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ABSTRACT - Since more than a decade, a bi-scale, unified approach to 
strong and gravitational interactions has been proposed, that uses the geo
metrical method? of general relativity, and yielded results similar to "strong 
gravity" theory's. We fix our attention, in this note, on hadron structure, 
and show that also the strong interaction strength as . ordinarily called 
the "(perturbative) coupling-constant square", can be evaluated within our 
theory, and found to decrease (increase) as the "distance'* r decreases (in
creases). This yields both the confinement of the hadron constituents [for 
large values of r]. and their asymptotic freedom [for small values of r in 
side the hadron]: in qualitative agreement with the experimental evidence. 
In other words, our approach loads us, on a purely theoretical ground, to 
a dependence of (*s on r which had been previously found only on phe-
nomenological and heuristical grounds. We expect the above agreement to 
be also quantitative, on the basis of a few checks performed in this paper. 
and of further work of onis about calculating meson mass-spectra. 
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In t roduc t ion . - Since 1978. a unified approach to strong and gravita
tional interactions was proposed^1-4), which used the geometrical methods 
of general relativity; and resumed covariance of physical laws under global 
(discrete) dilations. It yielded results similar to those given by the "strong 
gravity" theory^ (even if the starting point is quite different). 

Within such an approach, and in connection with hadron structure, we 
came in particular to associate hadron constituents with suitable staticnary, 
axisymmetric solutions of certain new Einstein-type equations, supposed to 
describe the strong field inside hadrons. Those Einstein-type equations are 
nothing but the ordinary Einstein equations (with cosmological term) suit
ably scaled down'2). As a consequence, the cosmologicai constant A and the 
gravitation universal constant G (or the masses M) result, in our theory, 
to be scaled up and transformed into a "hadronic constant" A and into a 
"strong universal constant" N (or into "strong masses" g), respectively.^1'2) 
Our field equations, to be valid inside a hadron, are therefore: 

Rr - j ^ / Ç + Aí?,, = -KNT^ ; \K = ^ ] , (1) 

where, because of simple dimensional considerations^, 

A = />,2A ; N = pG; p ~ px ~ 1041 . 

If we adopt for the ordinary cosmological constant the value A ~ 10-52m~2. 
then we get for the "strong cosmological constant" (hadronic constant) the 
value A ~ lO^m - 2 = (1 fm)~2. Notice that in our present units, for which 
A' = pG, mass M and strong mass (or ""strong charge") g of tru same par
ticle become equal (M = g). 

Throughout this paper, we shall choose the signature —2. When con
venient, we shall use units such that it be also c— \. 

The simplest solution of eqs.(l) is the Schwarzschild-de Sitter's, corre
sponding to the metric generated by a central, static, spherically-symmetric 
distribution of strong charge; i.e., to the metric generated by a hadron 
constituent (say, a quark) when neglecting its electric charge and intrinsic 
angular momentum: 

** H 9„„d*M** = (1 - *** - ^ V - (1 - 2Ü& 
r 3 r 

- ^r)-]àr2 - r2($m2$d<p2 + d$2) (2) 



where g0 is the strong charge of the considered constituent, and (t,r,$,ip) 
are spherical (Schwarzschild-type) coordinates. Let us stress once more 
that, in the present units, g0 is equal to the rest-mass MQ of the hadron 
constituent. This metric may be trivially transformed into the Reissner-
Nordstrõm-de Sitter one by adding the term kt2/r2; k = (47re0)~

1 into 
9oo and gu. 

Strong—charge and its dependence on r - Let us now consider the 
geodesic motion of a test-particle in the metric (2). [Notice that, if the 
test-particle is replaced by a second quark, then the evaluations performed 
below assume an indicative value only, since we are not going to involve 
ourselves here with the (general relativistic) two-body problem]. Our test 
particle, when free-falling, will be endowed^6' with a constant total-energy 
EQ = g'0c

2, which in the previous coordinates can be written 

£o = ^ = W ; y=P° = ^ ^ , (3) 

where gu = #00, and g^ is the (rest) strong-mass of the test particle. 

Since the Schwarzschild-type coordinates do not correspond to any 
physical observer, let us pass —however— to the local coordinates 
(T,/?,0,<£>), associated with observers at rest w.r.t. [with respect to] the 
metric at, each point (r,9,<p) of the considered space: 

AT = y/g7tdt ; d/? = y/-grràr , 

where grr = gn. The local observers measure a new total-energy Eg for the 
considered test particle. Quantity Et is no longer a constant of the motion 



(4a) 

(4b) 

The physical meaning of eqs.(4) is more evident if. instead of setting 
M =: g and TV = pG, we put N — G — 1 so that (in such new units) for the 
strong charge it holds 

g = y/pM ; g0 - y/pM0. (5) 

Incidentally, in connection with eqs.(5), let us r e c a l l ^ that, for M ~ m^, 
one gets g — Planck-mass; that is to say, the strength of the interaction 
between two (strongly interacting) quarks is equal to the strength of the 
interaction between two (gravitationally interacting) particles endowed with 
the Planck mass. 

In whatever units, eqs.(4) tell us that the strong charge g' of the test-
particle does change with its speed K, w.r.t. the loca,] observers, as follows: 

9 vTrp*' 

where V = dR/dT (and g') are measured —let us repeat— in the local 
reference-frames: actually, it is in these frames that they have a direct 
physical meaning.'7' In the case of generic motion, we are left, of course, 
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and is related to E0 through the relation 

Et ~ g* d7 ~ pT = V^* ̂  ' 

that is to say 

J J. 
F - n'J - 9°C 

V9tt 

The interesting point is that (in the static case) 
provided that V is measured by the local observers. 

(6a) 



with the relation 

•=-4=. w 
y/9tt 

In other words, the strong charge (or strong mass) of a particle does depend, 
inside a hadron, on the particle speed exactly as the ordinary gravitational 
mass does in our space-time. 

Notice that eqs.(6) allow us to express the value of the strong charge 
g' as a function, e.g., of its radial coordinate r relative to the source-quark. 
Namely, in the case of eq.(6a) one has 

V2 = 2N9o/r + Ar2/3 , 

and therefore, from eq.(6b): 

9' = , *" , (6V) 
y/l - 2N9o/r - Ar*/3 

where, let us recall it, g0 is the rest strong-mass (or rest strong-charge) of 
the source-quark. 

Quark-quark coupling costant - In analogy with the electromagnet ic 
case, in which »E = (&e2)/(ftc), the strong interaction strength is defined f1,2-
as 

_ JVg'2 

he 

which is also a pure number and —passing to the field-theoretical 
language— corresponds to the dimensionless square of the vertex coupling-
constant. Let us recall that g' is measured by the local observer. From 
eq.(6c) we obtain a s = (N/hc)tf0

2(l - 2NgQ/r - Ar2/3)_1, where g0, g'0 

are the (rest) strong mass of the source-quark and the test -constituent, 
respectively. In the case when also g' is a quark, we have: 
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S ~~ he 1 - 2Ng0/r - Ar2/3 * l ' 

Therefore, the strong interaction strength «s> which in elementary 
particle physics is ordinarily called the "(perturbative) coupling-constant 
square", is predicted by our approach to decrease (increase) as the "dis
tance" r decreases (increases). This yields both the confinement of the 
constituents (for large values of r, of the order of 1 fm), and their so-called 
asymptotic freedom (for small, but not too small, values of r inside the 
hadron): in qualitative agreement with the experimental evidence. In other 
words, our approach leads us —on purely theoretical grounds— to a de
pendence of OJS on r which was previously found, within the perturhative 
QCD^. only on phenomenological and heuristical grounds.**-

Before going on, let us stress the following point, which is essential 
when performing explicit calculations. To evaluate p. at the beginning we 
tacitly compared^ the gravitational interaction strength Gm0

2/he with the 
value Ng0

2/hc ~ 14 corresponding to the ppn coupling constant square. 
However, the gravitational interaction strength (which is ordinarily evalu
ated for the interaction between two "tiny components" of our cosmos: two 
pions. or two nucleons, for instance) should be compared with the anal
ogous strength for the interaction between two small components of the 
corresponding ("reference") hadron. or rather of a constituent quark of its. 
Such a strength is unknown. We know, however, the quark- quark -gluon 
coupling constant square™ for the simplest hadrons: JSg,2 !hc ~ 0.2. As 
a consequence, the best value of p that we can work out. for calculations 
inside such uadrons. is p ~ 1038 — 1039. Actually, the value lO38 is the one 
that yielded the results closest to the experimental datai210]. 

f , ) Let us explain in this note what do we mean by "not too small" distances. The 
horizon radii for metric (2) are the roots of the equation 

J « s l - Mgjr - Ar2/3 = 0 . 

The physically interesting case l̂ is the one in which this equation has two real positive 
solutions r\, r? (the third solution being always a negative real number). We suppose 
the effective radius rq of the source -quark to be much larger than rj [and much smaller 
than ri], so that the "space" available to the other constituents is the one between rq 
and r?. 
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Further remarks - In connection with eq.(6a), it is interesting to write 
down the explicit dependence of g' on the radial coordinate r, by expressing 
V = dR/dT as a function of r starting directly from the geodesic equation. 

Since in our metric the geodesic motion is always a motion in a 
plane, let us fix 6 — 7r/2. From the geodesic equation d2x^/dr2 -f 
P*v„{dxuI'dT)(dx°J'dr) = 0, in which r is an afftne parameter [e.g.. the 
proper time: r = s], one gets 

(dr/ds)2 = l/H2 - (1 - 2NgJr - Ar2/3)(1 + a2/r2) , 

where l/H and a are rest-energy and angular momentum, respectively, for 
unit rest-mass; notice that both H and a are integration constants. The 
last equation yields 

úl r i 

Let us observe that, for A > 0, the minimum of V2 is got for r -

When H = 1, one is simply left with V2 = Wg0/r + Ar2/3. Let us 
remark that eqs.(3),(4),(6) were just written down with the choice // = I 
it is moreover worthwhile to notice that, for A < 0. one meets a limitine 
value of r. namely r0 = (^Ng0/\X\)1^. which cannot be reached by any 
internal constituent: V{r0) = 0; so that one obtains again a confinem rut 
of the costituents. 

By substituting eq.(8) into eq.(6a), we get once more eq.(6c). as 
expected. In connection with eq.(6c), let us here emphasize that [for 
pl = 1041; p = 1038, and g0 = mp/3 ~ 313 iMeV/c2] the minimum of 
g', namely g' ~ 1.5, is obtained at r ~ 0.6 fm. It can be easily verified. 
moreover, that the plot of (1 — 2Ng0/r — Ar2/3)_ 1 as a function of r has 
the shape of a confining potential. 

Let us now consider, in particular, the case of circular motion. By 
imposing dr/ds — 0 we get, w.r.t. the local observers, the orbital velocity 
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2,<Vx2 Ng0/r-\r2/Z 
KÒT} 1 - 2N9o/r - ArV3 ' [ ) 

By substituting eq.(9) into eq.(6a), and taking into account the fact that 
for geodesic circular motion [r = constant *long each geodetics] it holds 

2!T* ^ 2M9«lr ~ A r 2 / 3 
Q ' 1 - 3N9o/r ' 

we obtain the interesting relation 

g' = 9oJ\ + aVr2 (10) 

which allows writing the strong interaction strength (for a test-quark orbit
ing around the source-quark) in the particularly simple form 

«•» - E*'*1 + £ ) • (") 
At last, one can observe that —if A > 0— the angular momentum 

per unit rest-mass, a, vanishes (i.e., V — 0) in correspondence with the 
geodetics r = rqci = (3Ng0/\yt3; in such a case the test-quark remains at 
rest, at a distance r ^ from the source-quark. For instance [for the same 
set of values px ~ 1041; p = 1038, and g0 = m p /3 ~ 313 MeV/c2] we get 
the interesting value r^ ~ 0.8 fm. 

Conclusion - We have seen that the strong interaction strength, as, or
dinarily called the "(perturbative) coupling-constant square", can be eval
uated within our theory, and found to decrease (increase) as the "distance" 
r decreases (increases). This yielded the confinement of the constituents 
(for large values of r) , as well as their asymptotic freedom (for small val
ues oi r inside the hadron): in qualitative agreement with the experimental 
evidence. In other words —as we already mentioned— our approach led 
us, on a purely theoretical ground, to a dependence of as on r which had 
previously been found only on phenomenological and heuristical grounds. 

We hope the abovementioned agreement to be quantitative, and not 
only qualitative, on the basis of the few checks performed here and, even 
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more, of our work [past, and in progress] for calculating, e.g., the meson 
mass spectraJ3,4,10! 
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