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The 3+1 split of general relativity has been used to investigate the dispersion 

relation for certain plasma waves, together with the two stream instability, in the 

vicinity of a Schwarzschild black hole horizon. In contrast to the special relativistic 

results, the dispersion relations discussed here contain additional terms involving the 

gravitational acceleration, a, and the lapse function a. Some of these terms are 

imaginary and should correspond to gravitational damping effects. 
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Plasma physics in the vicinity of a black hole is a subject of obvious interest and 

current concern in astrophysics. It would seem to demand a covariant formulation 

based on the fluid equations 01 general relativity and Maxwell's equations in curved 

space-time, but this approach has so far proved unproductive. The development of the 

3+1 formalism of general relativity by Thome et al. [1] provides a method for carrying 

through a standard plasma physics analysis within a familiar framework using electric 

and magnetic field vectors while taking accurate account of general relativistic effects 

such as curvature. There have been two relevant attempts to exploit this convenient 

and direct approach. Xhiao-He Zhang [2] has considered the case of ideal MHD 

plasma waves in the vicinity of a Kerr black hole, accounting for the effects of the 

hole's angular momentum but ignoring the effects due to the black hole horizon. 

Holcomb and Tajima [3] have considered some properties of wave propagation in a 

Friedmann universe but their results are suspect as a number of their equations are 

incorrect. 

In the present paper a general relativistic version of the two fluid formulation 

of plasma physics is considered using the 3+1 formalism. A linearized treatment of 

several types of plasma waves is developed, in analogy with the special relativistic 

formulation by Sakai and Kawata [4] (hereafter referred to as SK), to investigate the 

nature of these same waves close to the horizon of a Schwarzschild black hole. The 

simplest treatment is of the electrostatic waves and the transverse electromagnetic 

waves. The subsequent analysis of the two stream instability also includes the ef

fects of gravity. The two stream instability has been regarded by many authors as 

significant for the understanding of the pulsar emission process as well as black hole 

phenomena. 

The formulation of the two fluid equations in Schwarzschild co-ordinates leads to 

unecessarily complicated mathematics. Rindler co-ordinates, however, in which space 
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is locally Cartesian, provide a good approximation to the Schwarzschild metric close 

to the black hole horizon. The essential features of the horizon and the 3+1 split 

are retained without the complication of explicitly curved spatial 3-g^ometries. The 

Schwarzschild metric is approximated in Rindler co ordinates by 

ds2 = -a2dt2 + dx2 + dy2 + dz2 (1) 

and the appropriate transformation to these co-ordinates can be found in Thorne et 

al. [1]. The standard lapse function, (1 — rG/r)1/2, is denoted by a which simplifies 

in the Rindler co-ordinates to z/2r G where r 0 is the Schwarzschild radius. 

Consider now a two component plasma consisting of electrons and positrons. 

The notation adopted throughout will be that used by Thorne et al. [1]. In general, 

G = c = kB = 1, cgs units will be used and all equations are valid in a FIDO rest 

frame (at rest with respect to the Schwarzschild co-ordinates). In the 3+1 formalism, 

the continuity equation for each of the fluid species may be written 

^ ( 7 . n . ) + V - ( a 7 . n . v , ) = 0 (2) 

where s is the species index, 1 for electrons and 2 for positrons. The energy density 

and the components of both the 3-dimensional momentum density, S , and the stress-

energy tensor, W>,k , for a fluid in the vicinity of a Schwarzschild black hole are given 

by 

£, = ~i]{e, + P,v , 2 ) , S, = 7,2(e, + P.)v, , 

^ * = 7.2(e. + ^)«it; J*+ /»'*. (3) 

In the above equations v , is the fluid velocity, n, is the number density, Ps is the 

pressure and e, is the total energy density defined by e, = m,n9 + P,/(ig — 1). 7ff 

is the gas constant which takes the value 5/3 as T-*oo and 4/3 as T-*0. This 
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adiabatic equation of state is the simplest for a relativistic fluid but any improvement 

to it would make the following analysis unmanageable. The corresponding quantities 

for the electromagnetic field are 

e , = - l (E 2 + B 2 ) , S. = i - ( E x B ) , 

W* = ^-(E 2 + B V * - ^-{E>Ek + B>Bk) . (4) 

The equations for the conservation of energy and momentum, as derived by Thome 

et al. [1], are written respectively as 

l ft 
- - f , = - V . S , + 2 a S , a at 

1 d o 1,-, / ~ x 
- - S , = e s a - - V ( a W J ) a at a 

(5) 

(6) 

where a is the gravitational acceleration, related to the lapse function by a = 

—a'^Va . In addition to the above, Maxwell's equations take the following form 

dB 
dt 

V B = 0 

V • E = 4TT<7 

= - V x ( Q E ) 

dE 
dt = V x (aB) - 4TTQJ 

(7) 

(8) 

(9) 

(10) 

where 

o = £ 7W»"» » J = H 7W* n» v* (11) 

Note that the fluid velocities and fields are all FIDO measured quantities whereas the 

fluid densities and pressures are measured in the co-moving fluid rest frame. 

The energy and momentum conservation equations may be rewritten respectively 

as 



.5*fc^_ - '"THffWm *" •-&, m u a 

yj*-=iw<«.+'M)-M1!<«.+''.>».) 
+ -r,9,n sE • v , + 2 7 , 2 (e, + Pa) a - v, = 0 (12) 

and 

l) (e. + P.) (--Qt + v . - V J v , + VP , - 7,</,n, (E + v . x B) 

+ v , L.q.n,E • v, + ^ P . ) + 7? (e. + P.) (v. (v a • a) - a) = 0 . (13) 

If one sets the lapse function, a , to unity and the acceleration to zero (the limit of 

zero gravity), these equations reduce to the corresponding special relativistic fluid 

equations given by SK [4]. 

The analysis leading from the above equations to the linearized electrostatic wave 

dispersion relation for an electron-positron plasma has been carried through in anal

ogy with SK [4]. In order to obtain a dispersion relation it is necessary to approximate 

the lapse function as a slowly-varying function of radial distance from the black hole 

horizon by considering only the first two terms of a Taylor expansion about a fixed 

Qo. This approximation corresponds to a slicing through the radial z co-ordinate. A 

more complete picture can then be built up by considering a range of z values, each 

with its corresponding constant a 0 value. This approximation is necessary because 

of the presence of the lapse function in the equations, making it impossible to fourier 

transform otherwise. The dispersion relation for these electrostatic waves in the pres

ence of the gravitational field of a Schwarzschild black hole has been investigated in 

this paper. For one-dimensional propagation in the radial z direction the electrostatic 

dispersion relation is found to be 

2r7 fgvrsu;uo, - — ( 1 + 7 » 7 „ « T . ) > 
I2 

I OS 

(14) 
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where v2

a = 2P0s/po, is the thermal velocity, u 0 , is the radial component of the 

fluid velocity and u2

s = 4jre 2n 2 , J/p 0 j is the plasma frequency. If one considers the 

equivalent case to that of SK [4], in which the velocities «o, = 0 , and the two fluids 

have the same density and are at the same temperature, then the result simplifies to 

J1 = a 2(2u; 2 + k2

lgPQ/po) " ^ j ( l + 7,/Vpo) 
G 

-0(2u72 + *2(l+279Po/A,)). (15) 

In contrast to the full dispersion relation, Eq. (14), this last result is unrealistic in 

that it completely neglects the dominant effect of freefall onto the black hole. It 

is quoted merely as a first, simple, example of the way gravitational terms affect 

relativistic fluid dynamics. If one now takes the limit of zero gravity the results of SK 

for electrostatic waves in a special relativistic plasma are recovered, the only difference 

being that i g has been set to unity in their work. 

Transverse Alfven waves and high frequency electromagnetic waves propagating 

parallel to the constant magnetic field can also be derived from equations (12) and 

(13). Again, wave propagation is restricted to the radial z direction but now a con

stant applied magnetic field, denoted by B 0 = B0ez, is introduced. Basically, the 

same procedure as for the longitudinal electrostatic waves is followed here using the 

transverse components of the wave equations to obtain the dispersion relations for the 

R and L modes. Here, again, the difference between the above results and the special 

relativistic results lies in the presence of terms due to the gravitational acceleration 

and the lapse function. The low frequency Alfven waves correspond to Re{u) < uc 

and become 

*±=vA[K±(K±±i/2rG)]i/2 
2u2vAk2 

l + ^f-(K±±i/2ro) 

-1/2 

(16) 

for the case where both species have the same density and temperature. In the above 

dispersion relation, u2 = e2n2

0BHpl, vA = (1 + 2u;?,/u;2)"1 / 2 is the Alfven velocity 



\V 

and K± = a 0it ± t /2r G corresponds to the L or the R mode depending on whether 

the sign is positive or negative. The high frequency electromagnetic wave modes 

correspond to Rt{uj) > (w* + 2u/£) 1 / 2 and are given by the following 

u; 
K± 
2k2 

ik2 

K±(u;c

2+2u£ + ^ ) ± — 2r G 

1 + 
' 4k2u,*cK±{K±±i/2rG) ] 

[K±(oJ

2 + 2u2

p + k2)±^}2

1 

1/2 

(17) 

As opposed to the special relativistic case, where both the R and L modes have the 

same dispersion relation, the terms due to gravitational acceleration in the present 

work contribute to make the dispersion relations for the R and L modes different. The 

special relativistic result as quoted by SK [4] for small wavenumber, k, is incorrect. 

The small k limit is not valid for the work in this paper due to the use of Rindler 

co-ordinates which limits consideration to relatively small wavelengths. 

The dispersion relation for the two stream instability in the vicinity of a 

Schwarzschild black hole can also be obtained from the two fluid equations. A cor

rect version of the special relativistic two stream instability does not exist in the 

literature so far as the present authors are aware. A calculation of the special rela

tivistic dispersion relation, however, has recently been completed by Cornish [5]. His 

choice of a reference frame in which the two counter-streaming fluids have velocities 

of equal magnitude but opposite sign allows a simplifying cancellation of the Lorentz 

factors for the two fluids. Linearized continuity, force and Poisson equations for both 

counter-streaming fluids have been combined by Cornish [5] to yield a dispersion 

relation. 

In the environment of a Schwarzschild black hole, the electrons and positrons will 

have counter-streaming velocities of magnitude v0 in the z direction and a freefall 

velocity, vFr , onto the black hole. The counter-streaming velocities for each species 

can be assumed to be small compared to vFF since the freefall velocity will approach 
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unity close to the horizon. Net radial velocities for each species are given by v 0 , = 

(vfF + T/vo)ei where T/ is -1 for electrons and +1 for positrons. Again, the motion 

of the fluids is res'ricted to the radial direction and the B-field is taken to be in the 

radial z direction ensuring that it has no effect on the final result. A similar procedure 

to that used by Cornish [5] has been followed but starting now from equations (2), 

(8), (12) and (13) of the present paper. The procedure is more complicated, however, 

because cancellation of the Lorentz factors is no longer possible, the magnitudes of the 

counter-streaming velocities being no longer equal. The resulting dispersion relation 

can be written 

2 

1 = -^(a 0fc - — ) Y\ -If- \ (w - a0fcv0 j)(u; - a0kv0t + 7-^) k 2r G *-? 7^ I 2rG 

- ^ ( u n * . - a0k + - ^ ) ( u , v 0 j ~ <*o* + £*•)) (18) 

where /34 = 1 + 2/{^gvl,) . If the limit of zero gravity is taken in Eq. (18) the results 

of Cornish [5] are recovered. 

The results given by equations (14) - (18) in this paper represent the first calcula

tion of plasma wave properties near a Schwarzschild black hole. The imaginary terms 

in these equations are tentatively attributed to some form of gravitational damping 

(or growth). No detailed analysis of the dispersion relations is included in this pa

per. A more detailed presentation, investigating the more realistic case of non-linear 

plasma phenomena, is being prepared for future publication. It will also include an 

analysis of the dispersion relations presented here. 
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