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ABSTRACT

The ring structure of Lian-Zuckerman states for (q, p) minimal models coupled to grav-
ity is shown to be It = Ho ® C[w, u r 1 ] where 7S0 is the ring of ghost number zero operators
generated by two elements and w is an operator of ghost number — 1. Some examples are dis-
cussed in detail. For these models the currents are also discussed and their algebra is shown to
contain the Virasoro algebra.
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1. INTRODUCTION

Two dimensional gravity coupled to conformal matter has been investigated in various

approaches as a toy model of quantum gravity. The matrix model approach has perhaps

uncovered some non-perturbative aspects and in any case gives a powerful computational

method combined with the theory of integrable systems [lj. There is a more conventional

method called continuum approach: in the conformal gauge the induced gravity sector is

described by the Liouville theory [2]. Though the interacting quantum Liouville dynamics

itself is very complicated [3], calculations based on a free field realization have given some

results in agreement with the matrix model approach [4,5,6], in particular for c = 1.

In the BRST quantization framework, if one takes as matter sector the minimal model of

BPZ, there exists an infinite tower of physical states (BRST cohomologies) for each conformal

block [7]. This result is very remarkable in the sense that we have a physical state with

any ghost number in contrast with the usual situation. Hence, it is crucial to clarify the

origin and the implications of this infinite tower structure for a better understanding of 2D

quantum gravity coupled to minimal models. Using the state-operator correspondence, we

can construct physical operators (observables) from physical states (the Lian -Zuckerman

states). The short distance behavior of the operator product defines a ring structure of

BRST cohomologies. Thus we obtain an associative ring of observables.

For c = 1 matter, the existence of such discrete states or extra states is observed in

several ways [8-15]. The significance of the ring structure, the so-called ground ring, and the

symmetry currents acting on it was pointed out by Witten [16] . It turns out this algebraic

structure is very useful for both practical calculations of correlation functions and physical

interpretation of the c = 1 matrix model [16-19].

In this paper, we will discuss the ring structure for minimal models. An important

difference arises from the existence of the infinite tower of BRST cohomologies which is

abaent in the c = 1 case. We will propose a ring structure behind this infinite tower. We

show the existence of a generator w with ghost number - 1 together with its 'inverse' w~l.

By proving any power of w gives a non-trivial BRST cohomology, we find the ghost number

n sector is given by

where T̂ o is the ring of ghost number zero physical operators. The ring structure of Tio has
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been discussed in [17] and will be explained below. Consequently the full ring structure is

•R = RoSCltD.u)-1], (2)

which is one of main results in the present paper. As we wilt see below, this ring is non-

commutative; the generator w anti-commutes with the generators of TZo- The infinite tower

structure is essentially generated by the single element w. We will prove the ring structure (2)

for the (2,3), (2,5), (2,7) and (3,4) minimal models by an explicit calculation of the operator

product expansion. In general cases we will give an argument based on the calculation of

relevant 3-point functions.

The organization of the paper is as follows. In Section 2 we briefly review the result of

Lian and Zuckerman on physical states. In Section 3 we discuss how the above ring structure

can follow by considering the Liouville momenta. Section 4 contains some examples for

which the ring structure is proved, and also the algebra of the vector fields obtained from

the currents is discussed. In Section 5 we give a discussion of the general (q,p) models.

2. LIAN-ZUCKERMAN STATES AND PHYSICAL OPERATORS

In the BRST quantization procedure the physical states are defined to be BRST cohomol-

ogy classes. For any conformal field theory (CFT) with the total central charge ctet = 26,

we can introduce the (Virasoro) BRST complex with coefficients in the Virasoro module

Mc=26. The BRST operator

QB = ̂ i i :

acts on the cochain space

C"{Vir,M) = M®\bc ,

(3)

(4)

where T(z) is the energy momentum tensor for M, and A is the Fock module of the

reparametrization ghosts (b, c) with energy momentum tensor TG(z). The Z-gradation of

G'*(Vir, M) is called ghost number. Let us consider the case

M = L(c,p,&m>,m)®fL{Qt',pL) , (5)

corresponding to 2D gravity coupled to the (<?,p) minimal model. L(cq:P, Am<|tn) is the

3

Virasoro irreducible module with central charge

cqp = 1 , (q < p, coprime)
qp

and highest weight

(6)

» Am-,m = — [ ( g m ' - p m ) 2 - ^ - ? ) 2 ] , (7)

(1 < m < g - l , 1 <rri < p - 1) •

We assume a free field realization of the Liouville field. JrL(QL,pL) is the Feigin-Fuchs

module with the background charge QL and vacuum momentum p , The central charge and

the Virasoro highest weight are given by

c = 1 + l ^ ) 2 , h(pL) = -\PL(PL - 2QL (8)

The condition c = 26 determines Q up to sign. For a moment we will focus on the relative

BRST cohomology H'cl(Vir, M), in which we take the subcomplex satisfying LQ°V = baty =

0, <j>€C(Vir,M).

If we fix the matter sector, H*e!(Vir, M) depends on the value of the Liouville momentum

pL. Lian and Zuckerman proved that H^cl(Vir,M) is non-trivial for only special discrete

values of pL and that there exists a physical state for an arbitrary ghost number (i.e. an

infinite tower of physical states) for each conformal block. Let Em':m(q,p) denote the set of

highest weights appearing in the embedding diagram of Verma modules :

(9)

a* =

k = — [{2qpt + gm! - pm)2 - (q - pf] .
(10)

The relative cohomology H*tl( Vir, M) is non-vanishing if and only if the Liouville momen-

tum p^ satisfies

1 - h(pL) 6 Em,,m(q,p) . (11)

H*cl(Vir, M) is at most one-dimensional. That is we have a unique physical state (Lian-
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Zuckerman state) for each satisfying (11). The ghost number is given by

"S h = AVL) d(pL) ,

where

and

d(pL) := number of arrows leading from bo = Am'>m

to 1 — h(p ) in the embedding diagram ,

(12)

(13)

(14)*(pL) := sign (pL - QL) .

Note that for each weight A € £m',m(?, p) there exist two momenta such that 1 — h(pL) = A,

which are distinguished from each other by ir(pL). Therefore, preparing two copies of the

embedding diagram, one for the states with ir(pL) > 0 and the other for ir{pL) < 0, we can

make a one-to-one correspondence between the Lian-Zuckerman states and the nodes of the

diagrams .

One can construct physical operators (observables) O from the Lian-Zuckerman states by

the standard prescription in CFT. The translation to the operators enables us to introduce

a ring structure of BRST cohomology. In the coulomb gas description of the matter sector

in terms of a free field X(z), the matter Virasoro generators are expressed in terms of the

oscillators d"X. The Liouville vacuum is represented by the vertex operator eW1) (j3 = p*1).

Then the physical operator in general takes the form

O = V[dX,d^,b,c]tmim,e^, ' (15)

where V is a differential polynomial with a definite conformal weight and $m,m' is a matter

primary field. (In the following we give explicit examples.) Compared with the original

states, the ghost number of the operators increases by one due to the gap between the SL2-

invariant ghost vacuum and the highest weight state of A*c. In other words we will consider

the observables in the 0-form version, not in the 2-form version. Let H'lg (Vir, (q,p)) denote

the set of observables in 2D gravity coupled to the (q, p) model. Since the (q, p) model consists

of (̂<y — l)(p — 1) primaries or conformal blocks, we have

dim Hn
LZ (Vir, (q,p)) = (, - l)(p - 1) , (16)

for any ghost number n. Note that in the above we only discussed the (chiral) relative

cohomology. As we will see below, knowing the states in the relative cohomology it is easy

to obtain the full set of states in the absolute cohomolgy which has twice as many states.

3. RING STRUCTURE AND THE SPECTRUM OF THE LIOUVILLE MOMENTUM

The short distance behavior of operator product (OPE) of two observables

Oi(z)O2(w) - w)-"An{w) + • • • + A0(w) + 0{{z - w)) , (17)

defines a ring structure of H*LZ
 = ©neZ-^"z- The expansion coefficient An(w) commutes

with the BRST charge QB and has conformal weight (— n), since O\ and 0% are BRST

cohomologies with weight 0. But due to the relation [QB,6O] = i j 0 ' , only O3 = Ao may

give a BRST non-trivial operator. Thus we get the ring structure

Hlz * HTz ' HLZm '

defined by the OPE modulo BRST exact terms

which will be denoted simply by

O2 =

[QB,

(18)

(19)

(20)

The fundamental OPE of the vertex operators of the free scalar field:

: = (2- (21)

is valid by assumption of a free field realization of the Liouville field. The OPE (21) implies

the conservation of the Liouville charge under the ring multiplication. The product of two

cohomologies Oi[/?i],02[/?2] with charges /?i and 02 can generate another cohomology O3

with charge ft + /9j:

Hence, the whole 'spectrum' of the Liouville charge of observables in H'LZ gives some insight

into a possible choice of generators of the cohomology ring.
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Let us introduce the standard notation for the Liouville charges;

3_ = 2)

:= y9+ +

[(l

0_ = 2QL ,

fln',n satisfies the following relation,

Solving the equation

fin1,* + At',* = #n'+*'-l,rt+*-l •

A = at, bt € £m',m(g,p) ,

we obtain the following 'spectrum' of the Liouville charge:

(23)

(24)

(25)

(26)

(27)

where the two branches of the solution are given by the sign in front of the absolute value.

Let k be a positive integer. The ghost number n ^ for each Liouville charge in (27) is given

by (cf. Eq.(12)):

/?+(«*_,), 0+(«*_t) —, ngh = 2/t ,

0+(6*). ff+ib-k) —* nlk = Ik + 1 ,

0-(«*-i), r ( o - t ) —* «,* = - 2 * + 2 , (28)

£"(»*). j8-(6-t) — n,* = - 2 * + 1 ,

Removing the absolute value by the condition 1 < jrt < <? — 1, 1 < m' < p — 1, we see the

Liouville charges are fim<-nptm-ni and %- m ' )_ n P i ( j_ m ) - n , for even ghost number (n,n = 2n).

On the other hand, for odd ghost number (n^ = 2n + 1), the charges are /?m'-np,-m-nj

and /?-m'-np,m-n((. Note that the n,j, = 1 case reproduces the usual gravitational dressing

3 m ' , _ m and f}-mi>m for the primary field. Making use of the relation (25) for /?n',n. we can

parametrize the (q — l)(p — 1) Liouville charges of observables with ghost number ngi, as

follows:

fi(s,s') = -nshj3w + s'pz + spy ,

(0<$<q~2 , 0 < s ' < p - 2 ) ,

where we have defined

(29)

(30)

We will restrict ourselves to matter blocks whose labels are inside the Kac-table. Note that

the labels of some Liouville charges, for instance flvi, can sit outside the table.

Let u),x and y denote the observables with the charges fiv,fix and 0y, respectively.

x, y € H\z
 a n d *" € H1z- Then the linear spectrum (29) means a possible identification

O y' (31)

for the observables with ghost number n^h, if the right hand side does not vanish modulo

BRST exact terms. The generators x and y belonging to the ghost number zero sector can

be obtained by an SO(2, C) rotation from the generators of the chiral ground ring for c = 1

matter [17,20]. In the Coulomb gas description of the matter sector, they are given by the

following expressions:

x = (bc + (iall3dX

y = (be + (ia2AdX + fi2,id<j>))eia"x+/)l>+ ,

where an\n = •^fSa4 + ^ S " Q - . Q+ = @+ anc> °- = — fi~- (The background matter charge

is equal to —QO where QO = a+ + Q_.) It is easy to see that xT~l and yq~s have matter

charges which are not inside the Kac-tabte and if one is restricting oneself to only those

operators whose charges Qm',m are inside the table, i.e. 1 < m < q — 1 and 1 < m' < p — 1,

then one should set xf~l = j / ' " 1 = 0. Therefore 7?.o has a simple structure with some

connection with the chiral ring for c = 1 matter. The novel feature of the minimal models

arises from the generator w*1 with n^ = =Fl. To establish the identification (31) we have

to prove that the product of generators indeed give BRST non-trivial cohomologies, which

is the problem we will be concerned with in the following sections.



4. EXAMPLES

In this section we will discuss the above ring structure in some examples.

(2,3) Model = Pure Liouville Gravity

Let us take the (2,3) model (c2,j = 0) as a simple example. We will see by explicit calculations

that the ring structure of Hlz(Vir, (2,3)) is exactly the one proposed in the last section.

In this case the only matter primary is the identity (1,1) = (1,2) sector. The matter

Verma module M{c — 0, A = 0) has its first two singular states at level one and two

(ao = l,a_i = 2). Hence, we can take a representative of BRST cohomologies in the

irreducible module such that there is no matter oscillator. (Recall that L-n (n > 0) is

generated by L-\ and £_2.) In this sense the matter part is trivial as expected and we can

think of it as pure Liouville gravity. The basic parameters for the Liouville charges are

f)T = ft,, = - - L , 0W = / ? M = -y/3 ,
(32)

The Lian-Zuckerman states with ngk = — 1 exist at level one and two. The one with

charge f}\:\ = 0 gives the identity operator 1. By an explicit construction of the other state

with charge #2,1, we get a ghost number zero observable

Ik m.\ —7i

It is the existence of a vanishing null vector at level two

-L),

(33)

(34)

which makes x be in the kernel of Qg. The observable in with charge fiij comes from the

Lian-Zuckerman state with ngi, = —2 at level by = 5. Explicitly,

= (bdbc l
rbd2<t> + -^=dbd<j> + -d2b) e -

The vanishing vectors at level 3 and 4,

(£-3 + L-i£_2 + ;U- l 3 ) \PL = -\

(1-4 + L.22 + ^ - i 2 i - 2 + - j ^ - i 4 ) \PL = -y

(35)

(36)

are responsible for the BRST invariance of u>. On the other hand, the obaervables with

rig/, = 1 are nothing but the Liouville 'screening' operators multiplied by the c-ghost:

3+ =

By computing the OPE, we see

(37)

(38)

This proves the identification $+ = — jU) ' and s- = —jXuT1. For each fixed ghost number

we have exactly two obaervables in the relative cohomology. The very existence of the inverse

w"1 in the cohomology ring H*LZ is enough to prove that for any n € Z, neither wn nor

wnx vanishes modulo BRST exact terms. Therefore, x £ H\z and w 6 Hj\ are two of the

generators of the ring. For example, we can obtain the other ghost number —1 observable

by taking the OPE coefficient:

48
-d2b{dbc)
4

-db(bd2c) + - ^
4 2A/3

(39)

which corresponds to the Lian-Zuckerman states at level fc_i = 7.

So far we considered only the relative cohomology. It contained the operators u?" and

i n " (n e Z). The absolute cohomology contains twice as many physical operators. As in

the c = 1 case of ref. [19], the other half of the operators are conveniently obtained by

multiplying the above operators by the physical operator

a = cd<f> + - (40)

Therefore the full set of chiral operators are of the form w", xw", awn and axwn. Note

that aw = —tea which is due to a and w both carrying nonzero ghost numbers, and xw =

—wx which, even though x has ghost number zero, is due to the anticommutation of the

exponentials. However ax = xa. By introducing appropriate cocycle factors, say the Pauli

matrices rr', one can instead have two anti-commuting generators, x,a and one commuting

one w. As we will see shortly it is more natural to use these latter generators.

10
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Using the above operators we can construct currents and the corresponding charges which

act on the cohomology ring as derivations. If ^>'n' is a. physical operator of ghost number n

then j ' n ~ 1 ' ( z ) = f dz'b(z')ij>(z) is an operator of ghost number (n — 1) and conformal weight

one whose BRST variation is a total derivative. Therefore for some other physical operator

i> the BRST variation of of § dzj^^m'> vanishes and if it is not exact then it corresponds

to a physical operator of ghost number (m + n). For example, the operator s- = ce^~* gives

rise to the current e^~* and by considering the action of § dze®'* on physical operators one

sees that it should be identified with the vector field xw~ida- Similarly from the operator w

one obtains the current bdbe~^3<^ whose integral should be identified with the vector wda.

By considering the other physical operators one can show that one has the following four

sets of vector fields:

Gn = w"da,

Hn = xwnda,

Ln = — w"(wdw + \/3xdT — nada

Kn = -xwn(wdw - (n +

(41)

The above vector fields are obtained respectively from the operators m", xuin, aw" and axwn.

The generators Ln satisfy a Virasoro algebra [£„, Lm] = (n — m)Ln+m. In order to write the

other commutators in a more recognizable form, we first write the vector fields in terms of

w, x and a which we denote by L,K,G and H. These set of generators satisfy the following

algebra: '

[LB, Lm\ = (n — m)Ln+m,

[Ln, Km] = (n - TO + l/3)A'B+m,

(42)

Therefore, the vectors K,G and H are primaries of the Virasoro generators Ln with weights

2,0 and 0 respectively. Moreover G has integer modes but K and H have n + 1/3 and n— 1/3

modings. The vanishing of the commutator of K with itself and with H is simply because

11

(2,5) Model

Our next example is the (2,5) model (c2,s = - " ) , the Lee-Yang edge singularity model

coupled to gravity. This is complicated enough, since the matter field enters in non-trivial

way. Our strategy to prove the ring structure is the same as before. The generator w

is constructed from the Lian-Zuckerman state at level 7 in the (1,1) = (1,4) sector. In

the course pf finding the Lian-Zuckerman state we must use the existence of vanishing null

vectors at levels 3 and 6 in the Liouville Fock module. We also use the fact that there

are singular vectors at level 1 and 4 in the identity sector of the matter Verma module.

The BRST variation of the Lian-Zuckerman state is a linear combination of descendents of

these singular vectors. (Of course, the Lian-Zuckerman state is defined up to descendents of

singular vectors in addition to the freedom of BRST exact terms.) Expanded in the ghosts,

w takes the form

w = -f^A + -f + p
CZ2db[bc)

+ ± + izr.
(43)

where 5aj + 3a2 + as — 0 and £_„ {£—„) is a differential polynomial in both the matter and

the Liouville fields with conformal weight n. The explicit form is presented in the appendix.

C-n depends on the parameters a\ and ai, one of which corresponds to an overall factor.

We have a one-parameter family of BRST cohomologies. The point 3ai + 2a2 = 0 gives a

BRST trivia! case, (to be precise, we have already fixed one freedom of adding an exact term

by requiring that there is no 9c(6cH>)-term.) Hence the BRST cohomology class is unique in

accord with the general theorem of Lian and Zuckerman.

Among the gravitationally dressed primaries in H^g, we take

01 = ce^* , Oa = ce^+J;* , (44)

which are in the identity and the spin operator sectors, respectively. A little tedious calcu-

lation of OPE's gives the following results:

Oi-w = - —(3a, -(- 2a2) • 1 ,
ID (45)

Otr-w = T(3GI + 2a2) • (be x~{d4> H

The OPE coefficients vanish if and only if w is BRST trivial. For BRST non-trivial u>, the

OPE (45) again proves the existence of u>-1 = Oi in the cohomology ring. Futhermore, in

the second OPE coefficient we recognize the generator x € H\z-

12



In order to write the operator w or to check the non vanishing of the product O\ • w ,

we could have alternatively tried to write down the vector feild f dzj^~2^ = wda and then

consider its action on a or ou"1 . In fact this is computationally simpler, and for the next

two models for which the expressions become more involved we will do this. The current

j ' ~ 2 ' can be obtained by demanding that its BRST variation be a total derivative up to null

states. For the present model it has the expression:

2 t f ^
(46)

Note that j does not contain the freedom in the choice of the cohomology class. This is due

to the fact that in this case for the exact states Q\ where \ = £_i6_i6_2i-3Ci| — i/E > or

X = 6-i6_2i-4Ci| — A/5 >, we have b-\Q\ = i!?}a'x because b~i\ = 0.

(2,7) model

In this case, C2,T = —j-> the generator w is constructed from the states at level 9 in the

(1,1)=(1,6) sector. Since the expression for w contains many terms, it is more convenient

to write the current for wda and then show that its action on a(2)c(0)e>'7* = ^-pQcceV7*

is nonzero. As we mentioned above, this current is obtained by requiring that its BRST

variation to be a total derivative up to matter and Liouville null states. These null states

are at level 6 for the matter sector and level 3 for the Liouville sector. For the current one

obtains the following expression:

(47)

The explicit expressions for G_n and G_n are given in the appendix. In this expression,

setting e = 0 one obtains a BRST trivial current. The action of f j(~2)dz on aw*1 gives

- i f f which again verifies that w'1 = - ^ c e ^ * .

All the above examples were models of type (2,p). For these models the ring is generated

by w,x and a where xr~l = 0, wa = — aw and wx = — xw. The vector fields in eq.(41)

which we obtained for the (2,3) model are easily generalized to (2, p) models as follows. The

ones obtained from the operators x'wn have the form

AT' = -xiwn{wdw + -xdt - (n + -)ada) , (48)

13

and the ones obtained from the operators ax'uin are

Gil' = xlw"da . (49)

After introducing the appropriate cocyde factors as in the (2,3) model, we find the following

algebra:

' [£-« j(Uh „ in _ m + ' ~ J )Kii+')

P " + m '

- -{n + m
n + m

Therefore /?i generate a Virasoro algebra under which Kn and Gm are primaries of

weights two and zero respectively.

(3J) model

As a final example we consider the Ising model coupled to gravity. Again we will write the

current wdt where in this case w is made out of states at level 7 and it is in the energy sector

(2,1)=(1,3). The null states are at levels 2 and 3 for the matter sector and at levels 4 and 5

for the Liouville sector. We obtain the following expression for the current:

3>/6 12

(50)

The action of f jWdz on the state a(z)c(d)e3'^x+^'l' = - ^ _ dcce^I^X+^ g jves

\e'aoX, which again verifies that w~l = -4^6 /5 ctii!^x+^. Therefore, for this model

the states are of the type x'y^wn and ax'y3wn (n € Z) where x3 = 0 and y2 = 0.

5. DISCUSSION

For the proof of the ring structure

•R, = ftoSCftu,™-1] , (51)

the existence of the 'inverse' w~1 is a crucial point. The spectrum of the Liouville momentum

discussed in Sect.3 tells us that there is an observable v in H^ with the desired momentum

—fiw The product w-v has vanishing momentum and, hence, is proportional to the identity.

14



The problem is whether the proportionality constant is non-vanishing or not. In the general

(g, p) model, by looking at the charge f)w, we see that the observable to belongs to the

(l ,p — 1) = (<7 — 1,1) sector of the matter conformal block. (Note that w is not necessarily

in the identity sector.) However, an explicit construction of the observable w gets involved

in general, since we have to manage singular vectors at higher levels. We cannot make an

OPE calculation without knowing the form of w explicitly. Instead of OPE coefficients,

however, one may consider an appropriate three point function on the sphere. If there

exists a non-vanishing three point function containing w and v, the proportionality constant

cannot vanish and we can identify v with the inverse of u>. By ghost number counting

the three point function (wvO) can be non-zero only for observables Q with ghost number

three. For such a correlation function with matching ghost number, we can reduce it to a

correlation function of Dotsenko-Kitazawa type by making use of the descent equation trick

discussed in [21], This descent equation comes from the double complex consisting of two

coboundary operators, the BRST operator QB a nd the operator QF of Felder's resolution

of the Virasoro irreducible module. Noting that the Liouville charge does not change in

'descending' the descent equation, we can identify relevant Dotsenko-Kitazawa type operators

which are products of matter and Liouville vertex operators. (The matter momentum is not

restricted to the inside of the Kac table.) If one uses only the operators in relatve cohomology

then after using the descent equations only the operators of Dotsenko-Kitazawa type will

appear and then one can use the results of ref. [5] on the calculation of these types of

correlators to conclude that (wvQ) is non-vanishing. ,

In ref. [5], in calculating the correlators, a continuation to a negative number of screening

operators had to be performed. Since this issue is not well understood, it is preferable to

modify the above arguement such that no insertions of screening operators are required.

In ref. [21], in relating the correlators of Lian-Zuckerman operators to those of Dotsenko-

Kitazawa operators, only the states in relative cohomology were used. However, if one does

not restrict oneself to using the states which are only in relative cohomology then it is possible

to write correlators which require no screening operators. Let us consider the general (q,p)

minimal model. The operator

which has ghost number three and matter and Liouville charges equal to ao and 00, has a

non-vanishing one-point function. In order to show that the three point function (w v
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is non-zero, we first use the descent equation

(52)

then the action of Qg on w gives:

[Qg , w] = [QF , * ( 0>], (53)

where $'°',is an operator of ghost number zero and whose matter charge is outside the

Kac-table. In the above equation one has two choices for Qf, namely Q+ axidQ- where

Q± = f e'a±x are the two screening operators in the matter sector. Choosing Qf = Q_

then, by a proper choice of the representative for w, one can take <f(°> = xr^ ( The choice

QF = Q+ corresponds to taking $*°> = ;/'.) Now the action of QF on cdXeM gives the

state ce>
a-'.^x+M, Moreover, it is easy to show:

x'v ~ ce'a'^x. (54)

Therefore, we have reduced the above three-point function to the two-point function

which is obviously non-zero and thus implies that the product v.w does not vanish.

Finally we note that for the general {q,p) model, the vector fields K\l3 and G'n3 which

are obtained from the operators ax'y}wn and x'y'w* should have the froms*:

Ki,i = _ x y u," (wdw + lxdx + X-y9y _ („ + 1 + I)ada) , (55)

and

G\? = xVwnda . (56)

In addition to the (2,p) models discussed in the previous section, we have checked these

expressions for a few currents of the other models. These vector fields A'n' satisfy a Virasoro

algebra.

t In the previous sections, when defining the ring we set x*'1 = y'~' = 0 since in the Coulomb gas de-
scription of the matter sector xp~i and y9-1 have charges outside the Kac-table and we were restricting
ourselves only to operators inside the table. However, when discussing Felder's resolution one needs to
allow for operators like xp and j / 4 whose charges are outside the table.

• Recall from the previous section that K and G have the same expressions as K and G but written in
terms of ti, x, y and 3. These latter generators include the cocyde factors. The original generators
of the ring satisfy the (anti-)commutations wx = -i i», wy = —yvi, wa = —am and xy = yx. After
including the cocycle factors, ti is a commuting generator whereas r, y and 5 are anti-commutingones.
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Appendix

The generator of ghost number -1 in the (2,5) model has the form:

exp(-\/5<&)

where

Here we the expressions for £_„:

3a2 + a3 = 0 .

^id2X - \{dxf)

£j(3ai + 2a2)( -

(3a, + 2a2)( - ^

^(5ai + 6a,)( -

5(d<t>)2)

\/5
- ^ = l 3

3 * - 62XdX)

f 6a2)(

• 2 a 2 ) ( -
32

25 , 1
-—(3ai + 2a2)(—-=\
8 v / v " ^

^id^x - d2xex)

^ ( ^ ) - JLiiPXidX) + (

The expressions for GLB and G_n of eq. (47) for the current j ' ~ 2 ) of the (2,7) model
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are the following:

G-2 = ( - , f
y <

faJLi&x - d'xdx)

+ (<? - y O t ^

"6vT

- \{dXf)
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