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ABSTRACT 

The dynamic evolution of shapes in the sdg interacting boson model is investigated using the angular 
momentum projected mean field theory. Deformed nuclei are found to be quite stable against shape changes 
but transitional nuclei could exhibit dynamic shape transitions in the region L= 10-20. Conditions of 
existence and experimental signatures for dynamic shape transitions are discussed together with a likely 
candidate, , 9 2 0 s . 
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INTRODUCTION 

High spin behaviour of nuclei, especially in regard to the shape changes, has increasingly come into focus 
during the past decade. The recent discovery of superdeformation has shifted the attention to very high spins, 
leaving the medium high spin region largely unexplored. With the advent of the new generation of 4jr-high 
resolution detectors, which offer a complete spectroscopy in the 1-4 MeV region, this imbalance is expected to 
be redressed. In particular, the new detector systems will provide valuable information on shape transitions in 
the medium high spin region . A theoretical investigation of shapes in this region would, therefore, be useful 
in guiding the future experiments. 

The interacting boson model (IBM) has given a successful description of the low cpin (L = 0-10) 
phenomenology in the energy range 0-2 MeV (Iachello and Arima, 1987, Casten and Warner, 1988). Beyond 
that, there are clear signs that the original model with the s and d bosons needs to be extended with the 
inclusion of the g boson. The most prominent among these signs are i) existence of K = 3 + , 4 + bands in the 

*Talk given at the 13th Int. School of Nuclear Physics, Erice, Sicily 1991. 
To be published in Progress in Particle and Nuclear Physics, Vol. 28. 



energy spectrum, ii) lack of boson cut off in the yrast B(E2) values, iii) failure to describe the E4 transitions 
(Casten and Warner, 1988). The sdg IBM resolves the above problems while preserving the successful 
features of the sd IBM, and hence is better suited for a study of the high spin states. Here, we undertake such 
a study of shapes in the sdg IBM using the angular momentum projected mean field theory which has recently 
been developed for general boson systems (Kuyucak and Morrison, 1988,1989). An advantage of the boson 
model is that angular momentum projection can be done exactly for axial systems leading to analytical 
expressions in the form of a \/N expansion. Thus, the present formalism offers a transparent picture of the 
dynamic evolution of axial shapes in a general boson model with a minimal computational effort. 

STUDY OF SHAPES IN THE \/N EXPANSION FORMALISM 

The details of angular momentum projection and the ensuing 1/rV expansion can be found in Kuyucak and 
Morrison, 1988, 1989. Here, we give only the results needed in the discussion. We consider a boson 
system with spins (M),2,4,...,/m a x) interacting via a general IBM-1 Hamiltonian with one- and two-body 
terms 

2/„ 

H = X*,«, + I r ^ j W nt = J ^ . 
t=o 

.-1<*> 
(1) 

where «/ is the boson number and T^ is the multipole operator. The parameters of the Hamiltonian consist 
of the single boson energies et the multipole strengths and coefficients Kk and t^ respectively. The intrinsic 
state for an axially symmetric system of N bosons is defined as 

M--7J5TKU *'- /x.x 
X*AV (2) 

where xt are the mean field amplitudes to be associated with the deformation parameters, e.g. in the sd model, 
setting x0 = 1 gives x2 = ^i for the quadrupole deformation. In the sdg model, one has, in addition, x 4 = /}4 

for the hexadecapole deformation. The axial symmetry assumption is necessary for an analytical formulation 
of the problem and will be justified below when we discuss specific cases. The expectation value of H in the 
intrinsic state (2) is given by 

{H)L = Eg + cLL, E^NE+N2^ KkA\, 

CL 24? — 2 ) a (3) 

where L = L(L + \) and the various quadratic forms are given by 
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*kn = X^O'OKMOV^. a = £/~*,2, 

O* = £ ^ O ' 1 /OltDf^jr, , £„ = ^ine,xf. (4) 
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In eq. (3), we have given only the leading order terms for the ground energy and the moment of inertia as this 
is sufficient for our purposes (comparison with the exact diagonalization results indicates a relative error of 
order 1//V (Kuyucak and Morrison, 1990)). 

The equilibrium shape is determined through the Hartree-Bose procedure by minimizing (H)L with respect to 
X[. Variation of the full expression is complicated and has to be done numerically for each L. However, by 

exploiting the ordering of equations in N, one can use the ansatz x = x 0 + \ L L/N , and determine XQ from 
£j eq. (3), which simplifies this procedure considerably with a minimal loss of accuracy. As shown 
previously (Kuyucak and Morrison 1988,1989), xL is much smaller than XQ for usual choices of parameters, 
and it does not affect the results (3) to leading order. Therefore, we will use this recipe in the following and 
determine the minima from E . Denoting the Hartree-Bose solutions by xl

0 and the absolute minimum by x},, 
the condition for a shape transition XQ -» x'0 to occur is given from eq. (3) by 

[c L (x{ , ) -c L (x ,

0 ) ] r>£^(x | ) ) -^ (x{ ) ) , L<lmuN. (5) 

Thus a necessary condition for a dynamic shape transition is that the moment of inertia of the local minimum 
(inverse of c/,) should be larger than that of the absolute minimum. Since L is bound from above, this may 
not be sufficient, and closeness of the two energies could also play a significant role in facilitating a shape 
transition. 

The formalism developed so far is completely general and could be applied to any boson model. A previous 
application to the sd boson model has shown that this has a very limited scope for shape changes and does not 
allow shape transitions (Kuyucak et al., 1991c). Here we consider the sdg boson model which is more 
relevant in the study of high spin states. Although the expression for the ground energy, Eg eq. (3), looks 
deceptively simple, in fact it contains too many parameters for a general study. To constrain the number of 
parameters, we first note that Ak in eq. (4) vanishes for odd k, hence the leading order mean field amplitudes 
are not affected by the odd-multipole interactions. Further, phenomenological studies of the deformed and 
transitional nuclei indicate that Hamiltonians consisting of a g boson energy, a dominant quadrupole and a 
small hexadecapole interaction are adequate for most purposes (Kuyucak et al., 1991a, 1991d, Lac and 
Kuyucak, 1991). The axial symmetry assumption is well satisfied for a quadrupole Hamiltonian, and only in 
the case of a special hexadecapole interaction do the triaxial shapes develop (Kuyucak and Morrison, 1991b). 

We first consider a pure quadrupole Hamiltonian which, although not realistic because the g bosons are 
strongly coupled, has the advantage that it can be solved analytically, and may offer some insights. In this 
case, variation of Eg eq. (3) is equivalent to the eigenmode condition which leads to a simple eigenvalue 
equation for the mean fields (Ginocchio and Kirson, 1980, Kuyucak and Morrison, 1988) 

[ 0 ^ ] = ^ -> ljqjlXj = Axh fy=<yO/OI20>/2,,. (6) 



Here the bar on qfl denotes Clebsch-Gordan reduced parameters, and fy = t2jl. Using this procedure with 

xQ = 1, x2 = P2, XA - Pi • w e obtain for the minima 

— 1 
A 3 -{q22 + qu)X2 -(^24-?22*»4 + l )^ + ?44=0 , P2 = X, p 4 = - ^ - (7) 

<744 

The solutions A; of the determinantal condition in eq. (7) directly give the minima of the energy with 
£. = N2 K2X2. A shape transition is most likely to occur when two of the solutions have similar energies but 
different deformations, for example, X\ = -A2 corresponding to prolate and oblate shapes with equal 
deformations. An inspection of eq. (7) shows that the condition for this, and die ensuing roots, are 

(?24 - <722?44 + l)(?22 + 4**) = ?44. *1.2 = ± V W ( ' ? 2 2 + Q ^ ' *3 = ?22 + ?44 • (8) 

For a given q22 , q24 > m e quadratic equation in (8) gives a positive and a negative solution for q^. A further 

requirement for a shape transition is that lAii > IA3I which translates into the condition l ^ l > \q22 +q~w\ 
(otherwise A3 is the ground solution). When q22 and q^ have the same signs, U744I > 1 and this condition is 
never satisfied. It is satisfied only when q22 and 444 have the opposite signs. A study of eq. (3) with 
opposite signs for q22 and qu shows that the excited solution has a larger moment of inertia than the ground 
solution which is necessary for eq. (5) to be satisfied. As for the magnitudes, an inspection of the quadratic 
equation in eq. (8) indicates that qM is usually much larger than q22. In realistic cases, when the one-body 
terms are included, this difference becomes even larger (see Fig. 2c below). Thus the above schematic study 
suggests that shape transitions are more likely to be found in transitional nuclei (small q22) with a low-lying 
K = 4 + band (large ^44). 

Next, we consider a quadrupole Hamiltonian with one-body terms, vhich is more realistic and describes the 
energy and E2 systematics reasonably well. Using x0 = 1, x2 = P2, x4 - p4, and qjt =< y'0/0120 > t2jl in 
eqs. (3-4), we obtain for the energy 

£dPl + £sPl ? E=N d H l , *7 +N2K2 

^ nl -z fl2 2/?2 + ?2202 + 2q2AP2P4 + q^pj 
1 + 02+04 

(9a) 

Q . = 
(epl-nopj) 
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2 ) + egPl(20 + 1401)] 

- * 2 
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Variation of eq. (9a) with respect to & and P4 leads to two coupled nonlinear (Hartree-Bose) equations which 
have to be solved numerically. In general, there are three deformed minima of eq. (9a), and the condition (5) 
should be checked for both excited solutions. 

We first discuss a particular parametrization of the quadrupole operator which has been shown to simulate the 
sd model and gives a good description of the deformed (e.g., rare-earth) nuclei (Kuyucak and Morrison, 
1988, 1990). Here, q22 and qu are simultaneously varied from their respective SU(3) values (-1.242 and 
-1.589) with a scaling parameter q, and q2A has its SU(3) value (9/7). Setting, in addition, ed = 0 , 

Tjg = -e„/NK2, and factoring out -K2 which is a scale parameter, leaves two free parameters, T\g and q, and a 
simple study of eq. (9) becomes possible. In Fig. 1, we show the variation of die quadrupole /^ (la) and the 
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Fig. 1. Parameter dependence of deformation parameters (a, b), energy minima (c), and moment of 
inertia (d) for the prolate (solid line) and oblate (dashed line) solutions in deformed nuclei. The 
third solution (dot-dashed line) is resolved only for rj. = 0. 
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hexadecapole /34 (lb) deformation parameters, the energy (lc) and moment of inertia (Id) as a function of q 
for three choices of Tjg, representing the strong (f]g = 0), intermediate (T]g = 2) and weak (r\g = 6) coupling 
cases. Two of the solutions correspond to prolate (solid line) and oblate (dashed line) shapes and show a 
similar behaviour to those of the sd model. Note mat the degeneracy of these solutions at q = 0 is due to the 
y- instability and does not indicate a shape coexistence. The third solution (shown by the dot-dashed line) is 
resolved only for r)g = 0. It has an extremely shallow energy surface and is not likely to be relevant. 
Although we discuss here the prolate ground state case, it should be clear from eq. (9) and Fig. 1 that the 
oblate ground state case, obtained for q < 0, gives identical results. As would be expected, with increasing T]g 

the hexadecapole deformation is drastically reduced, and the quadrupole deformation slightly decreases 
through the d-g coupling. The energies are marginally affected by T)g but the moment of inertia changes 
rapidly showing its sensitivity to the amount of g bosons in the system. In all cases in Fig. 1, the ground 
solution is more deformed than the local minimum and has a larger moment of inertia except for T\g = 0. The 
TJ = 0 case corresponds to the strong coupling of the g bosons and is not realistic. Nevertheless, the 
difference in cL is too small to overcome the energy gap and to satisfy the condition in eq. (5). Thus the 
similarity between the above parametrization for the deformed nuclei and the sd model extends to the shape 
characteristics, and no shape transitions can occur. 

As a second example, we discuss another parametrization of the quadrupole operator which is more 
appropriate to transitional nuclei and has been successfully used in describing the Os-Pt region (Kuyucak et 
al., 1991, Lac and Kuyucak, 1991). Here, we set q22 = -0.2 and q24 = 9/7, which are typical values in this 
region, and study the influence of T)g and qM on various quantities in Fig. 2. Note that qM is restricted to 
positive values (opposite of q22) as suggested by the experimental systematics. Comparison with Fig. 1 
shows that while r\g has a similar effect on all the quantities, that is, deformations, (absolute) energy and 
moment of inertia decrease with increasing i]g, an increase in qu decreases the energy splitting between the 
prolate and oblate solutions but increases the moment of inertia of the oblate solution. These are precisely the 
conditions for a dynamic shape transition to occur from eq. (5), and it is worthwhile to discuss specific cases 
in some detail. 

i) Strong coupling (T]g = 0). Although not realistic, this case is interesting because it exhibits shape 
coexistence around q44 = 0.8 where the prolate and the oblate solutions cross (Fig. 2c). For q44 < 0.8, 
dynamic shape transitions are possible even at very low spins. For q^ > 0.8, the condition in eq. (5) is not 
satisfied. 

ii) Intermediate coupling (r\g = 2). Here, the two solutions would intersect around q^ = 2; hence, shape 
coexistence is not relevant. The condition eq. (5) is satisfied for q44>0.\. The critical spin Lcr for a shape 
transition to occur decreases rapidly with q^, reaching Lcr = N, which is low enough to be observed 
experimentally, around q^ = 1.5 

iii) Weak coupling {r\g - 6). In this case, the system is dominated by the s and d bosons, and g bosons play a 
minor role. The difference between the moment of inertia of the two solutions is quite small (Fig. 2d), and 
shape transitions are possible only for larger values of <744 (e.g., > 1.2). Also, L„ remains rather large 
(-3.5/V) making it uninteresting from an experimental point of view. 

The above analysis indicates that transitional nuclei with intermediate coupling of g bosons offer the most 
likely candidates in the search for dynamic shape transitions. The large hexadecapole moments and low-lying 
K = 4 + bands observed in this region support such an intermediate coupling picture. In the next section, we 
study 1 9 2 Os which satisfies these criteria and compare the calculations with the available data. 
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Fig. 2. Same as Fig. 1 but with parameters appropriate to transitional nuclei. Only the prolate (solid 
line) and oblate (dashed line) solutions are shown. 

APPLICATION TO 1 9 2Os 

The transitional nuclei have been the focus of many precision experiments during the past decade and a wealth 
of data has been accumulated for the Os and Pt isotopes. Here, we choose to study , 9 2 Os as an example 
because it has a very low-lying K = 4 + band (1070 keV). Recently, the Os-Pt nuclei were considered in the 
framework of the sd% boson model using a Hamiltonian consisting of a g boson energy and quadrupole and 
hexadecapole interactions (Lac and Kuyucak, 1991). The number of parameters in this work were restricted 
through various coherence and consistency conditions, e.g., the hexadecapole parameters ty were determined 

from qjt through the commutation relation (h,q\ = 0, and the same <fy and hjt were used in the Hamiltonian 
and the electromagnetic operators E2 and E4. A rather successful description of the E2 and E4 transitions 
were obtained for the low-lying levels (0-2 MeV) which would not have been possible in the sd boson model. 



Here we use the same parameters as in Lac and Kuyucak, 1991, namely £g = 500 keV, it, = 14 keV, K2 = -30 
keV, KA = -12 keV, q22 = -0.24, q24 = 0.90, q^ = 0.50, e2 = 0.144 eb, and calculate the yrast energies, E2 
transitions and quadrupole moments up to spin L = 20. The calculations were performed using the boson 
shell model code SDGBOSON (Morrison, 1986) which can still handle N = 8 bosons. The reason for 
preferring exact diagonalization to the \/N formulas is that when the energies of the two K = 0+ mean fields 
are very close, as in this case, there are very strong mixing effects. In order to obtain more reliable results, 
the 1//V calculations need to be supplemented with, for example, the generator coordinate method. 
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Fig.3 The energies, E2 transitions and quadrupole moments of the ground band states in 1 9 2 Os 
calculated using the sdg boson model (solid line) are compared with the experimental data (from 
Wu, 1983). The results for the axial rotor (dotted line) are also shown for reference purposes. 

Fig. 3 shows the results for the energies (3a), E2 transitions (3b) and quadrupole moments (3c) of the yrast 
members as a function of spin. The results for the E2 transitions arc very similar to those of the axial rotor 
(dotted line) up to L = 10, and agree well with the experiment. The deviation after L = 10 is due to the boson 
cut off, and could be checked by precision E2 measurements of the higher spin states. Note that in the sd 
boson model, the boson cut off occurs earlier and hence does not explain the data. The quadrupole moment 
calculations (Fig. lc) are, on the other hand, very different from the axial rotor results, and indicate a shape 
transition from a prolate shape at L = 14 to an oblate one at L = 16. The error bars on experimental points are 
too large to reach a definite conclusion as to whether there is a drop in the measured values or not. More 
precise measurements of the quadrupole moments extending to higher spins are needed to test this prediction. 

It is of interest to compare the predictions of the 1//V formulas with the exact results. Solving the Hartree-
Bose equations with the above parameters leads to an axial shape with deformations p2 = 1.14, j34 = 0.26. 
Using these values, we find from the condition (5) that the shape transition is predicted at spin Lcr = 16 as in 
Fig. 3c. This agreement is not surprising because in a two level mixing, the center of energy does not change 
even if the individual levels are strongly mixed. 

Pair alignment provides a competing mechanism for changes in the yrast band with some similar signatures, 
therefore, it is important to point out the differences. First, pair alignment involves crossing of two bands 
whose members can usually be observed beyond the crossing point, whereas there are no side bands 
associated with shape transitions. Secondly, the energies and E2 transitions show distinct discontinuities in 



pair alignment, in contrast to their smooth behaviour in sha^ transitions shown in Figs. 3a and 3b. Finally, 
the static moments in the two pictures are very different. A pair aligned band has essentially the same core as 
the ground band with two quasi-particles coupled to AM bosons. Thus, little change is expected in the 
quadrupole moments but a sharp change should occur in the dipole moments at die transition point due to 
large contributions from the single particles. In the case of shape transitions the opposite behaviour happens, 
e.g. Fig. 3c, and the collective values for g-factors should persist beyond the transition point. 

CONCLUSIONS 

In conclusion, we have shown die utility of the \/N expansion technique in the study of shapes at high spins. 
Based on the angular momentum projected mean field theory, this technique leads to simple analytic 
expressions for energies and moments of inertia, accurate to order 1//V, which can be used as a first guide in 
the search for dynamic shape transitions. It is especially useful in cases where numerical diagonalization is 
not possible due to large basis space as in the case of die sdg boson model applied to die deformed nuclei 
which have N - 12-16 bosons. 

Systematic studies of the deformed and transitional nuclei have shown that die sdg IBM does not predict any 
dynamic shape transitions for well deformed nuclei (e.g., the rare-earth region), but such transitions are 
possible in the transitional region. The reason for this is that die transitional nuclei, compared to die deformed 
ones, have relatively weaker quadrupole collectivity but a stronger hexadecapole collectivity. Hence, die 
dynamic shape transitions, which result from die competition between these two degrees of freedom, have a 
much better chance in die former case. We have discussed 1 9 2 Os in some detail as a likely candidate, though 
similar predictions are also made for the otiier Os and Pt isotopes. The present experimental data are not 
accurate enough to test whether the quadrupole moments drop as predicted. However, this situation is 
expected to improve substantially witfi die advent of die new 4n-high resolution detector systems "Euroball" 
and "Gamma-Sphere", and tests of the dynamic shape transitions should be possible in die near future. 

This work was supported by an Australian Research Council Grant. The author thanks V.S. Lac for help 
with the numerical calculations and H.J. Wollersheim for useful discussions regarding the recent experimental 
data. 
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