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On the Application of Design of Experiments
to Accelerated Life Testing

Summary

Today, there is an increasing demand for improved quality and reliability due to

increasing system complexity and increasing demands from customers. Continuous

improvement of quality is not only a means of competition but also a maner of staying in

the market. Accelerated life testing and statistical design of experiments are two needed

methods for improvement of quality. The combined use of them is very advantageous

and increases the test efficiency.

Accelerated life testing, described in Chapter 2, is a quick way to provide information on

the life distribution of materials and products. By subjecting the test units to conditions

more severe than those at normal usage, the test time can be highly reduced. Estimates of

life at normal stress levels are obtained by extrapolating the available information through

a reasonable acceleration model. Accelerated life testing has mostly been used to measure

reliability but it is high time to use it for improvement of quality.

Design of experiments, introduced in Chapter 3, serves to find out the effect of design

parameters and other interesting factors on performance measure and its variability. The

obtained information is essential for a continuous improvement of quality. As an

illustration, two sets of experiments are designed and performed at highly increased

stress levels. In Chapter 4, the results are analysed and discussed and a time saving

alternative is proposed.

In Chapter S, the combination of experimental design and accelerated life testing is

discussed and illustrated. The combined use of these methods can be argued for in two

different cases. One is for an exploratory improvement investigation and the other :s for

verification of reliability. In either case, the combined use is advantageous and improves

the testing efficiency.

Finally, in Chapter 6, some general conclusions are drawn to be used for planning and

performance of statistically designed accelerated life testing experiments. Also, some

further areas for research are proposed and discussed.
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Chapter 1. Introduction

The increasing competition on the business market puts new requirements
on the improvement of quality and reliability. Simultaneously, the
products and systems are becoming more complex and an increasing
number of components have become vital for the function of a product.
Therefore, severe reliability requirements are put on components and
parts of a system. For improving the quality and reliability of processes,
products and components, accelerated life testing and statistically designed
experiments are important.

To perform an experiment most efficiently, a scientific approach to
experiment planning must be employed. Statistical design of experiments
means that the experiment is planned to provide appropriate data,
collected and analysed by statistical methods. There are two related
aspects to any experimental problem: the design of the experiment and the
statistical analysis of data. The method of analysis depends directly on the
applied design.

The high reliability of products, which is still to be improved, requires
that the failure probability is extremely small. To perform life tests at
usage conditions for such products takes very long time, years or tens of
years. This is practically impossible. Subsequently, it is necessary to
accelerate the test. By increasing the level of one or several stress factors,
the process that generates failure, is accelerated and failure data can be
obtained during a reasonable test time.

Continuous improvement is not only a means of competition but also a
matter of survival on the business market. Traditional methods are to be
substituted by progressive methods. In this perspective, new requirements
are put on planning and use of accelerated life testing. Just measurement
of reliability is not satisfactory unless it is seen as a necessary source of
information in the improvement process.
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The effects of design parameters and other factors on reliability have to
be studied as an essential part of the continuous improvement process. It
is important to find out active factors as early as possible, preferably
early in the product development process. The traditional one-factor-at-a-
time-method is not recommendable. It has to be substituted by
experimental designed experiments because they provide the same
information in less time and lower cost. Moreover, this method provides
information about interaction between factors.

The set up of design parameters of a product or a process can be selected
within some limits. To find the optimum conditions, the effect of these
parameters and other interesting factors are to be investigated. Efficient
design of experiments provides as much information as possible with as
little cost as possible and is a needed part for a continuous improvement
of processes and products.

Design of experiments is not new but it has not been applied much in the
past. During 1980's, this method was spread and increasingly applied in
Japanese industries. In recent years, it has been gaining ground and is
increasingly used in American industries. Experimental designs were
already in the 1920s proposed and applied by Sir Ronald Fisher in
agricultural experiments. George E. P. Box has contributed to the area of
design of experiments since late 1940s. See for example Box et al (1978)
and Box and Draper (1987).

In all processes, there are variations affecting the final products. This is
often called random variation and it is always desirable to decrease it as
much as possible. This variation has many times well defined sources
which are unknown to us. With properly designed experiments, some
information can be obtained about the sources and causes of variation.
Thereafter, suitable changes can be considered to decrease the variation.

Dr Genichi Taguchi has a partly new quality philosophy and he has
introduced a new approach to deal with venation in performance. He
proposes that the products and processes are to be made robust against the
disturbances they might be subjected to in use. This must be considered
early in the development process when a product or process is to be
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designed. A variety of designed experiments are needed in order to obtain
the necessary information, see e.g. Taguchi (1986).

The major part of an experimental design is the selection of factors that
might affect the output. In order to find all possible factors and select the
most interesting ones, infonnation can be gathered through brain
storming, interviews, experience, etc. A useful tool is the cause-and-
consequence diagram displaying the relationship between a quality
characteristic and different sources that affect it. For illustration, the so
called 7M-diagram is shown in Figure 1.1.

Method | Machine | | Measurement |

zr -7
Milieu 1 Material

performance

Figure 1.1. The sources affecting performance of a product or process
shown by a cause-and-consequence diagram.

In addition to the cause-and-consequence diagram, there are a variety of
other tools that can be helpful in different stages of the improvement
process. See for example Kume (1985) where some of these tools are
described. See also Mizuno (1988) for a description of the 7 new quality
control tools and their application.

It is high time to apply progressive quality improvement methods instead
of traditional methods such as inspection or bum-in (which is applied to
get rid of early failures). It is unwise to manufacture defect products and
be satisfied to sort them out later on. It is better to design products and
processes satisfying the customer needs and expectations and which are
resistant to disturbing factors.
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A systematic technique to deploy customers and users needs and
expectations into product characteristics and into each sequence in a
production process is Quality Function Deployment (QFD). This
technique is described by for example Andersson (1991) In application
of QFD, designed experiments can be necessary in order to find out the
relationship between factors and product characteristics.

This relationship is also often needed for planning and development of
Statistical Process Control (SPC). Instead of ti.c costly and inefficient
trial-and-error-method, statistical design of experiments can be applied to
discover the desired relationship, see e.g. Wadsworth et al (1986) and
Bergman and Klefsjö (1991, b).

Continuous improvement of quality and reliability must be based on a
quality policy and a general philosophy for leading the improvement
process. It is the responsibility of the management and should permeate
the whole company. A very praised quality philosopher who has highly
influenced Japanese industry is Dr W. Edwards Deming. His fourteen
points for quality management are described in for example Deming
(1982). Another influential philosopher is Dr Joseph M. Juran, see e.g.
Juran (1988). See also Feigenbaum (1983) and Harrington (1987).

The proper use of advanced and efficient methods, such as design of
experiments and accelerated life testing, is important in a continuous
improvement process. The test efficiency is highly improved when these
two methods are combined. This is discussed and illustrated in Chapter 5
of this thesis. The combined use of statistical design of experiments and
accelerated life testing is applicable in two different cases. One is in an
exploratory reliability improvement investigation. The other case is for
verification of reliability via accelerated life testing.

In this thesis, accelerated life testing and statistical design of experiments
are introduced in Chapter 2 and 3, respectively. Fractional factorial
design is illustrated in Chapter 4 where the effects of some selected
factors on expected life of light bulbs and its variability are studied. An
alternative approach for time saving is also proposed and illustrated.
Finally, in Chapter 6, some general conclusions are drawn and some areas
for further research are proposed.
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In this chapter, accelerated life testing and its application are introduced.
Accelerated life testing is a quick way to provide information that can be
used to improve the reliability. Here, some basic statistical concepts and
life distributions are introduced. The acceleration function is described
and some acceleration models and methods for statistical data analysis are
discussed. Different aspects of accelerated life testing is discussed by for
example Nelson (1990). The Bayesian approach for statistical analysis of
the data is described by Viertl (1988).

2.1. Introduction

Accelerated life testing is a quick way to obtain information about the life
distribution of a material, component or product. The items are subjected
to conditions that are more aevere than the normal ones, which yields
shorter life but, hopefully, does not change the failure mechanisms. Some
assumptions are needed in order to reiate the life at high stress levels to
life at normal stress levels in use. Based on these assumptions, the life
distribution under normal stress levels can be estimated. Such way of
testing reduces both time and cost.

For certain products, it is possible to accelerate the test by increasing the
frequency of use. For example, for a toaster or a dish washer, which is
normally used once a day, we might shorten the calendar life time by a
factor of 24 by running it once an hour. However, it may still take a long
time. Moreover, this kind of acceleration is not applicable for a product
in constant use.

Accelerated life testing has mostly been used to estimate or measure
reliability. However, the increasing demand for improved quality and
reliability puts new requirements on planning and use. Accelerated testing
should be used to ident' weak points in a design and to provide
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information about the effect of different factors on reliability. This type
of information can be used to improve the reliability, see for example
Andersson (1991).

The life time of a device can be described by its cumulative distribution
function. Based on the existing knowledge about the behaviour of a
product, a suitable distribution function can be selected. When failure
data exist at design stress, which means normal operating conditions, the
parameters of the distribution can be estimated. Then the reliability
estimates of the product such as mean, median, or any other percentile
can easily be calculated. When failure data on critical components are
missing, we have to conduct special life tests to provide such data.

With increasing demand on highly reliable products and components, it is
often impossible to test and provide failure data at design stress, because
it takes too long time and costs too much money. It is therefore necessary
to accelerate the process leading to the failure of the product in order to
obtain some failure data during a limited period of time. This
information is necessary for the development process.

Accelerated life testing is achieved by testing the items under more severe
stresses than caused by normal use. Typical stresses are temperature,
pressure, voltage, vibration, humidity, load, etc. By increasing the level
of one stress or a combination of several stresses, the life time of the
tested items will shorten and failure data will be obtained during a
reasonable period of time. Statistical analysis of these data will lead to the
estimation of life distribution at normal operating conditions.

The price we pay for not testing at normal stress levels is the need for
modelling the life dependence on stress levels. This is called acceleration
modelling and will be discussed later in this chapter. Based on the
assumption that the relationship between life and stress can be modelled,
there is always an uncertainty about the accuracy of the model and the
risk for faulty decisions due to deviations from this model.

A central problem in applying an accelerated life test, is how to avoid that
the failure mode distribution at the accelerated stress changes in relation
to the design stress. If the stress is too severe, the result of the test might
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be unusable. New failure modes, which do not occur at normal stress
levels, can appear at high levels. For example, if we accelerate the test of
a toaster by heating it up every five minutes (without letting it cool down
first), its life will be affected in a way that probably would not have
happened at normal use conditions.

The basic concept of acceleration is to make things happen faster. It is
said that there is true acceleration when at the accelerated stress every
sequence in the chemical or physical process causing failure will occur
exactly as at the lower stress, but just faster. That is, only the time scale
measuring the duration of the process will change. In other words, the
true acceleration is just a transformation of the time scale, see Tobias and
Trindade (1986). A general survey is given in Bergman and Hakim
(1992).

2.2. Application Area

Accelerated life testing is applied in different areas and serves various
purposes, for example:

- To improve reliability
- To develop the relationship between reliability and operating

conditions
- To identiiy design failures and manufacturing defects in order to

eliminate or reduce them
- To identify dominating failure causes
- To compare different designs, components, etc., in order to identify

the best one
- To study the result of design and manufacturing changes
- To evaluate alternative manufacturing processes
- To predict reliability
- To test materials
- To verify that product reliability surpasses customer specification
- To measure reliability and to estimate warranty and service costs by

giving information about the life time distribution
- To determine burn-in time and conditions in order to eliminate early

failures
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Accelerated life testing may have one or several of these purposes. The
increasing demand for reliability improvement puts new requirements on
planning and use of accelerated life testing experiments. It is important to
use the obtained information to develop the design and improve the
reliability, see Bergman and Hakim (1991).

2.3. Types of Stress Loading

There are two common accelerated life test procedures: the loading of
constant stress and the loading of step stress. Even progressive stress test
and cyclic stress test can be used. In many cases, as in the discussion
below, it is assumed that there is only one stress component, such as
temperature or voltage. However, it can be generalized to a combination
of several stresses, treated as a stress vector.

Constant stress is the most common type of stress loading. Every item
is tested under a constant level of the stress, which is higher than normal
level. In this kind of testing, we may have several stress levels, which are
applied for different groups of the tested items. This means that every
item is subjected to only one stress level until the item fails or the test is
stopped for other reasons.

To perform the test under constant stress has some advantages. It is rather
simple to keep the level of the stress constant and the accelerated models
are better developed and more easily empirically verified for this
method. Besides, there are more developed and advanced methods for
analysis of this kind of data. This type of accelerated life tests has been
widely used and treated in the literature.

The main disadvantage of a constant stress test is the difficulty to choose
the level of applied stress. If the stress level of the test is not high enough,
many of the tested items will not fail during the available time and one
has to be prepared to handle a lot of censured data. To avoid this
problem, step-stress testing can be applied.

8
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Step-stress testing is another kind of accelerated testing in which the
tested items are subjected to successively higher levels of stress at pre-
assigned test times. All items are first subjected to a specified constant
stress for a specified period of time. Items that do not fail will be
subjected to a higher level of stress for another specified time. The level
of stress is increased step by step until all items have failed or the test
stops for other reasons.

The main advantage of the step-stress loading is that, because of the
increasing level of the stress, it quickly yields failures while its main
disadvantage is the difficulty to model the acceleration. The model has to
consider the cumulative effect of exposure at successive stress levels. This
makes the model more complex and uncertain than the one for a constant
stress test.

Progressive-stress testing is quite like the step stress testing with the
difference thac the stress level increases continuously. This will ensure
that failure data will be provided quickly and no items can survive the
test. However, it can be difficult to control the progressiveness of the
stress loading and to model its effect. For application of this method, see
for example Nilsson (1985).

Cyclic stress testing is sometimes used but it is naturally limited to
cases where the product is subjected to this kind of stress in normal se
conditions.

Constant stress loading is generally recommended before step-stress or
progressive-stress tests. It is the most common type of stress loading. It is
simple and it is an experienced method with a great theoretical and
practical knowledge about how to plan, apply, and analyse such a test. See
for example Nelson (1990).

2.4. Some Basic Statistical Concepts

Here, some basic statistical concepts for life distributions are defined. The
cumulative distribution function, density function, reliability function and
hazard function are essential in the field of reliability. See for example
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Blom (1980, 1984a) or Sellers and Vardeman (1982) for a general
review of elementary statistics. These concepts are also discussed in
Grimmett and Stirzaker (1982) and Papoulis (1984).

In the following, we let T be a random variable which denotes the time to
failure.

The cumulative distribution function of T, which is denoted by
F(t), is defined as the population fraction that has already failed by age /.
In other words, it is the probability of failure by age /, i.e., F(t)=P(t<t).
Some of the distributions that are used frequently are shortly presented in
the following section.

Assuming that F(t) is a continuous and increasing function of t, the
derivative of F(t) will then exist. This derivative is defined as the density
function of the random variable T, i.e., we have the following
relationship:

f[t) = dF\t)ldt

The function f(t) must be non-negative and its area must be equal to 1.

The reliability function for a life distribution, which is shown by R(t)
or F(t), is defined as the population fraction that has survived age t. It is
also the probability that the random variable r will get a value which is
bigger than the time t, i.e., R(t)=P(r>t). The reliability function, R(t), is
related to F(t) and f(t) as follows:

R(t) = 1 - F(t)

R(t) = I fix) dx

-I z(x
JO

R(t) = exp

Above z(t) is the hazard rate, which is one of the most important concepts
in the field of reliability technology. In the equations above, we notice

10
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how the four functions: F(t), R(t),f(t) and z(t) are related to each other.
If one of them is known, the other three can also be considered as known.

The hazard rate or hazard function, z(t), is defined as:

= f(0 I [1 • F(t)] = f(t)/R(t)

The hazard function is the instantaneous failure rate at time t in the sense
that :

P(T < t + At I T > t) = z(t) At for small At

This means that based on the condition that an item has survived age /, the
probability that it will fail in the following At units of time can be given
by z(t) times At.

- » • t

Figure 2.1. A bathtub curve illustrates the shape of the hazard rate as a
function of the age of a product. Many products have this
kind of hazard function, decreasing in the early life and
increasing in the later life.

The shape of the hazard rate as a function of age t is obviously different
for different types of products. However, it can often be considered
having a bathtub shape and can be divided in three different parts as it is
illustrated in Figure 2.1.

During the first period of the product's life, the hazard rate seems to be
decreasing (because of manufacturing and initial failures). Then, it tends
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to be rather constant (random failures are the dominating cause of failure
in this period). In the last period, the hazard rate increases rapidly and
the failures are mainly due to the wear-out of the product.

2.5. Some Common Life Distributions

Products, fabricated at the same time and under the same conditions, do
not have exactly the same performance, size, life time and quality. There
is usually a certain variation in their shapes and behaviours. This kind of
variability can decrease but cannot disappear. This variation can be
explained by a statistical model or distribution.

It is usually assumed that the life distribution function belongs to some
parametric classes of distributions. We introduce briefly some different
classes of distributions that are commonly used in reliability estimations.
Some application areas for each distribution are also mentioned cf.
Nelson (1990).

Exponential distribution has the following reliability function :

R(t)= exp(-kt) , for t > 0

When the reliability function has such a form, the life is said to be
exponentially distributed with the parameter X. The characteristic of this
distribution is that its hazard rate, which is the parameter A, is a constant
and does not depend on the time t. This makes this distribution easy to
work with and this is one of the reasons behind its popularity. The
exponential distribution is often used to describe the life of electronic
systems and of insulating oils and fluids (dielectrics) and certain materials
and products.

Weibull distribution has the following reliability function:

R(t)= exp[-(t/a)p], for t>0

The common form of the Weibull distribution has two parameters, the
scale parameter a and the shape parameter /3. The parameter a is also

12
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called the characteristic life and is always the 63.2:th percentile. The
parameter j3 can have different values and determines the shape of the
distribution.

For P=l, the hazard rate will be constant and the Weibull distribution
turns to the exponential one. For fl>l, the hazard rate will be an
increasing function of / while for /?</, it will be a decreasing function of
/. This is illustrated in Figure 2.2 where the hazard function of Weibull
and some other distributions are shown.

The flexibility of shape makes Weibull distribution suitable for many
products. This distribution is used to describe the life of roller bearings,
electronic components, ceramics, capacitors, dielectrics and product
properties such as strength, elongation, resistance, etc., in accelerated
tests. The Weibull distribution may also be a good model for products
that are thought to consist of many parts with the same life distribution
and where the product fails as soon as one part fails. For example, the life
of a cable or capacitor is determined by the shortest lived portion of its
dielectric.

Normal distribution has the following density function:

The life time is said to belong to a normal distribution with the
parameters \i and a if its density is given as above. The parameter (x is the
population mean and may take any value, while the parameter a is the
population standard deviation and therefore has to be pf sitive. The
density function of this distribution is symmetric about the mean fi. The
range of / for this distribution is unlimited from both sides. However, the
life time is always positive, so the area below r=0 has to be negligible in
order to describe a product life.

The hazard rate for a normal distribution is an increasing function of the
time t, so this distribution might be a good choice for describing the life
of products with wear-out failures. This distribution is a good model to

13
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describe the life of incandescent lamp filaments, electrical insulations and
some product properties.

z(t)

-*. t

l / a

Exponential distribution
a 2a 3a 4a

Weibult distribution

z(t)

2»

I/O

- 2a • 2o

z(t)
J

= (X3

Normal distribution Lognormal distribution

Figure 2.2. The hazard rate as a function of age t is shown for some
important life distributions.

Lognormal distribution has the following density function:

otfbt
fOrt>0

The parameters of lognormal distribution are p and <ras is the case for
normal distribution. The name of this distribution shows how it is related
to the normal one. The parameters of this distribution are actually the

14
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mean and the standard deviation of the normal distribution. By taking the
natural logarithm of a life time that has this distribution, we can go over
to the normal distribution.

In other words, when the stochastic variable r is lognormally distributed,
In of T will be normally distributed. After this transformation, the
methods for analysing data from normal distribution can also be applied
for lognormal data.

The hazard rate for lognormal distribution has different shapes depending
on the value of a. However, it is always zero at time zero, then it
increases to a maximum before it finally goes back to zero with
increasing t, see Figure 2.2. This distribution is used to model life time
for metal fatigue, electrical insulation, semi conductors, diodes, etc. It has
also been used successfully for modelling repair times.

We can also mention some other important life time distributions such as
the extreme value distribution that is related to the Weibull distribution
and is used to describe electrical strength of materials and certain types of
life data. The Bimbaum-Saunders distribution is used to describe metal
fatigue. The gamma and the generalized gamma distribution are two
other useful distributions.

2.6. Acceleration Function

In a typical model for accelerated life testing, there is a life distribution
and a life-stress relationship. For each stress level, the scatter in life is
described by a statistical distribution. This distribution, which is selected
out of engineering knowledge and existing experience, usually belongs to
the same class of distributions for all stress levels. The acceleration
function shows the time relations in these distributions. This is illustrated
in Figure 2.3.

In this section, the acceleration function is discussed. Some important
acceleration models, which are the commonly used form of acceleration
function, are discussed in the following section. A failure is usually the
result of some gradual physical or chemical changes in a product. An

15
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acceleration model is based on how the speed of these changes is affected
by the level of the operating stress. Different acceleration models and
inference from accelerated life tests are discussed by for example
Bhattacharyya (1987) and Padgett (1984).

In accelerated life testing, we usually study just one failure mechanism.
Different failure mechanisms may follow different life distributions, as
well as they may have different acceleration models. It is assumed here
that the experiments are carefully designed to provide failure data coming
from the same failure mechanism. Otherwise, the data from other failure
mechanisms have to be treated as censored data.

In an accelerated life test, a product is sometimes subjected to several
stresses simultaneously such as temperature, vibration, humidity or
others. Every stress will have a pre-determined level. These stresses can
be described by a stress vector with several components. In the discussion
below, we assume that there is just one stress component and it is denoted
by S. However, the principles are the same for the case where a stress
vector is applied.

Let us assume that we have two different stress levels S/ and 52 where S2
is more severe than 5; and the life distributions at these two levels are
F(t/Sj) and F(tlS2), respectively. The relationship between these two
distributions can be described by an acceleration function a(t; S], S2),
where the time r may have any positive value.

u S 2 ) \ S i ) , t > 0

Here, it is assumed that S2>Si and this implies that a(t; Si, S2)>t. This is

also illustrated in Figure 2.3.

In almost all applications, a commonly used and in many cases understood
assumption is that the acceleration function is a linear function of t, that
is:
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Here, it is seen that a(Sj, S2K which is called the acceleration factor or
acceleration constant, is independent of t. There is linear acceleration
when every time of failure and every distribution percentile from one
stress level is multiplied by the same constant in order to obtain the

, results at another level.

probability
density

stress

S,

tune

to 'i a(to;Si,S2) a(ti;Si,S2)

Figure 23. Illustration of acceleration function a(t; Sj, S2).

When the stress levels Sj and S2 are known, the related acceleration
factor between the two distributions can also be calculated. Then the
distribution function at the lower stress level Si, which can be the design
stress, can be estimated from the one at the accelerated stress S2 using the
following relationship:

F(/I5i) = F\ 1 /IS2K r > 0

Under the linearity assumption, for different stress levels, the life
distribution will change only as a scale transformation of t and it will
maintain its form. When F(t/S]) belongs to a certain class of life
distributions, so does also F(t/S2)- Thus, knowing a scale parameter, such
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as mean or median, for the life distributions at two stresses allows us to
calculate the acceleration factor between the two stresses.
However, this linearity assumption is not always true. At a higher stress
level, the failure mechanisms might change and this may change the shape
of the life distribution. This is illustrated by Barlow et al (1988) in their
accelerated life testing of Kevlar spherical pressure vessel. The life
distribution seems to become increasingly DFR as the stress level
increases. Here, DFR stands for Decreasing Failure Rate. For more
discussion, see Xie, Zhao and Hakim (1990).

In the next section, we will introduce some common forms of the linear
acceleration function. These acceleration models express the time to
failure as an exact function of the operating stresses. They are used very
often in accelerated life testing in order to express the life-stress
relationship.

2.7. Some Common Acceleration Models

The life at each stress level is described by a statistical distribution. An
acceleration model can then be looked upon as an equation that expresses
the scale parameter or any percentile of the life distribution as a function
of the applied stresses. Here, we introduce the Arrhenius, the Power Law,
and the Eyring model that are the most important parametric models. The
application areas of these models are also shortly discussed, cf. Nelson
(1990).

The Arrhenius model is an empirical model that is based on the
Arrhenius law for chemical reaction rates. Arrhenius observed that the
chemical reactions depend on the degree of absolute temperature. When
the temperature increases, the atom movements will increase and this will
speed up the processes that cause the failure. The physical basis for the
Arrhenius model is discussed in e.g. Klinger (1991).

The Arrhenius model expresses the nominal life, T, as a function of the
applied temperature,

T' = A exp(B I T)
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Here A and B are constants that depend mainly on the product failure
mechanism and test conditions while T is the absolute Kelvin temperature.
The nominal life may be the mean, median or any other percentile of the
life distribution.

The active stress in this model is the applied temperature. The Arrhenius
acceleration factor between life ry'at the lower temperature T] and life
X2 at the higher temperature T2 is a(Ti, T2) and given by:

The Arrhenius life-temperature relationship is applied successfully in
many cases. It is widely used for testing electronic components and
materials or products that fail as a result of degradation caused by
chemical reactions or metal diffusion. Applications also include solid state
and semiconductor devices, battery cells, lubricants and greases, fatigue
cracks, plastics and incandescent lamp filaments.

The power law model is another commonly used model in accelerated
life testing. It expresses the nominal life, T', as a function of the
accelerating stress:

r = C VD

Here C and D are constants that depend on the product and test method
while V is the applied stress. An equivalent form to write this model is
the following where Vo is a specified (standard) level of stress:

T ' = C ' ( V o / V ) D

The power law model is applied in accelerated testing of a number of
components. Some examples are: electrical insulations and dielectrics in
voltage - endurance tests, ball and roller bearings, incandescent lamps,
flash lamps and simple metal fatigue due to mechanical loading.

The Eyring model is derived from the principles of quantum
mechanics and is presented originally as a reaction rate equation for
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chemical degradation by Glasstone, Laidler, and Eyring (1941). This
model, as the previous one, expresses the nominal life, x, as a function of
the applied temperature:

Here A and B are constants that depend on the product and test methods
while T is the absolute Kelvin temperature. The Eyring model is rather
close to the Arrhenius model and for most applications, both of them fit
the data well.

The generalized Eyring model is used when also stresses other than
temperature are involved. This model expresses the nominal life, x, as a
function of the absolute temperature T and a second stress V as follows:

T = 4 . exp(B I T) exf{V (C + (D/ T))]

Here A, B, C and D are all constants that can be estimated. This model
can be extended to contain more than two stresses by adding more
exponential terms, like the second term above, with new constants.

The generalized Eyring model has been applied for accelerated testing of
for example capacitors, with voltage as the second stress; failures caused
by electro-migration, with current density as the second stress; epoxy
packaging for electronics, with relative humidity as the second stress; and
rupture of solids, with tensile stress as the second stress.

2.8. Statistical Data Analysis

A typical model for accelerated life testing consists of two parts. First, a
class of life time distribution, which describes how the life of the tested
items is distributed at each stress level. Secondly, an acceleration model
that describes how the life time is related to the stress level. The choice of
model usually depends on engineering knowledge, failure mechanism and
experience.
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Different acceleration models and life distributions can be combined to
build up a suitable model for analysing the data from accelerated life
testing. Arrhenius-exponential or power-Weibull are examples of such
models. Each model requires some assumptions.

In a power-Weibull model, for example, the life of a product is described
using a Weibull distribution whose characteristic life a is a function of
stress V. This model is based on the following assumptions:

1. At stress level V, the product's life is Weibull distributed.

2. The Weibull shape parameter /3 is a constant and does not depend on V.

3. The Weibull characteristic life a is an inverse power function of V,
i.e., a(V)=(eYo)/VYi. Here YD and yi are constants that depend on the

product and test method. The parameter a(V) plots as a straight
line versus V on log-log paper.

With enough life data at two stress levels, the constants can be estimated.
Then, the life at any stress level can be predicted. If the power-Weibull
model is valid, at stress level V, the cumuL .ve distribution function is as
follows:

F{t; V) = 1 - exp{- [t I a{vf\ = 1 - exp{- [t«-» Vnf)

In order to estimate the model parameters, both graphical and analytical
methods can be used. In the next section, graphical methods for data
analysis are discussed followed by some analytic methods.

2.8.1. Graphical Methods

Graphical data analysis can help us to visualize the data and check the
fitness of the model for both the underlying life distribution and the
acceleration model. There is a variety of probability papers such as
Weibull probability paper and normal probability paper. If we plot the
data in such a paper, the fitness of the data to that distribution can be seen
directly and the parameters can easily be estimated. For details and

21



Chapter 2. Accelerated Ltfe Testing

discussions, see for example Bergman and Klefsjö (1991, a) and Carter
(1986).

The scales of the axes of a probability paper are arranged so that if the
data comes from that distribution, the plotted data tend to follow a
straight line. The slope of this line, in most distribution papers,
corresponds to the shape parameter of the distribution and this is
commonly assumed to be the same at all stress levels. Therefore, the lines
corresponding to the data from different stress levels are expected to be
parallel.

There are similar papers for different acceleration models. These papers
are based on the same principle as distribution papers. In such a paper,
for example an Arrhenius paper, the acceleration function is transformed
so that a straight line can be passed through the same percentile for the
distributions at different stress levels. A straight line may be drawn for
each specific percentile and the lines for different percentiles are expected
to be parallel.
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Figure 2.4. In an Arrhenius paper, the underlying life distributions at
various temperature levels are shown. If the model
assumptions are valid, a straight line can pass through the
same percentile for these distributions. The lines for different
percentiles are expected to be parallel.
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In Figure 2.4, an Arrhenius paper is illustrated where the horizontal axis
is the log life and the vertical axis is the temperature. The temperature
axis has a linear scale in inverse absolute temperature as it is seen in the
right side. However, its transformation to Centigrades (left side) is
nonlinear. On Arrhenius papers, the Arrhenius life-temperature
relationship, T-Aexp(BlT), plots as a straight line. The value of A
determines the intercept of the line and the value of B its slope.

By use of graphical methods, the results can be presented and
communicated easily, outliers can be detected and model adequacy can be
evaluated. In most cases, it is best to combine graphical methods with
analytical ones because each one gives some information that is not easily
provided by the other one.

2.8.2. Least Squares Methods

Least squares analysis is an analytic method that can be used for analysing
complete data in accelerated life testing. Least square methods are quite
well known and relatively simple. They provide estimates and confidence
limits for model parameters, percentiles, and other quantities of interest.
Least squares analyses of data involve some assumptions about the model
such as normality and linearity. The accuracy of estimates and confidence
limits depend on how well these assumptions hold.

The computations for least squares analyses can be done by a variety of
computer programs available. In most of these programs, the product life
is assumed to have normal or lognormal distribution and the life-stress
relationship is linear or log-linear. For complete data and a lognormal
life distribution, least squares estimates are the same as maximum
likelihood estimates.

These programs can be modified to fit a model with a Weibull
distribution or exponential distribution. However, then, the resulted
estimates are not as accurate as those from maximum likelihood fitting.
The least squares calculations are rather simple while maximum
likelihood calculations are more complex and require a sophisticated
computer program.
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Many accelerated tests are run until all tested items fail and complete data
are achieved. However, such a test method is usually not efficient. Time
and money can be saved by stopping the test before all items have failed.
Then, the maximum likelihood methods can be used for analysing the
obtained censored data. For application of analytical methods, see for
example Draper and Smith (1981).

2.8.3. Maximum Likelihood Methods

Maximum likelihood methods are very important and basic for analysis
of accelerated test data. They are widely used for various types of data,
various types of stress loading and different models. These methods are
used to provide estimates and confidence intervals for model parameters
and other interesting quantities. There are a variety of computer packages
for application of maximum likelihood methods.

The principle of maximum likelihood methods can be described as
follows. Given a certain model and its parameters, the likelihood function
is the probability (density) of the sample data, seen as a function of the
model parameters. The maximum likelihood estimates of the model
parameters are obtained by maximizing the logarithm of the likelihood.
Thus, the estimates are the values that maximize the probability of the
sample data. See Viertl (1988) where application of maximum likelihood
and least square methods are discussed for different acceleration models.

Maximum likelihood methods apply to complete data and different kinds
of censored data. Estimates from censored data are less accurate than
those from complete data, on condition that the model and data are valid.
However, this has to be weighted against the reduced test time and
expense. The optimum censored test plans are discussed in Nelson (1990).

Analytic methods, such as least square and maximum likelihood methods,
are objective. If two people use the same analytic method on a certain set
of data, they will get exactly the same result, but with graphical methods,
two people may draw different conclusions from the same set of data.
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A disadvantage of analytic methods is that they do not easily reveal
certain information in data, such as the existence of outliers and
deviations from the assumed model. Moreover, graphical analyses are
easy to do by hand while the computations for analytic methods are often
too laborious. However, they are easy to apply in practice by using
special available computer programs.

2.9. Bayesian Approach for Analysing the Data

Bayesian approach for data analysis is based on the idea that all unknown
quantities are modelled as stochastic quantities and the uncertainty about
these quantities are described by probability distributions. In accelerated
life testing, the underlying life distribution is described using one or
more unknown parameters. From the Bayesian point of view, such a
parameter is regarded as a stochastic quantity. Therefore, it has to be
described by a probability distribution called an a priori distribution.

This a priori distribution expresses the existing knowledge and
uncertainty about the parameter before performing the test and observing
the data. After test, the achieved data contain some new information about
the parameter. The information in the data is used through Bayes'
theorem to obtain the a posteriori distribution describing the new
uncertainty about the parameter. This distribution is usually narrower
than the a priori one, thereby reflecting the added information from the
data.

Let T indicate the life of a tested item with the density function f(t/6)
depending on the parameter 0. This unknown parameter 6 is described
using a stochastic quantity 8 and the uncertainty about it is expressed by
an a priori distribution n{6). After performing the test, the information
in the data D is used through Bayes' theorem to obtain n(6/D) which is
the a posteriori distribution of 6. This can be written as follows:

\D)n{6)dd
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Here, 1(6; D) is the likelihood function to the model f(T/0) and the
integral in the denominator is to be taken over the parameter space, i.e.,
the set of all possible values of the parameter 0.

For reliability analysis, the predictive density of life time after
observation of the data is given by:

f{t\D) = \f{x\9)K{6\D)d6= \f{T\9)m

The integral is to be taken over the parameter space. The predictive
reliability function of life time for future observation is as follows:

R[t\D) = f(z\D)di

Interval estimates of parameter 9, at any confidence level 7-a, can be
obtained from a Bayesian point of view by the a posteriori distribution of
0. It is called the highest a posteriori density regions (HPD-region), see
Viertl (1987).

For a Bayesian analysis of the data, the so called natural conjugate
families of the a priori distributions are used. For Bayesian inference in
accelerated life testing, see for example Viertl (1988) and Mazzuchi and
Singpurwalla (1988).

Kalman filter techniques can be used as a Bayesian approach in
accelerated life testing. In order to illustrate the principle of this method,
we can look at a simple form of it. In its simplest form, a Kalman Filter
model relates an observed value Yt at time / (with t=J, 2, ...) to an
unknown quantity 6t through the equation:

Y, = Fte,+ r,

Here, Ft is a known quantity and the observation error rt is assumed to be
normally distributed with known parameters. The unknown quantity 9t
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that describes the "state of nature" is related to its previous value 6[-i
through the following relationship:

0t = G, 0,., + w,

Here, this equation describes the change in the state of nature. Gt is a
known quantity and wt is assumed to be normally distributed with known
parameters. Given the observations Yj, Yi, ... Yt, the Kalman Filter
algorithm enables us to obtain the posterior distribution of 6t in a
recursive manner through application of the Bayes' theorem.

In accelerated life testing, the prediction of the life time distribution
under design stress is the objective while some observations at higher
stresses are being made. Thus, the ordered values of the stresses, from
high to low, can substitute the ordered values of time and the inference
about the life behaviour at low stress can be viewed as inference about the
state of nature at a future time. For understanding the Kalman Filter and
its approach to accelerated life testing, see for example Meinhold and
Singpurwalla (1984, 1987).

2.10. Accelerated Degradation Testing

Accelerated degradation testing is a method by which failure and life
distribution of a product can be predicted before any tested item has
failed. This method can be applied for products whose performance
degradation over time can be measured. This method is applied in
different areas such as test of properties of metals, plastics, food and
drugs.

In accelerated degradation testing, instead of life, product performance is
observed and measured as it degrades over time. A model for
performance degradation is fitted to this data and used to predict
performance of the product and its failure time. Failure is assumed to
occur when the performance of the item degrades below a specified
value.
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Accelerated degradation tests require a suitable model for extrapolation
of performance degradation to estimate the time when performance
reaches the failure level. Therefore, a definition of failure in terms of
performance level is necessary.

The simplest degradation relationship for typical performance y(t), or its
transformed value, is a simple linear function of the product age t:

y(t)= a-fit

The intercept coefficient a is the performance at age zero while the
degradation rate fi is assumed to be constant over time. If the product can
be considered to fail when the performance measure y(t) degrades to a
value y , the failure time in terms of the performance level is defined as
follows:

The degradation rate /3 depends on the accelerating stress. An acceleration
model can be selected to represent this dependency. In many engineering
works, only a relationship between performance, age and the accelerating
stress is used. Such a relationship describes only the "typical"
performance. At any population age, performance has a distribution. The
statistical distribution of performance around the typical value can be
described by a statistical model.

Accelerated degradation testing has some advantages over accelerated life
testing. The test becomes more accelerated because the obtained data can
be analysed earlier and the information about the product's behaviour and
life distribution can be available before any tested item has failed.
Moreover, this method can yield better insight into the degradation
process and its improvement. For a general theory and some applications,
see Lydersen (1988) and Onsoyen (1990).
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2.11. Test Plans

In practice, one must choose a test plan before performing the test and
analysing the obtained data. Here, three kinds of plans for performing an
accelerated life test will be shortly discussed, i.e., traditional, optimum
and compromise test plans. In these plans, the test is assumed to continue
until all items fail. However, in many cases, it is better to stop the test
before that stage in order to shorten the test time and reduce the expense.

Traditional or standard test plans consist of an equal number of items
tested at each stress level and with equally spaced stress levels. These
plans are commonly used but they are not very efficient. Optimum and
compromise plans are to prefer because they yield more accurate
estimates of the life distribution at the design stress level.

Optimum plans are test plans that minimize the variance of the estimated
median life, or another selected percentile, at a specified stress that is
usually the design stress. In these plans, it is assumed that the acceleration
model is linear. Therefore, two stress levels are sufficient. These levels
are the minimum and maximum level in the allowed test range in which
the model is thought to hold. In optimum plans, more items are assigned
to be tested at the lower level.

Compromise test plans consist of three or four test levels where more
items are assigned to be tested at the highest and lowest possible levels of
the acceptable range. Some items are also tested in the middle of this
range. By doing so, the linearity of the acceleration model can be checked
while this is not possible in the optimum test plans. Methods for obtaining
best optimum or compromise test plans are discussed in Nelson (1990).

To perform the test in order to obtain the data during the available time
depends mainly on the lowest selected stress level. Many times, it might
be preferable to use censored data instead of waiting for all items to fail
and analysing the complete data. When the test is censored, some accuracy
might be lost but it has to be weighted against the shortened test time and
reduced expense.
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In some situations, it is worth to consider artificial censoring. Then the
life time for later failures can be ignored and treated as if the test was
censored at some earlier time. This can be applied, for example, when
only the lower tail of the distribution is of interest and the assumed life
distribution fits adequately in that part while it does not fit the upper tail.

In cases where the lower tail is what we are interested in, the test can be
stopped when sufficient data for the interesting lower tail are obtained.
The right tail is not necessary and can make the model adjustment more
difficult. For a general discussion about how to plan an accelerated life
test, see Meeker and Hahn (1985) where some practical guide lines are
also offered.

2.12. Some References for Further Studies

Accelerated Testing (Statistical Models, Test Plans, and Data Analyses),
written by Nelson (1990), is a rather complete book where different
aspects of accelerated life testing are treated. This book does not require
much engineering or statistical background, where the theory is explained
and illustrated by practical examples.

For an introduction to accelerated life testing, its theory and modelling,
see Tobias and Trindade (1986). See also Lydersen (1986) where a
general view of accelerated life testing is introduced as well as an
interesting model for degradation of performance. Lydersen and Rausand
(1985) includes a general scheme for accelerated life testing

Statistical data analysis is treated in many books. In Blom (1984, b), some
frequently used methods are explained. Lawless (1982) describes
different statistical models and methods for lifetime data. He treats both
parametric and nonparametric models. A variety of models, usable in
engineering, are described by Hahn and Shapiro (1967). For regression
analysis and its applications, see e.g. Wetherill (1986) or Sen and
Srivastava (1990).

Viertl (1988) describes accelerated life testing and various statistical
methods for analysing the data from a Bayesian point of view. It is a

30



Chapter 2. Accelerated Ufc Taring

theoretical and advanced book where a great deal of references are given
for further studies. It is very helpful as a reference book. A variety of
interesting papers, where different subjects in accelerated life testing are
discussed from a Bayesian point of view, are gathered in a book edited by
Clarotti and Lindley (1988).
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In this chapter, statistical design of life testing experiments especially
complete and fractional factorial designs are introduced. How to design
an experiment and how to estimate the effect of selected variables on the
response variable are described. Moreover, the evaluation of obtained
results are discussed. Application of factorial designs, illustrated by an
example, is also discussed in different sections of this chapter, but its
application to accelerated life testing is postponed to the following
chapters.

3.1. Introduction

Factorial design is a very efficient and simple way to design an
experiment. By using such a design, the effect of some selected variables
or factors on performance of a certain material, product or process can
be studied simultaneously. The effect of each factor and their interactions
on the performance measure and its variation can be estimated.

Factorial design is used to identify what factors have a real influence on
the response and what setting of tne factors provides the optimum
conditions. Values of the response for a given setting of factors can also
be predicted. Design of experiments in life testing is first proposed and
discussed by Zelen (1959). For a vast discussion about design of
experiments, see for example Box, Hunter, and Hunter (1978).

Factorial designs, properly planned and performed, give information
with maximum precision about the effect of some selected factors on the
response variable which is a measure of product or process behaviours.
To optimize this performance measure is usually the objective of the
experiment. Factorial designs are also increasingly used for studying how
the selected factors affect the variation in performance measure. It is
always desirable to minimize this variability, see Taguchi (1986).
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An application of factorial designs is robust design methodology. The
objective of a robust design is to minimize or eliminate the effect of noise
factors on the performance measure. For this application of factorial
designs, we refer to Lochner & Matar (1990) and Bergman (1991).
Robust design methodology is an excellent way to improve reliability.
Another application of factorial designs is in response surface
methodology that is briefly discussed in a later section.

In a factorial design, each variable may have two, three or several levels.
The factors and their levels are determined on the existing experience,
knowledge, and the objectives of the experiment. Here, and in the
following, the discussion will be limited to the case where each factor has
only two levels. This is the most common case, especially in the beginning
of a development process when a large number of factors are to be
explored in relatively few runs. The principles for the general case are
the same as for the case with two levels.

If there are k variables, the complete design will be called a 2* factorial
design and requires 2k runs. For example, a complete factorial design
with 3 variables, each one with 2 levels, requires 23 runs. With eight
runs, the effect of all three variables can be estimated with a fairly good
precision. Moreover, we can also get information about how the effect of
one factor is affected by the level of other factors, so called interaction
effects.

In the traditional one-factor-at-a-time method, experimental factors are
varied one at a time while the other factors are kept constant. In such a
method, each factor is assumed to contribute to the performance measure,
independently of the other factors. However, in reality, the factors may
interact. This interaction between factors is ignored and can not be
measured when the one-factor-at-a-time method is applied.

Moreover, in comparison to factorial designs, many more runs are
required for the same precision in estimation of effects. In the example
above with three variables, the traditional one-factor-at-a-time method
requires at least sixteen runs instead of the proposed eight. Factorial
designs are by far to prefer because they require less time, cost less
money and provide more information.
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3.2. Design of Experiments and Estimation of
Effects

As illustration, we can look at a 23 factorial design. The three main
factors can be called A, B, C For each factor, two levels are selected
which are symbolized by - and +. Which level is associated with plus or
minus is unimportant as long as it is consistent. The number of all
possible combinations of factor levels is eight and these are shown in the
standard form in Table 3.1. This display of levels for all runs is called a
design matrix.

The numbers 1 to 8 under the table's first column do not consider the
order of runs, but a standard way of writing the order of factor
combinations. Run 1, for example, is the experimental run where the
levels of all three factors are -. The levels for each one of the interactions
AB, AC, BC, and ABC are determined by multiplication of the signs of
involved variables. The eight runs are to be performed randomly in
order to avoid the influence of disturbing factors.

run A B C AB AC BC ABC response y«

1 . . . + + + . yi

2 + . . . . + + y2

3 . + . . + . + yi
4 + + . + - - - y4

5 . . + + . . + y5

6 + - + - + - - yö
7 . + + - - + . y7

TaWe 5.7. 77ie /eve/ of each factor in each run is displayed in a design
matrix. The result of run number i, shown by yi, is also seen
here.

In order to estimate the effect of each variable, we look at Table 3.1. For
example, a comparison between the conditions of run 1 and run 2 shows
that the only observed change among the main factors is the level of
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factor A. Therefore, the difference between the response values of these
two runs, i.e. y2-yi, expresses the effect of factor A going from minus
level to plus one.

This effect is also measured by the following three differences: y4-y3,
y6-ys, and finally ys-y7- The average of these four differences is an
estimation of the average effect of factor A over all possible combinations
of the other variables. It is called the main effect of factor A and is
here denoted by EA-

= ]r[ - yi + yi - yi + y* - ys + ye - yi + ys ]
4

The last expression above is also achieved by multiplying the A sign-
column with the response-column, summing up the remaining values and
dividing it by half of the number of runs, four in this case. Estimation of
the effects of other factors and interactions is similar.

Two-factor Interaction can be defined as follows. Two factors are
said to interact when the level of either one has importance for the effect
of the other one. For the two factors A and B in the example above, this
interaction is measured by the difference between the average effect of A
when B is + and its average when B is -. Half of this difference is defined
as interaction effect between factors A and B. This interaction effect is
shown here by EAB-

= j[ + y\ -y2 - y3 + y4 + ys - y6• yi + ys]
4

The interaction between A and B can also be measured by estimating the
effect of B when the level of A changes. We just change the place of A
and B in the discussion above. However, a faster way to estimate this
interaction effect is to multiply the sign-column AB with the response-
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column yi, adding the values of the achieved column and dividing it by
four. This will give the second expression above.

Higher-order interaction is defined and estimated in a similar way as
for the two-factor interaction. For example, the effect of interaction
between A, B, and C, that is EABC> is defined as half the difference of
interaction effect between A and B when C is first + and then -. This can
be estimated by multiplying column ABC and column yi, summing up the
obtained values and dividing the sum by four. Higher-order interaction
effects are usually low and negligible.

3.3. An Example of a 23 Factorial Design

In order to study the effect of some factors on the expected life of light
bulbs, a life testing experiment is designed. Three factors, each on two
levels, are selected. These factors are: applied Voltage (11 and 10.5
volts), Light bulb type (small and big), and mechanical Shocks (with and
without). These factors are shown, in turn, by V, L, and S. For these
factors, we let the first mentioned level be the minus level and the other
one the plus level. The life time is measured in minutes.

For a 23 factorial design, as it is shown in Table 3.1, eight combinations
of factor levels are possible. In run number one, all three factors have
minus levels. This means that the applied voltage is 11 volts, the tested
light bulbs are small and they are subjected to mechanical shocks in
determined periods of time.

The number of tested items at each run is 16 and the test continues until
all items fail. This means that 16 life observations are obtained for each
combination of factor levels. All eight runs are performed simultaneously
and the results, the average lives of tested light bulbs, are calculated and
shown in corners of a cube in Figure 3.1. These averages are treated as
obtained response values for run 1 to 8. This example is a simplified
version of a fractional factorial design that will be discussed in Chapter 4.
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Figure 3.1. After performing the test, the obtained response values for
each run may be shown in corners of a cube. Just by looking
at the cube, before any calculation, the active factors and
interactions can be identified.

It can be mentioned that the data obtained in this experiment indicate that
a logarithmic transformation of data has to be considered which is not
done here. Transformation of data is discussed in a forthcoming section.

In the previous section, it was discussed how the effects could be
estimated. For example, the effect of voltage is estimated as follows:

Ev = M - 1 5 2 + 202 -66 +123 -223 + 435 -117 + 182] = 96
4

The effect of other factors and interactions between them are estimated
similarly and show to be as follows: EL=-131, ES=103.5, EVL=-35,

Eys=42.5, Eis=-48.5, and EVLS=-38.5. The three estimated main effects
are two or three times bigger than the interaction effects and seem to be
dominating. However, these magnitudes need to be compared to the
variance of these effects in order to judge whether they are significant or
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not. Estimation of variance of effects and interpretation of results will be
discussed in the following sections.

a) factor V b) factor S c) factor L

d) interaction VS e) interaction VL f) interaction LS

Figure 3.2. For all main factors and interactions, the average difference
between the four values on the positive side (the checked
pattern) and those on the negative side (the striped pattern) is
equal to the estimated effect of that factor or interaction. The
results of all eight runs are used for estimating the effect of
any of the main factors and also interactions between them.

The results of all eight runs are used for estimating the effect of any of
the three factors V, L, and S. Moreover, interaction effects are also
estimated using the same data. This is illustrated in Figure 3.2 and
explains why factorial design is much superior to the one-factor-at-a-time
method.
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3.4. To Estimate the Variance of Effects

In order to interpret the meaning and accuracy of estimated effects, the
variance of these estimates are needed. The variance of effects can be
estimated by replicates when available. However, it is also possible to
estimate it by using the estimated effects of higher-order interactions. A
good complement or alternative to these methods is the plotting of effects
on normal probability paper in order to visualize the estimated effects
and distinguish those that cannot be explained by random fluctuations.

Use of replicates for estimating variance requires genuine runs. This
means that the factor levels for all replicates must be exactly the same.
Moreover, regarding other circumstances, the variation between
replicates should reflect the total variation that affects all other runs. This
is usually achieved by randomizing the run order, including all replicates.

When the runs are genuinely replicated, the variance for the response
variable at each combination of factor levels can easily be estimated as
follows:

Here, m is the number of replicates at run number i and y is the average
result of these replicates. Then, by weighting together the estimated
standard deviations of all runs, the pooled estimate of variances, s2, can
be calculated. If the amount of replicates is the same for all combinations
of factor levels, this pooled estimate is the average of obtained variances.
The variance of each estimated effect can be estimated as follows:

Var(effect) = $- • s2

N

Here, N is the total number of runs, including replicates.

Example: In the light bulb-example, at each combination of factor levels
16 light bulbs were tested. By viewing them as genuinely replicated runs,
the variance at each combination of factor levels, sp- for i=J to 8, is easily
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estimated. The pooled variance, s2 shows to be 9340. Therefore, the
variance of effects is:

Var(effect) = —4— • 9340 « 292
16 • 8

Having this estimate for the variance of effects, we can interpret the
estimated effects more accurately and judge their significance. This is
done in the next section.

Lacking replicates, the above formula for estimating the variance of
effects can still be used, but then a good estimate of s2 is needed.
Sometimes, by "knowing" the distribution of what we are measuring, a
good estimate of variance is easily obtained. For example, the variance
for binomial distribution is np(l-p) and its highest value is n/4 which is
obtained for p=H2.

By using higher-order interactions, the variance of effects can be
estimated with certain assumptions. The higher-order interactions are
usually negligible and hence it is reasonable to assume that the estimated
values for their effects are due to experimental error. Therefore, these
estimated effects can be viewed as a good reference set for judging the
accuracy of other estimated effects.

By viewing the estimated effects of higher-order interactions caused by
random error, the underlying variance for remaining effects can be
estimated. The degrees of freedom for this estimated variance is the
number of involved higher order interactions. This method is explained
and applied in Box et al (1978).

Plotting the estimated effects on normal probability paper can
also be used for evaluating the significance of effects. Moreover, it
visualizes the estimated effects and shows how they are distributed.
Normal probability paper is obtained by adjusting the vertical scale so
that the cumulative distribution of normal distribution is transformed to a
straight line. The standard deviation of the distribution can also easily be
estimated, if not already known.
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Suppose that change of factor levels had no real effect on the result of
different runs. Then, the obtained responses could be viewed as random
variations about a fixed mean. Considering how the main effects and
interactions are calculated, based on the Central Limit Theorem, the
estimated effects would then be roughly normally distributed with the
mean zero. Therefore, by plotting these estimates on a normal probability
paper, a straight line can be expected to fit all of them. This is the case if
none of the factors or interactions have real effect on the result.

In order to plot the estimated effects on a normal probability paper, they
have to be ranked in order of magnitude. We show these ranked estimates
by Ej, with j=J to n, where n is the total number of estimated effects.
Thereafter, each Ej is to be plotted against 100(j-0.5)/n. An alternative is
to plot against mean rank, ]00j/(n+l).

After plotting the data on a normal probability paper, for drawing the
line, more attention has to be paid to the effects with values close to zero.
The points with very large or very small £/-values are to be ignored for
drawing the line. If there are no active factors, this line is expected to go
through the point (0, 50) and represent the cumulative distribution
function of the corresponding normal distribution. See Sandvik Wiklund
(1992) where this method is discussed.

The standard deviation of this distribution, which is the slope of the line,
is the expected variation that can be caused by probability paper. The
points which are far from this straight line can hardly be explained by
random variations; they most likely represent the effects of active factors.

Example: For the light bulb-example, the estimated effects of the factors
and interactions between them, are plotted on a normal probability paper
and displayed in Figure 3.3. The horizontal axis shows the magnitude of
estimated effects while the vertical axis shows the standard deviation of a
standardized normal distribution.
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Figure 33. Estimated effects from light bulb-example are plotted on a
normal probability paper. Standard deviation of each effect
is already estimated to be about 17.

The variation between estimated effects is big and based on only seven
plotted points, it is difficult to draw the distribution line and estimate the
standard deviation for evaluating the effects. However, the standard
deviation of effects is already estimated for this example and is about 17.
This is the slope of the distribution line that is drawn through the plotted
points. It is seen that some of the estimated effects deviate significantly
from the line.

3.5. Interpretation of Results

When the effects and their standard deviation are estimated, the absolute
value of effects is to be compared to the standard deviation. It is common
to consider an effect significant if the absolute value of the ratio between
the estimated effect and its standard deviation exceeds 3. The possibility
that this will happen by chance is very small.

When the estimated effect of interaction between two variables shows to
be significant, those variables cannot be interpreted individually because
every one of them shows an effect on the response that depends on the
level of the other variable. The effect of interacting variables should be
interpreted together.
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Example: In order to interpret the obtained results of the light bulb-
example, we need to compare the estimated effects with their standard
deviation which is about 17. Considering the magnitudes of estimated
effects, the three main effects are quite higher than the other ones. The
absolute values of these effects are more than three times bigger than
their estimated standard deviation. Therefore, all three main effects are
considered significant while the interaction effects are not. See also
Figure 3.4.

Ev

\S
-150 -100 -SO 0 50 100 150

Figure 3.4. The estimated effects from tight-bulb example are plotted and
seen together with their corresponding reference distribution.
Estimates that cannot be covered by the reference distribution
are considered significant.

If the variation between estimated effects were caused by probability
paper and were due to random variation, the estimated effects could be
covered by a normal distribution with the mean zero and the standard
deviation 17. This is the so called reference distribution and estimates
that deviate from it are significant.

When the interaction between two factors is significant, the effect of
involving factors must be interpreted together. The interaction effect
between light bulb type and mechanical shocks, ELS, does not seem to be
exactly significant. However, it is quite large and we can let it (at least for
illustration purposes) affect the interpretation of the results.

To do this, we look at the cube of Figure 3.1 and flatten it out into the
square shown in Figure 3.5 by eliminating the dimension of factor V.
This is achieved by writing the average of every two results where V has
different levels but the levels of L and S are unchanged.
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Figure 3.5. The effect of interacting variables has to be interpreted
together. Here, it is illustrated how the interacting factors,
light bulb type and mechanical shocks (L and S), affect the
response.

In Figure 3.S, it is seen that the expected life is strongly affected by
factor L, light bulb type. The expected life seems to be much greater for
small light bulbs (- level) than it is for large ones (+ level). However, this
effect depends on the level of factor S, mechanical shocks.

The effect of factor L is quite larger when S has a positive level, i.e.
when no mechanical shocks are applied. Then, the expected life changes
from 329 to 149.5 which means a decrease by 179.5 minutes. However, it
goes from 177 to 94.5 when S is at the lower level, i.e. a decrease by 82.5
minutes. This difference shows the existing interaction between factors L
and S. Half of this difference [l/2(82.5-179.5)=-48.5] is the estimated
effect of their interaction.

A model can be set up in order to explain how the response variable is
affected by the change in level of active factors. This model is mainly
valid and can predict the response value around the limited area where
factor levels have been studied. It can also be used in design of the next
experiment for further improvement of the response result.

After performing the experiments and analysing the result, the significant
and more important factors and interactions can be distinguished. The
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model is supposed to contain these factors and the total average of the
results of all runs. Other factors are assumed not to affect the response.

How to set up such a model is applied in the following for the light bulb-
example. Using this model, die result of any factor combinations can be
predicted and compared to the real obtained values. A good model is
supposed to contain the active factors and predict the results with a good
accuracy.

If the model is good enough, the residuals, which are the differences
between predicted and obtained values, are expected to be small and
approximately normally distributed with the mean zero. This can be
controlled by plotting the residuals on a normal probability paper. The
residuals can also be plotted against predicted values for response. By
doing so, the existing trends and patterns can be visualized.

The residuals can also be plotted in a variety of other ways in order to
give different kinds of information. For example, to see the effect of time
on the result of runs, the residuals can be plotted against time in the order
that their corresponding runs have been performed. An observed pattern
indicates the effect of time on response and the correlation between
residuals.

Example: In the light bulb-example, the three main effects were
significant: Ev=96, EL=-131, and Es=103.5. A model can be based on
these three factors. To control how well such a model explains the
obtained life data at each run, the residuals can be studied in different
ways. One is to plot them against the predicted values.

The levels of the three active factors in each run are shown by Xv, XL,
and Xs in the following model. They get the value -1 for those runs
where that factor level is minus and +1 when its level is plus.

The magnitudes of estimated effects are divided by two because a change
of factor level from -1 to +1 equals two units. The value 187.S is the
grand average of all obtained life data for different combinations of
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factor levels. The level of each factor in each run is seen in the design
matrix of Table 3.1. At run number 1, for example, all three active
factors have - levels, hence its predicted response by the above model is:

y= = 153.25

At each run, 16 replicates are available and subtraction between them and
the predicted value for that run gives 16 residuals. Regarding run number
1, the highest obtained life time is 310 and the lowest one is 39.
Therefore, after rounding off, the highest residual for this run is 157 and
the lowest one is -114. See Figure 3.6, where all residuals are plotted.

residuals

-300
100 200 300 400

Figure 3.6. Plotting of residuals indicates how the selected model explains
the obtained values for response variable. The residuals here
are from the light bulb-example.

In Figure 3.6, the 16 residuals of run 1 to 8 are plotted against the
predicted values. The number of each run is also displayed in the figure.
It is obvious that the obtained data for run number 3 are not well
explained by our model. The predicted value for this run is very low so
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that all residuals show to be positive. However, residuals of all runs are
expected to be normally distributed with the mean zero, if the selected
model explains the data well.

The plotted residuals indicate that the variation among residuals is highly
dependent on the magnitude of predicted value (or obtained life average).
This dependency can be eliminated by a logarithmic transformation of
data, which is discussed at the end of this chapter.

3.6. Fractional Factorial Design

The number of runs in a factorial design can be reduced with little loss of
information if we observe only a fraction of the complete design.
Fractional factorial designs are often preferable to complete ones,
especially in the beginning of a development process when the effects of a
large number of factors are to be investigated. The price we pay for
performing a fractional design, instead of a complete one, is that each
main effect is confounded with one or several interaction effects. That is,
the effects are not separable from one another.

The amount of possible combinations of factor levels increases rapidly
when the number of variables grows. For example, a complete factorial
design with four variables requires 24, that is 16 runs and it doubles for
every additional factor. With 16 runs, the 4 main effects of a 24 design
can be estimated in addition to all possible interactions between 2,3 and 4
factors. But all these effects are not equally interesting.

Main effects, when they exist, have usually the largest magnitudes. They
are followed by, in turn, two-factor interactions, three-factor
interactions, etc. In practice, some of the main factors and most of the
two-factor and three-factor interactions have often no considerable effect
on the response. Moreover, the higher-o.der interactions are in most
cases quite negligible.

Usually, a few factors and possibly their interactions have the greatest
effects on the response. For this reason, fractional factorial design,
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properly designed and applied, can reduce the number of runs with no
serious loss of information.

i

Figure 3.7. Illustration of a 24'1 fractional factorial design. The number
of required runs can be reduced to the half by considering
only the dashed part of the level combinations for the studied
factors. If one of the factors can be ignored, this fractional
design can turn to a complete one for the remaining factors.

The study of the effects of four factors A, B, C, and D can be performed
by a half-fraction of a complete design, i.e by a 24"1 factorial design. In
comparison to a complete design, the information we loose in this case is
that the main effects will be confounded with the effect of three-factor
interactions. Moreover, the effects of two-factor interactions will be
inseparable from each other. In Figure 3.7, all possible combinations of
factor levels for a complete 24 design are illustrated. The dashed part
illustrates the proposed 24 '1 fractional design.

After analysing the results, if it is found necessary, the design can be
completed by adding the remaining 8 runs. The above mentioned
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confounded effects can then become separated. However, if the effect of
one factor can be ignored (for not showing any considerable effect on the
response, after the first analysis), the 2 4 1 fractional design can be viewed
as a complete factorial design for the other three factors and the results
can be re-analysed and re-interpreted.

In cases where all interactions can be ignored, the effect of up to seven
factors can be estimated by performance of only 8 runs in a 27*4 design.
Such a design is a 1/16 fraction of a complete V factorial design.
Application of fractional factorial design is illustrated in Chapter 4. How
plan and analyse a factorial design is described and discussed in e.g. Box
et al (1978) and Bergman (1991).

3.7. How to Plan the Next Experiment

Instead of performing a complete factorial design, it is often better to
start by performing a fraction of it. After this first set of runs and
analysis of results, some useful information can be obtained based on
which the further investigation can be planned. If needed, another
fraction can be added to this design in order to distinguish some of the
confounding effects. Although, it is sometimes better to go forward with
a completely new design.

The second design can be more complete and may contain new levels and
new variables. To distinguish the factors with little or no effect on the
result is also of interest. With this information, the cheapest level can be
chosen without undesirable consequences. The information and
indications from each design can be confirmed and the ambiguities can be
resolved by studying the results of the subsequent designs.

Response surface methodology is based on a group of statistical
methods for empirical model building and model exploitation. It is used
to find out how a certain response is related to, or affected by, a number
of selected variables. The level of each of these variables can vary within
a certain region of interest.
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To find the optimum setting of the factors for maximizing the response is
often the objective of an experiment, which usually requires successive
designs where the levels of factors are changed from one design to
another. The analysis of the results of each experiment and estimation of
effects are used for planning the next experiment. The improvement
process continues until the best possible setting of factors is obtained.

Depending on the studied variables and how the response surface looks, it
is sometimes better to use three-level factorial designs or add some points
to the two-level factorial designs. How to plan each design and the whole
process which leads to discovery of the best possible response, is the
subject of response surface methodology. The theory and practice of this
methodology is explained by, for example, Box and Draper (1987).

3.8. The Study of Effects on Variability

For all processes, there is a certain variation in the final products. Part of
this variation is due to observable changes while another part is due to
random variation. Randomness is an inherent, but undesirable part of any
process. It is important to understand what causes the variation and how it
can be reduced, because reduced variability means reduced costs to the
manufacturer and to the user.

This far, we have discussed the effects of different factors on expected
life that can be improved by identifying and changing the level of
affecting factors. The same experimental designs and methods can be
applied for identifying the factors that affect variability in life. Then, the
variability can be reduced by a suitable change of factor levels.

Variability is commonly measured by s, the sample standard deviation, or
s2, the sample variance. For each run, the corresponding standard
deviation can easily be estimated if replicates are available. The
variability among replicates is assumed to be due to random variations.
This assumption holds if all runs, including replicates, are performed in
random order and the setting of the factors for replicates are exactly the
same.
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After estimating the standard deviation of performance for each setting of
the factors or run, its logarithm is to be calculated and recorded in
appropriate locations for the response variable. The reason for this
logarithmic transformation is described later in this section. To find the
effect of each factor on the response (which is now the measure of
variability, s), we do exactly as before.

It is worth emphasizing that the logarithm of estimated standard
deviations for each run is treated as response value. Hence, the estimated
effects are the effect of factors on this measure and each estimate
indicates how the change of factor levels affect the variability in life.

In order to estimate the variance of effect of each factor on variability,
the same formula as before can be used:

Var (effect) = ^-6fns
TV

However, here N is the number of runs and does not include the number
of replicates. Moreover, °?».r is the variance of logarithms of estimated
standard deviations. This is further discussed and applied in the example
of this section.

The use of In s instead of s approaches the variability measure to normal
distribution with a known standard deviation (see also the section below
about transformation). It can be proved that In s is approximately
normally distributed with a standard deviation which is about llfldf.
Here, df stands for the number of degrees of freedom for s. See Bergman
(1991) and Rao (1965) for details and proof.

To test the significance of observed changes in variability
measure can be done by using the distribution of In s. This test should be
performed in the beginning of the analysis of the data. If the variation in
obtained values for In s is small and can be explained by noise, further
analysis of its sources is of no interest.

The logarithm of standard deviation (In s) is approximately normally
distributed with a standard deviation equal to llfldf. If the estimated
values of In s for different runs are not fitted by such a distribution,
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which is the reference distribution, a significant change in variability is
indicated. Then, the effect cf factors on variability can be estimated in
order to identify the active factoi» that have caused this change.

Example: For the light bulb-example, it has already been discussed how
each factor and the interactions between them affect the expected life. The
obtained average life for each run was also displayed in the corners of a
cube in Figure 3.1. Here, using the replicates, the logarithms of estimated
standard deviations for run 1-8 are calculated and shown in Figure 3.8.

Figure 3.8. The logarithms of estimated standard deviations for each
run are illustrated in corners of a cube. The values here
come from the light bulb-example. The factors V and L seem
to affect the variability in life.

Just by looking at the cube, it can be concluded that the two factors,
voltage and light bulb type, seem to have strong effects on variability in
the life of light bulbs. Whether any significant change in variability has
taken place or not can be tested by plotting these estimates of In s and
comparing them with their reference distribution, see Figure 3.9.
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1

Figure 3.9. The logarithms of estimated standard deviations are
displayed together with a reference distribution with scale
factor 0.18. If the variation between these estimates were
caused by noise, they were expected to be covered by this
reference distribution.

The reference distribution has a scale factor equal to 0.18, which is the
standard deviation of In s, obtained by setting df=15 in IPildf. It can be
reminded that 16 replicates were obtained at each run. Therefore, the
number of degrees of freedom for estimation of each standard deviation
is 15. In Figure 3.9, it appears that not all of the values can be fitted to
the reference distribution. Hence, we conclude that the variation between
the estimated standard deviations is significant and cannot be explained by
noise.

Here and in the following, we let E'v indicate the effect of factor V, E'i
the effect of L, and so on. By adding the prime, it is indicated that the
effect on variability means while without prime, the effect on life average
is indicated. The result of numerical analysis gives the following estimates
for effects of each factor and interaction between them on variation in
life: E'v=0.75, E'L=-0.70, E's=0.05, E'vL=0.12, E'vs=0.18, E'LS=0.12,
and E'VLS=-0.10.

The standard deviation for these estimated effects is about 0.13 which is
obtained by setting N=8 and <rfns=ll30 in the formula for variance of
effects:

W a r (effect) = \j~-— = 0.13
v 8 30
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Comparing the above estimated effects with their standard deviation,
0.13, two of them seem to be strongly significant. This was also indicated
by visual analysis of the cube of Figure 3.8. When voltage level changes
from - to + (11 volts to 10.5 volts), the variability is strongly increased.
However, regarding the light bulb type, the change of light bulb type
from small (- level) to large (+ level) results in a strong decrease of
variability.

It is always desirable to minimize variability. It is also desirable to
maximize, or sometimes minimize, the performance measure. The
information about how the same factor or interaction between factors
affect performance measure and its variability at the same time can be
used to select the best possible setting of the factors.

However, better setting of the factors may be discovered by a second
design. The effect of different factor levels, within a possible range of
values, can be investigated and the best possible alternative can be selected
by continuing the improvement process. See for example Lochner and
Matar (1990) and Bergman (1991).

3.9. Transformation of Data

There are generally two reasons for transformation of the response
variable:

1. To make model building easier by making it more additive. For
example, the multiplicative model y=wu transforms to the additive model
In y=ln w+ln u by a logarithmic transformation.

2. To compensate for variance inequality due to differences in expected
responses, also called variance stabilizing transformation. An alternative
is to weight the obtained data in a way that this dependency is
compensated for.

The type of model, which is supposed to explain how the factors affect
the response variable, influences the method for analysing the data, hi this
chapter, by analysing the data in the way it was done, the hidden
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assumption was that the affecting factors act additively (i.e., their
respective effects get added to each other in the model), but a
multiplicative model is often more natural.

When the observations are positive and the ratio between the largest and
smallest obtained observation is big (a rule of thumb says when it exceeds
4), the data indicate that a multiplicative model can be reasonable. If the
model is expected to be multiplicative, the same methods and analyses of
this chapter can still be applied, though for the logarithmic data.
Logarithmic transformation turns the multiplicative model into an
additive one. There are also other common transformations which are
viewed as natural in some specific situations, see Bergman (1991) and
Box etal (1978).

The logarithmic transformation is the most common type of
transformation, often used for variance stabilizing. To consider the
logarithmic data, instead of the original data, means changing the scale of
measurement. How this affects the results of analyses and estimation of
effects, depends on the data set. By considering the logarithmic life, the
obtained data gets more balanced in the sense that, in comparison to the
original data, the influence of large values is decreased while the
influence of small values is increased.

Variance stabilizing transformation in factorial designs is to be used when
the expected variance varies for response at different runs, hi case the
response variable is not transformed, responses with a high and a low
precision will be weighted equally in analysis and evaluation of results
and decrease the accuracy. For a general discussion about
transformations, see e.g. Sen and Srivastava (1990).

3.10. Some References for Further Studies

Statistics for Experimenters, written by Box, Hunter, and Hunter (1978),
is a suitable introductory book to design of experiments. Statistical theory
is introduced as it becomes necessary. The book covers comparing two or
several treatments, factorial and fractional factorial designs, and model
buildings.
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Empirical Model-Building and Response Surfaces, written by Box and
Draper (1987), is more advanced and requires some background. It
covers different areas of empirical model building and its application.
Application of factorial designs in response surface methodology is
explained as the use of transformation and its effect on the result of
analysis.

An introductory book for design and analysis of experiments, that
requires elementary statistical background, is the one by Montgomery
(19S4). This topic is also described by Diamond (1981) and different
types of experimental designs are discussed by Schmidt and Launsby
(1989).

Lochner and Matar (1990), in addition to factorial designs, discuss
variability and methods to minimize it. Taguchi's approach to
experimental designs and its use for reducing variability is also discussed.
Taguchi's view is properly explained and discussed by Phadke (1989), see
also Ealey (1988).

A recent book, by Bergman (1991), covers different aspects of
experimental designs and robust designs methodology enlightened by a
variety of practical experiments. The same topics are also briefly
introduced in Bergman and Klefsjö (1991, b). These books are in Swedish
so in addition to some statistical background, some language courses in
Swedish are also required as background knowledge.



Chapter 4. An Illustration

To illustrate the ideas presented in the previous chapter, regarding
fractional factorial design, the effect of some specific factors on expected
life of light bulbs are investigated in this chapter. The effect of these
factors on variability in life is also studied. Moreover, an alternative
approach for saving time is proposed and illustrated. Two sets of
experiments are designed and performed as a 26"3 fractional factorial
design. The obtained results are analyzed and some conclusions are drawn
and discussed.

In these two sets of experiments, which are called Experiment 1 and 2,
the logarithmic life is treated for estimation of effects. However, the same
analyses are also performed for the original data, discussed and presented
separately in Appendix B. A comparison between the corresponding
output of these analyses illustrates the effect of logarithmic
transformation on the data set.

The tested items are designed to be used at 6 volts but the applied voltage
is between 8.5 and 11 volts. By increasing the applied voltage, the life
tests are highly accelerated. However, the discussion regarding
acceleration and interpolation of results to the normal usage level is
postponed to Chapter 5.

4.1. The Selected Factors and Their Levels

Design, performance and analysis of the results of two sets of
experiments are studied in this chapter. In these experiments, the life of
light bulbs is measured under different experimental conditions. Six
factors, which are supposed to have some effects on the expected life of
light bulbs, are selected. The main purpose is to study the effect of these
factors on expected life. However, the variability in life is also studied for
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the same factors. For each factor, two levels are chosen in each
experiment. The selected factors are:

Voltage (shown by V) is a factor that certainly affects the life length of
a light bulb. In both experiments, the lower voltage is called the + level
because it is expected to have a positive effect on the expected life. The
higher voltage, which is the lower voltage plus 0.5 volts, is the - level.
Whether the level is called - or + has no effect on the result of the
analysis. In the first experiment, the levels are 10.S and 11 volts while in
the second one, they are 8.S and 9 volts.

Frequency of turning on and off (F) is the second selected factor. In
every-day life, it is often noticed that the light bulbs fail when they are
turned on. It is natural to wonder whether a high frequency of turning on
and off has a negative effect on the expected life of light bulbs or not. For
this factor, the + level is let to be the case when the light bulbs burn
continuously while at the - level, the light bulbs are turned on and off
with a frequency that changes from one experiment to another, depending
on the expected change in average life length. In both experiments, life
length of a light bulb is defined as the total burning time.

If the frequency of turning on and off affects the life length of a light
bulb, it may be interesting to see whether this effect interacts with the
voltage level or not. The turning on and off can be seen as an electrical
shock and it is reasonable to assume that the effect of these shocks can
increase with the increase of applied voltage. In our fractional factorial
design, the estimated effect of this interaction between V and F is
separable from the estimated effect of any of the six main factors.

Light bulb type (L) is the third selected factor. There are two types of
light bulbs available, whose main difference is the size of bulbs. For this
factor, the - level is let to represent the smaller size and the + level the
bigger size. The light bulbs are of type T31/4 (for + level) and G31/2 (for
- level). Both kinds come from the same manufacturer and are designed
for 6 volts and 0.3 amperes.

Mechanical Shocks (S) that a light bulb might undergo during its life
time is another interesting factor. In our experiments, these shocks are
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Chapter 4. An Illustration

applied by hammer blows on the plate of light bulbs. The + level for this
factor stands for lack of shocks while their presence, which is expected to
shorten the life, is shown by - level. These mechanical shocks are applied
at determined periods of time and their frequency is changed from one
experiment to another depending on the expected change in average life.
These shocks are assumed to have the same strength and effect over time,
see Appendix A for details.

Damping material (D) is another factor whose effect on expected life
of light bulbs is studied. Because of the possible existence of vibration and
other noise factors in the laboratory environment, it can be thought that
the use of damping material under a table, upon which the plate of light
bulbs is located, will damp the effect of disturbing vibrations. It is
reasonable to assume that this will result in a higher expected life. The
existence of damping materials is considered as + level for this factor and
its lack as - level.

Time (T) can also be considered as a factor that may affect the
experimental results. For some practical reasons discussed in Appendix
A, it is difficult to perform all runs of an experiment simultaneously. It
was thus decided to perform part of them during the ordinary working
hours and the remainder off working hours. The former part was
considered having - level and the latter part + level.

The effects of the above mentioned factors are studied in both
experiments. The experiments are designed and the factor levels are
adjusted in order to facilitate a comparison between the results of analyses
and estimated effects. The interaction between V and F, introduced above,
is denoted by VF. All other interactions are denoted in a similar way and
may also affect the response as will be discussed further when the data are
analysed and the results are interpreted.

4.2. The Design of Experiments

The tv/o experiments, having a similar design, are performed at different
voltage levels. Experiment 1 is performed at 10.5-11 volts and
Experiment 2 at 8.5-9 volts. Due to the difference in applied voltages, the
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test time for the second experiment is expected to be considerably longer
than it is for the first experiment.

The frequency of turning on and off and the frequency of mechanical
shocks, given by hammer blows, are changed from one experiment to
another in order to compensate for the effect of change in applied
voltage. The idea is that if the voltage-change is expected to result in a
threefold increase of expected life, the frequency of these factors is to be
decreased by the same factor. By doing so, the number of mechanical
shocks and turnings on and off will be almost equal for the runs with the
same factor combinations in both experiments which facilitates a
comparison.

The applied design for both experiments is a 2 6" 3 fractional factorial
design. Eight combinations of factor levels are illustrated in Table 4.1 as
run 1 to 8. In each run, 16 light bulbs are exposed to accelerated life
testing and the tests are continued until all items have failed. This can be
viewed as providing 16 replicates at each combination of factor levels.
With the obtained data, the life distribution of light bulbs can be modelled
and its parameters can be estimated.

T S D
run V F L VF VL FL VFL mean stand.dev.

1 - - - + + + - yi oi

2 + - - - - + + yi o2

3 - + - - + - + y3 o 3

4 + + - + - - - y* o 4

5 - - + + - - + y s o 5

7 - + + - - + - y7 07
8 + + + + + + + y s o 8

Table 4.1 The combination of factor levels for each run is displayed in a
design matrix. Here, the design is a 26'3 fractional factorial.
Two columns for estimated mean and estimated standard
deviation are added to the design matrix.
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In Table 4.1, a design matrix is illustrated together with two columns for
estimated means and estimated standard deviations. This is the design that
is used for both experiments. In the design matrix, the levels of each of
the six factors are illustrated by a - or + sign as described above. In this
fractional factorial design the sign of factors T, S, and D are chosen as
those of the interactions VL, FL, and VFL respectively. That is,
regarding the sign columns, we have the following: T=+VL, S=+FL and
D=+VFL.

A complete 2 6 factorial design requires 64 runs and its results are to be
illustrated in a 6-dimensional space. It can also be visualized as in Figure
4.1, where each corner of each small cube represents one possible factor
combination. The 2<>-3 fractional design, illustrated in Table 4.1, is a 1/8
fraction of a complete design. It is distinguished in the figure with circles
containing the run number.

Figure 4.1. Illustration of a complete 26 factorial design with 64 possible
factor combinations, where the corners of each small cube
represent one combination. Eight runs of our 26-3 fractional
design are distinguished.
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By choosing a fraction of a complete factorial design, the number of
necessary runs is considerably reduced, but the price we pay for this is
that the effects of all the factors with the same sign column will be
confounded. These effects are thus inseparable, see also Box et al (1978).
The effects confounded in our design will be discussed later when the
estimated effects are evaluated.

4.3. The Set Up of Experiments

The lamp sockets, type E10, are installed on a rectangular wooden plate
where they are all parallelly connected. Sixteen sockets, in 4 rows with 4
sockets in each row, are located in the middle of the plate. The generator,
by which the applied voltage can be adjusted, supplies the light bulbs by
alternating current through a digital volt-meter, see Figure A.I in
Appendix A.

To start the experiment, the light bulbs are screwed into the sockets and
the voltage is slowly increased up to the desired level. The 16 light bulbs
of each plate undergo the test with a certain combination of factor levels
and can be considered as a run containing 16 replicates. The factor
combinations for each run are displayed in Table 4.1. It should be noted
that the replication is not complete. All the 16 bulbs in a run are mounted
on the same plate and have the same history until failure.

The test requires to be monitored continuously. The voltage level, which
can hardly be kept constant, needs to be adjusted to the aimed level
intermittently. A variation of 0.05 volts around the target value is
considered acceptable. When a tested item fails, its life time is noted and
the voltage level is re-adjusted. The voltage level increases about 0.1 volts
with every failed item. When only a few light bulbs are left, this
undesired increase is higher and demands more conscious observation.

If any run needs to be stopped temporarily, the voltage level is decreased
slowly before turning off the generator. For re-starting the test, the
increase of voltage to the aimed level is done slowly and step by step. We
assume that by doing so the effect of the undesired stop can be minimized
or eliminated. The test is finished when all items have failed.
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Some practical problems are involved in performing the experiments,
especially in making the experiments repeatable and comparable. Each
run of Experiment 1 is desired to be comparable with the equivalent run
of Experiment 2, performed at another voltage level. These problems are
discussed in Appendix A.

4.4. Experiment 1:
Life Testing of Light Bulbs at 10.5-11 Volts

In this experiment, the effects of six factors on expected life of a light
bulb and its variation are investigated using a 26~3 fractional factorial
design. The voltage level is increased to 10.5 respective 11 volts. The
example discussed in Section 3.3 as a complete V factorial design, is a
simplified version of this experiment.

4.4.1. The Main Factors and Their Levels

The factors and the design matrix, were introduced in the previous
sections of this chapter. The - and + levels for all factors in this
experiment are specified in the following table.

Name of factors

»Voltage (V)

»Frequency of turning on

and off (F)

"Light bulb type (L)

•Mechanical shocks (S)

»Damping material (D)

*Time(T)

• level

11 volts

5 minutes on, 5 minutes off

smaller bulbs

8 hammer blows for every

five burning minutes

not used

working hours

+ level

10.5 volts

no off at all

larger bulbs

no shocks at all

used

off working hours

Table 4.2. Illustration of what - and + signs mean for any factor in
Experiment 1. The design matrix is shown in Table 4.1.
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In Tables 4.1 and 4.2, the conditions under which each run is supposed to
be performed are specified. For example, the conditions for run 1 (the
first run in the design matrix) are as follows: voltage (11 v), frequency of
turning on and off (S min on and 5 min off), light bulb type (smaller
bulbs), mechanical shocks (no shocks at all), damping material (not used)
and time (off working hours).

4.4.2. The Obtained Data

The 16 resulting life lengths at each run, in order of magnitude, are given
in Table 4.3.

Run 1

110

130

155

180

180

185

205

210

225

225

234

240

275

302

311

400

Run 2

165

185

210

235

305

330

384

405

465

540

565

569

585

605

695

713

Run 3

39

44

78

88
89

98

113

124

138

160

215

227

230

237

246

310

Run 4

47

74

99

113

123

130

140

196

202

228

243

248
254

306

315

517

Run 5

19

24

28

30

35

40

50

55

65

69

90

95

95

105

117

138

Run 6

30

40

59

75

80

85

100

115

130

130

130

135

140

160

180

384

Run 7

42

82

98

101

105

107

108

109

111

125

127

138

142

143

149

183

Run 8

84

85

118

119

120

130

141

149

164

178

208

226

228

270

337

349

Table 43. The obtained life lengths in Experiment 1. At any combination
of factor levels, 16 light bulbs are tested until failure.

66



From the obtained data in each run, the expected mean and standard
deviation for that run are estimated. These estimates can be shown in
corners of small cubes as in Figure 4.1. However, here, they are
displayed in Figure 4.2 and 4.3. The three dimensions of small cubes are
not included.

If all interactions can be ignored, just by looking at the cube of Figure
4.2, the effect of three of the main factors can directly be indicated
provided that the random variation is small enough. The effect of the
other three main factors are confounded with the interactions between the
three former factors, as it is seen in the design matrix of Table 4.1.
Hence, they can also be seen in the figure. Note that T=+VL, S=+FL , and
D=+VFL.

Figure 4.2. The averages of obtained life lengths shown in corners of a
cube. Assuming that all interactions are ignorable, the effect
of main factors can be indicated before performance of any
analysis.

In Figure 4.2, it is seen that, as expected, voltage has an obviously
positive effect on the expected life length. When the voltage level goes
from - to +, the expected life almost doubles. Moreover, the light bulb
type seems to have a substantial negative effect on the result which was
unexpected. Another factor that seems to have a considerable effect on the
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results is mechanical shocks. If we do not ignore interaction between
factors, other interpretations of the obtained results will also be possible.

The estimated standard deviations, for run 1 to 8, are in turn: 73, 183,
82,117, 37, 81, 32 and 82. The standard deviations are influenced by the
expected life at each run and this dependency is compensated for by
looking at the coefficients of variation instead. Just by showing in comers
of a cube, the effects on variability can be visualized, see Figure 4.3.

Figure 4.3. The coefficients of variation, estimated in percentage.

Looking at the cube of Figure 4.3, voltage seems to have some effect on
variability in life. When its level goes from - to +, the estimated
coefficients of variation grow. The lowest estimated values are 27 and 33,
followed by 42 and 45. These values come from run 7V 1,2 and 8 which
differ from the other 4 runs by not being subjected to mechanical shocks
Note that S=+FL. In order to judge the significance of any effect, it
should be compared to its estimated standard deviation.
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4.4.3. Selection of the Life Distribution Model

In this section, the 16 life observations obtained at any of the eight
combinations of factor levels are analysed. The aim of these analyses is to
find out which distribution fits the data well enough. By available data,
the parameters of the selected distribution and other interesting quantities
can be estimated. Some important distributions are described in, e.g.,
Bergman and Klefsjö (1991, a) and Tobias and Trindade (1986).

The analysis of data can be started by TTT-plotting of the data for each
run. Here, TTT stands for the Total Time on Test and is a technique used
for studying life distributions. See, e.g., Barlow and Campo (1975),
Bergman and Klefsjö (1984), and Åkersten (1991) for more information
about this technique.

A TTT-diagram gives a picture of the data which is independent of scale.
The TTT-plotting is a useful technique for finding a model fitting the
data. This is performed by comparing the plotted TTT-diagram with the
available TTT-plots of distributions with varying shape parameters. Here,
the 16 observations of run 1 are TTT-plotted and displayed in Figure 4.4
for illustration.

0.0 0.1 0.2 0.3 0.4 0.5 O.( 0.7 O.I 0.9 1.0

Figure 4.4. The I'll-diagram, based on the data of run 1, indicates that
the life of tested items has a strong increasing failure rate.
The horizontal axis shows the fraction failed and the vertical
axis the scaled total time on test.
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The TTT-diagrams of all runs in Experiment 1, and the available
infonnation from some other light bulb tests performed at Division of
Quality Technology at Linköping University, indicate that the Weibull
and lognormal distributions are suitable models to be considered. The
time-axis for both these distributions has logarithmic scale which is
natural for this kind of data where the deviation between data is large.

V

Figure 4.5. The Weibull plots of the obtained data in run 1-8 indicates
that the Weibull distribution fits the data quite well. The
distribution parameters a and f5 are estimated and displayed
for each run.
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Chapter 4. An Illustration

In Figure 4.5 and 4.6, the data from run 1-8 are plotted on Weibull- and
lognormal probability papers in order to see how these distributions fit
the data. Thereafter, the distribution parameters can be estimated. How to
plot the data and estimate the parameters is discussed in for example
Bergman and Klefsjö (1991, a).

Figure 4.6. The data displayed in Figure 4.5 are plotted on a lognormal
probability paper. A comparison shows that the lognormal
distribution fits the data almost as well as does the Weibull
distribution.
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The plots of Figure 4.S indicate that the Weibull distribution is a good
model for the data. However, a comparison with the lognormal plots
indicates that the Weibull and lognormal distributions are almost equally
good for modelling the data.

The parameters of the Weibull distribution, a and (J, can easily be
estimated graphically. Crude estimates of ln(a) and /J, for each of the
runs 1 to 8, are obtained and given in Figure 4.5. Other interesting
quantities such as L50, LJO and standard deviation can also easily be
estimated. It is questionable whether the variation between estimated /3:s
can be explained by noise. If the answer is positive, a common shape
parameter for the Weibull distributions of all runs can be estimated.

A performed test, summarized and visualized in Figure 4.8, does not
reject the possibility that this might be the case. Due to that test, the
variation between estimated standard deviations as well as the variation
between /J:s may be explained by noise. The shape parameter of the
Weibull distribution, /J, is closely related to the standard deviation for the
same set of data because they essentially measure the same thing.

4.4.4. Effects on Expected Logarithmic Life

In this section, the effect of the selected factors on the logarithmic life of
light bulbs is studied. The effects and their corresponding standard
deviation are estimated and the obtained results are interpreted and
discussed. The same analysis is applied to the untransformed data which
appears in Appendix B. A comparison shows the effect of logarithmic
transformation on this set of data.

In Section 3.9, transformation of data and the reasons for it was
discussed. The variation between the largest and smallest obtained data in
Experiment 1 is considerable. This indicates a mul'plicative model and
hence, a logarithmic transformation of data is applied. After this
transformation, the expected life and the standard deviation for each run
are estimated. These estimates are used in the following analysis.
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A contrast is obtained by multiplying a sign-column with the
response.column, divided by half of the number of runs. It is denoted by
Ij where j indicates the sign-column. As discussed earlier, the effects of
factors and interactions with the same sign column are confounded. Each
contrast covers one main effect and several interaction effects, except the
one of column 4 where no main effect is involved, see the design matrix
in Table 4.1.

Viewing the average of logarithmic life as response value, the contrast 1
to 7, can easily be calculated. Here, all three-factor and higher order
interactions are ignored. The effect of factor V is denoted by Ev, and so
on. The obtained contrasts are as follows:

/] = Ev + ELT + ESD = 0.479
h - EF + ELS + ETD = -0040
/3 = EL + EVT + EFS = -0.712
k = EVF + ELD + ETS = -0.141
Is = ET + EVL + EFD = 0.028
If, = Es + EFL + EVD = 0.619
h = ED + Evs + EFT - 0.027

For evaluating the above effects, an estimate of the corresponding
standard deviation is done by the following formula from Chapter 3:

Var{effect) = A • s2

N

Here, N=128 is the total number of replicates and s2=0.267 is the pochd
variance. Hence, the estimated standard deviation for the above contrasts
is 0.09. In Figure 4.7, the contrasts are plotted in order to be compared
to the corresponding reference distribution. This is the distribution that
the contrasts would have if none of the factors had any effect on the
response. Three of the contrasts are quite distinguishable from noise end
can be considered significant.
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-0.75 -0.50 -0.25 0 02 0.50 0.75

Figure 4.7. The contrasts with a reference distribution with scale factor
0.09 and centred at zero.

The simplest interpretation of the results is to assume that the relative
large magnitudes of the significant contrasts are mainly due to the effect
of the main factors in each one. This assumption is reasonable because
interaction effects are, in general, smaller than main effects. Moreover, a
factor that has no significant effect, is not likely to have a highly
significant interaction effect.

Under the assumption above, the following three factors show significant
effects: voltage level, light bulb type, and mechanical shocks. Lower
voltage level seems to add, in average, about 0.5 to the expected
logarithmic life of a light bulb. The largest and quite unexpected effect is
due to the light bulb type. The smaller type of light bulbs seems to be
much superior to the other type and its expected logarithmic life is about
0.7 longer. Finally, mechnical shocks seem to decrease the expected
logarithmic life by 0.6.

Considering the above three factors the only ones affecting the response,
and ignoring the other three main factors, our 2^-3 fractional factorial
design will be reduced to a complete 23 factorial design. This is how we
made up the example discussed in Chapter 3.

It is important to be aware that there may be some ambiguities in the
conclusions we drew at this stage. Many times, sequential addition of
further runs is necessary for resolving such ambiguities. It is also worth
emphasizing that a satisfactory evaluation requires that, in addition to the
test results, all other available information is also considered.
Engineering knowledge and common sense should not be neglected.
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4.4.5. Effects on Variability in Logarithmic Life

Before any analysis, a test is performed to see whether the variation in
the variability measure is significant. Thereafter, the contrasts and their
corresponding standard deviation are estimated and the obtained results
are interpreted and discussed.

The estimated standard deviations for logarithmic life, obtained for run
1-8, are: 0.328, 0.483, 0.619, 0.608, 0.617, 0.606, 0.327 and 0.439. In
accordance with the discussion in Section 3.8, if the logarithms of these
estimates are not properly fitted by a normal distribution with scale
factor 0.18, a significant change is indicated. The scale factor is obtained
by df=15 in 1/V2 df. Figure 4.8, shows that the reference distribution
hardly fits the plotted data.

II
-1.50 -'25 -1.0 -0.75 -0.50 -0.25 0

Figure 4.8. The logarithms of estimated standard deviations of
logarithmic life, for all eight runs, are plotted with a
reference distribution with scale factor 0.18. The variation
between the plotted points may be explained by noise.

In order to identify how the factors affect the variability, the logarithms
of estimated standard deviations of logarithmic life are looked upon as
response and contrasts are calculated. Here, we denote the contrast of
column j by I'j as well as the effect of factor V is shown by E'y, etc. By
adding the prime, we indicate that the effect on variability is treated. The
contrasts are as follows:
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/'l = Fv + FLT + E'SD = 0.161
/ 2 = E F + E'LS + E'TD = 0.023
/ 3 = F L + E'VT + E'FS = -0026
l'n = FVF + ELD + E"TS = -0.023
/'5 = F T + E'VL + E'FD = -0023
/ 6 = F S + E'FL + E'VD = -0456
ft = F D + Fvs + EFT = 0.179

The standard deviation of these contrasts is about 0.13. This estimation is
obtained by the formula for standard deviation of effects, i.e. 2sffN with
N=8 and 5=0.75. In Figure 4.9, the contrasts are plotted with the
corresponding reference distribution.

i
-0.75 -0.50 -0.2S 0 0.25 0.50 0.75

Figure 4.9. The contrasts with a reference distribution with scale factor
0.13. The only significant point seems to be I'd that contains
mechanical shocks.

The contrast 1'G=-0.456 seems to have a significant effect on variability in
logarithmic life. It is highly probable that this effect is due to mechanical
shocks whose application seems to result in a significant increase in
variability. More discussion on the results of Experiment 1 follows at the
end of this chapter, where the results of Experiment 2 are taken into
consideration. These two experiments are compared and some conclusions
are drawn.
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4.5. Experiment 2:
Life Testing of Light Bulbs at 8.5-9 Volts

In this experiment, the voltage is increased only to 8.5 and 9 volb and a
long test time is expected.

4.5.1. The Factor Levels

The available information, before performing this experiment, indicates
that the life of a random light bulb is expected to be about 12 times
longer at this voltage level than it was in the preceding experiment (the
, ained results confirm this indication). In selection of factor levels in
this experiment, the increase in expected life is compensated for in order
to eliminate the trivial interaction between factors under study and the
stress factor (the 2 volts difference between applied voltages).

In this experiment, the frequency of on-off turning and mechanical
shocks is 12 times less intense than in the previous experiment. Hereby,
the number of electrical and mechanical shocks given to a light bulb
during its expected life can be assumed to be about the same for the two
experiments. The levels of other factors are unchanged because no trivial
interaction can be noted, see Table 4.4.

Name of factors

"Voltage (V)

•Frequency of turning on

and off (F)

*Light bulb type (L)

•Mechanical shocks (S)

•Damping material (D)

•Timed)

- level

9 volts

60 minutes on, 5 minutes

off

smaller bulbs

8 hammer blows for every

60 burning minutes

not used

working hours

+ level

8.5 volts

no off at all

larger bulbs

no shocks at all

used

off working hours

Table 4.4. Illustration of what - and + signs mean for each factor in
Experiment 2. The design matrix is shown in Table 4.1.
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4.5.2. The Obtained Data

This experiment is performed similar to Experiment 1, and the complete
results of all runs are displayed in Table 4.5. The average life length at
each run is shown in corners of the left cube in Figure 4.10 where the
effect of some of the factors on the expected life can clearly be seen.

Run 1

750

771

1067

1490

1656

1793

2285

2345

2667

2695

2930

3200

3338

3359

3480

5302

Run 2

418

2151

2274

3531

3733

3992

4253

5035

5035

5423

5620

5620

6085

6450

6778

7200

Run 3

109

383

547

717

756

782

993

1403

1487

1592

1630

1647

1693

1851

2816

3168

Run 4

164

540

714

878

927
1044

1582

1617

1636

1639

1662

2706

2962

3591

4159

4318

Run 5

176

194

388

522

583

591

692

712

725

877

1097

1184

1200

1339

1412

1528

Run 6

322

749

887

890

900

1401
1584

1703

1787

1827

1920

1920

2072

2156

2377

2880

Run 7

269

601

648

698

1143

1357
1944

2036
2082

2206

2419

2592

2771

2916

3157

3304

Run 8

363

907

1112

1167

1719

1913

2061

2309

2578

2702

2880

3395

3935

3989

4024

6226

Table 4.5. The obtained life lengths in Experiment 2.

The strong effect of factor V seems to be quite unequivocal. Regarding
factor L, its average effect seems to be negative but that depends strongly
on the level of factor F. When factor F is -, the effect of factor L is
strongly negative while its effect seems to be somewhat positive when
factor F is +. This means that these two factors have a strong interaction.
However, this is more likely due to the factor S whose effect is
confounded with this interaction efftn.
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Figure 4.10. The averages life length is displayed in the left cube. The
corresponding coefficient of variation, in percentage, is
displayed in the right cube.

The estimated standard deviations, for run 1 to 8, are in turn: 1193,
1854, 832, 1290, 425, 682, 982 and 1491. For each run, the coefficient of
variation is displayed in the comers of the right cube in Figure 4.10. The
coefficients of variation for different runs do not deviate very much and
all of them are between 40 and 68. The biggest effect seems to come from
factor F, frequency of turning on and off, while other factors do not
seem to have any considerable effect on variability in life.
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4.5.3. Selection of the Life Distribution Model

In accordance with analysis of Experiment 1, the 16 observations for each
run, are plotted on a Weibull probability paper in order to see how this
distribution fits the data, see Figure 4.11. The same data are also plotted
on a lognormal probability paper and appear in Figure 4.12.

Fig 4.11. The 16 life data, obtained at each run of Experiment 2, are
plotted on a Weibull probability paper and displayed in corners
of a cube. These plots indicate that the Weibull distribution is a
good model for the data. The parameters of the corresponding
Weibull distribution at each run are estimated and shown in the
figure.
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Figure 4.12. The data displayed in Figure 4.11 are plotted on a
lognormal probability paper. A comparison shows that the
lognormal distribution does not fit the data quite as well as
does the Weibull distribution.

For the obtained data in Experiment 1, the Weibull and lognormal
distributions were almost equally good as models, see Figures 4.S and
4.6. However, the above plots for the data of Experiment 2 indicate that
the Weibull distribution is slightly better in this case. This is mainly due
to how the tails of these two distributions look like.
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4.5.4. Effects on Expected Logarithmic Life

In accordance with Experiment 1, the contrasts based on average
logarithmic life are calculated. The standard deviation of these contrasts
is also estimated. Ignoring all three-factor and higher-order interactions,
the resulted contrasts and confounding effects are as follows:

/l = Ev + ELT + ESD = 0.484
h = EF + ELS + ETD = -0.130
h = EL + EVT + EFS = -0.344
k = EVF + ELD + ETS = -0.172
1$ = ET + EVL + EFD = 0.024
k = Es + E R + EVD = 0.734
It = ED + Evs + EFT = -0.018

The standard deviation of each contrast, estimated as before, is about
0.12. The corresponding reference distribution does not cover all of the
plotted contrasts, see Figure 4.13.

-0.75 -0.50 -0.25 0 0.2S 0.50 0.75

Figure 4.13. The plotted contrasts are seen with a reference distribution
with scale factor 0.12 and centred at zero.

The two points to the right (// and k) are significant, but the point to the
left (/3) is 2.8 times the standard deviation and based on the rule of
thumb, which requires 3 times the standard deviation, it cannot be
considered as quite significant. Assuming that each contrast is mainly
caused by the involved main factor, the following can be concluded:
mechanical shocks, voltage and possibly the light bulb type seem to have
significant effects while the other factors do not show any considerable
effect on the expected logarithmic life.
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4.5.5. Effects on Variability in Logarithmic Life

The estimated standard deviations, obtained for run 1-8 in Experiment 2,
are: 0.559, 0.697, 0.834, 0.851, 0.653,0.559, 0.734 and 0.704. Similar to
the analysis of Experiment 1, the logarithms of these estimates are
compared with the reference distribution, see Figure 4.14. All of the
plotted points are properly covered by the reference distribution.

-1.25 -1.0 -0.75 -0.50 -0.25 0 0.25 0.50

Figure 4.14. The logarithms ofestimat d ' '»viations displayed
with a reference d - ih. ;;c.v <. fi»cto" 0.18.

As seen in Figure 4.14, the differences in voi... ..lity measure can easily
be explained by noise. Therefore, the calculation of contrasts and
evaluation of effects is not needed. However, in order to make a
comparison with the corresponding results of Experiment 1, this is still
done in the following.

The logarithms of estimated standard deviations in logarithmic life are
viewed as response and the contrasts ate as follows:

/'/ = E'v + E'LT + E'SD = 0.011

I'j = E'F + E'LS + E'TD = 0237

V3 = E'L + E'vr + E'F S = -0.095

1'4 = E'VF + E'LD + E'TS -0.021

I'S = E'T + E'VL + E'FD = -0.110

1'6 = E's + E'f i + E'VD = -0.063

1'7 = E'D + E'vs + E'FT = 0.078

83



Chapter 4. An Illustration

The estimated standard deviation of each contrast is about 0.13, see
Figure 4.15. All contrasts ar» ~operly covered by the reference
distribution and can be explained oy random variations.

-075 -0.50 -0.25 0 055 0.50 0.75

Figure 4.15. The contrasts are plotted with a reference distribution with
scale factor 0.13, centred at zero.

As expected, Figure 4.15 shows that all plotted contrasts arc properly
covered by the reference distribution. Among the above contrasts, 1'2,
with frequency of turning on and off as the main factor, seems to have
some effect on variability measure, but the magnitude is not big enough
to be considered significant.

4.6. A Proposed Approach for Saving Time

In this section, an alternative approach for reducing test time is discussed.
The proposed method is to stop the test when a certain fraction of items
have failed. Analysis of data and evaluation of results for this method are
discussed and illustrated the data of Experiment 1 based on the
assumption that the test r id been stopped before all items had failed.

It is very time consuming to continue until all tested items fail. When the
runs are to be replicated in a factorial design, as is the case in the
experiments of this chapter, it may be justified to stop the test earlier. For
example, the effect of factors on expected life can be estimated by the
estimated median, Lso, instead of by the estimated mean. In this way, the
replication can be stopped as soon as half of the tested items at each run
have failed.
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In order to illustrate this method and indicate how it affects the result of
analysis and conclusions, the data of Experiment 1 are used assuming that
the life test at each run is stopped when the 9:th item has failed. The
effect of factors on the expected median life is estimated on this only part
of the data. The results can be compared to the corresponding results for
complete data that appear in Appendix B.

The medians, for run 1 to 8 of Experiment 1, are in tum : 217.5, 435,
131, 199, 60, 122.5, 110 and 156.5. These medians are the averages of
the 8:th and 9:th obtained life length at each run. The contrasts, based on
estimated medians, are as follows:

/; = EV+ELT+ESD= 99

b = EF + ELS + ETD = -60

b = EL + EVT+EFS = -133

U = EVF + ELD + Ers = -41

Is = Ej+ EVL + EFD = -44

k = E$ * EFL + EvD = 102

= 33

A comparison with the contrasts, based on estimated means, shows that
the obtained contrasts are rather similar, see Figure 4.16. To use
medians, instead of means, reduces the test time considerably. However,
the estimation of standard deviations cannot be performed in the same
way. It is more complicated to estimate the standard deviation with
incomplete data. However, for any life distribution, the parameters and
the standard deviation can be estimated by analytical or graphical
methods.

To estimate the parameters of a life distribution by analytical methods,
having complete or incomplete data, maximum likelihood methods can be
used. For application of this and other methods, see for example Lawless
(1982), Draper and Smith (1981) and Blom (1984, b). Graphical methods
can also be used in order to visualize the data and estimate the
parameters. This can be done by a variety of probability papers that are
available for many distributions. For applications of graphical methods to
life data, see e.g. Nelson (1990) and Bergman and Klefsjö (1991, a).
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using mean
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Figure 4.16. The contrasts, based on estimated medians and estimated
means for the data of Experiment 1.

By plotting the data on different probability papers, the life
distribution of the data can be "identified", i.e., the best possible
distribution fitting the data can be selected. This assumes that the number
of available data is sufficient. From the plotted data on a probability
paper, the parameters and other interesting quantities can be estimated.

Above, the medians for each run of Experiment 1 are estimated by caking
the average of the 8:th and 9:th obtained life lengths in each run. The
information in the data is used more, leading to more accurate results, if
the data are plotted on a probability paper and the median is estimated
graphically. In our example, to plot the first 9 observations of each run
on a Weibull probability paper indicates that the Weibull distribution fits
the data well.

The plotting of this kind of censored data on a probability paper will be
exactly as it is for the complete data. The only difference is that the last 7
life times will never be plotted because their exact values are not known
(see Figure 4.5, where the complete data is plotted, and ignore the last 7
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plotted points). Regarding Experiment 1, lack of 7 points at each Weibull
plot slightly affects the slope of the distribution line.

In some situations, for example in studying the life of ball bearings, it is
common to consider the LJO percentile, i.e., the expected time when the
probability of failure for a random item is 10 percent. When Lio or
other low percentiles are of interest, the important part of the distribution
is the left tail. Then, it is reasonable to test as many items as possible and
stop the test when a sufficient number of items have failed. Here, it is
assumed that the price of tested items, in comparison to the reducd test
time, is low.

Estimation of standard deviation for .»-complete data from
probability papers is always possible by mating the parameters and
using the special formula for that r -oution. For example, from
Weibull plots, based on the first 9 lit- Jata for each run of Experiment 1,
the parameters of the Weibull Ii? nbution a and /? can be estimated. In
Figure 4.17, the estimated v-' • .; of ln(a) and fi for run 1 to 8 are shown
in the corners of a cube. "'• K estimates can be compared to those from
the complete data a r ..lag in Figure 4.5. The deviation between
estimates does not sf • loo large.

Figure 4.17. The estimated parameters of the Weibull distributions fitted
to the censored data of run 1-8.
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Given the parameters, the standard deviation of a Weibull distribution is
the following:

The gamma function (I") for different values is given in for example
Rade et al (1988). Inserting the estimated parameters in the formula
above, for run 1 to 8, the estimated standard deviations are: 60, 201, 56,
91, 29,72,28 and 49. The standard deviation of medians is oa», where U

as a function of number of items is tabulated in for example Wadsworth
(1986). By stopping the tests before all items have failed, some accuracy
is lost but a lot of time and money is saved.

4.7. Some Comparisons between the Experiments

In this section, the obtained data in Experiments 1 and 2 are compared
and some deviations are discussed. The estimated effects on expected
logarithmic life and its variability are also compared and discussed. The
results are evaluated and some conclusions are drawn.

The only difference between the experiments is assumed to be the applied
voltage. Based on this assumption, each run of Experiment 2 can be seen
as a copy of the same run in Experiment 1, though at 2 volts lower
voltage level. The effects of factors are expected to be the same in both
experiments if they do not interact with the stress factor (2 volts
difference between the applied voltages).

4.7.1. Comparison of Experimental Data

To compare the obtained data in Experiment 1 and 2, the difference of 2
volts has to be considered. Some kind of weighting is necessary. It is
reasonable to divide the results of each experiment by the obtained grand
average. The average logarithmic life for each run of Experiment 1,
divided by the grand average for all runs in Experiment 1, is plotted
against the corresponding value for Experiment 2 in Figure 4.18. The
points are shown together with a diagonal line. If the effect of all factors

88



Chapter 4. An Illustration

were the same in both experiments, the points would fall on the line. The
run numbers, as they are defined in Table 4.1, are shown in the figure.

Exp.2

12

10

0.9

0 8

08 10 1.»
Exp. 1

Figure 4.18. Weighted averages of logarithmic life plotted against each
other. The light bulb type is common for runs 1-4, and 5-8.

In Figure 4.18, it is seen that the plotted weighted averages are rather
close to the diagonal line. However, there is a certain deviation that is
mainly explained by the behaviour of the light bulb type. The effect of
this factor seems to be very different in the two experiments. In other
words, the light bulb type seems to interact with the voltage difference of
2 volts which is the main difference between the two experiments.

To compare the estimated standard deviations obtained for each of
eight runs of Experiment 1 and 2, it can be noticed that the values from
Experiment 1 are generally lower than those from Experiment 2. This is
not unexpected and illustrates how the standard deviation is affected by
the high difference between the expected logarithmic life in the two
experiments. This dependency is compensated for by dividing each

89



Chapter 4. An Illustration

estimated standard deviation by the grand average of logarithmic life in
that experiment. The resulting values from both experiments are plotted
against each other in Figure 4.19.

Exp.2

Exp. 1

u.8 1.0 1.20

Figure 4.19. Weighted estimates of standard deviations plotted against
each other. The run numbers are also indicated.

In Figure 4.19, it is shown that runs 5, 6, and 7 deviate very much from
the diagonal line. These run» (and run 8) are performed with the larger
type of light bulbs. The results of the runs performed with the smaller
light bulb type seem to be rather similar for the two experiments. The
points to the right of the diagonal line, come from runs 3, S, and 6. These
runs (and run 4) are subjected to mechanical shocks which show different
effects on variability in the two experiments.

4.7.2. Comparison of Estimated Effects

The contrasts are expected to be very similar in Experiments 1 & 2 if the
factors do not interact with the voltage difference between the two
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experiments. In the following, the contrasts are nonnalized, i.e. they are
divided by the estimated standard deviation. The normalized contrasts,
denoted by Z, are plotted in Figure 4.20. For practical reasons, some of
the contrasts are multiplied by -1 and shown with a minus-sign. The
deviation from the diagonal line shows the difference in contrasts for the
two experiments

Exp.2

x/6

x?;

Xh
Exp. 1

Figure 4.20. The normalized contrasts based on on expected logarithmic
life are plotted.

In Figure 4.20, it is seen that contrast 3 is very different in Experimf* "
from Experiment 2. The main factor, involved in this contrast is the light
bulb type. Smaller light bulbs, on the conditions of Experiment 1, seem to
have a much longer life than larger bulbs.

Knowing that the light bulb type interacts with the stress factor, it is
reasonable to assume that the same interaction also exists within an
experiment. This interaction is included in contrast 5 and confounded
with factor time (T). This contrast is small and ignorable in both
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experiments. The applied voltage, as a factor within an experiment, varies
only with O.S volts and its interaction with the light bulb type is limited.

In Figure 4.20, it can also be noted that contrast 1, with voltage as the
main factor, is somewhat larger for Experiment 1 as expected. A voltage
decrease of 0.S volts at 11 volts influences the expected logarithmic life
more than it does at 9 volts. Contrast 6, containing mechanical shocks,
shows the same tendency. Presence of mechanical shocks at 11 volts seems
to decrease the expected logarithmic life more than it does at 9 volts.
These factors seem to interact slightly with the applied voltage.

The effect of factors on variability in logarithmic life seems to
have changed considerably from Experiment 1 to Experiment 2. In order
to visualize this change, the normalized contrasts, based on variability

measure are denoted by / i and plotted in Figure 4.21. The deviation from
the diagonal line shows how different the obtained contrasts are from one
experiment to another.

Exp.2

3 -

Exp. 1

Figure * 'I The normalized contrasts based on variability measure.

The c^ significant contrast is contrast 6 in Experiment 1. However, in
Expe i .:nt 2, this contrast is strongly reduced. The largest contrast in
Expei • .ent 2 is contrast 2, containing the frequency of turning on and
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off as the main factor. However, it is not significant. It can also be noted
that the magnitude of this contrast in Experiment 1 is about zero.

The main factor in contrast 6 is mechanical shocks that seem to increase
the variation in life when applied at high voltage levels of Experiment 1.
A possible explanation for this might be that, at high levels, some of the
light bulbs cannot stand these shocks and they soon fail while others are
not much affected. At lower voltage levels, this effect cannot be noted.

4.8. Summary and Conclusions

When choosing factor levels for Experiment 2, we assumed that the
decrease of voltage level from 10.5-11 volts to 8.5-9 volts would lead to
a 12-fold increase of the expected life. Based on this assumption, the
frequency of mechanical shocks and turning on and off (electrical shocks)
were decreased 12 times in order to give approximately the same number
of shocks to the light bulbs tested at comparable conditions. The ratio
between the obtained grand averages, for the original data of Experiment
2 and 1 is 11.5. This means that our assumption, mainly based on
previous tests and experience, was fairly reasonable.

Regarding effect of factors on expected logarithmic life and its
variability, the normalized contrasts of both experiments are plotted
against each other to facilitate a comparison, see Figures 4.20 and 4.21. It
can be concluded that, at the studied range of voltage levels, the presence
of mechanical shocks and increase of applied voltage lead to a significant
decrease of expected logarithmic life. Moreover, small light bulbs seem
to last longer than large bulbs, especially at higher voltage levels.

In both Experiment 1 and 2, the results indicate that time and damping
material have no considerable effect. Before performing these
experiments, we suspected that factor F, frequency of turning on and off,
could possibly shorten the expected life time of a light bulb. Neither the
results of Experiment 1, nor the results of Experiment 2 confirm this
assumption.
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It can be concluded that none of the factors F, T and D seem to have any
considerable effect on expected logarithmic life of light bulbs. Therefore,
our 2 6 3 fractional design can be seen as a complete 23 factorial design
for factors voltage, light bulb type and mechanical shocks.

Regarding the effect of the factors on variability in logarithmic life, at
applied voltage levels, no general conclusions can be drawn about active
factors. The conclusions from one experiment are almost contradicted by
the results of another. Further investigation and new designs are required
to understand the mechanisms behind changes in variability measure.
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Chapter 5. The Use of Factorial
Design in Accelerated
Life Testing

In this chapter, the use of factorial design in accelerated life testing is
discussed. Accelerated testing and factorial design, as described in
Chapter 2 and 3, are efficient methods to reduce test time. A combination
of these two methods makes it possible to combine the advantages of both
and to decrease the time and cost of testing considerably. However, the
uncertainty involved in either method should be considered when the
results are evaluated.

Two common models, see for example Nelson (1990), the power-
lognormal and the power-Weibull model, are introduced in a set of
factorial designs. In both models, the shape parameter of the life
distribution is assumed to be a constant, independent of the stress level.
This assumption is sometimes questionable and its accuracy needs to be
checked. This is discussed at the end of this chapter. To illustrate the
application of the above models, they are applied to the data of the light
bulb experiments in order to predict the expected life at the usage level.

5.1. Some Advantages and Problems

In this section, some of the advantages and problems regarding the use of
factorial designs in accelerated testing is discussed. In the following
sections, some of these issues are further developed and illustrated. The
use of accelerated life testing reduces the test time significantly while the
use of factorial design, by testing the effect of several factors
simultaneously, provides the maximum possible information from a
minimum number of tests. To combine these two methods is to benefit
from the advantages of both methods.

95



Chapter 5. The Use of Factorial Design in Accelerated Life Testing

The combined use of these methods can be argued for in two different
cases. One is for an exploratory improvement investigation, when the
factorial design is the main intention and the other is for verification of
reliability, when accelerated testing is called for. In either case, the
combined use is advantageous and improves the testing efficiency.

When an exploratory reliability improvement investigation is the main
purpose, a factorial design is natural and the test can be accelerated by a
suitable increase of the levels of the stress factors. However, the required
assumptions for an accelerated life test must be fulfilled and considered in
evaluation of the test results and corresponding conclusions.

When verification via accelerated testing is the main purpose, a
combination with factorial design serves to study the effect of disturbing
factors and other interesting factors. Information can be obtained
concerning the effect of these factors, interactions between them, and the
interaction between each factor and the stress factor.

In some cases, the failure mechanism under study changes as the stress is
increased. This is one of the main reasons for some people to question the
use of accelerated life testing. However, application of factorial designs at
increased stress levels can be used to identify such a change. If it can be
confirmed that the failure mechanism maintains and does not change at
higher stress levels, application of accelerated testing can be justified.

In some situations, it might be desirable to discover suitable stress factors
in order to accelerate the test. This can be done by applying factorial
designs to life tests. The candidate factors can be tested, at normal or
increased stress levels, and the factors or combination of factor levels
accelerating the life of tested items can be identified. The rate of
acceleration can also be estimated. This can be used to further accelerate
the test or to improve its efficiency by considering new stress factors.

Application of factorial design to accelerated testing is quite new and not
yet much practised. Some of the reasons might be the following:

1. Reliability engineers do not know much about factorial design.
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2. Reliability engineers are more used to estimate or measure reliability,
not to influence and improve it systematically. The purpose of a test is
often to find out or confirm that a certain change has improved the
reliability, not the reasons fur such an improvement and the factors
that affect it.

3. The factors under study may interact with the stress factor. This
interaction complicates the analysis of results and influences its
accuracy.

4. Reliability engineers are not used to experimenting for providing
their own data. They usually us2 old data, provided by o'hers.

However, this method is recently being recognized ar.d applied by some
pioneers. Onsoyen (1990) has suggested a 22 factorial design in
accelerated wear testing of a hydraulic gear pump. Degradation
measurement is proposed. The selected factors were the delivery
pressure, xj, and the oil viscosity, X2- The effect of these factors on the
response is non-linear, but it is assumed to tum linear by considering
X1IX2 and xj2lx2 as variables. By measuring the wear depth frequently,
enough data points are provided.

Andersson (1990), from SKF Engineering and Research Centre,
presented the results of some performed life tests of roller bearings and
its components at a seminar at Linköping University. In an extensive test
programme, executed within SKF, the effect of production factors on the
ball life of roller bearings was studied applying a 2-level fractional
factorial experiment that was heavily accelerated. Seven factors, selected
by an expert team from forty-four potential factors, were studied by
using a 27"4 design. The response variable was the Lio percentile. As a
result of this test and a suitable change of factor levels, the production
was improved and substantial improvement in ball life was reported.
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5.2. Models and Application

In this section, two commonly used models, the power-Weibull and the
power-lognormal model are introduced. Jn these models, the scatter in
life is described by Weibull and lognormal distribution, respectively,
while the life-stress relationship is described by the power law, see
Chapter 2. As an illustration, these models are applied to the available
data from light bulb experiments and the expected life at the usage level,
6 volts, is predicted.

5.2.1. The Power-Weibull Model

In some situations, there are theoretical arguments for the use of a
Weibull distribution. According to extreme value theory, the Weibull
distribution may describe the life of the "weakest link" of a product or
system. Such a product or system consists of many elements in a series
with random life lengths, i.e. the product life length is the minimum life
length of its elements.

The lognormal and the Weibull distributions are generally quite similar
and they can often substitute each other. The Weibull distribution has
good graphical properties while the lognormal distribution is easier to use
in statistical analyses. When the power-Weibull is applied, it is
complicated to arrive at confidence interval for the predicted values.
However, this is easier when the power-lognormal is applied.

The power-Weibull model is based on the following assumptions:

1. At any stress level /?, the product life has a Weibull distribution.

2. The shape parameter of the Weibull distribution, j3, is a constant,
independent of the stress level.

3. The scale parameter of the Weibull distribution, a, or any other
percentile, is an inverse power function of the applied stress.

a(R) =
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After taking the logarithm on both sides of the equation, it can be written
as a linear expression:

In a(R) = bo - b\ (In R)

The parameters bo and 61 are characteristics of the product and of the test
method. The parameter a(R) plots as a straight line versus R on log-log
paper and its value at the usage level or any other stress level can easily
be estimated. The value of the shape parameter, /}, is also easy to estimate
graphically by Weibull plotting of obtained data at applied stress leve's.

At any stress level R, the cumulative distribution function (population
fraction failed by age t) is as follows:

ffc /?)=!- exp[\^J) = J - expire*R*f\

At the usage level, or at any other stress level, F(t; R) plots as a straight
line versus / on a Weibull probability paper.

Illustration: The scatter in life of light bulbs is properly modelled by a
Weibull distribution, see Figure 4.5 and 4.11. A reasonable life-stress
relationship for light bulbs is the power law, see DEC Publ. 64 (1974) and
EG&G Electro-Optics (1984). Thus, the power-Weibull model can be
applied in order to predict the expected life at the usage level, 6 volts.

In the light buib experiments, the applied stress is the voltage V and the
data are obtained at 4 different voltage levels, that is 8.5, 9, 10.5 and 11
volts. The parameters of the Weibull distribution are estimated for all
performed runs, see Figures 4.5 and 4.11.

In Chapter 4, we concluded that factors T and D did not show any effect
on expecied logarithmic life of light bulbs. By ignoring these factors, the
runs of Experiments 1 and 2 can be divided in four suitable groups,
namely runs 1&2, 3&4, 5&6, and 7&8 from both experiments. Each
group contains 64 observations, 16 at each voltage level.
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InV

Ina

Figure 5.1. By application of power-Weibull model to the data of light
bulb experiments, the scale parameter of Weibull distribution
at any stress level can be estimated.

By plotting the estimated Ina against iriV for all four runs of a group and
drawing a suitable line through the plotted points, the value of Ina at any
stress level can be estimated using for example regression analysis, see
Figure 5.1. The voltage level at the usage conditions, In 6=1.79, is shown
as a horizontal line in the figure.

run

1&2

3&4

5&6

7&8

In a

13.1

11.1

12.0

12.5

P

2.2
2.2
2.2
2.2

expected

lifeflO5)

4.3
2.2
1.4
2.4

Table 5.1. The expected life of light bulbs at 6 volts is estimated for
different combinations of factor levels. The life is assumed to
be Weibull distributed with the given parameters. The
estimated data can be seen as results of a 231 fractional
factorial design.
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Using the data from each group of runs, Ina at the usage level is
estimated. These estimates are crude and confidence intervals are hard to
arrive at by using this method. Each estimate is expected to be valid for
the conditions given as + and - signs for some given factors in Table S.I.

Estimation of f$ at the usage conditions can be performed in different
ways. Here, an average of all jJ:s from Weibull plots of Figures 4.5 and
4.11 are used. Other alternatives are also possible. The constancy of the
shape parameter is discussed at the end of this chapter.

Estimation of the mean of a Weibull distribution is performed with the
following formula and the estimated parameters:

mean = aH-*- + 1
IP

The gamma function (F) is tabulated in for example Rade (1988).

5.2.2. The Power-Lognormal Model

The power-lognormal model is based on the following assumptions:

1. At any stress level R, product life has a lognormal distribution.

2. The standard deviation, a, of logarithmic life is a constant,
independent of the stress level.

3. The median life, Zo.so, is an inverse power function of stress, that is:

The parameters 7o- 7i, and a are characteristics of the product and the
used test method. The equation above can also be written as:
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Here, p(X) is the mean of the logarithmic life, which is a linear function
of X, the transformed stress (X=-lnR). The cumulative distribution
function is:

Here, the function 0 is the standard normal cumulative distribution For
estimating the model parameters, accelerated tests are to be performed at
least at two levels. Additional levels are needed to check the model
accuracy. The linear relationship between life and stress can also be
written:

Here,_/*(X,-) is the estimated mean of the logarithmic life at stress level X,
and X is the arithmetic mean of the applied stress levels. By using a
simple regression analysis, bo and b\ can be estimated. Thereafter, the
mean of logarithmic life at any stress level can be predicted. For
regression analysis, see for example Hjort (1987) or Sen and Srivastava
(1990). A variety of computer programs are available for this purpose.

Illustration: The lognormal distribution fits the data of light bulb
experiments fairly well, see Figure 4.6 and 4.12. As discussed before, the
life-stress relationship can be described by the power law. Thus, the
power-lopnormal is a reasonable model.

For run 1 in both experiments, we have the following data: X\=-lnll\

X2=-in9; ri(X\)=5.357 and //(X2)=7.672. The arithmetic mean X of the

transformed stress levels is equal to -2.298. Hence, the parameters bo and

b\ can be estimated as follows:

r =
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The estimated values of bo and b\ are 6.514 and 11.536. By inserting
these values in the power-lognormal model above, the mean of
logarithmic life at any stress level can be estimated. The expected
logarithmic life at the usage level, 6 volts, is 12.35. This means that the
expected life, under the conditions similar to run 1 but at the usage level,
is about 160 days. Similar calculations for each of the seven remaining
runs results in seven new estimates.

The estimated expected logarithmic lives, for different combinations of
factor levels at the usage level, are shown in Figure 5.2. The results of
Experiment 1 and 2 are projected to the usage level and a new cube is
created. The confidence interval for each estimate, which will be
discussed later, is also seen in the figure.

Figure 5.2. The expected logarithmic life for different combinations of
factor levels at the usage stress, 6 volts, is estimated by a
power-lognormal model. The confidence interval for each
estimate is also seen.
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The new cube can be looked upon as the result of a 25"3 fractional
factorial design performed at 6 volts. The dimension of factor V has
disappeared because it is constant at the usage level. In Figure 5.2, the
factors F, L and D are shown as three dimensions of the cube. The
remaining two factors T and S are confounded with VL and FL,
respectively.

By considering the estimates given in Figure S.2 as values of a response
variable, the corresponding contrasts can be calculated.

lj = EF+ELS + EDT = -029

h = EL + EFS = 033

h = ED + EFT = -0.12

U = ES+EFL = 0.95

Is = ET+EFD - -0.05

h = Ew + EST = -021

b = EDS + ELT = -0.40

These contrasts can be compared to the corresponding contrasts based on
data at higher stress levels, see Section 4.4.4 and 4.5.4. However, the
standard deviation of each contrast is much higher in this case and is
caused by the uncertainty in the estimated regression line. Therefore, the
above contrasts are very crude and rather inaccurate. The uncertainty
about each response value (estimated expected life) is illustrated by its
confidence interval.

Confidence interval illustrates the uncertainty involved in each
estimated value. Expected life at the usage conditions or any other stress

level, indicated by (i(Xo), has the following confidence interval:

Here, n is the number of observations and tan{n-2) is the value of a t-
distribution with n-2 degrees of freedom at significance level a .
Moreover, s is the estimated standard deviation which is assumed to be
constant at all stress levels. The accuracy of this assumption is discussed at
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the end of this chapter. In the following, the pooled estimate of the
observed standard deviations at higher levels is used.

Illustration: The confidence intervals for estimated lives of light bulbs
at the usage level, Xo=-ln6, are obtained by using the above formula. For
each estimate, we have n=32 and t=1.70 which corresponds to a=0.10.

For run 1, 16 of the used observations are obtained at X\=-lnll and the
remaining 16 at Xy=-ln9 while the pooled estimate of standard deviations
is s=0.46. The confidence interval for the logarithmic life, at conditions
of run 1 but at the usage level, is therefore 12.35±0.71. The confidence
intervals, based on the data from other runs are calculated in the same
way, see Figure 5.2.

Alternative approach for prediction: By using more data for each
estimate, the accuracy can be improved. The data from both experiments
can be divided into four groups, as in the application of the power-
Weibull model. At the usage level, the expected life can be estimated for
different combinations of factors F, L, and S.

Figure 5.3. Estimated expected logarithmic life of light bulbs and its
confidence interval for 4 different combinations of factor
levels are illustrated in corners of a square.
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These estimates and their confidence intervals are displayed in the comers
of a square in Figure 5.3. The factor combinations for each estimate are
also indicated. Note that S=+FL, equivalently, that F=+SL.

A comparison with Figure 5.2 shows thai the uncertainty of estimates is
reduced. The available estimates can be seen as results of a 23*1 fractional
design. The contrasts are as follows:

// = EL + EFS = 0 30
h = Es + EFL = 0.93
I3 = Ef + ELS = -0.46

These contrasts are also uncertain and highly influenced by the
uncertainty in the estimated regression line.

5.3. To Check the Constancy of Failure
Mechanisms at Higher Stress Levels

The basic idea and assumption in accelerated life testing is that the failure
mechanisms do not change when the stress level is increased. However,
this assumption is sometimes questionable because the increase of stress
level may affect the failure mechanisms. Also, new types of failures, that
would not exist at the normal stress levels, may arise.

When factorial designs are applied at different stress levels, the result of
each run can be compared with the corresponding results at other stress
levels. This can show whether the relative effect of factors on the life
behaviour of tested items vary with the applied stress level or not. If such
a variation is not indicated, the results and conclusions from accelerated
life testing can be considered of a high accuracy.

In the light bulb experiments, the obtained life lengths at each of eight
runs of Experiment 1 are assumed to be comparable with the
corresponding results of Experiment 2. In Section 4.7.1, a comparison
between weighted averages of all eight runs was made by plotting them
against each other. The normalized contrasts were also plotted against
each other.
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Example: In Figure 5.4, the weighted averages from all eight runs of
Experiment 1 and 2 are plotted against each other. In order to avoid the
high influence of interaction between the light bulb type and the applied
voltage, visualized in Figure 4.18, a new weighting is done. Each life
average is divided by the grand average of those runs in the same
experiment having the same light bulb type.

Exp.2

i

1.10

1.05

1.00

0.95

0.90

0.85

0.85 0.90 0.95 1.00 1.05 1.10 1.15
Exp. 1

Figure 5.4. The weighted averages of run 1 to 8, from Experiment 1 and
2, are plotted against each other.

In Figure 5.4, the closeness of plotted points to the diagonal line indicates
that the active failure mechanisms are probably the same or at least fairly
similar in both experiments. The deviation can be due to random
variation.
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5.4. To Check the Constancy of the Shape
Parameter by TTT-Diagrams

All inference from data is dependent on model assumptions. After
analysing the daLi, it is important to study whether the data are consistent
with the assumed model or not. Here, the use of I'll-plotting techniques
in this connection is discussed. For a general survey about TTT-plotting
techniques, see Bergman and Klefsjö (1984).

In Section 4.4 3, the use of the TTT-plotting technique in selection of a
suitable life distribution was mentioned. By TTT-plotting of the obtained
replicated data and comparing them with the available Tl'l-diagrams
from different distributions, a reasonable life distribution can be selected.
Therefore, we assume here that the life distribution in the accelerated
model properly fits the data and is valid.

In application of accelerated life testing, it is commonly assumed that
acceleration affects only the scale parameter of the life distribution and
not the shape. The constancy of the distribution shape is sometimes
questionable. By TTT-plotting of data from different stress levels,
changes in the shape of the life distribution can be indicated. Differences
in shape parameter may indicate a change of failure mechanism. Here, it
is assumed that replicated data are available for drawing TTT-diagrams.

The data from some earlier performed light bulb tests, at various stress
levels, are TTT-plotted and illustrated in Figure 5.5. The normal stress
level is 6 volts but the voltage is increased up to 14 volts. All tests are
performed under comparable conditions. The TTT-plots are rather
similar and no trend or change in size of the form parameter can be
indicated. Based on the available data, in this case, the assumption that the
shape of the life distribution is the same for all stress levels seems
reasonable. For further discussion, see Bergman and Hakim (1991).
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5.5. fAe TTT-plots from some earlier tests, performed at
different stress levels, coincide fairly well. No change in the
shape parameter is indicated.

However, in some cases, the shape of the life distribution of components
might change at higher stress levels. A possible explanation can be that
components are mixtures of different groups of components which are
affected differently by acceleration. One group may be affected n.ore in
the sense that the acceleration factor is larger. Then, at the higher stress
levels, the components have a mixture of different distributions, see
Figure 5.6.

A simple example is the following. Assume that all components,
consisting of two different groups, have the same exponential life
distribution at normal stress levels. Then, the failure rate is a constant. At
higher stress levels, the distribution of two groups might separate. Then,
the life of components is a mixture of two exponential distributions. Such
a mixture has a decreasing failure rate (DFR). Generally, a mixture of
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life distributions is more DFR than the components of the mixture, see
Barlow and Proschan (1981).

f(t)

i ,

Figure 5.6. Two groups of components that have almost the same life
distribution at normal stress level (left figure) may be
affected differently by acceleration. They may have two
different distributions at higher stress levels (right figure).

In some practical examples presented by Barlow et al (1988), it seems
that the life time distribution becomes more and more DFR as the stress
level increases. The reason for this can be the existence of some special
failure modes that are not active at normal stress levels but appear at
higher stress levels, see also Xie, Zhao, and Hakim (1990).

When factorial designs are applied in accelerated life tests, life
distribution is normally expected to be the same for different
combinations of factor levels. However, even in this case, the shape of the
life distribution may vary from one run to another. If replicates are
available, the constancy of the shape parameter can be controlled by
comparing TTT-plots from different runs.

Example: In the power-Iognormal model, it is assumed that the star.iard
deviation of logarithmic life is constant and independent of the applied
voltage level. Equally, in the power-Weibull model, it is assumed that the
form parameter j3 is constant. These assumptions are checked here by
TTT-plotting the obtained data from Experiment 1 and 2.
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The dab from Experiment 1 are marked by
The data from Experiment 2 are marked by

Figure 5.7. The data of each run of Experiment 1 and 2 are Til-plotted
in order to check the assumed constancy of the shape
parameter.

For both experiments, the TTT-plots of all performed runs are shown in
the comers of a cube in Figure 5.7. It is seen that regarding change of the
shape parameter from conditions of Experiment 1 to conditions of
Experiment 2, no general conclusions can be drawn that would be valid
for all eight runs. Moreover, the shape parameter from one run to
another, in the same experiment, does not seem to vary more than what
can be explained by random variations The shape parameter can be the
same for all runs of both experiments.
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Chapter 6. Conclusions and Further
Research

The combination of factorial designs and accelerated life tests reduces the
time and cost of testing and can mainly be used in two different areas of
application: exploratory improvement investigation and verification of
reliability. In this chapter, some conclusions and comments regarding
application of this method are discussed. Moreover, some thoughts about
new areas for further research are introduced.

Accelerated life testing is often expensive and time-consuming.
Therefore, a successful test requires careful preparation and planning,
based on all available knowledge and a systematic approach. This topic
has been discussed by e.g. Meeker and Hahn (1985), Nelson (1990) and
Lydersen and Rausand (1987).

Application of factorial designed experiments also needs especial care and
preparation, see for example Montgomery (1984), Box et al (1978) and
Bergman (1991). Therefore, the importance of preparation and planning
has to be emphasized for a successful combination of factorial designs and
accelerated life testing. Some general comments and conclusions about
planning and performance of statistically designed accelerated life tests
are described in the following.

6.1. Some Comments and Conclusions

The selection of a stress factor as a studied experimental factor has to be
further considered. The advantage is that the data will be obtained at
various levels of the stress factor. Thus, the accuracy of the acceleration
model can be checked. However, the disadvantage is that there is a natural
interaction to be dealt with, i.e. the effect of a certain increase of stress
level on response is expected to be higher, the higher the stress level is.
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Sometimes, there are trivial interactions between the stress factor and the
experimental factors. By compensating for such interactions, new
interactions may be discovered. In the light bulb experiments, it was
obvious that frequency of shocks would interact with the stress factor. By
adjusting the period of shocks to the applied voltage, interaction between
number of shocks and voltage could substitute the former trivial
interaction.

When tests are to be performed at different stress levels, it is often better
to start with those at higher levels, especially when tests are time-
consuming. Unexpected surprises may occur and planning may need to be
revised, thereby making the performed part of a test useless. Moreover,
the obtained experience and information from tests at higher levels can be
used for planning and performance of tests at lower levels.

The used models are always based on some assumptions. The accuracy of
these assumptions has to be checked, for example by studying the obtained
residuals. As discussed and illustrated in Chapter 5, the TTT-pIotting
technique is very suitable for checking the accuracy of the shape
parameter of the assumed life distribution.

Accelerated life testing often assumes that the failure mechanism is the
same at all stress levels. Performance of factorial designed experiments at
different stress levels can be used to check the validity of this assumption.
However, this can also be indicated by studying the constancy of the shape
parameter, see the discussion in Chapter 5.

For deciding the number of runs and the number of replicates, the
required cost for each one and the importance of accurate estimation of
the variance need to be considered. If the tested items are not expensive,
such as light bulbs, providing replicates can be cost-effective because it
improves the accuracy of drawn conclusions. Moreover, by providing
enough replicates, the test can be stopped before all items have failed, as
discussed in Chapter 4.

Careful selection of response variables, experimental factors and their
levels are essential. The levels of each factor are to be selected so that the
corresponding factor shows reasonable effect on the response, if it has
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any. If the factor levels are too far from each other, the effect on the
response might be too large and cover the effect of other factors. If they
are too close, the effect might be undetectable. In some situations, a
primary test might be necessary if the available information is not
satisfactory.

In application of factorial designs, it is often realized that the required
test time for one or more combinations of factor levels is much longer
than it is for the remaining combinations. This can easily happen when
the time aspect has not been properly considered in design of
experiments. What is to do if the result of one run is totally missing? This
topic is discussed by Box (1990) and a method to deal with it is proposed.

It is also worth emphasizing that the experimental variation should be
minimized as far as possible by keeping constant aii the factors except
those under study. This includes all experimental conditions and also
involved people. For example, the tested items should be from the same
manufacturer and shipment, the measuring instruments should be accurate
and if several are used simultaneously, they need to be synchronized.
Some details and experience, obtained in connection to the performed
illustrative experiments, are described in Appendix A.

6.2. Further Research

Degradation measurement gives information about life behaviour of a
product before any items have failed. In many cases, the failure is not
preceded by a measurable degradation and the failure stage can not be
predicted. Sometimes, a secondary product performance can be measured
to predict failure. For example, during performance of light bulb
experiments, it was noticed that the light intensity strongly degrades with
time. It might be possible to predict the life of light bulbs by measuring
the light intensity. Combination of factorial designs and accelerated
degradation testing need to be studied further.

In many situations, the obtained data is not complete. To deal with
censored data, different kinds of computer simulations can be used to
illustrate the uncertainty that is caused by the missing data. By assuming
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different values for the parameters of the life distribution and
simulations, the effect of this uncertainty on the results of analysis can be
evaluated, see Andersson (1984). Further study and development of
methods is needed for dealing with this uncertainty, especially in
connection to designed experiments.

Another area to study is the possible interaction between the factors under
study and the stress factor. A stress factor is not always affecting only the
scale parameter of the life distribution, which is perhaps the ideal case,
but it may also affect the shape parameter. This can be checked and
discovered by TTT-plotting technique. The effect of such a deviation
from the assumed model needs further investigation.

For accelerating the life of many products and materials, there are
determined stress factors that are traditionally used. Sometimes, several
stress factors are used simultaneously which makes the model more
complex. Designed experiments can be used to identify suitable stress
factors and obtain information about the rate of acceleration caused by
each factor. More theory is needed for a proper treatment of this
situation.
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Appendix A. Some Problems, Details and
Experience from Light Bulb Testing

In this appendix, some practical problems and details regarding design
and performance of the two experiments of chapter 4 are discussed.
Moreover, some experience learned form performance of these
experiments is described, for example, that one has to be cautious so that
accelerated life testing of light bulbs does not end up with acceleration of
the life of experimenter.

A.I. Some Experimental Conditions

In performance of experiments, the variation in experimental conditions
has been minimized. For example, the tested light bulbs were taken from
the same batch. Experience indicates that the quality of bulbs varies from
batch to batch which means that a significant improvement can be
obtained just by identifying the sources of this variation which probably
is due to manufacturing or shipment conditions.

o o o o
o o o o
o o o o
o o o o

Figure A.I. At each run. 16 light bulbs are tested simultaneously. The
applied voltage is controlled through the generator.
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In Figure A.I, some experimental conditions are illustrated. The same
hammer has been used for producing mechanical shocks. The used
materials such as generators, plates, tables, voltmeters, plug points, etc
are all from the same type and their number is limited to four which is
required for performing four runs simultaneously. Moreover, the same
place of the laboratory space has been used. Regarding voltmeters, it was
learned that they have to be synchronized.

A.2. Selection of Factors and Their Levels

In selection of the factors, factors that are realistic and easy to apply and
control have been chosen. The laboratory resources are quite limited and
the cost of experiments had to be kept as low as possible. Selection of
levels for each factor must be based on all available information so that
its effect on expected life is appropriate. If the expected effect is too
small, it can hardly be discovered and if it is too big, it may destroy the
experiment by dominating the results and not letting the effects of other
factors be discovered.

Some other interesting factors were also considered as possible
candidates, like the environmental temperature, the position of a light
bulb and the type of current. A constant temperature requires warming
cupboards which were not available and expensive to provide.

The two most common positions for a light bulb are probably the vertical
and horizontal ones. We could not select this factor because its effect is
probably much affected by the position of the light bulb's filament which
is difficult to control precisely. Moreover, if a plate of light bulbs is
located vertically, the light bulbs at the higher rows may be affected by
the heat of those at the lower rows and proper application of mechanical
shocks would also be difficult.

The type of current (direct versus alternating) was also considered as a
possible factor. However, it was realized that direct current is difficult to
apply because for every failed item, the applied voltage was increased by
about 0.1 to 0.4 volts for the first bulbs. When a few items were left, this
increase vas about 1 volt. A simultaneous failure of two items at this
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stage had a tremendous effect on the life of remaining ones. This creates a
dependency between failure data that is difficult to deal with why this
factor was omitted after some primary tests.

Time is treated as a factor in the experiments. When all runs of an
experiment cannot be performed simultaneously, it can be divided in
blocks. An experiment of eight runs can be carried out in two blocks of
four runs or four blocks of two rur*. This is called blocking, according
to e.g. Box et al (1978). The block variable may interact with the factors
under study. Very often, however, this interaction is not taken into
consideration.

All eight runs of each experiment can hardly be performed
simultaneously. In order to limit the variation between test materials and
test conditions, it was decided to divide each experiment in two parts of
four runs. Moreover, at high voltage, things happen very fast. It is not
easy to apply and control mechanical shocks and frequency of turning on
and off for eight runs and observing 128 tested light bulbs
simultaneously. For each failed item, the level of applied voltage
increases and must be adjusted immediately.

The experiments could not be performed without stop because of the
required continuous control. It is assumed that the effect of temporary
stops can be ignored if the turning off and on is done gradually. The level
of applied voltage was decreased step by step before turning off the
generator. For re-starting the test, the applied voltage was low in the
beginning and increased gradually to warm up the tested light bulbs and
not to cause electrical shocks.

Mechanical shocks is a selected factor whose application needs some
special care and thoughts. These mechanical shocks are given by hammer
blows in the experiments. It is important to make these shocks
homogeneous over time and not letting them depend on the problems and
mental condition of the experimenter. It is also desirable to make these
shocks affect all light bulbs equally, independent of their location on the
plate.
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What we did was the following: For application of mechanical shocks, the
bottom of the hammer was let to rest on the table and its head was lifted
up until it formed an angle of 45 degrees with the surface of the table.
Then, it was dropped to fall on a certain place on the edge of the plate
upon which the light bulbs were mounted. Eight different places of the
plate were met each time. The hammer was not permitted to meet the
light bulbs directly, not even when the experimenter, being tired, was
waiting very badly for the last bulb to fail.

The factors in Experiment 1 and 2 are the same. The levels of the factors:
light bulb type (L), damping material (D), and time (T) are unchanged in
the two experiments. The levels of other factors were changed because
the effects of them, if existing, were highly affected by the 2 volts
difference between the experiments. The purpose was to compensate for
the trivial interaction between applied voltage and these factors.

In both experiments, the + level for mechanical shocks means that no
shocks are applied while the - level means that a series of shocks (8
hammer blows) is applied. The frequency of the shocks is not the same
for the two experiments. In Experiment 1, these shocks are applied once
every five burning minutes.

Regarding the - level for mechanical shocks in Experiment 2, it is tried to
give about the same number of shocks to the light bulbs at corresponding
runs between two experiments. Available information indicates that the
expected life at conditions of Experiment 2 is about twelve times longer
than in Experiment 1. Consequently, mechanical shocks are applied once
in every 60 burning minutes.

The - level for frequency of turning on and off is also adjusted from one
experiment to another. On-off turning can be seen as electrical shocks
given to the tested items and the same reason that we had for mechanical
shocks is also valid here. Hence, if these shocks show different effects in
the two experiments, that is due to interaction between applied voltage
and the number of shocks based on the assumption that the compensation
above for 2 volts difference is good enough. Otherwise, lack of
compensation will add to this interaction.
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In Experiment 1, when factor F is -, the light bulbs are off for five
minutes every five burning minutes. The life time of a light bulb is the
burning time. The assumption here is that when it is off, it is not stressed
at all. This is a reasonable simplification. When a light bulb is turned on,
it might take some seconds to get warm and be fully stressed, but this is
not taken into consideration. This is compensated by not considering the
immediate time after turning off although the bulb is still partly stressed.

In Experiment 2, the light bulbs are off for minutes every sixty burning
minutes. Here, the off-time is the same as in Experiment 1 while the on-
time is adjusted to the expected life time. Five minutes is considered
enough for letting a light bulb filament cool down.

Regarding factor V, the difference between - and + level is 0.5 volts in
both experiments, but this difference has obviously a larger effect at
conditions of Experiment 2 because this factor is also the stress factor.
The big advantage of selecting the stress factor as an experimental factor
is that the data will be provided at 4 different levels of the stress factor.
As illustrated in Chapter 5, this improves the accuracy of prediction of
expected life at the usage level.

A.3. Some Other Details and Experience

Knowing that some light bulbs usually fail shortly after first use, bum-in
was considered in order to get rid of these early failures. However, this
was not done because these early failures were few. The light bulbs that
failed before reaching the normal usage level, during the gradually
increase of applied voltage, were substituted by new ones.

A confusing problem with the light bulbs was the surprising phenomenon
of reincarnation. In connection to application of mechanical shocks, some
failed bulbs could get back to life and bum up to several hours. The
reason for this is that the light bulb filament evaporates while in use and
when the smallest part of it is cut-off, the light bulb fails. The knocking
on a failed bulb by a finger or hammer blows on the plate can weld
together the filament. In our calculations, the time to first failure is
counted.
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Another problem was that some bulbs stopped burning although they had
not failed. The shakings and vibrations, mainly caused by himmer blows,
could get some bulbs come off. They could continue a normal life when
screwed back. In order to be able to go back and control the source of
any failure data and possible dependence between them, the location of a
bulb was distinguished by a number written on the failed item. Deviations
from normal life behaviour were also noted.

It is important to check the accuracy of measuring instruments also after
starting the experiment. For example, although the used voltmeters were
synchronized, the battery of one of them failed gradually during a test so
that it did not show the real voltage. This was not discovered until the
obtained failure data indicated that something was wrong. The test had to
be redone. A lesson was learned but the price was high.

Adjustment of applied voltage to the aimed level was also connected with
some problems and required a special consciousness. Because of the
existing normal variation, a difference of about 0.05 volts from the aimed
level was considered acceptable, but sometimes the deviation was higher.
The generators were not only old and sluggish, but also extremely
dangerous. This was learned by an electrical shock, much stronger than
those given to the light bulbs.

The most precious experience from the performance of experiments was
that accelerated life testing of light bulbs could accelerate the life of the
experimenter. This has to be avoided, otherwise no experiments can be
completed.
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Performed Experiments

In this appendix, the effect of factors on expected life and its variability is
studied for the original data of Experiment 1 and 2. In chapter 4, a
similar study was performed for logarithmic data of the experiments. A
comparison between obtained results and estimates illustrates the effect of
transformation of obtained data.

B.I. Effects on Expected Life in Experiment 1

In design of experiments, it was decided that: T=+VL, S=+FL, D=+VFL,
see the design matrix of Table 4.1. Therefore, the effect of each factor is
is confounded with a variety of interaction effects. This is shown in the
following where the three-factor and higher-order interactions are
ignored. The calculated contrasts, based on the average obtained lives, are
as follows:

ii = Ev + Eu +
12 = EF + ELS +

13 = EL + EVT+

14 = EVF + ELD

15 = ET+EVL +

16 = ES + EFL +
h = En + EVS +

ESD =
ETD =
EFS =
+ ETS

EFD
 =

EVD -
EFT =

96
-48
-131

= -39
•• - 3 5

103
: 42

With s2=9340 and N=128, the formula for estimation of the variance of
effects gives that the estimated standard deviation for the above contrasts
is about 17 minutes, see Figure B.I. It appears that three contrasts, //, I3
and /<5, have magnitudes which are quite distinguishable from noise.
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Figure B.I. The contrasts are displayed with a reference distribution with
scale factor 17, centred at zero.

It is seen that none of the contrasts is close to zero. This indicates a non-
linearity that is essentially due to the relatively large average life obtained
at conditions of run 2. A comparison between Figure 8.1 and the
corresponding one for transformed data, Figure 4.7, reveals how the
logarithmic transformation affects the contrasts. We notice that the big
influence of run 2 is highly reduced.

In Figure 4.7, it is seen that relative to the reference distribution, four of
the plotted contrasts are fairly close to zero and can be explained by noise
while the other three are far from the corresponding reference
distribution. The three latter contrasts are distinguished from noise in
both cases. Assuming that this is due to the main factot in each contrast,
the following three factors can be considered to have significant effects:
voltage, light bulb type and mechanical shocks.

Considering the three above mentioned factors as the only ones affecting
the expected life, and ignoring the other three main factors, the 26-3
fractional factorial design can be reduced to a complete 23 factorial
design. This is how we made up the example discussed in Section 3.3.

B.2. Effects on Variability in Experiment 1

In chapter 3, we mentioned that the logarithms of standard deviations can
be used for studying the effects on variability in life. This was also
applied in analysis of the transformed data. Here, as an alternative, the
coefficients of variation, discussed and illustrated in Figure 4.3, are used
as values of the response variable. The corresponding contrasts are:
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I'l = E'v + E'LT + E'SD = 10

1'2 = E'F + E'LS + E'TD = -3

1'3 = E'L + E'VT + E'FS = 2

1'4 = E"VF + E'LD + E'TS = 1

1'5 = E'T + E'VL + E'FD = 4

1'6 = E'S + E'FL + E'VD = -22

1'7 = E'D + E'VS + E'FT = 3

The contrasts, approximately normally distributed, are plotted on a
normal probability paper in order to see which ones can be considered
significant, see Figure B.2. A straight line is also drawn through the
plotted points.

- 3 0 - 2 0 - 1 0 10 20

Figure B.2. The contrasts are plotted on a normal probability paper. The
only significant point seems to be the one to the left which is
l'(>. A straight line is drawn through the other six points.

The contrast /'6=-22 seems to have a significant effect on variability in
life. The standard deviation of each contrast can be estimated to be about
6, measured by slope of the drawn line. It is highly probable that the
magnitude of /'(, is due to the effect of mechanical shocks which is the
main factor in this contrast. See Figure 4.9 for a comparison with the
corresponding result from transformed data.
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Appendix B. Analysing the UMnnsformed Data of Perfonned Experiments

B.3. Effects on Expected Life in Experiment 2

Ignoring all three-factor and higher-order interactions, the confounding
effects and the contrasts are as follows:

// = Ev + ELT+ESD = 1036

12 = EF + ELS + ETD = -440

13 = EL + EVT + EFS = S50

U = EVF + ELD + ETS = -42i

(5 = ET + EVL + EFD = -308

16 = Es + EFL + EVD = 1466

17 = ED + EVS + EFT = 389

In order to evaluate these obtained contrasts, their standard deviation is
estimated to about 207 minutes, see Figure B.3. If the plotted contrasts
were caused by noise, they would be expected to be covered by the
reference distribution.

Figure B.3. The contrasts are displayed with a reference distribution with
scale factor 207, centred at zero.

The corresponding results for logarithmic life are displayed in Figure
4.13. A comparison shows that, relative to the reference distribution, all
contrasts for transfonned data especially those with the lowest magnitudes
are closer to zero.

In Figure B.3, it is seen that among the plotted contrasts, three of them
are distinguishable from noise. It is reasonable to assume that, in
accordance with Experiment 1, the three factors which can be considered
to have significant effects are: voltage, light bulb type and mechanical
shocks.
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Appendix B. Analysing Ihe Untransfonned Data of Performed Experiments

For selection of the levels of the factors in Experiment 2, we assumed
that the expected life would be about 12 times more than in Experiment
1. Now, the ratio between the obtained grand averages shows to be about
11.5 and coincides fairly well with the assumption.

B.4. Effects on Variability in Experiment 2

Based on the coefficients of variation, in Figure 4.10, the calculated
contrasts are as follows:

l'\ = E'v + E'LT + E'SD = -1
/'2 = E'F + E'LS + E'TD = 14

1'3 = E'L + E'VT + E'FS = -4
I'A = E'VF + E'LD + E'TS = 7
/'5 = E'T + E'VL + E'FD = 0
/'6 = E'S + E'FL + E'VD = -6
I'l = E'D + E'VS + E'FT = 0

In accordance with the analysis of Experiment 1, these contrasts are
plotted on a normal probability paper.

-10 -5 0 5 10 15

Figure B.4. The contrasts are plotted on a normal probability paper.
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Appendix B. Analysing die Unmnsformed Data at Perfwmed Experiments

None of the ploned contrasts deviates significantly from the drawn line.
In conditions of Experiment 2, the variability in life does not seem to be
affected significantly by any of the factors under study. This is also
strongly indicated by the study of transformed data, see Figure 4.14 for a
comparison.
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