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Abstract

riie Selberg zeta function Z(s) yields an exact relationship between the
periodic orbits of a fully chaotic hamiltonian system (the geodesic flow on
surfaces of constant negative curvature) and the corresponding quantum
system (the spectrum of the Laplace-Beltrami operator on the same mani-
fold). It was found that for certain manifolds Z(s) can be exactly rewritten
as the Fredholm determinant det(l — T,), where T, is the generalization of
the Ruelle-Perron-Frobenius transfer operator. We present an alternative
derivation of this result, yielding a method to find not only the spectrum
but also the eigenvalues of the Laplace-Beltrami operator in terms of eigen-
functions of T1. Various properties of the transfer operator are investigated
both analytically and numerically.



1 Introduction

We shall consider the problem of solving the Laplace-Beltrami equation
on the plane of constant negative curvature H2 (the Lobachevsky plane
projected onto the complex upper half plane with coordinates z = x + iy)

[14],

( f) fi \

-Q^ + Q-I) v(*,y) = s(s -I)VK*,y), (i)with the automorphic conditions

, (2)

where A(z) = (az + b)/(cz + d), is an arbitrary element of the discrete
group F(AI) defining a manifold M of constant negative curvature and
x(A) is a given unitary representation of T(Af). In the simplest cases
xp(x,y) obeys Dirichlet's (DBC) or Neumann's (NBC) boundary conditions
at a geodesic polygonal region tiling H2 under repeated reflections on the
edges (a hyperbolic billiard) [2].

The discrete spectrum Sn = | + ipn of Eq. (1) can be calculated [7,15]
from the zeros of Selberg's zeta function, denned as an infinite product over
all classical periodic orbits:

2W = I I n (l - *me-('+m)'') , (3)
{p}m = O

where p is an index labelling primitive periodic orbits (a single cycle of a
given periodic orbit) and lp is the corresponding metric length; €m = 1 for
periodic orbits bouncing on the edges an even number of times and em =
( —l)me for periodic orbits bouncing on odd number of times, where e = 1
or - 1 for, respectively NBC and DBC. We ignore here the contributions
from singular orbits [2].

The purpose of this note is to demonstrate that Z(s) can be written as

Z(s) = 6(s)det(l-T.), (4)

where T, is an operator yielding the one-dimensional quantum map of the
problem and 6(s) is a certain function related to the singular periodic orbits
of the system and which does not vanish on the line s = | + ip.



If T(A/) is the modular group PSL(2,Z), it was proved [9] that

Z(s) = det(l - r,)det(l + T.), (5)

where

This result was based on the Arthin-Series coding of PSL(2,Z) by con-
tinued fractions [13, 3] and could not be easily generalized to other groups.

We wish to show that analogous results can be found in a more general
and transparent way. The method that we propose is close to one discussed
elsewhere [10,6] but has the bonus of yielding the eigenfunctions of Eq. (1).

2 The Quantum Map

Our starting point is Helgason's representation of the solutions of Eq-(I)
[8]:

The function (7) satisfies automatically Eq. (1). In order to obey also the
conditions (2), the function /(O must transform as follows:

f(A(t))\A'(t)\x-= x(A)f(t), (8)

for an arbitrary A € T(M), or, equivalently, for all the generators of F(Af).
For PSL(2,Z), one has the generators:

and Eq. (8) means, for xM) = 1> tna t /(O must simultaneously satisfy the
equations

/(O = /(* + !),
The former condition means that /(O is periodic and, taking into account
that f(t) must be even for NBC and odd for DBC, the latter condition
means that f(t) is the eigenfunction of the operator



corresponding to the eigenvalues +1 or —1. Here {1} denotes the fractional
part of x. Eq. (9) is an exact reduction of the partial derivative equation
(1) to a one-dimensional map, which, in this case, is the Gauss map.

An important result [1] is that, for an arbitrary discrete group corre-
sponding to a surface of finite area, it is possible to reduce the action of
the generators to a certain strongly hyperbolic one-dimensional piece-wise
continuous map x' = F(x), of an interval / onto itself, such that there
exists a partition of / into subintervals Jj and the restriction of F to each
Ii, Fi, takes the following properties:

1. F1 is real analytic (a fractional transformation).

2. The image of 7, under F, coincides with the union of some of the
subintervals, that is the partition / = Ui A" ' s Markovian for F.

3. There exists an integer q such that after q iteration of F, each subin-
terval is mapped to the whole / , and |(F*)'| > a > 1, where a is the
expansion rate of F.

Fig. 1 and Fig. 2 shows two examples of F. If one knows the function
F, the operator U, has the form:

(U,f)(t) = /(F1(O)IFZCf)I1-', * € / , , (10)

The determination of the eigenfunctions of U, for the eigenvalues ±1,
corresponding to NBC and DBC, yields the formal solution of Eq. (1) by
means of the transformation (7). However, f(t) is not a smooth function but
probably a fractal-like density (see Fig. 3, for the case of the Gauss map).
Infact, f(t) has been proved to be only an analytical distribution [8], that
is only integrals of / with smooth functions g, have a strict mathematical
sense. From this point of view, it is natural to define the operator T,,
adjoint to U,, that is such that:

J (T.g)(t)f(t)dtd±[ jtg{t){UJ)[I)At, (11)

for arbitrary test functions g. One obtains explicitly

(T.g)(t) = Y,M^9(FC1(t))\(Frl)'(t)\',t 6 /,-, (12)



where F± 1 is the local inverse of F<: F; l(Ft(t)) = l , i £ / , , and Mi_j is
the incidence matrix of the map F:

1 i
0 i

In practice, the inverse of F is multi-valued and the summation in (12)
is performed over all the branches of F"1 existing at the given t.

The operator T, is analogous to the Ruelle-Perron-Frobenius transfer
operator [11] and we shall call it transfer operator. We shall also use the
term quantum map to denote T, on the line s = | + ip. T, is nuclear in
the Banach space of piece-wise holomorphic functions defined on / [10] and
the condition that / is invariant (anti-invariant) with respect to U, can be
transformed into the adjoint equation,

(T,g)(x) = ±g(x). (13)

We derive now Eq. (13) in a different way. Let us define the function

g(x)= I' K(x,y)f(y)dy. (14)
J J

Hf = U,f, one obtains

g(x)=lj(T^K(x,y))f(y)dy,

where the superscript (y) means that the operator T,, adjoint to U,, acts
on functions of y. Let us suppose that K satisfies the condition,

T^K(x t) = T^Kix t) (15)

It follows that g, defined in Eq. (14), is a solution of Eq. (13). An example
is shown in Fig. 4. The non-trivial property (15) can be actually derived
from the following argument. The one-dimensional map F is one of the two
factor-maps of a two-dimensional Poincaré map [1], implicitly defined by

x' = F(x),

G(y') = y,



where both F and G share the properties enunciated above [1], they are
respectively defined on the intervals / and J, with Markov partitions / =
U,/i and J = U,/;, and F(x) = Fi{x), for x £ h, and G(x) = Fi{x), for
x £ Jit with IiDJi^ 0.

This Poincaré map preserves a certain measure /i(x,y)dxdy, because
of the conservation of the Liouville measure of the geodesic flow on the
manifold M. This means that

l*(Fi(*),y)\*ï(*)\ = rt*,Fi(yW!(v)\, for all i. (16)

The kernel K{x,y) = (fi(x,y))' has the desired property (15). For
PSL(2,Z) one has K(x,y) = (1 +xy)~2'. For the triangle group r(2,3,8),
that we shall consider later as an example, K(x,y) = (xy — c^x+y) + ^)'2',
where c0 = 1.727 and Ci = 0.672, are known constants.

The advantage of the dual representation is that it shows in a trans-
parent way the relation between the invariant function g of the transfer
operator T, and the distribution / appearing in the Helgason representa-
tion (7) of the eigenfunctions of the Laplace-Beltrami operator.

The eigenvalues Sn of Eq. (1) should be found from the compatibility
conditions of Eq. (13) for NBC and DBC,

det(l±T.) = 0, (17)

(see Fig. 5 and Fig. 6)
Since the Selberg zeta function (3) vanishes at the same points, it should

be equal to this determinant, up to a factor that does not have zeros on
the line a = \ + ip, where the eigenvalues lie. This factor can be exactly
determined from the relation [5],

v^ V^ 1 exp(-3fe/p)

where the inner summation is performed over all primitive periodic orbits p
crossing the surface of section n times, and the external summation is done
over all integers n and k such that nk = N. All those orbits correspond
to the fixed points of the iV-iterated map x' = FN(x). The length of the



periodic orbit lp is yielded by

E 1 V ( ^ ) I , (19)
3 = 1

where the Xj are the points of the corresponding orbit of F. e is the sign
of the product H?=l(F-l)'(xj).

The standard representation of the zeta function (3) follows from this
result. The only periodic orbits which are not taken into account are the
ones going along the boundary of the polygonal domain corresponding to
the manifold M, and the ones crossing the surface of section in between
two subintervals of the partition. Their consideration [5] yields the factor
6(3) appearing in Eq. (4).

Summarizing, the knowledge of the one-dimensional factor map F of
the classical dynamical system, permits the construction of the transfer
operator T1, and therefore the determination of the spectrum of the Laplace-
Beltrami operator from Eq. (17). Though the existence of F is guaranteed
[1], an explicit method of construction is not known in general. However,
if the symbolic dynamics of the system is well understood, F can be found
quite easily [6j.

3 Examples

Let us consider, as an example, the triangle group F(2,3,8), whose funda-
mental domain is the triangle with angles 7r/2,7r/3 and TT/8. With 96 copies
of this rectangle, one can completely tesselate the regular octagon, which is
the fundamental domain of a compact surface with genus two (see Fig. 7).
The group is generated by the three reflections at the sides of the triangle,
which are defined by the relations S1

2 = 1, Sf = 1, Sj = 1, (S1S2)2 = 1,
(SiS3)8 = 1, {S2S3)3 = 1. They are represented by the matrices

S (
5l = I 0 - 1

/ -cos(7r/8) i*sin2(7r/8) \
3 ~ V I/R cos(*/8) ) '



where R is the largest root of the equation R2 sin2(7r/8) + 1 = R.
All periodic orbits (with exception of the singular ones going along the

edges) can be coded symbolically by sequences of the two letters A = S1S2S3
and B = SiS3, with the grammar rules that AA and B cannot follow BB
[12]. By rewriting the coding, Ax = A, A2 = BA and A3 = BBA, all
sequences are allowed with the exception of words where Ax follows A3.
One obtains a Markov chain with incidence matrix

( M ^ . ) = 1 1 1 (20)

V O I l /

The transfer operator T, can be constructed from Eq. (12),

(T35)(X) = X>(.4,(x))|(A,)'(x)| ', x el,, (21)

where the first term of the sum is absent for x G /3, The fractional trans-
formations Ax, A2 and A3, are defined by the corresponding matrices.
Their explicit form, the interval / and the subintervals Z1, Z2 and Z3, can
be easily determined: Z1- = [2,1,£,2], i = 1,2,3, where xu = —3.2139,
x12 = x21 = -2.341, x22 = x31 = - 1 , x32 = -0.0926, and

4 C T \ — 0 178x4-0 924 A 1 \ _ 0 595x-l 5?9 A I \ _ -1 277j + 1.901
-H1I1X; _ 0 9 2 4 j . _ 0 g 2 2 ' ' ^ 2 * . * / ~ -0 885x4-0 595' '^3(,X; — 0712l-0.277

The Neumann and the Dirichlet spectra are obtained, respectively, from
the equations det(l - T.) = 0 and det(l +T1) = 0. Since the dual space
of functions g, where the operator T1 '

s defined, is supposed to be a space
of functions piece-wise holomorphic in some domain of the complex plane
containing the interval Z, it is natural to find a matrix representation of T,
by formally expanding g(z) in powers of z — z0. However, since this matrix
is, in general, infinite, one has the problem of determining a reasonable
truncation critérium yielding a converging expression for the determinants
that we need. Let us consider, for the sake of simplicity, the expansion



It is evident that T10 = {b/d)1 and |ro-| % cP-2id~\ as j -> oo, which
implies that the coefficients of the fractional transformation must satisfy
some strong inequality, to obtain matrix elements that do not grow for i
and j —• co. In some cases it is possible to find a center of expansion ZQ such
that those inequalities are fulfilled for all the fractional transformations F<
composing the map F. This is the case of PSL(2, Z), for example. However,
this is not possible for F(2,3,8), at least if Z0 is real.

An alternative method to obtain a matrix representation of T,, is based
on approximating the map F by a map F^ of an integer lattice / # , contained
in / , onto itself. N is the number of points of the lattice, and F^ approaches
F as N goes to infinity. This method is very simple to implement and leads
to a transfer matrix Ti:(s) connecting the j - th point of the lattice with the
i-th one. This is equivalent to considering the transfer operator T, acting on
a larger space of functions which may be discontinuous. Consequently, the
spectrum of the transfer matrix on I^ can be completely different from the
spectrum of the matrix representing T1 on a space of piece-wise holomorphic
functions.

The calculation of the transfer matrix can be generalized, by considering
a map F^M of the lattice /,y, that approximates F by some interpolation
procedure over M + 2 neighbouring points of the lattice. This procedure
restricts the functional space where T, is defined, by preventing discontinu-
ities up to the derivative of order M. In this way one can obtain a sequence
of transfer matrices ^MyTXJ[s). The corresponding eigenvectors converge to
CM(I) functions, as ./V — oo. If both JV and M go to infinity, the eigenvec-
tors should converge to the piece-wise holomorphic eigenfunctions of T,.

Moreover, the spectrum of the transfer matrix can be divided in two
parts. One part is not sensible to the degree M of interpolation, because
the corresponding eigenvectors already converge to smooth eigenfunctions
g for N —> oo. The other part can change drastically by increasing M
(see Fig. 8). One can estimate that the part of the spectrum of the transfer
matrix, corresponding to eigenvectors converging to smooth eigenfunctions,
lies in the annulus [10]:

a-MA < |A| < A, (23)

where A is the largest eigenvalue of T, when s is substituted by its real



part (InA is known as the topologicU pressure [H]), and a > ] , is the
expansion rate of the map JP.

Taking those considerations into account, the spectrum of the quantum
map T,, with s = | + ip, seems to have the features discussed already
elsewhere [4]. A finite number of eigenvalues lie close to the unit circle.
Those eigenvalues are stable with respect to M, if one uses the transfer
matrix approach. The eigenvalue zero has infinite multiplicity. This is
evident when one can evaluate T, on a space of holomorphic functions. If
one uses the discretization method, the eigenvalues of the transfer matrix,
unstable with respect to M, converge to 0 as both M and N are increased.
Moreover, there are a few eigenvalues different from 0 and inside the unit
circle. They exist because the number of eigenvalues on the unit circle must
increase linearly with the imaginary part p of s [4] (see Fig. 9 and Fig. 10).

General arguments have been given [4] showing that T, becomes unitary
in the limit p —> oo. We consider here the case of PSL(2,Z), without loss
of generality:

(JT=F^) (24)

Let us compute the quantity

J=C \G{x)\2dx = J*** + Joff, (25)
Jo

where

and

with

u(x) = 2In" +m

x + n '
V \ X ) = O I O I I

v ' (x + n)(x+m) \x+nJ \x+mJ(x + n)(x + m)*

10



y changing to the variable y = l/(x + n) , one obtains

n \9(y)\2dy=
I)

Since Joff is the integral of an analytic function tim^s a quickly varying
factor, it becomes negligible as p goes to infinity, and therefore

2 "^ fl
\G(x)\2àxp^ / \g(x)\2àx. (26)

Jo
That is, in the semi-classical limit, the qunatum map becomes unitary

and the eigenvalues lie on the unit circle.

4 Summary

In conclusion we wish to emphasize the following points:

• The Selberg zeta function can be calculated from the Fredholm de-
terminant det(l — T5), for arbitrary co-compact discrete groups (cor-
responding to surfaces with finite area).

• This requires the construction of the classical map F, which can easily
be done if a Markovian symbolic dynamics of periodic orbits is known.

• The spectrum of the quantum map T, correspond to piece-wise an-
alytical eigenfunctions. It can be approximated, either representing
T, in a space of polynomial functions of order N, or by discretizing
the classical map F over a lattice IN and performing an interpolation
over neighbouring points of I N .

• An open problem remains the nature of the functional equation for
T1, connecting 5 to 1 — s, related to the functional relation for the
Selberg zeta function.

• The development of the method that we have presented, is important
both from the point of view of quantum mechanics, as it is a working
method of computing eigenvalues and eigenfunctions, and from the
point of view of classical mechanics, because it yields a clear picture
of the periodic orbit structure of the system.

11



Acknowledgements

The authors are indebted to D. Ruelle for pointing out the important
reference [9], to D. Fried for several useful discussions and to 0. Bohigas
for inspiring conversations and for his hospitality at I.P.N., Orsay.

Bogomolny was supported by a fellowship under the E.N.S.-Landau
Institute agreement. Carioli was supported by a Reimar Liist fellowship of
the Max-Planck-Gesellschaft.

12



Figure Captions

Fig. 1: Graph of the Gauss map, corresponding to the geodesic flow on
the modular domain, defined by the group PSL(2,Z).

Fig. 2: Graph of the map corresponding to the hyperbolic triangular
billiard associated to the group r(2,3,8).

Fig. 3: The sixth iterate of the operator U. for the Gauss map, starting
from the constant function, over a grid of 2 • 104 points.

Fig. 4: The eigenfunction g(x) of the quantum map T, for the modular
domain, corresponding to the eigenvalue 1 of T1, and to s = ^ + ip, where
p = 9.533695 is the lowest eigenvalue of the Laplace-Beltrami operator.
The real and the imaginary parts are represented by, respectively, solid
and dashed curves.

Fig. 5: The absolute value of det(l - T.) and det(l + T4), for the mod-
ular domain, where T, is approximated on polynomial functions of degree
100. The vertical thicks below the abscissae denote the eigenvalues of the
Laplace-Beltrami operator calculated elsewhere [14].

Fig. 6: The absolute value of det(l - T.) and det(l + T,), for the tri-
angle group F(2,3,8), where T3 is approximated on a lattice of 300 points,
without interpolation. The vertical thicks denote the eigenvalues calculated
elsewhere [2,12].

Fig. 7: The hyperbolic octagon, the fundamental domain of the com-
pact manifold with genus two, is shown tessellated in 96 identical triangles.
The same triangle is shown to the right, in the complex upper half plane
H2. A geodesic is also shown crossing the triangle and starting from the
segment / of the real axis where the map F is defined. The calculation
presented in this paper correspond to the latter representation [2].

Fig. 8: The eigenvalues of the transfer matrix of F(2,3,8) approximated
on a lattice, for a fixed value of s = /3, are shown to the left. The analogous

13



spectrum for the transfer matrix calculated on a lattice using linear inter-
polation, for the same value of s, is shown to the left. The circle denote
the unit circle.

Fig. 9: The eigenvalues of the transfer operator of PSL(2,Z), approxi-
mated on a space of polynomial functions of degree 100, for p in the interval
from 1 to 25, where s = ^ + ip-

Fig. 10: The eigenvalues of the transfer operator of F(2,3,8), approx-
imated on a lattice of 500 points, using linear interpolation, for p in the
interval from 116 to 120.
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