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ABSTRACT 

The reconstruction of a partially coherent waveficld from its three-dimensional intensity distribution is discussed. A 
computer Simula ion of the reconstruction of a Gaussian beam is also given. 

1. INTRODUCTION 

Interferometry and holography of electromagnetic and matter wave fields are subjects of continuing interest. In particular, 
over recent years matter-wave interferometry has developed very rapidly1. The prime motivation for these developments is 
the promise of techniques that will allow the determination of the phase and amplitude structure in a coherent wave. Such 
techniques should thereby yield sensitive techniques for investigating fundamental aspects of wavefields. 

The full characterization of a coherent wave requires a determination of its complex amplitude over some surface by 
observing the interference pattern resulting when the wave of interest is superimposed on a known reference wave. The 
structure of the interference fringes allows the phase of the wavefield to be determined2. In the case of a partially coherent 
field, rather more complex, but still interferometric, techniques are usually required3. 

The general problem of wavefield characterization is of some importance in many areas of science. In particular, attempts to 
image objects in three-dimensions requires the ability to characterize and reproduce a waveficld. For example, holography 
allows the reconstruction of a coherent wavefield, however, coherent wavcfields do not have the information capacity to carry 
full three-dimensional information. There is, therefore, some interest in developing techniques for characterizing partially 
coherent fields. In this paper it is demonstrated that three-dimensional intensity information is sufficient to completely 
characterize the second order statistics of a general quasi-monochromatic wavefield in the paraxial approximation. This result 
may open up new approaches to three-dimensional soft x-ray microscopy. 

Previous workers have shown that a measurement of the three-dimensional intensity distribution is sufficient to reconsUuct 
the amplitude and phase of a coherent wave4. In this letter, the Wigner quasi-probability distribution5 of the electric fields 
within the wave is used to demonstrate that a direct transformation exists between the three-dimensional intensity 
distribution and the Cross Spectral Density Function describing the second order statistics of the quasi-monochromatic field. 

2. WAVEFIELD RECONSTRUCTION 

Correlations in the wavcfield arc characterized via the Mutual Coherence Function defined by6 

r(si«.0=<E*(si.l)E(S2.t+t)>, (1) 

where E(s,t) describes the complex analytic signal representing the fluctuating electric field strength of the light and (> 
represents a time average. The wavelength spectrum of the light may be considered via the Cross-Spcctnl Density Function 
(CSDF)6: 

W(si,S2A)=Jr(si,s2,t)cxp[27ricTAl dt, (2) 

where W(si,S2,X) is the cross-correlation function of the field components with wavelength X, and c is ihc speed of light. In 
what follows, a quasi-monochromauc field will be assumed, so the wavelength dependence in the CSDF will be dropped. 

Consider the function B(r,u,z) defined by 

'» n.JP 



B(r,u.7.) E - i - |W(r jt.z)cxp{-2iiix«uAol d*. 
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(3) 

where s,=(r^), z is distance along some axis, r=(ri+r2)/2, x^ri-r2 and Xo is the wavelength of the quasi-monochromatic 
field. Note that B(r,u.z) is a real, but not necessarily positive, function. On substitution of the definition for B into the 
expression describing the paraxial propagation of the CSDF6, it is straightforward to obtain7 

B(r,u,z) = B(r-zu.u,0), (4) 

so that this new function has very straightforward translation properties in free space. The spectral intensity over a plane at 
location z is given by 7 

I(r.z)=jB(r,u.z)du. (5) 

Substitution of the definition of W(r,x,z) into eq(3) leads to the conclusion that B(r,u,z) is a Wigner distribution5 of the 
electric fields in the light wave. Eq(4) is a familiar result for a Wigner distribution. Note also that the function B(r,u,z) has 
been studied extensively elsewhere7*8 and is often referred to as the Generalized Radiance (GR). In the short wavelength 
limit, B(r,u,z) may be interpreted as the spectral brightness of the radiation (Energy sec' 1 unit area'1 unit solid-angle1 unit 
bandwidth'1) where u is the projection of the unit vector in the direction of propagation projected onto a plane perpendicular 
to the optic axis (figure 1). This interpretation extends rather naturally to longer wavelength radiation5, but is subject to 
important limitations8. 

Unit propagation vector 

Figure I: Geometry for the geometric interpretation of the Generalized Radiance 

For future reference, define ihc Fourier transform 



B(p.q.z) =/B(r,U7)cxp[-2m(p«r+<|«u)] dr du, (6) 

so that the CSDF can be written directly in terms of B: 

W(r,x.z)=jB(p,-xAo.z)cxp[2Jrir.p] dp. (7) 

Thus, if it were possible, a measurement of the intensity of the light as a function of 'position' r and 'angle' u allows the 
recovery of the CSDF of the light and therefore yields a complete description of the time averaged field. Note that sich a 
direct measurement is not possible because the GR is a non-localizablc quantity10. Note also that an equation similar to 
eq(7) may be written in terms of B instead of B. 

Consider a field described by B(r,u,0) over the plane at z=0. Using eq(5) it can easily be shown that the two-dimensional 
Fourier transform of the measured intensity distribution. T(p.z). is related to the Fourier transformed GR by: 

l(p.z)=B(p,0.z). (8) 

However, the free-space propagation result, eq(4), gives 

B(p.q.z)=B(p,q+zp,0). (9) 

It can be seen then that the Fourier transform of the intensity distribution at a distance z is given by 

X(p,z)=B(p,zp,0). (10) 

Thus the measurement of intensity planes along the z-axis provides, via Fourier transformation, a series of slices through 
B(p.q,0). 

Some insight into this result may be gained from a consideration of figure 2 which shows a two-dimensional representation 
of B(p,q/). An intensity measurement of the field is, as described by eq(8), equivalent to obtaining the plane defined by q=0 
through B(p,q,z). The effect cf translation is to perform a canonical transformation on BCp.q.z)11. This has the effect of 
stretching and rotating the function. Obtaining a series of intensity measurements is equivalent, when referred back to the 
plane at z=0, to obtaining a scries of slices through the Fourier transform of the generalized radiance. Thus eq(10) results. An 
alternative viewpoint is provided by noting that the substitution of e<j(4) into eq(5) results in an expression for the intensity 
at a plane z as a particular projection through B(r,u,0). Eq(10) is simply the result of a four dimensional version of the 
projection-slice theorem that underlies the technique of computerized tomography1^. 

Note, however, that a full tomographic approach is not possible because the 4-D (p,q) space will only be measured in the 3-
D subspacc in which p and q arc co linear. This is a result of having only a three-dimensional space over which to collect 
data. The data cannot, therefore, be adequate to cover a four-dimensional volume. Consequently, it is not clear that it will be 
possible to fully characterize a partially coherent field. However, let us consider the degradation implied by the incomplete 
coverage of the four-dimensional Fourier space. 

Let us construct the measurable four-dimensional function Bm(p,q,0) which is equal toB(p,q,0) where it can be measured 
via the observed intensity distribution, and zero where it cannot. This function may be written in tctms of the full function 
B(p,q,0) as: 

Bm(p.q.O) = B(p,q,0)j8(ct - ^?i)o(a - ^ 2 ) d o t (11) 
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where p=(p i .P2) and q=(q i ,q2) and a = Ao/z (note that this definition differs by a factor of Ao from that in reference 1). We 
may rewrite cq(7) as 

W(r,.r2.0) = tap.^.O^xplrrKr.+^.p] dp. (12) 

Figure 2 : A two dimensional representation of B(p,q,0). The Fourier transform of the intensity 
distribution at z=0 is given by the values along the p-axii. The Fourier transform of the far-field 
intensity distribution is given by the values along the q-axis. The effect of propagation is to rotate 
B(p.q.O) so that the Fourier transform of the intensity at z=zi, Z2 Z5 is given, in this diagram, by the 
lines so denoted. Note that z\ is negative. Complete three-dimensional intensity data will result in 
coverage of a three-dimensional subspacc of the four-dimensional (p,q) space. 

Thus, complete four-dimensional information of B(p,q,0) is not available, but, rather, only information over a three-
dimensional subspacc. Note that Bm(p,q,0) as defined by eq(l 1) is the product of the Fourier Transforms of two functions. 
One of these functions is the Fourier transform of B(r,u,0) with respect to u, and the other is found by taking the Fourier 
Transform of the second term (the integral over a): \ 

jcxp[Tci(r1+r2)«p] J5(a - " " ^ r - ) 8(a - —-—)da dp = /cxp[ra(x(r1+r2)«(r2-r))]da (13) 
r 2 r n r ' r22"rl2 

where we write rj=(rji,rj2)and p=(pi,p2). Let us assume that wc have data over all space and let us select the plane r2=0 in 
on 

the CSDF, then wc may use1 Jexp[-7tifilril2] da = 8(lr|l2/2). Thus wc can write Wm(n,0.0) as a convolution integral and 
-oo 

conclude ihat 



j»m(P.-nAo.O)cxp[Kir,.p] dp = W(r,.0,0). (14) 

That is, wc may recover a plane of the CSDF of the partially coherent light from the three-dimensional intensity 
distribution. Wc may equally easily obtain the values for W(0,r2,0). 

By this procedure, we are only able to recover the data for W(r \ ,0,0) or W(0.r2,0). However, there is nothing special about 
the particular choice selected for the origin of the co-ordinate system, so by shifting the origin of the 2D co-ordinate system 
describing the observed intensity distribution and applying this technique to the intensity data, thereby selecting a different 
physical point corresponding to r2'=0. it will be possible to fully map the 4D CSDF, W(ri,r2,0). Numerically, the shift 
may be achieved by using the Fourier shift theorem 1 4 10 write B'(p,q,0)=exp(-2jtir2»p)B(p,q,0) for the field described in the 
shifted co-ordinate system. It is straightforward to express this argument fonnally. Thus, it can be seen that it is possible to 
recover the second order correlations in the field via the three-dimensional intensity distribution, though it must be 
recognized that we have not addressed any questions concerning the uniqueness of this reconstruction. 

Note that the definition of B m given in eq(l 1) is not strictly accurate since it is not a continuous function. This problem is 
addressed in detail in section 4. Using (11) gives valid analytic results, but is impossible to implement numerically. 

3. COHERENT FIELD 

Previous workers have demonstrated, using less direct approaches, the possibility oT determining a spatially coherent quasi-
monochromatic wave 4 from three-dimensional intensity information. Consider this limit in the current formalism. The 
Fourier transformed coherent GR may be written 

B(p.q,z)4E(rVAoq/2.z)E^r^Xoq/2.z)exp[-2jiip«r] dr\ (15) 

Inversion of the Fourier transform gives 

E(r'+Xoq/2,z)E*(r,-Xoq/2.z>= jB(p,q,z)exp[27rip•^•] dp. (16) 

To recover the complex field, set a reference point such that r-Xoq/2=conslant. For the purposes of this paper, set this 
constant to zero so that (assuming that E*(0,z) * 0) 

EC^)=^^jB(p,rAoy-)cxp[jrip»r]dp. (17) 

Thus, given a measurement of B(p,q,z), it is possible to recover the complex electric field in the coherent light wave. 

As before, it is not possible to directly measure B(p,q,0) over the full four-dimensional space. However, substituiion of the 
measured quantity, given by cq( 11), into cq(17) yields, after an argument similar to that presented earlier, 

E m ( r , 0 ) = i F ( k o ) J E( r '<°) pcoh(r-r') dr\ (18) 

wlwc 

f'coh(r)= Ancxp[iot a7tlrl 2J sinc(Aralr!2) (19) 



and the measurements have been taken between a i ;-ul 02. and we have defined a,=(ai+a2)/2. and Aa=aj-a2 As usual, 
sinc(x) s sin(rtx)/icx. Thus, in the case of a coherent wave and a finite measurement range, the spatial resolution of the 
complex field is degraded b> a simple space-invariant point spread function. With information covering all space, the 
complex field is recovered perfectly. Note that if Aa is large but a„*0, this result slates that the fields some distance from 
the plane at which o a =0 arc related to the field at this plane via a Frcsncl transform; this is a conclusion that might have 
been anticipated. Note also that as Aa approaches zero, the field point spread function, P c o n . tends to a constant so that the 
complex field is no longer resolved; this represents the well known loss of phase that occurs when intensity information 
over a surface is recorded. 

Thus, the result that the complex electric field may be determined from the three-dimensional intensity measurements with a 
spatial resolution limited by the longitudinal extent of the measurement volume has been obtained. Note that the factor 
1/E*(0.0) implies a constant unknown complex factor in the determination. If the magnitude of E*(0,0) is able to be 
determined from intensity measurements, then the measured field is indeterminate only by a constant additive phase. 

4. NUMERICAL IMPLEMENTATION 

In order to develop an algorithm with which we can obtain two dimensional amplitude and phase measurements from three-
dimensional intensity measurements we cannot use the 6 function definition for B m In particular, we obtain three 
dimensional intensity measurements in a series of planes perpendicular to the optical axis of the system, giving us I(r,z). 
For each value of z, we perform the Fourier transform 

1(p,z) = J I(r,z) cxp(-27rip«r) dr (20). 

to obtain T(p,z) = B(p,zp,0). It should be emphasised that we do not know B(p,q,0) for all values of p. only those for 
which p= aq/X for some scalar a = Xo/z. Assume, however, that we can approximate B(p,q,0) on some small set of space 
around those for which p = ctq/X by those when p = aq/A..( figure3) That is 

p =aq/X 

Figure 3: Bm(p,q,0) is defined on the shaded region to be equal to its value on ihc line p = n q A . This 
definition is used to derive equations (23), (25) and (26) 

Bm<P.q.<>) = B(p,q.(»j H(p 2 «uU/h) * l>72)) H(p2(nq2A<)-D72)) Uulh) -*0Pl/<ll) (21) 

where II is the step function 



f 0 if x < 0 
H ( * ' " l l if x > 0 (22) 

The definition of Bm(p.q.O) given above is dependent on the way we choose to do our integrals. We could just as well have 
replaced the quantities with subscript 1 by 2 and vicc-vcrsa. 

This definition slightly changes the form of some of the equations found so far. For example, using t̂ .e above expression wc 
obtain instead of equation (19) 

Pcoh( r) = D' sine 0\~) (Aa/Xo) exp [ia.Ttlrl2) sine ( a a l r l 2 ) = D - (Aa/An) cxp(iOaplrl 2) sinc(Aalrl 2) (23) 

to lowest order in D'. This is the same as equation (19) with the inclusion of a factor D\ Note that, as expected, P c o h 
vanishes if D' approaches zero. Note that using this formulation the result of equation (14) is changed in a similar way. 

Figure 4: Another valid definition of flm(p,q,0). The region over which the function is non-zero is 
different from that indicated in figure 3. This definition is used to derive eq(24) 

We can avoid the appearance of some of the definition dependent terms in our reconstruction of the electric field by allowing 
^ m ( P . < l ^ ) t o te non-zero on the space shown in Figure 4. Under these circumstances, the inclusion of the quantity a is 
unnecessary and the expression for the electric field becomes 

Em(r,O)F.m*(0,0) = D jdprB(pi',0.n/><,,r2Ao) cxp(iJtpi'r) (24) 

where now numerical implcmcniations o r this procedure require a number of Fourier transforms to be stored. Another 
expression for the electric field, which avoids the storage problem can be obtained by using the first definition for D' given 
above and rearranging the order in which the integrals arc performed and including the intensity explicitly i.e. 



Em(r.O)Em*(0.0) = J da J dr' l(r.a) Jdp c - 2 , " r - P c n i P , r H(p2-(ar2-D'))H(p2-(ar2+D'))5(a-p1/rl) 
(25) 

Changing the integral of the delta function from one with a as the subject to one with p] as the subject, and performing the 
p integral, wc obtain 

Em(r,0)Em*(0.0) = 2D' —f da c n i r 2 a [ dr 1l(r\a) c^Kir''r sinc((r2 - 2r2

,)D') 
*0 

= 2D' rjL f da c * ' r 2 a J dr- I(r\a) c - 2 P' r ' , r (26) 

to lowest order in D' 

5. APPLICATION OF FORMULATION TO A GAUSSIAN BKAM 

To see how this approach may be applied, let us now restrict our attention to a coherent Gaussian beam to see how the phase 
and amplitude of the field may be recovered from numerically simulated 3D intensity data. 

A Gaussian beam has a magnitude and phase which vary spatially as 

iare 2 w 0

2 f I" x 2 + y 2 1 ] \ x 2 + y 2 " | 
u(x.y,z) = — ^—yexp^-ik z + r— J ,, } cxp - — j ^ ~ (27) 

Xo2z + ikwo 2 F { L 2 z ( l + J t 2 w 0

4 A o 2 z 2 ) J J L w2(z) J 

where a is an amplitude constant, k = Infk is the wavenumbcr of the radiation, wo is the distance from the z-axis at the 
beam waist at which the intensity drops to 1/e of its value on axis and w 2(z) = WQ2(1 + Xo 2 z 2 /n 2 wo 4 ) . Thus, the intensity 
of the Gaussian is given by 

I = lul2 = a 2 OCQWQ2)2 

4 z 2 + ( k 0 w O

2 ) 2 C * \ ' w2(z) . 
2r2 

(28) 

For a fixed value of z, taking the Fourier transform of the intensity gives 

!<>>,,.,>) = a 2 ™ 0 cxp(-7t2p2w2(z)/2) =B(p,zp,0) (29) 

Applying this to equation (26) above, wc find that 

Emfr.O) E*(0.0) = ^ cxpf - ^-A J d « cos(rtr 2o) c x p t - ^ w n V c x 2 (30) 

This is a standard integral and performing it wc find that 

Em(r.O) E^CO.O) = I ) ' ' 1 - - 1 cxpf- ' , 
r V 2 W V *o-

(31) 



and. hence, for r * 0. this shows that the formulation provides a rigourous solution. Note that once the electric field 
distribution in the z=0 plane is known, the values for other values of z can be determined using the Frcsncl propagator. 

Since the example of a Gaussian beam is axially symmetric the integral over the azimulhal angle in r' in cq(26) can be 
performed analytically. The two-dimensional numerical integral being performed, therefore, is 

2D'— J da cxp(i7tr2aA) J dr'Jo(2jirar'/X) l(r'.a) 

where I(r'.a) is given by cq(28). 

We considered a Gaussian beam with a beam waist radius of 1.88tim and a wavelength of 633nm. A trapezoidal integration 
technique was used. The integral over a consisted of 1000 points from a = -6.33 to a = 46.33. The steps in the integral 
over r' were 10 1 2 | i m apart and the integral was extended until an absolute accuracy of 10 1 0 was achieved. The results arc 
shown in figure S. Note that the agreement between values for the electric field amplitude calculated directly and those 
reconstructed via equation (27) are in good agreement. The calculated phase was zero to within one part in 10 - 1^. Wc arc 
currently working on a more efficient integration subroutine and expect that this will greatly enhance the accuracy of these 
results. 
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Figure 5: I'loi of the reconstructed electric field amplitude at the beam waist of a Gaussian beam 
(points) versus the assumed distribution of cq(28) (solid line). 
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6. CONCLUSION 

In this paper, wc have shown that it is possible to use intensity measurements taken in a scries of planes perpendicular some 
axis to produce full four-dimensional information about the cross spectral density function. This measurement of the 
intensity in any given plane gives a scries of slices through the four-dimensional Fourier transform of the Brightness 
function. For a coherent field, this information also enables us to calculate the phase and amplitude of the electric field in 
any given plane. If a finite measurement range is taken, the resolution of the reconstructed field is degraded, but in the limit 
of measurements taken over an infinite range, the full FrcsncI field can be calculated. When considering the practical 
application of this technique to real data, the delta function definition of eq(l 1) needs to be redefined in terms of a 'top-hat' 
function. This docs not alter any of the central conclusions obtained using delta functions, but enables the production of an 
algorithm for the reconstruction of the electric field from real intensity measurements. This was applied to a simulation of 
the simple case of a Gaussian beam. The reconstructed phase and amplitude of the electric field so obtained were in good 
agreement with assumed values. 
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