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ABSTRACT

In describing the properties of quasi-lD materials with a highly-screened interelectronic
potential, an attractive hopping term has to be added to the Hubbard Hamiltonian. The effective
interaction and the ground-state energy in ladder approximation are analyzed. At low electronic
densities, the attractive part of the interaction, initially smaller than the repulsive term, can become
more effective, the ground-state energy decreasing below the unperturbed value.
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1 Introduction

It is well-known that the Hubbard model, originally developed to describe the d-electrons of the
transition metals (Simple Hubbard Model, or briefly SHM) [l], has then been applied by Hubbard
himself — the so-called Extended Hubbard Model (EHM) [2] — to quasi-lD charge transfer crystals
and later to conducting polymers [3]. But the applicability of EHM to such large-bandwidth
materials requires a careful analysis. This problem has arisen once with the work of Kivelson, Su,
Schriffer and Heeger [4]. Studying the effect of the Coulomb interaction on the dimerization in
trans-polyacetylene, they noticed the absence of the bond-charge repulsion terms that, in their
opinion, are at least as large as the terms retained in EHM and could have important physical
consequences1.

Trying to give a definite answer to the question of applicability of the Hubbard model to
quasi-lD solids, Painelli and Girlando [6] reanalyzed the problem from the beginning and found
that, for long-range interelectronic potential, the EHM is adequate; in the opposite limit, for

highly screened potentials, one has to introduce a new model, the so-called (t, U, X)~model,
briefly described in the next section.

This paper deals with ID [t, U, X) — model at small electronic densities . The integral equation
for the (frequency-independent) effective interaction in ladder, or t-matrix approximation (LA)
is solved in Sec. 3. An effective attraction between electrons can appear for certain choices
of the-parameters. The numerical dependence of the ground-state energy (GSE) on the model
parameters is presented in Sec. 4. The results of this work are summarized in the last section.

2 The (£,£/, X)-model

The model proposed by Painelli and Girlando [6] relies on two main assumptions: (i) the tight-
binding picture is compatible with a non-zero overlap 5 < 1 between the atomic orbitals — a
non-negligible quantity in polymers (for 2px orbitals S = 0.2 — 0.3 [8]); (ii) for extreme screened
electron-electron interactions, the most important term besides on-site repulsion U is the bond-site
repulsion X = 4>{S)U with 0 < 4>{S) < 0.2 as 0 < 5 < 0.4 [6] i.e., X < \SU for S < 0.4. The
Hamiltonian corresponding to this model is then

X ^(ct+lt<Tcua + #.c.)K_ f f + n,-+ w) (1)
t,<7

where c+CT(c;iCT) are the Fermi creation (annihilation) operators in the Wannier representation,
nli<7 = c + ^ o , t is the bandwidth parameter and

X = X - \-SU = -all (2)

with a depending only on S and estimated in the range 0 < a < 0.1 [9]. Thus, the last term in
(1) — hopping interaction — describes an attraction between electrons residing on a site and on
the adjacent bond.

The effect of the Coulomb interactions on the dimerization of trans-(C#)x via the Peierls mechanism seems
to be a disputable matter [5]

2 The recent results obtained for SHM [7] show the low density regime as an interesting limit.



In the Bloch representation, the Hamiltonian (1) becomes

where, in the adopted system of units a(lattice constant)= t = 1,

= -2cos(Jfc), ke Z.B. = ( -

N being the number of the lattice sites and

V(*i, fe) = U - 2X[e(k1) + e(h)]. (6)

Let's notice that V(ki,k3) > 0 for a in the specified range.

3 Effective interaction in ladder approximation

The GSE in LA fat zero magnetization) can be calculated from [10]

E = E0+ ^2 ^fci,*s,*2,*i (7)

where E& is the GSE for the non-interacting system

E N{k)
7T

(8)

with Ne — the number of electrons; the frequency-independent /^-matrix obeys the following
integral equation:

K>,^M (9)

It is convenient to define the effective interaction 7 through

p (10)

using the form (5) for V^^MM^ from (9) an<i (10) w e get the integral equation in 7 :

i k2,k) (11)

where

for j k\ \, | k2 \

G(ku

< kF (see rel.

Kk) =
(7))

+ e(ita) - e(k) - eih + k2 - k)}'1 ; (12)

v), 0 < ki + k2 < w- kF

k2)7 ~TT + kF < kt + k2 < 0



and vanishes for \ki + k2\ > n — kF. By requiring that D be much larger than similar domains
corresponding to the processes neglected in LA (particle-hole or hole-hole scattering), we obtain
the condition

}< L k

this criterion for LA being independent of the potential form.
The integral equation in 7, with V(ki, fc3) given by (6), can be solved exactly; indeed, eq. (11)

can be rewritten more explicitly as

(15)

(16)

k€D

J ' 1 .- n

and it suggests a solution of the form

B(kuk2)e(k3)

which must verify eq. (15) identically; we get an algebraic system for A and B from which we
obtain 7 as

k2) + 2[e{k1) k2)}
{ '

where the functions

,k), j = 0 , 1 , 2 (18)

can be computed by elementary integrations. For X = 0 (SHM), 7 reduces to the expression
found by Kanamori [11] in the 3D care.

As kf —* 0, 7 can be approximated by the constant

SX-

' 2wkj + U + 4(2 - *kF)X - 2(2 -

and 7 < 0 if the parameters U, a — —X/U and Jt/r satisfy

V ;

2(2 -

or, equivalently, if

where
I-SQ

4a2 2-wkF

(20)

(21)

(22)

In the £/ —> 00 limit, 7 given by (19) tends to the limiting value



> F , (23)

the last term in (23) corresponding to the SHM case. Numerical example: for a = 0.1 (0.05) and
n = 1/16, Ui=5 (60), U2 ~ 12 (80) and 7oo ~ 0.7.

4 Ground-state energy: numerical results
We computed the GSE of the (t, U, A*)—model from

N~1V+^ J J (24)
~kF -kF

with 7 given by rel. (17). The independent parameters of the model are the on-site repulsion U
(in units of the bandwidth parameter t ) , a = —X/U (depending only on the overlap 5 between
the atomic orbitals) and electron concentration n = Ne/N .

(i) g = Q. This is the case of the SHM. The dependence of the GSE per site on the electron
concentration n for different U values and comparison with the exact results [12] are shown in
Fig. 1. As we expected from the beginning — rel. (14) — the LA is good for any U value if
n < 1/4 (kp < T / 8 ) ; it gives also accurate results for any density but only if U < 2.
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Fig. 1: GSE for ID SHM as function of electron concentration.

(ii) 0 < a < 0.1. Let's consider at first the case U < 8 (as in conducting polymers). An
increasing a parameter at U = const determines a decrease of the GSE (Fig. 2); the dependence
of the GSE on the on-site repulsion U at a = const is drawn in Fig. 3, where we can observe
that, according to our prediction (rel. (21)), for U > Ui, the GSE becomes lower than the value
corresponding to the non-interacting system, due to the effective attraction that appears between
electrons.
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Fig. 2: Interaction energy for ID [t, £/, * ) - m o d e l as function of X/U in the case n = 1/16.
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Fig. 3: Interaction energy for ID (t, U,X)-mode\ versus on-site repulsion at n ~ 1/16.



The typical behavior of the GSE in the whole range U = 0 + ooa,ta = const is presented in
Fig. 4 (for a = 0.1 and n = 1/16); we can remark that the values of Uu U2 and

£ Q Q - £ Q ik2
F

—JT- * 1^~ ' (25)

with ( £ « - Eo)/N ~ 0.001 at n = 1/16 (see the numerical example below rel. (23)), are in
accordance with the numerical estimations for the GSE.
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Fig. 4: Typical dependence of interaction energy for ID (t, U, X) — model on the on-site repulsion
at small densities.

The result can be explained as follows: in the (t, U,X)—model, the interaction is only be-
tween one site-electron and another (with opposite spin) either residing on the same site (on-site
repulsion) or leaping from that site to a neighbor site (hopping attraction). At small densities
(n < 1/4) and for rather large a values (a ~ 0.1), a small on-site repulsion between electrons
(U < U\) is compensated to a great extent by the hopping attraction and the resulting electron
motion is nearly free. An increasing on-site repulsion {U\ < U < U%) favors the jumping of elec-
trons (residing on double-occupied sites) on neighbor sites (free or single-occupied) and thus the
effective repulsion will decrease; on the other hand, the attractive part of the interaction — acting
only on double-occupied sites — can become more effective due to this increased hopping and the
result is a net attraction between electrons. At very strong on-site repulsion (U > U2), an electron
will hardly jump on a single-occupied site, the number of double-occupied sites decreases and
therefore the attraction will be also reduced, the effective interaction becoming repulsive again;
in the U —> 00 limit the electrons will migrate only through vacant sites, the effective repulsion
depending only on electron concentration.

. ...



5 Conclusions

The (t, U, X,) —model is adequate to describe quasi-lD materials with a highly-screened interelec-
tronic potential, like conducting polymers. Besides the on-site (Hubbard) repulsion U, a small
bond-site (hopping) attraction X is taken into account. At low electronic concentrations the LA
can be applied, the corresponding K—matrix equation allowing an algebraic solution. We have
shown that an effective attraction between electrons can appear if the parameters of the model lie
in a definite range. This is due to the fact that at small densities, an increasing on-site repulsion
favors the jumping of electrons on neighbor sites, the attractive part of the potential becoming
more effective than the repulsive term. The numerical analysis of the GSE confirms the expected
behavior of the system.

Acknowledgments

The author would like to thank Professor Abdus Salam, the International Atomic Energy
Agency and UNESCO for Hospitality at the International Centre for Theoretical Physics, Trieste,
where this work was completed.

The author is also greatly indebted to Dr. M.Apostol for the suggestion of the problem
and fruitful discussions and to Dr. A.Painelli for useful information about related topics and
correspondence.

References

[1] J.Hubbard, Proc.R.Soc.London, Ser.A 276 (1963) 238.

[2] J.Hubbard, Phys.Rev. B l7 (1978) 494.

[3] Z.G.Soos and G.W.Hayden, in Electroresponsive Molecular and Polymeric Systems, edited by
T.Skotheim, Marcel Dekker, New York, 1988, p. 197 and references therein.

[4] S.Kivelson, W.-P.Su, J.R.Schrieffer and A.J.Heeger, Phys.Rev.Lett. 58 (1987) 1899.

[5] C.Wu, X.Sun and K.Nasu, Phys.Rev.Lett. 59 (1987) 831; D.Baeriswyl, P.Horsch and
K.Maki, Phys.Rev.Lett. 60 (1988) 70; J.T.Gammel and D.K.Campbell, Phys.Rev.Lett. 60
(1988) 71; S.Kivelson, W.-P.Su, J.R.Schrieffer and A.J.Heeger, Phys.Rev.Lett. 60 (1988)
72; D.K.Campbell, J.T.Gammel and E.Y.Loh,Jr, Phys.Rev. B39 (1988) 12043; J.Voit,
Phys.Rev.Lett. 62 (1989) 1053; J.Ashkenazi et al., Phys.Rev. Lett. 62 (1989) 2016.

[6] A.Painelli and A.Girlando, Phys.Rev. B39 (1989) 2830.



[7] M.Ogata and H.Shiba, Phys.Rev. B41 (1990) 2326; A.Parola and S.Sorella, Phys.Rev.Lett.
64 (1990) 1831; S.Sorella, A.Parola, M.Parrinello and E.Tosatti, Europhys.Lett. 12 (1990) 721;
H.J.Schulz, Phys.Rev.Lett. 64 (1990) 2831; H.Frahm and V.E.Korepin, Phys.Rev. B43 (1991)
5653.

[8] R.S.Mulliken et al., J.Chem.Phys. 17 (1949) 1248.

[9] A.Painelli and A.Girlando, in Interacting Electrons in Reduced Dimension, edited by
D.Baeriswyl and D.K.Campbell, NATO ASI B 213, Plenum Press, New York, 1988.

[10] For example R.D.Mattuck, A guide to Feynman diagrams in the many—body problem,
McGraw-Hill International Book Company, 1976.

[11] J.Kanamori, Progr.Theor.Phys. 30 (1963) 275.

[12] H.Shiba, Phys.Rev. B6 (1972) 930.




