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Abstract
We study the multiscaling in the fluctuations of the multiparticle distributions at

small scales. Similarly to the multiscaling effect, recently found in multifractal models,
we analyse the dependence of the intermittency patterns on the low density cut-off in
the cascade. The effect changes the scaling behaviour and leads to stronger dependence
of the scaled factorial moments on the resolution than the power law. This could be an
explanation of the behaviour observed recently in the experimental 3-dimensional (3D)
data. The multiscaling analysis allows to restore the universality in the processes with
different cut-offs and could be used in the analysis of the experimental data.

1. INTRODUCTION

In the last years, much attention has been devoted to the understanding of the inter-
mittency phenomena in the high energy multiparticle production [1] and in the nuclear
multifragmentation [2] . Many experimental groups have analyzed the multiparticle data
in order to verify the existence of the scaling fluctuations. As it become clear that the
intermittency should be looked for in the 3-dimensional (3D) momentum space, many
groups have analyzed the multiparticle rapidity-azimuthal angle-transverse momentum
distributions [3]. Those results indicate that the fluctuations are not scale-invariant and
cannot be explained by an a-model of random cascading. The data data show a stronger
increase of the fluctuations in small phase-space cells than the power-law predicted by
the random cascade. Below we shall recall some basic features of the random cascade
model and propose some physically motivated modification inducing strong fluctuations
at small scales similarly to the effect observed in the experiment.

The a-model of the multiplicative cascade in the particle production was proposed as a
general scheme giving rise to intermittent fluctuations in elementary particle collisions [4].
The a-model predicts a power-law dependence of the scaled factorial moments (SFMs)
of the multiplicity distribution on the resolution :

, (1)

'Talk given at the International Workshop "Dynamical fluctuations and correlations in nuclear colli-
sions", Aussois, Fiance, 16-20 March 1992
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where M — ̂  is the number of cells of size 6£l in which the whole phase-space region fi
is subdivided and u, is the intermit tency index.

The SFMs are related to the moments of the probability distribution of the density
of particles in different bins in the phase-space. Assuming that the multiplicity fluctu-
ations are a convolution of the Poissonian noise and of the physical probability density
fluctuations, it was shown that the average of the SFM over a large number of events is
related to the value of the moment of the probability density [4] :

where < . . . > means the average over the different events, fc/ is the number of particles
in the /-th bin and d is the moment of the probability distribution :

M
Ct(M}= /dp,... dpMP(Pl,...,pM)^p\. (3)

J J (=1

The fluctuations of the global multiplicity (F,(l) ^ 1) can be factored out exactly in the
semi-random cascade and generally such a factorization is very good except in the last
steps of the cascade. We put explicitly the normalization (Ci(M}}* in the above equation
because we shall generalize the cascade model so that the normalization will depend
on the resolution. Of course in eq. (3) and in the standard a-model we have always
Ci(M) = 1 . It is obvious that the intermittency in the SFMs (eq. 1) is equivalent to the
fractal probability distribution P. The moments Ci(M) have a power-law dependence on
M with the exponent r,- = 1 — i + i/,-. The exponents TV are related to the Renyi fractal
dimensions Z>, = D^ (^ *s ^ e dimension of the embedding space). The relations
between the intermittency indices and the Renyi dimensions are well known and were
used in the / ( a ) singularity spectrum analysis of the a-model [6]. In the following, we
will be rather interested in the detailed relation between the SFM F, and the probability
density moments Ct and not only in the relation between scaling indices.

2. THE RANDOM CASCADE WITH AN INFRARED CUT-OFF

The standard a-model is a random self-similar cascade where at each step the density
in a given bin is multiplied by a random factor. This gives fluctuations in the probability
density in each bin. The number of particles in a given bin is generated according to the
Poisson distribution with the mean proportional to the probability to find a particle in this
bin. As the cascade develops, the total multiparticle distribution is partitioned between
M different bins so that the mean probability per bin is l/M . The total available energy
is divided between different bins and the energy per bin decreases during the cascade.
Finally, one obtains very low energy in small bins (Fig. 1). In the standard a-model
these bins contribute to the multiparticle production by the generation of particles with
a small mean multiplicity. For sufficiently small e this mean multiplicity can be much
less than 1 . One faces then the question whether it is physically reasonable to generate
particle from such low available density (energy). In fact, if one has in mind the picture
that the probability in one bin is proportional to the energy available in this bin, then one
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Figure 1: The space-time development of the random cascade is decomposed into a
standard self-similar cascade in the parton phase and the cascade with the cut-off in the
hadronization phase. The latter begins when the mean energy per bin in the cascade
reaches the hadronization scale. The hadronization effects, present beyond this scale,
induce the strong fluctuations in the small phase-space cells.

does not expect particle creation if the available energy is smaller than the pion mass.
If one considers the a-model as a model of the string fragmentation then the cut-off
could correspond to the ratio of the transverse mass of the particle to the energy of the
string. Qualitatively the same mechanism could occur in the parton cascade, but then
the mass-energy scales involved imply a much smaller value of e . More generally, let
us define the hadronization scale as a minimal energy which is necessary to produce one
particle in a given cell of the phase-space. Thus, the cut-off e can be written as the ratio
of the hadronization scale to the total available energy in the collision. Schematically the
random cascade can be decomposed into the standard self-similar cascade in the parton
phase (this early stage is seen at low resolutions in the phase-space) and the cascade
in the hadronization region where the hadronization effectively changes the cascading
phenomena (this late stage is seen at high resolutions in the phase-space). We shall
study the fluctuations in a long random cascade, which enters the hadronization region.
In this late stage of the cascade we expect that the effect of the cut-off in the probability
will influence the multiparticle production. In the fully developed turbulence, the effect of
the cut-off is known as the intermediate dissipation range which causes the viscous cut-off
to switch off the scaling in the energy density moments [7]. Below we shall investigate the
consequences of the creation of such a range of cut-offs due to the multifractal structure
of the a-model. The fluctuations in the density between different bins makes the effect



visible already at earlier stages of the cascade. The cut-off probability e can be reached
in some bins before ln(l/e)/X steps of the cascade, i.e. before the mean value of the
probability per bin reaches e, i.e. the hadronization scale (see Fig. 1). Of course, as the
resolution is increased further the last stage of the hadronization is tested. This last stage
of the development of the multiparticle dynamics towards the final state hadrons cannot
be described by a random cascade. We shall study the fluctuations in the intermediate
regime, where the cascade description of the multiparticle production could be justified
but already the hadronization effects begin to manifest themselves.

Let us define the a-model with the cut-off. In a given realization of the random
cascade we discard a given branch of the cascade if the probability associated with this
branch is smaller than e . This means that the corresponding bin is assumed to have
zero density and does not contribute to the calculation of the moments of the probability
density P (eq. 3). Obviously, by dropping in each realization of the random cascade
these small density bins from the averages we change the normalization of the density.
In the sum in eq. (3) we drop the probabilities p/ < e so that C\(M) ^ 1 . One has to
take this change into account in order to have correctly normalized SFMs, i.e. in order
to conserve the total probability (energy). The rule of normalization implied by the eq.
(2) corresponds to rescaling all the bins with probability higher than e by an amount
corresponding to the probability lost by dropping the bins with probability smaller than
the cut-off. Note that the a-model with the cut-off is by definition finite in the case of
the weak intermittency. We shall see below that it is a consequence of the multifractal
structure of the a-model.

3. MULTISCALING IN RANDOM CASCADING

The presence of the hadronization scale changes the fluctuation patterns similarly as
in the multiscaling effect which was found in the distribution of avalanches in the sandpile
models [8], in the convective turbulence [9] and in the relaxation of supercooled liquids
[10]. The explanation of the multiscaling effects for multifractals was given by Jensen,
Paladin and Vulpiani [11]. Below we recall some of their results on the multiscaling of
the (7, moments and then derive the corresponding relations for SFMs F, and study the
multiscaling for the model of random cascading. In the following we shall study one-
dimensional (ID) models. This restriction is not important and all the results are the
same for higher dimensional models. Thus, those results can be compared directly to the
experimental 3D results on the SFMs, if they are presented as a function of the number
of phase-space cells or of the volume of the cell.

The standard result for the multifractal set without any cut-off, is that the moments
of the fractal probability density can be written using the singularity spectrum / ( a ) [12].
Let the probability density in a bin scale as la with its length I = 1/Af and let the number
of bins having the scaling index a in the interval [a, a + da] be l~^a^p(a)da, where p(a)
is a smooth function. Then, the moment d of the probability distribution can be written
as : o

m " (4)



Using the saddle-point approximation to the above integral one obtains for I —» 0 :

Ci(i) ~ r T « , (5)
where r(i) = f(a,p) — ia,p and aQ is the value where the function ia — f(a) has the
minimum.

The cut-off e in the multifractal set means that we do not include in the calculation
of the moments of the probability distribution those bins for which the density is smaller
than the cut-off value. Recalling, that the scaling of density with the bin is governed by
an index a, one obtains a limiting value a for this index :

f = e. (6)

This means that for each length / there exist a limiting value of the index a so that bins
with a larger value of the index a (a > a) do not contribute. Effectively, the limits of
integration in (4) are modified :

Ci(l) = I" l«-fMp(a)da , (7)
*«*min

or in the notation of eq. (3) :

f r / M \
d(M) = dp,... dPMP(Pl,...,pM)[ £ Q(Pm-6)p\n .

\m=l J

(8)

This modifies the saddle-point estimate if a5p > a . As a result one obtains the following
modification of the scaling law for the moments d [11] :

i f a J p < d ( J , e ) ,

) i f a , p > a ( / , e ) . ( 9 )

This equation shows that the moments C, have a scaling behaviour down to some value
of li,m and for smaller length they follow a pseudoscaling law given by the second case of
the above equation. This limiting value of the bin length is given by :

fcm = el/a'p • (10)

The scale li,m where scaling breaks down depends on e and, through ajp, also on the rank
of the moment i. However, in the modified variables C,, 0 :

Ci = lnC;/lne

0 = lnf/ln« , (11)

all the dependences of the type (9) for different values of the cut-off parameter are uni-
versal [11] :

SP, n

<-e / ( i / e ) if e > ! / « „ . (12)



Now we shall use the eqs. (9) and (2) to describe the behaviour of the SFMs of the
modified a-model. One gets straightforwardly :

( JFI if
i f

, e) ,

(13)

if ag > d(l/M, e) .

From the above equation one can see that the pseudoscaling behaviour of the SFMs is
due mainly to behaviour of the first moment C\ which enters in eq. (2) for the SFMs. So
that unlike for the multifractal moments C1,, where the moments of different rank have
different //,„,, in the SFMs the pseudoscaling sets in at the scale given by lnm for C\ :

Mlim = (14)

One can define similar variables as for the two-scale Cantor set studied in ref. [11]. The

0

Figure 2: (a) In F2 versus In M for the modified a-model with the branching number A = 2
and the probability distribution of random factors "P(io) = 0.5 £(ru —1.2) + 0.5 S(w — 0.8).
The solid triangles, the open triangles, the solid boxes and the open boxes correspond to
the cut-off values e = 5 * 10~2, 5 * 1(T3, 1 * NT3 and 1 * 10~4 respectively. The solid line
denotes the results of the standard a-model (e = 0). (b) The rescaled second SFM G?
as a function of 0 = hi Af/ln(l/e) , for the same parameters as in part a) . The results
for different values of the cut-off e are denoted by the same symbols as in part a) . The
solid line denotes the results of the saddle-point approximation (eq. 16) .

only difference is that before performing the multiscaling transformation (11) one has to
rescale the moments and/or to rescale the length variable so that in the scaling regime
(J •> km) one has the scaling identity : F,(J) = /""'. This can be achieved by studying
the multiscaling in the variables ; Fi(M)/F<(l) , M = l/l , where the second variable is



used by convention in the intermittency studies in order to have positive exponents. The
multiscaling variables now take the form :

0 = lnAf/ln(l/e) . (15)

The SFMs for the random cascading model have a universal behaviour in these variables :

f(z-l+r(i))0 if© <!/<*#,

G,(0) ~ | ( i - l + r(i))0 + t-;©/(l/0) if l/a£> < 0 < l/a« , (16)

I ( t - 1)0(1 - / ( 1 / 0 ) ) i f 0 > l / « W .

Up to a certain value 0 ~ l/°4p' > the dependence of d on 0 is linear for any value
of the cut-off. For larger 0 a pseudoscaling regime sets in up to 0 m o i = l/am;n • It
was show in ref. [11] that the universal dependence of the rescaled moments (7, (eq. 12)
is only approximate. The corrections to the saddle-point approximation imply that the
dependence of the rescaled moments C, on 0 depends on the cut-off e. However, all the
curves for different values of the cut-off parameter are close to each other in the rescaled
variables. The corrections to the saddle-point approximation change the limiting scale
at which the scale breaking takes place. The pseudoscaling regime sets in already for
smaller values of 0 than l / a $ predicted by the saddle-point calculation.

We have calculated numerically the SFMs for the a-model with the branching number
X = 2 and with the probability distribution of the random factors *P(w) = 0.5 S(w —
1.2) + 0.5 8(w — 0.8) . The results for different values of the cut-off parameter e are
shown in Fig. 2a . The higher the value of the cut-off the sooner the initial scaling
behaviour (Fi(M) = Fi(l)MVi) breaks down. According to the saddle-point estimate
the dependence on the cut-off is universal (eq. 16) and can be seen in the multiscaling
variables G, and 0 (see Fig. 2b). As we can see the fluctuations caused by the infrared
cut-off are dominant for. small scales and the effective slopes are much higher than for the
original (weak) intermittency. For the parameters in Fig. 2 the value of the intermittency
index is i/j — 0.05 whereas the slope in the pseudoscaling region taken from the last three
full triangles (e = 3 * 10~3) is i/^paeud) ~ 3.4 . The numerical results show that the
breaking of the scale-invariant regime in the SFMs occurs already for scales larger than
the limiting scale //,„,. The limiting value of 0 as predicted by eq. (16) is l/a$ ~ 1.1,
and the pseudoscaling sets on already at 0 ~ 0.8 (Fig. 2b). This is due to the deviations
from the saddle-point approximation used in the derivation of eq. (9) [11]. However, the
multiscaling dependence (16) is approximately universal for different cut-off parameters
(Fig. 2b). Thus, unlike the limiting scale in Fig. 2a which does not follow the predictions
of eq. (14), the multiscaling analysis give correct estimates of the cut-off.

The results for the SFM F% of the modified a-model for a stronger intermittency are
shown in Fig. 3a . Now the branching number is A = 2 and the probability distribution
of the random factors is 'P('U') = 0.5 S(w — 1.55) + 0.5 S(w — 0.45) . One can observe that
the limiting scale where the power-law behaviour of the SFM breaks down is not so sharp
as in the case of the weaker intermittency shown in Fig. 2 . The difference between the
intermittency index i/2 cz 0.38 and the effective slope in the pseudoscaling regime taken
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Figure 3: (a) In FZ versus In M for the modified a-model with the branching number A = 2
and the probability distribution of random factors T(w) = 0.5 S(w —1.5) + 0.5 S(w — 0.5).
The solid triangles, the open triangles, the solid boxes and the open boxes correspond to
the cut-off values e = 4 * 10~2, 1 * 10~2, 1 * 10~3 and 5 * 10~4 respectively. The solid line
denotes the results of the standard a-model (e = 0). (b) The rescaled second SFM <32

as a function of 0 = lnM/ln( l /e) , for the same parameters as in part a) . The results
for different values of the cut-off e are denoted by the same symbols as in part a) . The
solid line denotes the results of the saddle-point approximation (eq. 16) .

from the last three full triangles (e = 6 * 10~3) v ~ 1.1 is not so important as in the
previous case. This shows that the sharp value of the limit length where the scaling breaks
down is smeared in the case of relatively strong intermittency and that its experimental
extraction could be difficult. Moreover this smearing can be made more important if
there are present more physical cut-off values, such as different hadron masses. Thus,
one should perform the multiscaling transformation on the experimental data for different
energies in order to extract the effective cut-off parameters corresponding to each energy.
This procedure should consist in fitting for each energy a cut-off value so that all the
curves for different energies can be superimposed [8]. In Fig. 3b are plotted the results of
the multiscaling analysis for the SFM Fj shown in Fig. 3a. The multiscaling universality
is less precise then for the weak intermittency (Fig. 2b), but still it allows to extract the
cut-off parameters corresponding to each curve. The spread of the G,- versus 0 plots for
different cut-off values show that the corrections to the saddle-point approximation used
in the derivation of eq. (12) are important in this case [11].

The saddle-point approximation (eq. 16) predicts that the pseudoscaling behaviour
is given by the singularity spectrum / ( a ) . The form of the singularity spectrum in the
range [amin, ctgp] determines the pseudoscaling behaviour of G, versus 0 . In particular,
the width of the pseudoscaling regime l / a m m - l / a ^ i can be compared to the width of
the scaling regime l /a^p. The singularity spectra for the two a-models corresponding
to Figs. 2 and 3 are shown in Fig. 4 . One can observe that a broad singularity
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Figure 4: (a) The singularity spectrum of the a-model corresponding to the Fig. 1. (b)
The singularity spectrum of the a-model corresponding to the Fig. 2.

spectrum (Fig. 4b) gives a large pseudoscaling regime. Consequently the large range of
the pseudoscaling which is observed experimentally [3] indicates that the random cascade
in the high energy collisions has a. broad singularity spectrum / ( a ) similar to the case of
the a-model corresponding to the Fig. 3.

4. MULTISCALING IN A SCALE DEPENDENT CASCADE

In the previous section we studied the effect of an infrared cutoff in the self-similar
cascade. In that case following Jensen, Paladin and Vulpiani one can relate this effect to
the singularity spectrum / ( a ) of the multifractal densities. The dominant source of the
fluctuations is due to the discretization of the cascade leading to a strong increase of the
SFMs in the pseudoscaling regime. Thus, one can ask whether this phenomenon is more
general than the self-similar cascade and, in particular, whether the multiscaling analysis
allows to disentangle the scale-invariant and non scale-invariant behaviour. To study this
question we constructed a non self-similar cascade. We studied a random cascade with
the branching number A = 2 and the probability distribution of the random numbers
Pi(w) = 0.5 S(w - ft) + 0.5 S(w-2 + ft), where the parameter ft depend on the step
of the cascade i . The parameters ft vreit adjusted so that the SFM F? corresponds to
a non self-similar two-particle density : />2(2/i,3te) = 1 + Cexp( — \yi — jfel/0 •

For this cascade we imposed also an infrared cut-off and we studied the dependence
of the intermittency signal on the value of the cut-off. The numerical results for the SFM
F2 are show in Fig. 5. As we can see although the cascade is not self-similar the resulting
cut-off dependence is approximately of the multiscaling type. This result shows that
the behaviour of the model without cut-off is changed dramatically by the presence of
limiting scale. The cut-off causes much stronger fluctuations then the original fluctuations
in the cascade without cut-off and, hence, masks efficiently the original fluctuations. The



Figure 5: (a) In F? versus In M for the modified non self-similar cascade with the branch-
ing number A = 2 and the step dependent probability distribution of random factors
Pi(w) = 0.5 S(w - /Sf) + 0.5 6(w - 2 -f (3f). The solid triangles, the open triangles, the
solid boxes, the open boxes and the crosses correspond to the cut-off values e = 2 * 10~2,
5 * 10~3, 1 * 10~3, 1 * W~4 and 2 * 10~s respectively. The solid line denotes the results of
the non self-similar cascade without cut-off (e = 0). (b) The rescaled second SFM GI as
a function of 0 = In Af/ln(l/s) , for the same parameters as in part a) . The results for
different values of the cut--o/F e are denoted by the same symbols as in part a) .

multiscaling analysis does not resolve the structure of the cascade, since even the non
self-similar cascade leads to a correct multiscaling dependence of the fluctuations on the
cut-off parameter in a wide range 2 * 10~5 - 1 * 10~3 of cut-off parameters e (Fig. 5b). In
order to unambiguously test the behaviour without the cut-off one should study the SFMs
in the scaling regime, below the limiting scale. This can be achieved by the analysis of
the multiparticle production at higher energies, where the scaling regime is large (small
e). The results of this section show that the multiscaling analysis can be used in order
to extract the cut-off parameter even if the multiparticle production is not self-similar.

5. IMPLICATIONS OF THE MULTISCALING FOR THE FLUCTUA-
TIONS IN THE MULTIPARTICLE PRODUCTION

The presence of the minimal cut-off in the cascade implies that the multiplicity fluc-
tuations in small bins exceeds the predictions of the a-model. The initial scale-invariant
growth of the SFMs breaks down above some scale and in small bins the SFMs grow very
fast with the resolution. Formally, the standard a-model can have very long cascades in
the continuous probability density. Physically, one cannot expect very long self-similar
cascades. At some step of the cascade the probability per bin reaches so low values that
it is meaningless to take these bins into account. At this limiting scale the cascade starts
to be discrete rather than continuous. In the modified ex-model, the bins with low proba-
bility (below some cut-off value) are assumed to be empty, i.e. no particles can be created
any more in these bins (this mechanisms we shall call the discretization of the cascade
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or, more generally, of the phase-space). For densities above the cut-off value the Poisson
distributed particles are produced with the mean multiplicity proportional to the density.
Realistically, one expects that the Poisson distribution of the produced particles will be
modified even for densities slightly above the threshold due to the energy constraint in
the bin. Anyway, the multifractal structure of the a-model changes this sharp cut-off
value of the density in a range of scales at which more and more branches of the cascade
become extinguished, similarly to the intermediate dissipation range in the turbulence
[7]. This can be viewed as a mechanism by which the continuum random cascade in all
the bins discretize and changes into a cascade of only few branches. If this is the way by
which the hadronization sets on in the random cascade then the miltiscaling fluctuations
are in fact fluctuations due to the hadronization. The SFMs in small bins test the regions
of the cascade which cannot be viewed as a convolution of the continuum random cascade
with the discret Poisson noise, since precisely in this region of the cascade the discretiza-
tion produces the discrete Poisson distribution. Alternatively, the particle production at
this stage is not independent in each bin. Many bins must add their energy to produce
a particle collectively.

We noticed that it is possible that the cut-off parameter is not sharply defined and,
moreover, its effective value jan change from event to event. Thus, in some event the
value of the cut-off could be larger than in other events. Generally, the larger value of the
cut-off would correspond to lower multiplicity events. Then, the stronger intermittency
in small multiplicity events could be due to the larger effective value of the cut-off e for
such events. Similar fluctuations can occur in the absence of the self-similar cascade. An
example of this phenomenon can be the stronger fluctuations in the number of links than
in the number of spins in the ID Ising model [14]. We do not know, however, if there exists
in the general case a multiscaling, universal dependence on the cut-off parameter such
as eq. (16). For the case of a non self-similar cascade we found that such a universality
in the hadronization fluctuations is valid in a wide range of the cut-off parameters but
breaks down for large values of the cut-off (Fig. 4b).

The recent SFM data in 3D momentum space for the /i-p, ir+/K+-p and nuclear colli-
sions indicate that the SFMs in small bins grow faster than the power-law [3]. According
to the discussion presented in this work, this effect could be caused by the fluctuations
due to the discretization of the multiparticle production process. The broad range of the
pseudoscaling suggests that the value of amin is small and the /(«) singularity spectrum
is broad. Thus, the singularity spectrum of multiparticle cascade could be .similar to the
a-model for which the results are shown in Fig. 3. Qualitatively this can be seen by
comparing results shown in Figs. 2b and 3b with their corresponding singularity spectra
in Figs. 4a and 4b. The pseudoscaling regime of the SFMs can be used in fitting the
parameters of the a-model to the experiment, using the correction to the saddle-point
approximation in eq. (12) [11]. The apparent universality of the growth of the SFMs in
small cells reported by Fialkowski [13] for different reactions could be due to similar value
of the cut-off parameter for these reactions. If the multiscaling in random cascading is at
the origin of the increase of the SFMs in small bins then the 3D data for SFMs at higher
energy reactions should break the universality suggested by Fialkowski.

The multiscaling dependence of the fluctuations on the cut-off leads to the following
predictions for the high energy phenomenology :
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• the intermittency should be stronger for heavier hadrons, which are expected to
have a larger effective hadronization scale,

• the intermittency should decrease with increasing c.m. energy of the collision.

The first prediction could be difficult to test because it requires the particle identifica-
tion in the intermittency analysis and a sufficiently high multiplicities of heavy particles.
Moreover, a spurious effect could be present due to the flavour-antiflavour correlations in
phase-space. However, this issue is important if one would like to compare the hadroniza-
tion scales for different hadrons (mesons, strange mesons, baryons, etc. ). This could
learn us about the scales at which each channel of the hadronization is present. It would
be enlightening to compare the hadronization scales extracted from the multiscaling anal-
ysis in the leptoproduction on several nuclear targets. This could learn us about the role
of the nucleus in the multiparticle cascade.

The second prediction of the multiscaling effect can be easily tested. Indeed, the
results of the EMU01 Collaboration on the ID intermittency analysis in the nuclear
collisions show that the intermittency indices decrease with the increasing incident energy
from 14.6 GeV to 200 GeV [15].

It would be interesting to test these multiscaling prediction in the 3D data for the
SFMs in different reactions. The multiscaling universality (16) allows to find some uni-
versal dependence on the cut-off, i.e. on the energy and the hadronization scale. The
experimental analysis of the fluctuations in the hadronization should consist of the com-
parison of the SFMs for different energies. For the data on the SFMs for a certain reaction
at several energies one performs the multiscaling analysis as described in sect. 3. For each
energy one should choose a value of the cut-off so that the resulting curves for the rescaled
moments G, versus © are superimposed. The fitted values of the cut-off parameters for
several energies could serve as an estimate of the hadronization scale. The knowledge of
this scale could serve to relate the parton-parton correlations calculable in the perturba-
tive QCD [16] to the correlations in the final state hadrons at small momentum scale.
The procedure would consist of adding the cut-off fluctuations to the fluctuations in the
perturbative QCD, as we have done for the self-similar and non self-similar cascade mod-
els. Thus, the study of the SFMs in small phase-space cells gives the unique opportunity
to observe the basic features of the hadronization in the multiparticle final state. Note
that the small parton masses make the multiscaling effect in the parton cascade very
small. Formally, one could imagine very long cascades involving cold partons which are
observed in the final state, since they have not enough energy to form a hadron [17].
However, long before the perturbative cascade would enter the infrared region where fi-
nite masses of the partons could cause a multiscaling effect in the perturbative cascade,
the hadronization scale is reached changing the fluctuations and hadrons are created.

The study of the scaling behaviour in the multiplicative cascade can be done only
in the scaling regime for the SFMs. This regime is present in a broad range of scales
for small values of the cut-off. Consequently, the intermittency should be looked for in
very high energy collisions. For nuclear collisions the interesting energy range could be
reached in SSC and LHC allowing the "tuning" of the cut-off parameter and giving access
to the scaling region. The same is true if one is interested in the direct comparison of
the perturbative QCD correlations to the experimental data on small momentum scales,
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since this can be done only down to the scales where the effect of the hadronization scale
does not change the fluctuations (eq. 14).

Another interesting question concerns the fluctuations at very high resolutions, be-
'. yond the pseudoscaling regime. The pseudoscaling regime in the self-similar cascade is

limited by minimal value of the multifractal index (0 = l /a m i n ) . For higher resolutions
another mechanism of the hadronization should be present leading from the discretized
phase-space obtained in the random cascade with the infrared cut-off to the final state
hadrons. It is interesting whether the fluctuations will continue to increase with the
resolution beyond the pseudoscaling regime indicating some nontrivial correspondance

I between the energy density density in small bins and the observed hadrons or whether
i the fluctuations will saturate at about the limit of the pseudoscaling regime showing the
j hadrons are produced indendently in the phase-space cells chosen by the random cascade
| with the infrared cut-off.
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