses 
under Eq.(2.15) can be substituted by an equivalent problem. In order to do it let us 
return to the KF and investigate how a signal acts during the estimation procedure. 

Eq.(2.4) shows that the role of the measurement vector is to correct the value of tbe 
one-step prediction. The effectiveness of y(k) depends on two factors, Щк)х(к\к -1) and 
K(fc). Since y(fe) and H(fe)x(ifc|ifc - 1 ) are two realizations of two stochastic processes, y(fc) 
can never be identically equal to H(k)x(k\k - 1), even if their means are the same, i.e. 
(y(fc) - Щк)х{к\к - 1)) = 0 (cf. Eq.(2.9) for clarity). 
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The other possibility for reducing the effect of the signal у (it) on the estimation 
procedure is to make the K[k) weighting factor as small as possible. Let k' denote the 
»'* column-vector of the Kaiman gain К and and т\ = Rj t < the i t k element of the main 
diagonal of the matrix R. The following properties can be proved [6]: 

П — oo ==> k* —• 0. (2.16) 

The statement is valid for time-dependent case, too. As a consequence, an extremely noisy 
signal does not appear in the estimation process. The result is the same if the noise-
variance r, is increased artificially, i.e., if Eqs.(2.7) and (2.8) are solved with considering a 
very large variance r*. This procedure is known as a filter de-aensHizotion. The modified 
KF is called a dedicated Kaiman filter (1,2,5]. 

2.4 Observability 

Before going on let us recall the problem of observability. A dynamic system is called 
observable if every state vector x(k) can be determined via a finite series of the measurement 
vectors {у(&),у(& + 1) , . . . ,y(k + Л/)}. In case of time-independent model the necessary 
and sufficient condition for a system be observable is the following. Let us construct 
the observability matrix О using the state transition matrix Ф (dimension is n) and the 
measurement matrix H (dimension is m). Per definition 

О *£ ( Н Т | Ф Т Н Г | ( Ф 2 ) Т Н Г I . . . КФ""1 ) Т Н Т ) . (2.17) 

The vertical bars are used to indicate that the matrices Н Т , Ф Т Н Т , . . . , ( Ф П - , ) Г Н Т are 
placed side by side. The dimension of О is n x nm. A dynamic system, defined by Eq.(2.1) 
is observable trough the measurement vector given by Eq.(2.2) if and only if [6] the rank 
of matrix О is n, i.e., rank{0} = n. 

2.5 Correct estimation of wrong signals by the KF 

Having introduced the idea of observable systems we are ready to investigate the 
following problem. Let us suppose that one would like to check if a certain component 
of the measurement vector y, let us say, ya, is failure-disturbed. In addition, the» system 
must remain observable even without the signal ya. To be exact, let the dynamic model 
be the same as in Eq.(2.1), namely 

x(Jfc + 1) = Цк + M)x(jfc) + B(*)u(*) + w(*), (2.18) 

However, now we are using a new observation model with a new measurement vector 
ya

f where dim(y°) = dim(y) - 1 = m - 1. The superscript a indicates that the new 
measurement vector was constructed from у by omitting the signal ya. In order to emphasis 
the change in the observation model, a new measurement matrix H e is introduced. It is 

6 



the same as the old one, H, but withoiw the atk row of H. Then the modified (reduced) 
observation model is 

ye(Jb) = H t t(*)x(*) + v°(Jt), (2.19) 

where ve(fc) is the measurement noise, constructed via the same method as yft(fc). 
After calculating the 0 0 observability matrix with Ф and H°, ijfrank{0°} = n then 

the dynamic system is observable by the reduced measurement vector y". It means, that 
if rank{O e} = n then even omitting the signal yQ , no relevant information is lost about 
the system. As a consequence, one can use H n instead of H in the KF equations (2.6 -
2.10) and does not have to risk to be misled by a (probably) false signal ya. However, 
taking advantage of the opportunities of the DKF, an entirely different possibility opens. 

2.5 Correct estimation of wrong signals by the DKF 

First the effect of a failure on the estimation procedure is examined, supposing that 
the KF is dedicated to the wrong signal. Let us use the original observation model given 
by Eq.(2.2) (i.e. using the complete measurement matrix H) but let the KF be dedicated 
to the signal ya. The procedure is independent of wheathcr the signal is false or correct. 
Because of the dedication, the signal y„ is not included into the estimation procedure. 
Since the system is supposed to be observable without ya, the estimate remains correct 

It could be said that no advantage is gained using the DKF but computer ti.ne is 
wasted, since the dimension of the obst-vation model is grater by 1 than it is sufficient. 
However, considering Eq.(2.4) it can be seen that the KF (and the DKF too) gives not only 
the optimal estimate of the state vector but the optimal prediction of the measurement 
vector у(к\к — 1) as well; 

y(*|it - 1) = H(Jfc)x(*|* - 1). (2.20) 

Let us remember, that the notation у(к\к — 1) means the predicted value of у at the time 
t = к using the measurement values up to t = к — 1. 

Now the merits of the DKF are obvious. Since ya is not included into the estimation 
process (because of the dedication), х(к\к— 1) is independent of ya. However, the dimension 
of the observation process was not reduced, i.e. H is used instead of H°, which means 
that all the necessary information is available to construct the optimal prediction of the 
measurement signals y(k\k — 1). Using H e instead of H one would get ya(k\k- 1) instead 
of у(к\к — 1), which former does not contain уа(к\к - 1). 

The above argumentation is independent of wheather a signal ya is faulty or correct. 
Let us consider the case of a wrong signal ya- For the sake of simplicity only the ya compo
nent is supposed to be failure-corrupted while the other components of the measurement 
vector are supposed to be correct. It means that the failure vector fm in Eq.(2.11) can be 
substituted by a Dirac delta-lik( term fmSia. The effect of a failure reads as 

yi(k) = (Hx(k)). + Vi, ifi a (2.21) 

and 
ya(k) = (Hx(*)) o + / " ( * ) + va (2.22) 
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Substituting Eqs(2.21) and (2.22) into Eq.(2.6) yields: 

U * ) = fc(*)-&W*-1)> i*« (2.23) 
U * ) = Va(k) + fm(k) - ya(k\k - 1) (2.24) 

The component yi(k\k — 1) is the correct estimate for all i = 1 , . . . , a , . . . ,n, because of 
the dedication. The components £, of the innovation £, where i\ ф a does no! change. 
Henceforth only the component £a(k) must be concentrated on. After rearrangement, 
Eq.(2.24) reads as 

Ык) = У*(к)-у0(к\к-1) + Г(к), 
Ш = & + Г(к), (2.25) 

where £* would be the innovation of the failure-free signal ya. Substituting Eq.(2.12) into 
Eq.(2.25) yields 

Z0 = t°0 + Sm{T,k)Q,na, (2.26) 

Eq.(2.26) has two important consequences: 

• The variance of (a remains the same as the variance of £J. Since V(» is known (see 
Eq.(2.10) for details), it can be "written divectly: 

va r{U = Via = (R(k) + Щк)Ул(к)Нт(к))о о . (2.27) 

• The DKF does not remember the failure. When a failure happens it appears in the 
innovation of the faulty signal promptly. However, if a failure ceases to exist its trace 
disappear also promptly. 

2.7 The equivalent, problem 

Now let us remember again our original decision problem. The signal y(k) was inves
tigated in order to recognize a failure in the observation process. Now it can be seen how 
the original problem can be substituted by an equivalent one. Namely, the innovation can 
be examined instead of investigating the signals directly. For the sake of simplicity in the 
following only one signal, j / 0 , is supposed to be probably wrong. Then the new hypotheses 
are 

rio : Ka — So ' 

Пх: U=C + Sm(T,k)0<aa. (2.28) 

The next Section gives the details how the hyphothesis-testing procedure can be performed. 
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3. HYPOTHESIS TESTING METHODS 

In this Section a new hypothesis testing procedure is proposed, which is an ex-
teniti version of the classical, so-called binary sequential probability ratio testing (SPRT) 
method. Since the extension is derived from Wald's original SPRT procedure [8] therefore 
first it is recapitulated. 

3.1 The classical binary SPRT method 

The classical binary SPPT is used for testing a i: ill hypothesis W0 against the al
ternative hypothesis Hi about an unknown mean value in of a normal Gaussian process 
( € ЛГ(т, a1). The variance a1 is supposed to be known and constant. There are the 
following two hypotheses for m: 

Ho • »'» = #o> 
Hi : m = úu (3.1) 

where tfo and i?i are constants. Having received the signals {Ci>(2, •••.(,*>• ••} it is to 
be decided which hypothesis (Ho or H\) is true. We assume that during the hypotheses 
testing procedure the properties of the source, which generates the signals £*'s, do not 
change. 

The probabilities of errors caused by an incorrect decision, are the followings. Type 
I error (or the so-called fabt alarm) occurs when one accepts H\ but Ho is true. Its 
probability is denoted by a. Similarly, accepting Ho when H\ is true causes Type II error, 
or misted alarm. Its probability is denoted by ß. 

The decision making procedure is the following. Let p<, ,<a,...,<» |H( for» = 0,1 represent 
the joint probability density function of the observation Q up to £*, conditioned upon Hi, 
Let us calculate the log-likelihood ratio Л*, as 

A*-A(Ci,Ca,...,C0d=Inf2bí^^ÍLY (3.2) 

Let A and В be two properly chosen threshold values. Then in the kth stage Л* must be 
compared to \n(A) and ЩВ) and if 

Л* > ln(v4) then accept Hi and set Л* = 0. 
Л* < ln(2?) then accept Ho and set Л* = 0. 
ln(£) < Л* < ЩА) then take another sample. 

It can be shown that choosing the threshold values as 

A=l—£, and B=^— (3.3) 
a I - a 
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then the average sample number (ASN) necessary to make a decision, is minimal, compar
ing to any other hypothesis testing method [8,9]. 

As long as m is the mean value of a white, Gaussian process С € Я(т,о2), the 
log-likelihood ratio can be calculated recursively [8j: 

A*+, = A* + — - ^ * + i - —j- J• (3.4) 

Henceforth the notation (Wo, Wi; i?o, #i ,«, /?) refers to a classical binary SPRT proce
dure. 

Let us close this Subsection with a definition. In the following it will be useful to be 
restricted to the case when the error probabilities are equal, i.e. a = ß. 

Definition: 
The particular class of the binary SPRT problem (Wo,Wr,t?o»tfi,Q<»/') is called a 

symmetric binary SPRT if a = ß. It is denoted by (Wo, Wi;i?o, ,'i»a)' Therefore 

(Wo, W,;*o,*i,«) d= (Wo, Wi;*o, *! ,« ,«) 

The necessity of introducing the symmatric binary SPRT in order to get analytic 
solutions for the problems will be examined in the followings. 

3.2 The operating characteristic function 

After constructing the above algorithm it is reasonable to ask what happens if m 
equals neither to 00 nor i?j but m = 0. The variance a1 supposed to be unaltered. The 
answer is given with the aid of the operating characteristic (ОС) function L{d) which is 
the probability of accepting Wo provided m = г?: 

L(d) =' P(Wo|0). (3.5) 

Two values of £(i?) are known: 

I(tf0 * - a, 
L{Vx) = ß. (3.6) 

The general form [8] of L(d) reads as 

where h(ű) is defined via an integral equation: 
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and f(x{ő) is the conditional probability densities [8]. Having supposed that 

л t \2 
(3.9) 

a straightforward calculation leads to the following: 

Ä(tf) = A(tf;i?o,«?i)=l-2—-=L. 

И ^ _ ЛЛ*». then n(fl') = 0 and Eq.(3.7) reads as 

(3.10) 

(3.11) 

For illustration, three typical ОС functions of a symmetric binary SPRT problem are 
plotted in Figure 3.1. The i?o = 1.0 and űx = 10.0 values are not changed but the error 
probabilities were different. The <& values are measured along the x-axis. 

0РОМПКВ CHMMCTCRISTIC FUNCTIONS VERSUS THCTA 

1 

i 
a a» 

ТНЕТЛ <LIK> 

Figure S.l. Typical operating characteristic functions oftht 
symmetric binary SPRT problems 

In every case #o — 1.0 and t?i = 10.0 
a) a = 10- 3 , b) a = 1 0 - 2 and c) a = 5 x 10~3 
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3.3 The М-агу hypothesis testing problem 

So far we supposed that only two hypotheses Ho versus H\ about the actual value of 
the parameter m are possible. However, there could be more than two guesses about the 
value of m, namely {ű'0,0\,..., Ф'м } where M is finite. Let the Ho, Hi,..., Нм hypotheses 
represent the guesses {#{,,#',,... ,d'M }, respectively. This is the case of the so-called M-
ary hypothesis testing problem. Now we are not going to treat this problem, but cite the 
literature [9] for we do not intend to use it. 

There is a particular case when the set {'?ó,t?j,... ,ü'M } can be split into two subsets 
So and 5 j , where 

5o:=TO 
S, :={«?',,...Л), %<%<,...,<*„ (3.12) 

If #0 is not the minimal element but the maximal one, then mutiplication of each element 
by -1 yields the same results. 

The classification, given by Eq.(3.12) is not an unrealistic one. Let us recall Eq.(2.28), 
when the presence of a failure makes the mean value of the innovation shift away from 
zero. In this case ??,', = 0 means the zero mean or normal mode. The i?i , . . . , d'M values 
corresponds to the different mean values of the innovation of the off-normal mode, caused 
by different failure amplitudes aJr..., ащ. Therefore accepting m € So indicates that no 
failure occurred, while accepting the alternative hypothesis, i.e. m € S\ suggests that 
some failure happened. It is important to note that the amplitude of the failure is not 
intended to be estimated, only its classification is needed. 

3.4 The extended binary SPRT 

According to the previous Subsection, the following problem is to be investigated. Let 
us suppose that, m is the unknown mean value of a normal Gaussian process С, £ ЛГ(т,<г2). 
There are the following two hypotheses for m: 

К • m = tf'0, 
H\ : m e t - ДОЛ], where < > d0 (3.13) 

The construction of H\ hypothesis expresses the fact that the actual value of m is of no 
interest, unless is is equal to #{,; HQ hypotheses. If m is not smaller than IU'J , where i?j is 
strictly larger than i)'0, then H\ is accepted. In addition, m is supposed to be a random 
variable, with known probability distribution function ре{$)- The goal is the same as it is in 
the case of the classical binary SPRT problem: to develop an inference procedure which is 
able to choose from the two hypotheses, using the received signals {Ci > C2» • • •»Gfci • ••}• Let 
o' be the probability of accepting hypothesis H\ when m = i?{, while ß' is the probability 
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of accepting hypothesis ОД when m € €. The values of a' and ß' are previously fixed. The 
following theorem is valid: 

TheoTttn: 
Infinite symmetric binary SPRT methods (W0,Wi;/io,/*i>«) exist over the signals 

{Ci» Ca» • • • t C*i • • •} w ' t n t n e following properties. If the (Ho,Ki; /to, Mi > <*) decision making 
procedure chooses hypothesis Ho then m = t% is also accepted. If hypothesis Л\ is chosen 
then m € t accepted too. The probability of deciding m € € when m = i?0 is a'. The 
probability of deciding m = tf0 when m e £ is /У. The parameters /io»/*i and a are 
determined via а',/?',«?0,£ and pr(i?) but the solution is no чт'дке. The ASN function is 
independent of the particular choice of the parameters /i 0, /ii and a. 

Let us express the above matching by the following one-to-one relationship: 

rio < ""!> HQ 

H, <=» W, (3.14) 

A set of tmpiicti equations for the parameters fio»/M and о will be given, combined from 
a',ß\d'0,£ and pe{&). The solutions of the set of equations are the desired quantities 
Mo» Mi and a. Henceforth the prime ' used to indicate the case of hypotheses (%ó,ft'i). 

In fact, the error probabilities a' and ß' are, by definition, the followings: 

a' = P(H',|m = i?0) (3.15) 

and ß' is 

ß' = P(W0|m € £). (3.16) 

inserting Eq.(3.14) into Eq.(3.15) yields 

a '=P(t t , |m = i?0) = 
= 1-P(?<o|m = tf0). (3.17) 

After substituting the ОС function into Eq.(3.17), the expression for a' reads aj 

a' = 1 - i(i?„). (3.18) 

In order to make the whole calculation easier it is assumed that the parameter m has a 
uniform distribution over £, i.e. 

M^H^M- t f i r 1 - (ЗЛО) 

For shorthand notation let'us introduce the quantities 

а = \л{^—^) and а' = 1 п ( Ц ^ ) (3.20) 
x a ' a' 
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In the case of the symmetric problem (i.e. when о = ß). the ОС function takes the 
following from: 

Ш \ - ех Р(оЦ J)) - 1 

Using Eq3.(3.10), (3.17) and (3.21), a' reads as 

1 -ехр(-аЛ 0 ) 
а = ехр(аЛ0) — ехр(-аЛо) *•—»2Й5 

(3.22) 

It is assumed that h0 ф 0. Eq.(3.22) is a second order equation for ехр(аЛ0). Solving it, 
the roots are the followings: 

ехр(аЛо)= 
1 - а ' 

о' 
exp(aho) = 1. 

Inserting Eq.(3.20) into Eq.(3.23) yields the relation between // 0 and px. 

fii = - цо - 2ű0- . 
а' -а а — г. 

Taking advantages of Eqs.(3.20) and (3.23), a' takes the following form: 

/ io+i< j -2^0, * - 1 

о' = (ехр(а / < 0 + ^ -^) -ц) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 

Let us determine ß'. Following the previous line, ß' may be expressed as 

ff = P(H0\m € £) = L 

jL{ű)Pe(ű)M 

IPf(V)d# 
(3.27) 

Since p£(0) = \$'M - i?',] - 1 , the above integral reduces to the following form: 

'= n T 7 ^ J J L{ti)dd. (3.28) 

Using the explicit form of L{d) given by Eq.(3.21), a straightforward calculation leads to 
the final result: 

/? = 1 — l n ( -
*»Wf-*i) 1-е* 

«<-*ЙЗУ> 
*=«(l-2ji^) 

(3.29) 
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The symmetric binary SPRT can be uniquely determined via the following three param
eters: /to» Pi and °- Therefore there are two independent equations (3.26) and (3.29) for 
three variables, i.e. the problem is underdetermined. Unless an additional independent 
equation could be given, there is no unique solution. The only possibility would be to fix 
the average sample numbers. However, the following lemma is valid: 

Lemma: 
The ASN function is completely determined via (ű'0,£,a') and /?'. 

Proof: 
Can be seen in Appendix A. 

As a conclusion wc get that there is no unique, solution for the parameters /io,/*i,ar. 
Previously fixing the values of (#{,,£, a') and /?' and, for instance, the value of a, the roots 
of Eqs.(3.26) and (3.29) yields the following two parameters /i 0 and /i]. The Theorem is 
concluded. 

Let two comments stand here. 
Considering Eq.(3.24) it may be seen that c\p(ah0) = 1 is a false root. In fact, 

since а ф 0, ho must be equal to zero. However, we assumed that ho ф 0 thus it is a 
contradiction. 

If Л0 = 0 then Eq.(3.11) must be used for the ОС function instead of Eq.(3.7). In this 
case £(0) = \ and a' — * as well. It means that it is equally probable to accept hypothesis 
7i'0 as accepting hypothesis H\, thus one can not make a proper decision. This situation 
should rather be avoided. 

The second comment is a qualitative explanation of the Lemma. Leaving the detailed 
analysis for the Appendix, we wish to give a feeling why it is valid. Let us assume for a 
while that another parameter set (//J,//J, a*) could be chosen, which produced the same 
error probabilities a' and ß' but possessed a different ASN function. (It means that the 
values of the two ASN functions were not the same in the two cases.) However, both 
methods are optimal in the sense that the average sample number which is necessary for 
a decision (i.e. the ASN function) is minimal compared to any other methods. It is a 
contradiction unless the two ASN functions are identical. 

For the sake of illustration Figures 3.2 and 3.3 show the probabilities of decision errors 
in case of a = 0.005, a = /?,i?0 = M i = 2 and i?'M = 3. The values of a' and ß' are 
calculated for /i 0 € [—1;1.9] and m € [0;3.8]. 

Let us close the Section with the determination of the ASN functions. Per definition, 
the ASN function n(i?) gives the mean value of the sampling steps necessary to draw a 
decision if the parameter m takes the value of m = ű. When the probability density 
function has the form that of given by Eq.(3.9), the ASN function reads as [8]: 

Mt) - {&^fa7>('"W(>- m+цад). <• / ^ . , а д 
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Fig. S.2. Error probabilities a' 
a = 0.005,л = ß,&0 = 0,i?; = 2 and d'M = 3 

/ i 0 €[- l ;1 .9) ond/i, 6 |0;3.8] 

Probability of Typ» I I Error 
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Fig. S.S. Error probabilities ß' 
The parameters are the вате, as in Fig. S.2 
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For the symmetric problem n(d) simplifies to the following form: 

{ 2 « » ' ^ ^ ( 1 - 2 1 ^ ) ) , *ф*$*ч 

2 
(3.31) 

A w a g » SaapU Nuabar Function 

i «h*t«.0 

«h»t».l 

Fig. 8.4. The Average Sample Number function ASN-ff 
ß = ű'0. The other parameter is the same ая in Fig. S.2 

We determine the ASN function for the case when 1? = i)'0 (denoted by AS Nu') and when 
д € С (denoted by (ASN-H\))- Since ASNn-0 = « № , Eq.(331) can be used iirtetiy. 
However to determine ASNw, a similar route must be followed as in the calculation of ß': 

fn{Ű)pe(ű)dú 
(ASN„,) = £— . 

SM*) d* 
£ 

(3.32) 

Using Eqe.(3.19) and (3.21) in Eq.(3.32), the above integral takes the form 

' 41 - 0 0 

J «ziL^l*. 
«»-»Í!S?> 

x(ez - e~*) 
(3.33) 
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0.0 Л5 1.0 1.5 2.0 2.5 3.0 3.5 
«h«l»_l 

Fig. 3.5. The Average Sample Number function (ASNw) 
i? € £• The other parameter is the fame as in Fig. 3.2 

There is no closed form of the above integral so it must be evaluated numerically. For 
illustration, Figures 3.4 and 3.5 give the ASN-н' and {ASNw) functions respectively of 
the model which was used previously. The variance a1 was set to o2 = 10. 

The main reason to introduce the idea of the symmetric binary SPRT was only to 
make the analysis easier. Now it can be seen that this sort of simplification docs not cause 
any difficulty or drawback. In fact, every M-ary problem (with the given properties) can 
be treated via a proper symmetric binary SPRT. Let us suppose for the moment that a 
general binary SPRT (when а ф ß) is used as the equivalent method. Its four parameters 
/io,/ii,a and ß would also be underdetermincd thus ample possibilities woula be to choose 
a particular one. Among these possibilities are the cases of a = ß. In this sense the 
symmetric binary SPRT is equivalent to the general (non-symmetric) binary SPRT's. 

In the following Section a model system is presented in order to show how the method 
works. 

4. THE FEEDWATER SYSTEM 

Our aim is to apply the previously introduced method for the problem of leakage de
tection in the feedwater system (FS) of the secondary loop of the NPP. The FS provides 
the water-supply of the six steam generators (SG). There are two main lines (ML) con
nected into a colleetor (C), and six side lines (SL) between the collector and the SG's. We 
intend to recognize via performing fluid flow measurements if a small loss of water failure 
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Figure 4.1. The scheme of the feedwater system 

steam generator - SG; main line - ML; 
collector - C; side line - SL 

occurs in a given water line. The scheme of the FS is shown in Figure 4.1. 
In order to achive our aim, first a proper model of the FS must be developed, which 

is suitable for the dedicated Kaiman filters. One must have a discrete, linear stochastic 
model which remains observable without the suspected signal. 

In order to calculate the thermal power, the amount of the fluid flow (ff) in the SG's 
must be known. Six independent ff-measurements arc performed, one in every SL's. In 
addition, there are two independent ff-measurements in the ML's for reference. A so-called 
orifice plate (OP) is used to measure the fluid flow. Let G denote the mass flow in a tube. 
Henceforth the mass flow and the fluid flow are considered to be equivalent since one can 
be detennined from the other [10]. The subscript ML and/or SL indicates the type of 
the lines (mean or side line, respectively), while the superscript i stands for the position; 
* as 1,2 for the ML and i — 1,2,... ,6 for the SL (cf. Figure 4.1 for clarity). In order 'o 
recognize a small leakage in the FS we assume the followings: 

• There is water loss only in one tube. 
• There is no leakage in the collector, 
• Supposing a failure in the ML, the leakage must be after the OP. 
• Supposing a failure in the SL, the leakage must be before the OP. 

Without loss of generality we consider a leakage in the first side line. Henceforth the 
lines are assigned by the OP's, thus a failure is supposed in the Gy

SL water-line. The goal 
is to recognize such a failure. Therefore our task consists of two parts: 
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i) A model has to be developed which describes the FS to a certain degree. It means 
that the dynamic and measurement values must be defined. Afterwards the DKF has 
to be initialized in order to generate the innovation processes for failure detection. 

ii) The parameters of the modified binary SPRT have to be determined. It means that the 
error probabilities o ' and ß' must lx? prescribed and the parameters of the equivalent 
symmetric binary SPRT must lx» calculated. 

Since the second task is straightforward if the DKF is initialized (see Section 3), we 
mainly have to concentrate on the modelling of the FS. Constructing a DKF is also easy 
if the dynamic and observation modeis possess the necessary observability properties (see 
Section 2). Thus the task is to construct the discrete, linear, stochastic model of the FS 
which is observable without the (?$/, measurement value. For the detailed calculation sec 
Appendix B. Here we cite only the final formulae. 

Since the in-flow trough the two ML's sup]x>rts the whole FS, it is convenient to 
consider the G*ML values as the components of the stat? vector x(fc). 

x(k) _ (Gl

UL[k)\ (4.1) 

The measurement vector y(k) contains every signal. 

У(*) = 

/Gl

UL(k)\ 
1 &UL(k) \ 

Cs/.(*) 

\&st.{k)J 

(4.2) 

The steady-state in-flow into the collector is expressed via the following dynamic equation: 

x(fc + l) = Ix(fc)+w(Jt) (4.3) 

where I is the ( 2 x 2 ) identity matrix and w(A;) is the plant noise. 
The noise-corrupted observation process reads as 

y(*) = Hx(*) + v(*). (4.4) 

The constant measurement matrix H is constructed as 

H 

/ 1 0 \ 
0 1 
I/, f/, (4.5) 

20 



The weight factors »/,• are taken from geometrical considerations and/or experimental re
sults. The noise variance matrices Q and R are the fallowings: 

"(t ')• 
/0 
0 

R = 

0 
0 
0 

0 
0 

»•3 

\ o 0 0 

0 
0 

re/ 

(4.6) 

The values g« and r, are usually determined via experiments. 
The above construction of the dynamic and observation processes inherently guarantee 

the observability of the system even if some signab of the side lines are omitted. It can be 
proven by calculating the observability matrix O, or recognizing that the state variables are 
iirtctif/ measurable [see H in Eq.(4.5)], which fact immediately leads to the observability 
of the system. 

5. COMPUTER SIMULATION RESULTS 

In this Section we present some numerical results in order to show the capability of 
the method. The parameters of the dynamic and measurement models are taken from 
Ref.10. and are as follows: 

• » I , HT(*) ~ \o, 1, 
0.166, 0.164, 0.165, 0.166, 0.169, 0.168 
0.166, 0.164, 0.165, 0.166, 0.169, 0.168 ) 

and 

4 \ 0 23.1,/' R = 

/0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 

0 0 10.1 0 0 0 0 0 
0 0 0 10.2 0 0 0 0 
0 0 0 0 24.5 0 0 0 
0 0 0 0 0 15.8 0 0 
0 0 0 0 0 0 14.6 0 

Vo 0 0 0 0 0 0 11.7/ 

The nominal values of the fluid flow in the ten tubes are the fallowings: 
/1300.2\ 

1367.6 
439.3 

/ i _ / l 3 0 0 . 2 \ 
w~Vi3e7.e,r <У> = 

433.7 
437.1 
440.6 
448.8 

\ 446.1 

(5.1) 

(5.2) 

(5.3) 
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Our goal is to detect a small leakage in the first side line 5 ^ . The whole procedure 
consists of three parts. 

The first part is to simulate a small water loss in the GX

SL pipeline. In the simulation 
the parameters of normal operation conditions [given by Eqs.(5.1) and (5.2)] were used 
and the fluid flow values of G ^ were perturbed by adding a fault vector / | L starting from 
a given failure time T/ = 300. The amplitude flL was randomly selected with uniform 
distribution pe(ti) over the interval [2,4]. Comparing this value to th«* nominal one shows 
that such a leak means less than 1% loss. In addition, considering the variance of the 
innovation (see Eq.(5.4) below), indicates that it is a case of a soft failure. The traditional 
GLR methods can hardly solve such a failure detection problem. 

In the second part of the simulation a DKF was implemented. Following the concepts 
of filter dedication, the original Rn - 10.1 value is set to R33 = 1000. The variance of the 
innovation is determined via the algebraic Riccati equation (2.27). The solution is: 

V i 3 = 21.6 . (5.4) 

Finally in the third part the hypothesis testing procedure is performed. Since a leak 
means a fluid loss, the innovation signal must be multiplied by —1, in accordance with 
Eq.(3.12). Afterwards the error probabilities a' and ß' had to be fixed. They are set to 

a' = 1 0 - 3 and ß' = 5 x 10~3 (5.5) 

Using Eqs.(3.27), (3.30), (3.31) and (3.33) we determined the parameters (i90,«?i;o) the 
boundary 1п(Л) and the average sample number functions ASN^ and (ASN^). Table 
5.1 contains some illustrative values. After calculating the possible sets of the parameters, 
a particular triplet (i?0,i?,;o;) = (-1.0,3.79;7.1 x 1 0 - 6 ) was chosen from Table 5.1 for 
further application. 

№ tfo #i a HA) ASNK 
(ASN„,) 

# 1 -1.0 3.79 7.1 x 10"° 11.8 38.1 38.3 
# 2 -0.5 3.29 8.4 x 10~s 9.4 38.1 38.3 
# 3 0.0 2.79 1.0 x 10" 3 6.9 38.1 38.3 
# 4 0.1 2.69 1.6 x 10" 3 6.4 38.1 38.3 
# 5 1.0 1.79 1.2 x l 0 _ 1 1.9 38.1 38.3 

Table 5.1: The parameters (t?o,t?i,a) the boundary ln(-A) and the 
average sample number functions ASN<H>O and (ASN^). 

Performing the extended binary SPRT procedure with these parameters on the innovation 
process yields the result which is shown in Figure 5.1, Only the innovation $3 and the 
log-likelihood ratio Л* are plotted. Accepting 7i0 (i.e. crossing the decision boundary 
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TIC INNMMTION вГ THE ЛЮТ Я К LINE 

Figure 5.1. The innovation (3 (upper curve) and the 
log-likelihood ratio A* (lower curve) 

- In(i4)) means the no-failure mode while accepting Hi (i.e. crossing decision boundary 
ln(j4)) means the failure mode. 

The innovation does not give too much direct insight into the behaviour of the signal 
Gx

si, in accordance with the small signal-to-noise ratio. However, considering the log-
likelihood ratio At, two different parts of it can be distinguished. Roughly speaking the 
first part is before the time T/ and the second one is after the time 7/. The pattern 
of A* changes dramatically around T/ because the failure has been switched on. Figure 
5.2 shows the behb viour of the innovation (3 and the log-likelihood ratio A* around T/ 
(i.e. from к — 200 to к = 500). In accordance with the decision making prescriptions, 
every 'peak' of the log-likelihood ration indicates a decision. (See Subsection 3.1 for more 
details.) As long as Jfc < T/ the procedure choses Ho (i.e. no-failure mode), whiie when 
k> Tf the procedure choses H\ (i.e. failure mode). 

In order to get better insight into the general features of the procedure the whole 
calculation was repeated several times. In every simulation run a different failure time T/ 
was chosen and an other (#о,0],а) set was taken from Table 1. During the simulations 
the time of the first occurrence of detection hypothesis H\ was recorded. This time was 
denoted by T/. The average sample number functions for the randomly selected failure 
amplitude / , as well as for 1? = d'0 were calculated by Eq.(3.31). For comparison, the 
numerical values of ASN, denoted by overline, were determined as well. Since during the 
simulation the failure amplitude does have a concrete value / , we are able to determine 
the ASN function n(f) also from Eq.(3.31). It is denoted by ASNn\. Its numerical value 
is denoted by A$N-H>• The results are in Table 5.2. # i refers to the ith row in Table 5.1. 
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THE INMXMTION OF THE FIBST « K UNC 

SMVUNS TWC, к 
TIC L084IKCUHOOO ПАТТО 

| Д 1 J . . 1 l - r i r ^ > | l t - - l . . - . . - - - 1 | . . - > » - | i a . l T . ^ i a f . . - i . > ^ . 

-»• 

SAHPLINS TIME, к 

Figure 5.2. The same as in Figure 5.1 but around T/ = 300. 

№ / Tj Tf ASNK ASNK ASNn»t ASNn>t 

# 1 2.10 400 444 38.1 42.0 71.1 71.7 
# 2 3.40 600 631 38.1 52.4 26.6 26.9 
# 3 3.65 340 361 38.1 32.9 25.7 25.7 
# 4 3.35 180 199 38.1 31.4 26.8 26.9 
# 5 3.15 950 989 38.1 36.6 38.8 38.8 

Table 5.2: Results of five different simulation runs 

The conclusions are the following»: i) The method detects reliably even soft failures 
without applying rather complicated multiple hypotheses testing procedures, ii) All the. 
necessary parameters (i.e. probabilities of Type I and Type II errors, the decision bound
aries and the ASN function) can be calculated exactly, instead of performing numerical 
experiments previously, iii) The numerically determined values of the parameters are in 
fair agreement with the theoretical ones. 
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6. SUMMARY 

In this paper we suggested a sequential method for the problem of composite hypothe
ses testing, which does not need to perform a multiple hypotheses testing procedure. A 
restricted class of the classical binary SPRT methods is introduced, when the error prob
abilities a and ß are equal. It is called the symmetric binary SPRT problem. We have 
shown that a matching exists between a symmetric binary SPRT and a special ase of the 
M-ary SPRT. The method is applicable if the parameter set under investigation can be 
classified into two groups and we are not interested in the actual value of the parameter, 
only its classification is to be determined. Namely, when a symmetric binary SPRT decides 
hypothesis 7i? then in the actual composite problem hypothesis H'0 is accepted and when 
a symmetric binary SPRT decides hypothesis Ho then hypothesis Ц{, is accepted. We have 
shown how /.he proper quantities of the symmetric binary SPRT (i.e., i?o and i?i values, the 
decision boundaries A and B, and the average sample number function can be calculated) 
if the decision error probabilities o' and ß' of the composite problem have been previously 
fixed. 

We have shown that in such cases when a measurement failure can be modelled via 
an additive failure vector in the observation process then the innovation of the dedicated 
Kaiman filter holds all the necessary information to recognize such a failure. In addition, 
if the sign of the failure is fixed then the innovation process can be used directly in the 
extended binary SPRT method. 

The procedure was applie 1 to the task of detecting a small leak in the feedwater 
system of the NPP. The problem had been thoroughly investigated previously, because of 
its importance in power production. However, the earlier methods were rather complicated 
and/or generally could recognize only hard failures. We intended to avoid the unnecessary 
complications, but save the capability of recognizing soft failures. In order to achieve it the 
dedicated Kaiman filter (DKF) for the fcedwater system must be implemented. First the 
observable dynamic and measurement models of the system must be developed. Afterwards 
the innovation process is generated using the DKF. In the second step the innovation is 
treated by the extended binary SPRT method in order to recognize a possible (small) leak 
in the pipelines. 

The simulations have shown, that loss of water less than 1% can be reliably recognized. 
In addition, it was not necessary to make previous experiments to determine the neces
sary threshold values, since these values could be calculated theoretically. The numerical 
experiments confirmed the correctness of the theoretically determined parameters. 

The proposed method can be further extended. The probability density function 
рг(д) of the failure amplitude does not need to be uniform. Here it is supposed only for 
the sake of analytic solution. In case of real problems it is possible to consider other pc{&) 
distributions. 

Here the symmetric binary SPRT was used to substitute the M-ary SPRT methods. It 
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has been seen that there is a set of the equivalent solutions. It would deserve further inves
tigation to understand the possible hidden differences among these seemingly equivalent 
procedures. 
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APPENDIX 

Д. The Unique ASN Functions 

The lemma will be proved here only for the case of the symmetric binary SPRT 
problem. 

For simplicity we consider the classical binary SPRT problem, where the question is 
the following: do the parameters (i9 0,i? ba,/?) uniquely determine the ASN function or 
not. (The notation is the same as in Subsection 3.1). 

There is a sequence {(<} which is investigated by a sequential method. There are two 
hypotheses for the mean value д of it: 

H0: Ci = űo+Zi, 
HM <i = 0i+*«. (АЛ) 

where z € Л/"(0, ог). The parameters űo and t?j are constants and the error probabilities 
a and ß are given. This is a classical problem and the answer is given in Subsection 3.1. 
However, the following could be supposed. Instead of using the values t?o and &\ directly, 
choose two other values /J 0 and Ц\. Then the new alternatives are the followings: 

H\: 0 = / ' ! + * . - (ЛЛ) 

The error probabilities a* and ß* are given. The relation between the two methods is the 
following: 

Ho *=> H0 

Hx *=> Hl (A.Z) 
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and the constraints are 

a = P(W;|tf = tfo) and ß=P(K\d = dx). (АЛ) 

The reason to investigate hypotheses (WJ, H\) instead of hypotheses {HQ,H\ ) is to change 
(if it possible) the ASN function. We will show that it is not possible, the ASN function 
is independent of how parameters /*o and Hi are chosen if Eqs.(A.3) and (A.4) are hold. 

In fact, the average sample number n(i?) is the following [8): 

n ' W • Ьм-»хУ-»-») И ' - iL'm) + b ' L ' W ) iAi) 

if ű ф ^^T 9 . The proof is similar when tf = g ^ y a . The parameters are 

« • e b ( I z £ ) and 6- = 1 п ( ^ ) . (Л.6) 

The ОС function reads as 
e*** - 1 

(Л.7) 

The error probabilities may be expressed as 

o = l - L ' ( i M and /? = r0? , ) , (A.8) 

see Eq.(3.16). For the sake of simplicity we suppose that a* = ß* (he. the symmetric 
problem). In this case a* = -b*. Then a straightforward calculation yields 

/ , 0 = Í T b ( i ? o ( a * + b ) + < ? l ( ö ~ a * ) ) ' ( л - 9 ) 

/*i = ~ ^ ( < М Ь - а * ) + 0 , (а+а*)) , (Л.10) 

where 
« - b ( i ^ í ) and Ь - Ь ^ ) . M-H) 

From Eqs.(A.5) and (A.7) it is clear that the following combinations are necessary: Ц\ ±fio-
Using Eqs.(A.9) and (АЛО) yields: 

»i + f*o = ^ - j ( W o + otfi), (АЛ2) 
2a* 

/<i -/'o = ^ ( < ? i - < M - ( A « ) 
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After inserting Eqs.(A.U) and (A.12) into Eqs.(A.5) and (A.7) the function n(fl) reads as: 

"•W- ад - м У - У + к*-'•))(1 - 2 L ' m (AU) 

with the ОС function of 

***>-„••*-«-•* w h e r e e Ä = ä ^ ' ( л л 5 ) 

As a result, the ASN function n*(t?) does not depend on the parameters of po, /ii and a* 
but on/y on the parameter* of the i?0, i?i, a and /9. 

q.e.d 

Here we have proved that in the case of the symmetric binary SPRT problem the 
ASN function is uniquely determined by the parameters (d0,^i,afß). It has a serious 
consequence: there is a set of the parameters {(/io,/ii,a*)}, which provides the same 
results when investigates the signal £,. 

B. The Model of the Feedwater System 

Here the dynamic and observation models of the FS are developed. It is reasonable 
to assume that the state variables are the fluid-flow values in the two main lines. As long 
as the reactor is in normal operation conditions, the fluid flows are steady state. It means 
that the dynamic equation could take the following simple form 

x(* + l)=Ix(Jk), (ВЛ) 

where I is the identity matrix. However, from the point of view of the divergency problems 
of the Kaiman filters, it is necessary to assume the presence of some noise term in the 
dynamic model. The argumentation goes as follows. Without any dynamic noise [i.e. 
Q(Jfc) = 0 in the general form Eq.(2.1)J, the behaviour of the state vector is described 
by a deterministic equation. The state transition matrix Ф(к + l,k) and the input term 
B(fc)u(Jb) uniquely determine the evolution of the state vector x(k) from a known initial 
state x(0). Thus the measurement vectors y(l), у(2) , . . . , y(Л),... do not give any further 
information about the state of the system. As a consequence, it causes the loss of the 
possibility of correction. Therefore certain not too correct initial conditions could lead to 
a serious divergence problems when calculating the evolution of x(k). The whole problem 
could be handled supposing the presence of the dynamic noise w(k) in Eq.(B.l). For 
further information see Refs. 6 and 7, 

According to the above arguments, a noisy dynamic model is considered. Obviously, it 
is not only for avoiding divergence problems. It is impossible to maintain a strictly steady 
state water flow in the pipelines even in steady state operation conditions. There always 
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are small fluctuations. Therefore the following dynamic model is more realistic than the 
one in Eq.(B.l): 

x(*+l) = Ix(*) + w(*), * = ( G J ^ V (*2) 

In the second step the observation process must be developed. Let us introduce a 
vector ж containing the measured flow values in the aide line.: 

Ш « = : (Б.З) 

(The symbols G'ML's and (*SL'S have double roles here, namely to indicate the fluid-
flow values and to name the tubes, as well. Hopefully, it will not cause any confusion.) 

Let us assume for the moment that there is no measurement uncertainty. In this case 
the following mass-conservation law is valid. The superscript V indicates the noise-free 
(exact) values. 

2 e 
5>í (*+ *) = £>?(* +г<), (В А) 

where the time-constants T.'S could be determined (or rather guessed) by performing com
plicated hydrodynamic formalisms. However, in case of stationary streaming, Eq.(B.4) is 
reduced to 

i s ] 1=1 

As long as the reactor is in a steady-state operation, Eq.(B.5) is supposed to be valid. 
Swit .hing on the measurement noise, neither Eq.(B.4) nor Eq.(B.5) can be true anymore. 

i=\ i=l 

Now the superscript 'e' is omitted in order to show that we have returned to the noise-
corrupted observation processes. The relation between Xе(k) and x(k) as well as z'(fc) and 
*(Jt) is the following: 

x(Jb) = x e(it) + w*(Jt), 
z(k) = ze(k) + v'(k). (B.7) 

(The noise term w in the dynamic equation is not necessarily the same as it is in Eq.(BJ). 
This is why the superscript * is used.) 
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The uncertainty of the measurement noise can be decreased by performing time-
averaging, denoted by ()r- Then, instead of Eq.(B.5) we demand a weaker condition to 
be fulfilled, namely that the time-average of the noisy measurement signak satisfy the 
mass-conservation law: 

<2>.+о) ,=( j>+v: ) ) T . (B.8) 

Having supposed an ergodic system, the time-average can be substituted by an ansemble-
average denoted by (•). Then Eq.(B.8) reads as 

i=i i=i 

Using Eqs.(B.5 - 7) in Eq.(B.d) yields: 

« ( * ) ) = 0, V*,i 
«(*)) = 0, Vifc.t. (ВЛ0) 

If the noise terms are supposed to be independent white noises, then the Kaiman filter 
algorithm can be used without any problem. Only the task of constructing the observation 
model has remained. 

Then the conservation law gives 

Let щ is the fraction of the flow contributed by the ith SL to the main lines, i.e. 

i=l 
The weight factors Vi must be determined via geometric calculations and/or experiments. 
Taking the noises into account, Eq.(B.ll) reads as 

2 
Zi(k) = Vi 5 > ( J t ) + Vi(k). (ВЛ2) 

Here (v(Jfc)) в 0 too, but v(Jfe) ф v*(Jk) because of »Vs. Then the observation matrix H, 
reads as 

V1/6 ЩI 
(5.13) 
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The subscript я indicates that the measurement vector is supposed to be s. 

Now we have both the dynamic and observation models of the FS. However, keeping 
in mind that we are going to detect a small leakage in the first side line GX

SL via a DKF, 
the observability of the system without Gl

SL signal must be guaranteed. It is easy to see 
that if the measurement vector is vector s, then the system is observable if and only if 
every fluid flow value in the six side lines is known and used. To prove it let us construct 
the observability matrix O . defined by Eq.(2.17) and calculate its rank. 

О —iVl "2 '** "e Vl "2 *" v*} 
\Ul U2 •*• Vt V\ Vi ••• l / e y 

(B.14) 

Since rauk{0B} = 1, the system is not observable via measurement vector %. However 
all the measurement signals have not been utilized yet. Since there are signals from the 
main lines too, they must be incorporated into the new measurement vector у in order to 
improve the observability of the system: 

У(*) = 

/Gl

ML(k)\ 
G2

ML(k) 

< G%LW J 

(B.15) 

In accordance with Eqs.(B.12 - 15) the new measurement matrix H reads as 

H = 

/ 1 
0 1 

v\ (B.16) 

V Уь Щ I 

After determining the new observability matrix О with the above measurement matrix H, 
it is easy to sec that rank{0} = 2 thus the system is observable via measurement matrix 
H 
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