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ABSTRACT

The critical behaviour in the Zn model with ^-parameter is considered in the Coulomb

gas representation. We focus our attention on the dependence of the critical exponents of the cor-

relation functions of the 2w-theory with 6 = 2 -njN on the rank JV of the group.
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1. INTRODUCTION

The critical behaviour of anyon systems is discussed in a great number of papers pub-
lished recently. The approaches used in these papers can be subdivided arbitrarily into two parts.
There are plenty of works [1] where the problem of phase transitions in such systems is discussed
in the long-wave limit taking into account the Chem-Simons term in the Lagrangian. From this
point of view the peculiarity of the superconducting phase transition in layered CuOi systems is
setting the coefficient before the Chern-Simons term to zero. The approaches in other papers are
based on the use of lattice 2 + 1-dimensional gauge theory. In such a manner of description the
main problem is correct and complete taking into account topological terms in the Lagrangian. In
this connection we focus our attention on the results obtained in papers \2-A}.

The detailed analysis of the critical behaviour in anyon systems, due to small correlation
length, should be performed using the lattice theory. Therefore it is necessary to take into account
adequately enough internal symmetries, gauge, and diffeomorphical invariance. In the theory of
strong Coulomb correlations this can be achieved by using Wilson loops which are thought of as
variables of the corresponding quantum group statisical model. In the theory of Fractional Quan-
tum Hall Effect (FQHE) this approach is called coherent ring exchange [5]. In mathematics such
description corresponds to the use of the quantum groups [6]. In FQHE [7], in the theory of anyon
superconductivity [1, 2,4] of great importance is hidden ZN symmetry of the quantum group with
the deformation parameter which is the root of unity and subgroups Pi ,2 [8] of the modular group
SL(2,Z).

The information on the peculiarities of the strong correlation in two-dimensional systems
is contained in the critical exponents of correlation function s. The dependence of critical exponents
of correlation functions on the coefficient k before the Chern-Simons terms for the ground state of
the spin-unpolarized anyon system and for the state with polarized spins was found correspondingly
in Ref.[9-ll], However, the problem of the dependence of critical exponents and the points of
phase transition on the ̂ -parameter in various channels of the variation of quantum numbers of the
considered system remains still unsolved. This problem is particularly actual in view of the fact
that it is supposed in some papers [11] that the asymptotic behaviour of the correlation functions in
low-temperature (superconducting) phase does not depend on the distance.

In the present paper we study the dependence of critical exponents and the points of phase
transition on the 0-parameter for an anyon system in the Coulomb gas representation. We show
that taking into account the topological term in the action shifts the point of the phase transition to
the region of higher temperatures. In this case the critical exponent for the correlation function of
fields describing the distribution of the electric charge, changes.
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2. THE MODEL

To take into account strong correlation of spin and charge degrees of freedom inside the
plaquette, when due to the presence of doping we should take into account the interaction with
the particles next to the nearest neighbours, we consider the distribution over the two-dimensional
lattice of the mean value of the spin noncollinearity [1,12]:

This is equivalent to the distribution of flux * = p/q of the statistic gauge field over the lattice
with various values of relative prime numbersp and q. Such flux parametrize the phase of the mean
value of the Wilson loop operator:

WR{C) = Pexp \iN f £>„ dx»] .
I Jc J

(2)

In the general case the gauge connection a^ takes the values in the group SU( N). In the expression
(2) P is the order operator along the loop C, R denotes the representation.

We assume that the phases of the mean value of Wilson operator are the variables of
the statistical model which take the values in ZN group [2, 4]. In the framework of statistical
mechanics of loops with such variables we take into account the requirement of the compactness of
the theory following Ref.[I3], as well as possible frustration in the space of loops [5]. Besides we
introduce the sources of spin-wave excitations in the space of loops which are operators of weak
loop deformation, i.e. electric charges and the sources of their vortex configurations, magnetic
charges. Finally, we take into account two ways of projection of 3 + ID gauge theory in the
statistical model defined on the two-dimension lattice. Summing up we have the action of the ZN

model with the 0-term [14,15]

So = i iN

m4(JQ (3)

where fi= 1,2 and a = 3,4; g is the coupling constant, m0 and no are integers defined on the links
of dual ( R) and direct (r) lattices. The fields <pa are the phases of the eigenvalues cxp(2iriip/N)
of Wilson operators and the integers defi ned on the sites of the 2 D lattice. They are equal to 2 ita/N
with 3 = 0,1,...,AT— 1. Mpa are the integers defined on the links. They depend on the magnetic
charges which take into account vortex degrees of freedom in the following way

1
TOO = T" £oa0b &a "A0b • V 4 )

Here and in Eq.(3) A,, is the gradient on the lattice. The time—space indices a and 6 equal to 3
and 4 have become internal indices after dimensional reduction. The monopole currents TMJ
represent the vorticity of the field ifn

After integrating over the variables
representation in the following way [14,15]

and <pt, Eq.(3) is written in the Coulomb gas

ITT J

(5)

The quantum numbers are n =
Zm - I n = 0.

—. m^ and 714 = mi = 0 . For the energy to be finite

In Eq.(5), the Green function describes the interaction between electric n(r) and mag-
netic m(r) charges. In the long-wave limit it has the radial and angular parts of the logarithm:

=ln (x + iy) . (6)

The expression (5) is evidently enough since it denotes the distribution of the degrees of freedom
directly via electric and magnetic charges. Note also that the role of 0-term reduces to mixing
electric and magnetic charges [16].

3. CRITICAL EXPONENTS AND 0-PARAMETER

The detailed analysis of the phase diagram for the model (5) regardless of the the 6~
parameter dependence on the number JV in Zjq group can be found in papers [14,15]. It has turned
out recently [17] that there is a close relation in anyon systems between fi-parameter and the rank
of the group. In particular, in two-dimensional doped Mott-Hubbard-Heisenberg systems 2 w/fc
(with even values of it) are actual values of ^-parameter [17-19]. Further, we shall hold to these
values of ^-parameter unless otherwise specified.

The correlation functions in the model of Coulomb gas are defined in the ordinary way [20]:

62S
(7)

in (8)
T,R

Here Y^m is the chemical potential of electric and magnetic charges of two-dimensional Coulomb
gas and i ^ m x < Q^ (r) > is the probability to find the charges (n, m) in point r. Owing to the
requirement that the system should be neutral in general, we consider only the correlation functions



of oppositely charged particles. The correlation functions for model [5] for arbitrary electric and
magnetic charges have the following form

<Qn,m(0)Q_n,_m(r)

N2

1

gm2

(9)

(10)

In Eq.(9) only radial pan of the correlation function presents. The angular part of the correlation
function will be defined by O ( r ) and will have the following form: exp[-2»ATron<I>(r)]. The
critical exponents A ^ in the points of the phase transition can be found with the aid of the zeroes
of the Gell-Mann-Low function of the renormalization group equation for the chemical potential:

(11)
dlna

It is seen from Eq.(ll) that \ m = 2 corresponds to the point of the phase transition for the
given quantum numbers n and m and, consequently, the behaviour of the correlation functions
for these very charges has one and the same form l / r 2 A = 1/r4. Eq.(10) may yield also the
coupling constant which corresponds to the given phase transition. As regards the behaviour of
the correlation functions for another set of numbers n and m at such a coupling constant, it will
be defined from formulae (10) and (11). These formulae also show that the correlation function
cannot have the constant value for all the values n, m and 6/2v = 1 [k.

The following set of quantum numbers: ( n = 0 , m = 1) and (n = l , m = 0) corre-
sponds to the states with the low energy. We consider the behaviour of the correlation functions for
these quantum numbers. For the case 8 = 0 the critical point corresponding to Kosterlitz-Thouless
phase transition for m agnetic charges ( n = 0 , m = 1) arises at 9 = 4 and the correlation functions
behave themselves in the following manner:

<Qo,](O)Qo,_i(r) >~r~4 ,

<Qo,i(0)Q_,,0(r) >~r-wl/4 .

When n = 0, m = 1 the presence of 0-parameter leads to the following coupling constants:

1 / 2J

(12)

(13)

(14)

It follows from (13) that in the case we are interested in JV = k, the nonzero value of
(Merm causes the appearance of one more (high-temperature) critical point at gi = 2 — v 3 -
The former critical point g = 4 shifts (92 = 2 + >/!) to the region of higher temperatures. The
correlation function for magnetic charges does not change in these points (12), and for electric
charges it has the following form:

< Q (
l > 0 ) Q L 1 , ) , o C O > ~ r - A ' 1 / ' 1 , (15)

< Q $ ( 0 ) Q ( _ V r ) > ~ r - w ^ . (16)

4. CONCLUDING REMARKS

The entire set of renormalization group equations, besides (11), contain the one for the

coupling constant. For our model (3) it has the form

ding
dlna

(17)

Note, that Eq.(15) is invariant relative to the modular transformations in the space of the quan-
tum numbers n, m and the coupling constants g and I/A; [14, 15]. The corresponding equation in
Ref.[20] generalized with due account of the fl-term has no such property. This difference is at-
tributed to the inaccuracy in Eq.(2.14) of Ref.[20] because the coefficient multiplied by the angular
part of the Green function was written improperly. The correct equation for this coefficient has the
form

It is the difference rather then the sum in Eq.(16) that ensures the necessary modular invariance
and the proper account of the ff-term. In particular, it accounts for the absence of the 0-term
contribution in the angular part in action (5). Moreover, even in the absence of the fi-term the
correct form of fa (16) is necessary to ensure into account of renormalization of the processes of
fusion and annihilation of dyons.

Note the dependence of the critical exponents expression (10) on the 0-term sign, i.e. the
sign of number Jt. For a variety of signs of number k the ground state is characterized by different
sets of quantum numbers n and m. The k sign chosen in this paper allows for the first component in
A^m have zero value at Jfcn = m. This and similar phenomena are easily observed if one considers
the equations relating critical exponents and conformal weights h and ~h (different in general case)
in conformal field theory.

2?
S= h-h= turn

gm (19)

(20)

This expression can be reduced to the form generalizing the well-known degenerate series for
conformal weights. Besides, it follows from (18) that in the state of oblique confinement for n ̂  0
and m j 0 the conformal spin S = h — ~h is nonzero. In this situation, if kn = m, only vortex
degrees of freedom contribute to the h^m.

In this paper we have found the dependence of critical exponents in the Z^ model on 6-
parameter if 8/2 w = 1 fk. We also obtained the renormalization group equations for the Coulomb
gas of Zn model with 6 = 2 TT/TV-term.
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