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I. INTRODUCTION 

In an earlier paper [1] we conjectured that all (2+l)-dimensional extended struc

tures in hydrostatic equilibrium have the same mass. We were lead to make this 

conjecture on the basis of the diverse range of examples that we found to share this 

interesting property. Not only did the struct ares share the same mass, but this mass 

is the maximum that a single structure can have in (2+l)-dimensions without violat

ing metric signature. Our belief in the correctness of the conjecture was strengthened 

by the discovery of two additional classes of structures that shared the maximal mass 

property: Fermion stars [2] and tension stars (discussed the in the following sec

tion). The tension star solutions can be used to provide an alternative derivation of 

the cosmic string solution first discovered by Deser and Jackiw [3]. The cosmic string 

solution also shares the maximal mass property of the less exotic extended structures. 

With so many disparate forms of matter yielding the same mass it was clear that 

a basic unifying explanation must exist - without any reference to equations of state. 

One element of the explanation had to come from Einstein's field equations, the other 

was "the reasonable energy hypothesis", which states that the energy density mea

sured in a locally inertial frame is at least as large as the pressure. By combining 

Einstein's field equations in an unconventional way, and invoking the reasonable en

ergy hypothesis, we are able to give a very simple proof that all extended structures 

in hydrostatic equilibrium have the same mass. This universal result joins the list of 

quirky features exhibited by Einstein gravity in (2+l)-dimensions such as the absence 

of gravitons or of a Newtonian limit (for a recent review see R. Jackiw [4]). 

First we motivate the need for such a proof by briefly reviewing hydrostatic equi

librium in (2+l)-dimensions. We include some new results for polytrope equations of 

state including an exact expression for the proper spatial volume. Particular attention 

will be paid to the new results found for tension stars as they provide a natural exten-



sion to the previously obtained polytrope solutions and an interesting connection to 

cosmic strings. We with the proof that all extended structures in (2+l)-dimensional 

Einstein gravity have the same, maximal mass. 

II. HYDROSTATIC EQUILIBRIUM 

In terms of the time independent, circularly symmetric metric 

ds2 = e2""dt2 - c2""dr2 - r2d<f>2 , 

Einstein's 

become: 

(2.1) 

equations with a perfect fluid source: 

<?„„ = 2*G[(p + pju^ti,, - pg^] , (2.2) 

Where 

energy-

to give 

the last equation in this collection comes from the radial component of the 

mbmentum conservation equation. Equation (2.3) may be integrated directly 

or, alternatively, 

j j ' e" 2 " 

t/'e- 2" 

= 2*Gp, 

= 2*Gp, 

( « / " - i / y + i/V)e- 2" = 27rGp, 

jt = -{p + pV 

(2.3) 

(2.4) 

(2.5) 

(2.6) 

e" 2" = 1 - 2GM(r) , (2.7) 
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e" ' = 1 - GM0{r) , (2.8) 

where A/(r) and Afo(r) are the "gravitational" and proper mass enclosed within co

ordinate distance r: 

A/(r)= / 2np(x)xdx , (2.9) 
Jo 

M0{r)= I*2xp{x)e"xdx . (2.i0) 
Jo 

The constants in equations (2.7, 2.8) have been chosen such that the origin is part of 

the spacetime. These equations may be combined to give the useful relation 

(.-2*0). M(r) = Mo(r)\l-^fl±) . (2.11) 

The (2+l)-dimensional counterpart of the Oppenheimer-Volkov equation is obtained 

by combining equations (2.4), (2.6), and (2.7) to give 

-2nG3p(P + p)r , 9 m 

P - ( l - 2 G 2 M ( r ) ) • ( 2 ' 1 2 ) 

Equations (2.9) and (2.12) are the principle equations required to describe hydrostatic 

equilibrium. These equations must be supplemented by an equation of state relating 

the density and pressure before actual solutions may be found. We note that despite 

the fact that local curvature is now present, a Newtonian limit is still lacking. This is 

demonstrated most clearly by the geodesic equation for a test particle momentarily 

at rest, 

f = - r > v = -i/e-2" 

= -2?rrGp(r), (2.13) 

which can be written as 

• = _GMG(r) ^ w h e r c Af G( r) = (^r 2)2p(r) . (2.14) 
r 
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In the weak field, slow motion limit (characterised by p > p p -> 0), initially 

static test particles do not accelerate. This is in contrast to the situation in (2+1)-

dimensional Newtonian gravity where MG = (*r2)p implying that static test particles 

only remain static if the average density beneath their position, p, vanishes. 

In our previous work we studied polytrope equations of state: 

p = -yfl^1 , p = \0n , (2.15) 

where 0(0) = 1 and 0(R) = 0 so that 7 is the central pressure, A is the central density, 

and r = it defines the boundary of the structure. We found that the internal metric 

(r < R) is described by 

2n+2 

\X + -f0(r)J 

_drJA±J^L) 
\(x + i,Wr)) 

while the external metric (r > R) is described by 

2n+2 

-vHtf, (2.16) 

*' = *'(!+ 5) 2n+2 dr2 

2JJ.2 
(l-GMo{R))' 

- r2d<f> 

The proper spatial volume is given by 

nr-
(2.17) 

(2.18) 

From the above expression we see that this volume is finite for polytropes of finite 

index (n) and infinite for polytropes of infinite index. The gravitational mass enclosed 

within coordinate distance r was found to be 
2n+2" 

M(r) = ± /(A + 7 )f l (r)V 
\{\ + l9(r))) 

(2.19) 

from which we get the advertised result 

M = M(R) = — Vn,A, 7 (2.20) 



The true asymptotic nature of the spatial metric is revealed by performing the coor

dinate redefinition: 

/ r x l / ( l -CM 0 ( f i ) ) , -»\n+l p ' («) ' ' = '(1 + D • < 2 2 1» 
whereby the external metric (2.17) becomes 

^=*a-^^0tf+*w)- ( 2 2 2 > 
From equations (2.11) and (2.20) we find that MQ(R) = 1/G so that the above line 

element is that of a cylinder, 

ds: = dr2 - \ [dQ

2 + g2d</>2) . (2.23) 

The circle at r = R can be reached in finite proper time for polytropes of finite index 

and, moreover, the tidal forces vanish on this circle. Thus we can either choose to 

call this circle the spatial boundary of the spacetime or consider it as a traversable 

throat through which an identical copy of the spacetime may be found. Under this 

alternative bi-centred interpretation, the proper mass of the (2+1) universe would 

be twice MQ. All such spacetimes have spatial sections topologically equivalent to a 

two-sphere since the Euler characteristic of the spatial manifold equals two: 

= 1C\ 27rp(r)e" ( r )rdr 
h 

= 2 . (2.24) 

Under the mono-centred interpretation, the spatial manifold has an Euler number 

of one and can be thought of as being topologically equivalent to a hemispherically 

capped cylinder. 



Since the binding energy of these structures, ft = M — M0, is maximally negative 

and independent of the detailed internal dynamics, we may expect that the spacetimes 

they create are stable solutions to Einstein's equations since there is nothing to be 

gained by assuming an alternative configuration. This reasoning is confirmed I<y 

studying the oscillation frequencies of the structures, all of which were found to be 

real [5]. 

A. Tension Stars 

As we are already in an exotic dimension it is no more exotic to consider structures 

composed of matter v : th unusual equations of state. In (3+l)-dimensions exotic forms 

of matter such as domain walls, cosmic strings, and inflationary material have been 

postulated as remnants of symmetry breaking transitions in the early universe. These 

forms of matter have internal tensions rather than pressures, and have led people to 

consider the possibility of forming stable tension stars where tension is balanced by 

repulsive gravity [6]. In (3+l)-dimensions, repulsive gravity occurs when the tension, 

T, exceeds one third of the average density so that the effective gravitational mass, 

MG = (p — 3T)(4n-/3)r3, becomes negative. Hydrostatic equilibrium is described by 

GMG T'=(p-T)- (2.25) V ( r - 2 G M ) ' 

so that the tension decreases outwards so long as p > T. The limiting case p = 

T corresponds to the equation of state of a cosmic string (although it should be 

remembered that a string is not a perfect fluid since the tension is not isotropic. 

The string tension is constrained to act in one direction). In (3+l)-dimensions a 

star formed purely out of tension matter will be causally disconnected from normal 

observers by black and/or white holes, and normal matter must be artificially grafted 

onto an internal core of tension matter in order to avoid horizon formation. 



In (2+l)-dimensions the situation is much more straightforward. Repulsive grav

ity occurs whenever the pressure is negative since the effective gravitational mass is 

simply MQ — —2jrr27\ Hydrostatic equilibrium is described by 

r = < " - T > R r ^ A 7 j - < 2 2 6> 
so again the tension decreases outwards if p > T. This allows us to analytically 

continue all the results from the previous section on relativistic polytropes to the 

case where ~\ < 0. In particular, the result M(R) = 1/2G also holds for tension stars. 

An interesting class of examples are encompassed by the equation of state p = aT, 

where a > 1 and T(0) = /?. The tension profile and metric functions are given by: 
/ / r > . 2 \ < < * - i ) / « < > + J ) 

T = ^ y \ R j ) ' ( 2 - 2 7 ) 

«*-(i-(s)) . <"«> 

where, 

e - = ( , - ( - ) ) , (2.29) 

tf = (^W V = ( ^ T W * - < • + '>"• (2™' 
The expression for the proper volume can also be obtained by taking the n - K » limit 

of the polytrope expression given in equation (2.18) and remembering that /? = —7. 

The case a — 1 is of particular interest because such structures have 7" = 0 and 

so avoid the requirement that the tension decreases outwards. It is possible to cut a 

hole out of these constant tension, constant density solutions to construct a spacetime 

that consists of a region of empty, flat space of radius Ra, surrounded by a annulus 

of uniform matter extending out to a radius Rt- We find, as usual, that M = 1/2G 

and that the spacetime is described by 
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e 2 " = < 
1 O^r <Ra 

(Rl-Rl)/(Rl-r*) Ra<r<R,,, 
(2.31) 

(2.32) 
0 < r < Ra 

(Rl-r*)/(Rl-Rl) Ra<r<Rb. 

In the limit that i?„ —* Rt, the space becomes a cylinder capped by a flat disc. 

This can be seen by embedding the spatial geometry in a higher dimensional flat 

space, dl2 —• dz2 + dr2 + r2d<f>2, so that the intrinsic curvature can be viewed as an 

extrinsically curved surface described by 

z(r) = 0 for 0 < r < Ra 

(2.33) 

z(r) = [(7r/2)(fii - Raloo) for r = fy , 

while the annulus Ra < r < Rf, is described by 

z(r) = (Rt - fi„)arcsin [(r - Ra){Rb - Ra)}* 

-((Ri,-r)(r-Ra))i . (2.34) 

This limiting case is already known in the literature having been discovered by 

Deser and Jackiw [3] as the unique cosmic string solution in (2+l)-dimensional Ein

stein gravity. The topological nature of gravity in this dimension again made itself 

felt by causing both closed and (ostensibly) open strings to yield the "drinking cup" 

spacetime described by the embedding function (2.33). In the same way that infinitely 

long and straight strings in (3+l)-dimensions correspond to point sources in (2+1)-

dimensions, infinitely long domain walls with at least one translationally invariant 

direction in (3+l)-dimensions should correspond to strings in (2+l)-dirnensions. In 

order to avoid the curling up of space, this solution implies that domain walls cannot 

be simultaneously infinite in extent and flat. 



III. PROVING THAT ALL STRUCTURES HAVE 

MAXIMAL MASS 

We have seen that all solutions of Einstein's equations with extended matter 

sources have lead to structures with maximal mass. This result encompasses mat

ter types ranging from arbitrary polytropes, to Fermions, and inflationary material, 

through to cosmic strings. Because such a diverse range of structures have maximal 

mass, we were lead to conjecture in our first paper on this subject [1] that the result 

was universal. We have subsequently been able to prove this conjecture as follows. 

By combining equations (2.4) and (2.5) we find that 

p(r) = 1e^-". (3.1) 

From this equation we see that either e~n, or e~", or both must be zero at the edge 

of the structure since p{R) = 0. Moreover, combining equations (2.3) and (2.4), we 

find: 

m' = pu\ (3.2) 

so T) increases at least as rapidly as v because, under the reasonable energy hypothesis, 

p > p. This in turn tells us that e - ' ' decreases at least as rapidly as e~", so that 

e-r,{R) _ Q7 regardless of whether e""^) = 0. From equations (2.7) and (2.8) we find 

the desired result that M = 1/2G and M0 = l/G. 

The above result is truly universal for static solutions, since the simplifying as

sumption of a perfect fluic source becomes exact. This is because an imperfect fluid 

only differs from a perfect fluid through the presence of time dependent terms, all 

of which vanish in the static limit. This proof can be taken as a further example 

of topology supplanting geometry in (2+l)-dimensions; we set out to study the ef

fects of local curvature only to find that all solutions were topologically identical to 

a hemispherically capped cylinder or, alternatively, to a two-sphere. 
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IV. CONCLUSION 

Einstein gravity in (2+l)-dimensions is known to possess many unusual and uni

versal features not found in its higher dimensional counterpart. Some important 

examples include: no Newtonian limit; no gravitons; closed timelike curves; the grav

itational Aharanov-Bohm effect and failure of the optical theorem for scattering so

lutions. All the examples in this list pertain to isolated point sources where topology 

has taken over the role usually played by curvature. We have shown that (2+1)-

dimensional Einstein gravity continues to exhibit unusual, universal features when 

local curvature is present; namely, all extended structures have the same, maximal, 

mass and produce sparetimes with the same global topology. 
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