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ABSTRACT

The distribution function of low-energy excitations in 2 + 1D systems has been consid-

ered. It is shown that in these systems the quantum distribution function differs from the usual one

by having a finite value of the entropy of linked braids.
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1. Introduction
Condensed matters with quantum dynamics of particles confined to the plane, are
characterized by the fractional 1~4 statistics of excitation. This situation arises in
fractional quantum Hall effect and in doped layered Mott-Hubbard insulators. The
fractional statistics and anyons exist in the 2+1 D space-time due to multiconnected
configuration spaa; of identical p;irlirle system. This cause is very essi'iitiiil mid
leads to radical changes in the systematization of quantum states.

Several approaches to the investigation of properties of anyon quasiparticles are
available now.. The lattice description 5'6 and conformal field theory methods 7~10

explain the ground state structure u - 1 3 and the forms of the correlation functions
14. The picture of Coulomb gas 15 exhibits the place of anyon systems in the variety
of conformat field theories.

An obvious qualitative Bose approach '6 within the framework of the long-
range Chern-Simons description provides a hydrodynamic picture of phenomena.
The constructive Fermi approximation 1 7- '9 enables one to carry out checked cal-
culations in the random phase approximation. In the Fermi and Bose approxima-
tions we consider particles as bosons and fcniiions with attached fictious magnetic
fluxes, since the particles interact with the "external" long-range Aharonov-Bohm
potential. When a particle goes round another one, the statistic magnetic flux of
the Aharonov-Bohm vortex yields the Berry phase. This phase measured in flux
quanta units, depends on the oriented self-intersection number n of world lines
2+l" D excitation, and parametrizes the eigenvalue of the Wilson loop operator.

Let us consider the situation in more detail. Instead ol even-odd representation
of the permutation group Sn in the case of the double-connected group 50(3) in
3+1 dimensions, we have now the representation of the Artin braid group with
the Hecke algebra constraint 21~23 in the three-dimensional space-time. The spin
degrees of freedom can be described using the representations of the quantum group
SUt{2) 24~27 with the deformation parameters q — exp(itf). The statistical phase
determines the monodromy factor of the Laughlin wave function

and its transformation rule rp(2, I) = exp(id)ip(l, 2) at the permutation of two
punctures: z\ — z3 = exp(»"")(z2 - *i) of the punctured Riemann surface. Here
z = x + iy is the complex coordinate of a particle in the (x,y) plane. The hid-
den topological cyclic symmetry Zp predicted in the considered systems 5 6 and
discovered in R,ef. 28, specifies the deformation parameters q = exp(27rin/p). This
deformation parameter characterizes 29 the rational conformal field theory witli the
central charge c = 1 — 6(n — p)/np. It is essential for the representations of the
quantum groups 30-31 that the deformation parameter is a root of unity. In the case
of SU{N) Weae-Zumino-Witten (WZW) theory we have 29 p = N + Jb and n = 1.
Here k is the coefficient in the Chern-Simons action and, simultaneously, the level of
the WZW model; Jfc + N is the coefficient in the Knizhnik-Zamolodchikov equation.
When compactifying the 2+1 D space-time into the torus S2 x S1, the modular
invariance requires 32'33 even values of k. As a result, the statistical angle tf proves
to be 2*/(N + *)-

In spite of numerous investigations devoted to the details of the anyon system
behavior, the form of the equilibirum distribution function is still unknown. One
of the approaches 34 was based on the formal use of the detailed balance principle
in the framework of quantum groups. The present paper gives the solutions of
the problem. In the next section we prove that the distribution function has the
following form:
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g=[2j+l\,=
sin

where [*], = {q*'2 - <Tt/2) / (s1 '2 - q~ ]'2) , j = (N - l) /2, JbB = 1 is the Boltz-
tnann constant. In conclusion the properties of the distribution function are dis-
cussed,

2. Distribution function

It is known that anyon superconductivity arises in media which exhibit some semi-
conductor properties. Therefore, we use the semiconductor analogy. But first we
describe the considered system.

Let us consider for definiteness the 2+1 D Lagrangian density

£ = ^matter + <W - ^ e^a^ax (3)

with^the pure Abelian Chem-Simons term. The first term describes the dynamics
of the factorized charge (x) and spin (*„) degrees of freedom of the fermion field

i>t = X+ za (4)

Bq.('l) meant) tlie separation of the rlmrRi* mid tin1 spin hetworn various types of
excitation, the so-called Anderson's holous and spinons. To transform the field \p+
according to the fermion rule if>* —> i>+' = Va exp(i3r), we assume the following
transformation field law:

x - x' = Xe-"'h , (5)

z. * z1, = z,J'W> . (6)

The decomposition (4) into a charged spin less boson field \ at k 3> 1 and a neutral
fermion field za at k » 1 is not the only one and corresponds to the symmetric
and antisymmetric Young tableaux, respectively. The particular form of the decom-
position is not important. The structure of the Chem-Simons''terms in a general
case is more complicated as well. Tlioy ar<- several in accordance with the number
of constraints and symmetry of the gauge fields parametrizing separately the local
transformation laws of the fields x, zg and the statistical gauge field for the factor-
izing bond (4). From this point of view tlio U{\) symmetry in Eq.(3) has been used
for illustration.

The Gauss constraint iaw 6C/6au = p — (k/2n)b — 0 yielded by Eq.(3) means
in the mean field approximation that the charged particles are in the statistical
magnetic field 35 '36 determined by the average density p. The spectrum and states
of tightly-bound particles in the two-dimensional spare in this magnetic field depend
on the value of the llux <j> of the Held b through ;< pltupicl.lr. li (lie llux h;is the
form <̂  = PjQ with mutually prime integers P and Q, the lower Habbard bond in
Heisenberg-Mott insulators breaks into narrower subbands with a chemical potential
H lying in one of the new subgaps. All this produces conical extremum points in the
momentum space with a total number equal to Q. The number of arising relativistic
fermions is equal to this number coinciding with k.

In terms of semiconductor physics (.he birth of j subgaps and subbonds duo to the
statical magnetic fields look like the appearance of narrow "donor" and "acceptor"
bands in the fully filled low band of the parent insulator. (In usual semiconductors
the impurity levels are in the gap.) Electron states of these levels are not spin-
polarized. Therefore, the probability of finding an electron on the impurity level
with the energy e 3T is (irrespective of the spin projection)



n{€) = i + & - ' *

In the simplest case it is determined by the spin degeneration factor /?r ~ 2s + 1 = 2.
The statistical weight of the donor impurity is twice that of the ionized state. If the
impurity level occured as a result of the state splitting from the bond of complicated
structure (e.g., several extrema in momentum-space), then 0r > 2 37.

This analogy together with Eq.(5) enable us to suggest, in the framework of
formal thermodynamics, that the equilibrium distribution function can be obtained
employing the grand canonical potential:

e[a]))i ' (8)

and the expression n = ~8Q/dfi if 1.hc statistical weights yi[a] of the states ;ire
taken into account. Here 0 — T~l is the inverse temperature, the sum over [a] is
the summation over all gauge fields modulo gauge transformation.

We take the fermion point of view. Then t = 0,1 and we have il = —Tln{l +
p[a]exp/?(/i — e[a])} and Eq.(7) having substituted 0r —» g[a].

We count off the energy from the chemistry potential. At c = 0 ail degrees of
freedom in the term £matter ' n Eq.(3) w ' " be frozen. In this limit, in Eq.(3) there
will remain the term describing the motion of a test particle around the Wilson loop
and the latter topological Chern-Simons term Cc-s- The Chern-Simons action is
independent of the metric. Thus, the contribution of the Chern-Simons term to the
Hamiltonian is zero and when it is taken into accout we do not go out of the limits
of the vacuum sector. The summation over all states in the partition function of
Eq.(6) at e — 0 yields the statistical weight

g[a] = < WR(C) > / < ! > , (9)

Wa(C) = T,nPexp{i f aidx'} , (10)
Jc

<X(a)>= f[Va]X(a)exp{[ d3zCC-s) . (11)
J .'^t^

Here P denoted the path ordering, lln; loop C is uriejitcd and labeled with a choice
of representation R and Va represents the Feynmann path integral over all gauge
orbits. The expression (9) for the manifold M3 = S3 and the unknotted Wilson
loop C in the case of the group SU(N) was first calculated in Ref. 38 and in the
terms of quantum geometry of loops in Ref. 39. It has been shown that

The partition function (9) of the topological Chern-Simons theory has the sense of
quantum dimension [2j + 1]7

 16 of the quantum group SUt(N) with j — (N — l)/2
and q = exp{27ri/(7V + k)}. Using E<|.(12) we obtain the expressions (1) and (2).

3, A few remarks

Note that the interchange symmetry N *-> k is the special case of the "group-level"
duality 40. That is why it has been assumed that j = (N - l)/2 or j = {k - 1)/
2. This requirement is the sequence of "good" representation of quantum groups



with the deformation parameter being a root of unity. For this group-level dual
symmetry the quantum dimension g = [N]q = [Jb], with qk+N = 1 is invariant.
This also implies the same behaviour of the quantum dimension at large k or N
when g = N or g = k. In the "classical" case of large k and the group 51/(2) we
come back to the expression (7) with the representation dimension 0r = 2s+ 1 = 2.
In the self-dual case N = k of the N *-* k interchange level-rank symmetry including
the actual case of the semion system corresponding to the case N = k = 2, i.e., at
the self-dual point Ijk *-+ k/2 of the Chern-Simons theory, we obtain g = y/2 and
the entropy Ing = (I/2)M2! At the point of the Bose-Fermi transmutation Jfc = 1
(see Eqs.(5) and (6) and lief. 41) the world lines of particles are tin knotted and
inspective of N value we have the usual Fermi distribution function with g = 1.

If we sum up the Boltzmann weights over i in Eq.(6) to infinity, then taking
into account the factorization 39 of the multiloop correlation function of the Wilson
operators in the Chern-Simons theory, we would have the distribution function

of Bose-like excitations with the constraint \i < —Ting. It is readily seen that the
chemistry potential values in the zero energy state are large compared to the usual
value (i = 0- This finite value In # of entropy is due to the condition of the hard
core of bosons, or individuality of bniids, i.e. world lines of particles.

One should bear in mind that all tlie facts discussed above are referred to the
three-manifold M3 = S3 and to the non-Abelian groups. For the Riemann surface
of larger genus or lens spaces Lp^ the statistical weight is different and can even
be zero 42. For the group SU{2), k — 1 and £2,1, e.g., g = 0. Some results in the
Abelian case (7(1) are available in Ref. 43,44.

We have not specified up to now which excitations obey to the statistics (1) or
(13). This depends on the sets of quantum numbers in the condensate and those
kept by the confinement potential. Iti tin- Coiikuiib g;ts picture I lie art of quan-
tum numbers consists of electric and magnetic charges. This electric charge has
the sense of spin-wave excitation source, while the magnetic change has the sense
of vortex excitation source. At various temperatures and filling factors, the sets
of quantum numbers in the Kosterlitz-Thouless (K-T) condensate of pairs and in
quasi-particles in the confinement state, are different. The statistics of nonconfined
physical particles is different as well. Roughly speaking, the phase transition with
the Bose-Fermi-Iike statistics exchange takes place at the critical point of dual in-
version symmetry 13 of oblique confinement phenomenon 45>46 and of the K-T phase
transition. At this point an increase in the temperature results in the permutation
(1,0) —* (0,1) in the set (n,m) of the quantum numbers of K-T condensed exci-
tation carrying electric (n) and magnetic (in) changes. The oblique confinement
does not exclude the existence of nonequilibrium excitations with quantum num-
bers multiple of the quantum excitation numbers in the ground condensate. These
quasiparticles can be created by photoexcitation or by tunnel injection. According
to the commeasurability effect, when covering the underlying lattice by the induced
one with a nonzero flux of the statistical gauge field through the plaquett, nonequi-
libium excitations can be in the metastable state. One can imagine in this way the
occurrence of long multiply linked loop excitations with large values of n and Jb in



a nonequilibrium state. To be more precise, all the states which exist due to fractal
behavior of the total energy of the system and called by us the nonequilibrium ones,
should be considered as their own ground states. Their descent in energy scale due
to the existence of energy barriers is of the long-time character.

Strictly speaking, the solution of the distribution function problem is part of the
exact solution of some model, in which we are interested in the excitation spectrum
and thermodynamics. Since a suitable model is not available, the spectrum is
unknown. Note that at present there is 47 an important 1+1 D example of the
SU(k) ® SU(N) Thirring model wil.h the exact solution. It is essential that the
total spectrum has a gapless excitation \VZW-sector and gap excitations with the
statistical distribution function similar to expression (1). Besides, the N *-* k
inversion of flavor and coior degrees of freedom of this model is accompanied with
change of sign of the four-fermion interaction coupling constant. It can be assumed
that an analogous effect can occur at the self-dual point in our 2+1 D case as well.

In general, there can exist several restrictions of the Hecke algebras which differ
by the deformation parameters q. The contribution into the statistical weight of
the braid links from "various q" is multiplicative. The ^-deformed dimension of the
degeneration space of the ground state is taken into account in this paper. Another
contribution can be due to thermal fluctuations and described by the expression
[N]j = sinh(Nut,/T)/ sinh(wb/T) with the real deformation parameter q = exp(wt/
T), where w» = b/rn is the cyclotron frequency and b = ('2w/k)p is the statistical
magnetic field. From this point of view Eq.(2) is only the first multiplier in the
product of the statistical weights.

We note in conclusion that we have obtained the quantum distribution function
of low-energy excitations in 2+1 D systems which are characterized by fractional
statistics of excitations.
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