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I.Introduction 

Galilean invariance is one of the most important properties of classical me¬ 

chanics. This is so, because the Galilean symmetry is the symmetry of the low-

energy models of space-time and the Galilean relativity principle is the content 

of the first law of mechanics. In spite of that in standard expositions of classical 

mechanics [1) only little attention is devoted to general consequences of this invari¬ 

ance. Most often it is shown that the formalism of classical mechanics is Galilean 

invariant but the opposite way is rarely followed. This is in sharp contradistinc¬ 

tion with the approach used in relativistic physics [2] where powerful mathematical 

methods are used to draw all possible general consequences of the Poincare invari¬ 

ance of the theory. Such situation has several serious implications. The first one 

is obviously the fact that we still do not know the most general version of classical 

mechanics although it is the oldest physical theory. The modern investigations 

of the structure of classical mechanics are usually performed on the level of la¬ 

grangian or hamiltonian formalism which only restricts domains of applicability 

[3]. In addition, it is known now that the inverse problem of mechanics [4]. i.e.. 

the passage from the newtonian to lagrangian description is not unique. In general 

a given newtonian dynamical system has more than one lagrangian formulations 

with Iagrangians not simply differing by the total time derivative. 

Another implication of the above mentioned situation is connected with one 

of the most important problems of elementary particle physics - the problem of 

confinement of quarks [5). By confinement we understand here the fundamental 

property of a physical many body system which forbids to decompose it into its 

components. This means, that: 

i) even asymptotically in time the system is not additive, 

ii) the separation between its components will stay finite even after switching off 

the acting internal forces, 
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iii) there is no external force which may lead to such separation. 

In other words, we treat confinement on the same level of fundamentality as the 

Pauli exclusion principle is treated for a system of fermions. It is an internal prop¬ 

erty of the system and its components independent from any dynamics. Usually, 

the problem of confinement is attacked in the framework of quantum field the¬ 

ory or ordinary quantum mechanics. It must be however realized that all these 

•"ommonly accepted theories have been constructed 03 the ground of the stan¬ 

dard classical mechanics and field theories where the assumption of asymptotic 

additivity is uncritically adopted. 

Our analysis partly rests on the Medvedev result [6] concerning the general 

consequences of the Galilean iuvariance of classical mechanics. Using this result 

we introduce in the next section the notion of nondynamical correlations in the 

many body systems. For special class of many body systems, called by us singular 

Medvedev systems, these correlations are essential and lead to some unexpected 

properties. In section 3 we introduce the notion of the Galilean mass of bodies [7] 

and discuss its difference from the ustral inertia! mass. In section 4 we illustrate 

our approach on the simple example of a two body system. 

II.The Medvedev mechanical systems. 

In this section we shall briefly recapitulate and generalize the results of the 

Medvedev analysis [8]. He has investigated consequences of the Galilean invariance 

in classical mechanics of a closed mechanical system of n mass points described in 

one Galilean reference frame by the Łagrangian Ł(xt(t),v,(t))y where xa(t) is the 

trajectory of the a-th point, and w,(t) its velocity. If we pass to another Galilean 

reference frame the Lagrangian changes into LG{X'*(t'),v',{t')) and the invariance 

of the equations of motion means that the new Lagrangian La may differ from 

L only by a total derivative of some function Фс(*«(0) where the subscript G 
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means that the quantities depend on the parameters of the corresponding Galilean 

transformation. Therefore, we must have 

Ic(P.(O. Л(*')) = £(*.(*),»«(')) + ^*G(X«(O) (2-1) 

Restricting now the Galilean transformations [9] to infinitesimal boosts only, de¬ 

scribed by the small velocity u, we have 

(2.2) 

6va(t) = «*'.(*') - "At) = u (2.3) 

and developing the function Фс(-?а(<)) into a power series in u we obtain 

(t)) = 2-j(xa(t)) + 0(u2) (2.4) 

where ^(xo(r)) is a new vector-valued function which depends only on xa(t). De¬ 

veloping also LG we get 

The condition (2.1) implies then 

Since u is arbitrary, we get the equality 



Remembering the definition of momentum of the a-th particle 

and using the equations of motion 

we may rewrite (2.7) in the form 

' | E A + Ę A 
Introducing the total momentum 

we get 

jt(Pt-j(a>.)) = 0 (2.12) 

from where it follows that 

A - ф(хш) = const(t) (2-13) 

This is the conservation law which follows from the invariance of the theory under 

the Galilean boosts. It might seem that it contains only a little information, 

because we have to do in it with an arbitrary function ф{хл). But it is not so. 

In fact, for a closed system, the total momentum P is conserved, too. Differ¬ 

entiating (2.13) with respect to t we get 



But the function ф depends only on the coordinates, from where it follows that on 

the right-hand side of (2.14) we have a homogeneous function of degree 1 of the 

velocities. In this way it is shown that the total momentum of a mechanical system 

of n bodies is always a linear function of the velocities of the bodies. Comparing 

the total momenta 

Ey)) (2.15) 
and 

in two inertial reference frames we get using (2.1), (2.4) and (2.14) 

where the summation over the space index 0 is understood. Introducing now the 

"mass tensor" 

M
aJ = ^ t - (2.18) 

we may rewrite this in the simple form 

p,o = pa + J2 MaJup (2.19) 

It is seen that this general transformation rule for the total momentum of the 

dynamical system is quite different from the usually known [9] transfonnation rule 

for the momentum 



P'Q = Po + Mua (2.20) 

where M is the total mass of the system. The "mass tensor" M°b which appears 

in the general transformation rule (2.19) in general need neither to be diagonal 

in its particle and space indices nor to be constant in space. To reduce the gen¬ 

eral law (2.19) to the commonly known law (2.20) we must admit one additional 

assumption called the asymptotic additivity. This assumption requires that the 

system possesses enough energy to allow, after a suitably long time T, all mass 

points to be arbitrarily far from each other. Therefore, after the long time T all 

correlations between the individual mass points has to vanish and this is possible 

only provided 

Mlt\t>T = #AM (2.21) 

and then the transformation law (2.19) for t > T reduces to (2.20). Since the total 

momentum P is conserved in time such reduction is valid not only for t > T but 

also for all times. Once again we stress however that this reduction does not follow 

from the Galilean invariance but it is implied by the additional assumption. 

Physical systems with arbitrary "mass tensors" Л4 °jf we shall call Medvedev 

systems. As we shall see below, such systems may have strange and even paradoxi¬ 

cal properties. For the sake of simplicity we shall assume that the ''mass tensor" is 

constant in space and diagonal in space indices a and 0. Under these assumptions 

the Lagrangians of the Medvedev systems are of the form 

i = j E M « ' ^ • ft+51A •». - u& • • •f") <2-22' 
a.6 a 

where Mat is the symmetric "mass tensor" in general not diagonal in the particle 

indices a and b, Pa are constant vectors and U is the usual potential. From (2.22) 



we infer that the momentum of the a-th mass point is equal to 

or 

Pa = jpr = Y, M-4>4 + Pa (2 23) 
a b 

which is a generalization of the standard relation between momentum and velocity. 

The important property of (2.23) shows that in general the momentum of the a-th 

mass point depends not only on a-th mass point velocity but also on velocities 

of all mass points forming the Medvedev system. The non-diagonal elements 

of the mass matrix introduce into the considerations some non-dynamical, i.e. 

independent from the acting forces, correlations between mass points. The task of 

the theory is to explain the physical meaning of these correlations. Substituting 

(2.23) to the Newton equations of motion 

we get 

>„.§ = £ (2.25) 
ь 

and we may calculate the accelerations of the individual mass points only if the 

mass matrix Mab is non-singular. We shall discuss all these topics in the last 

section by considering an example and we shall show that Medvedev systems with 

singular mass matrices indeed possess quite paradoxical properties. 

The general relation (2.23), apart from the non-diagonal mass matrix Маь. 

contains also rest momenta Pa which in the standard approach to mechanics are 

all equal to zero. In the next section we shall show that such a kind of assumption 

is consistent only provided that the introduced Galilean mass of bodies satisfies 

some particular condition. 
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For Medvedev systems of identical particles the genera] relation (2.23) reduces 

to a simpler form. For such systems the momenta should satisfy the symmetry 

relations 

ра(щ ,...V,,...Vi,...Vn) = Pi(vit... Ą . ...Va,...Vn) (2.26) 

Pe(vi,... va. v • Щ,... vn) = pe(vi. ...vt,---va,...v„) (2.27) 

for с ф а, Ь. From these symmetry relations it follows that 

Maa = m (2.28) 

= M ф 0 

for афЪ, and instead of (2.23) we get 

?. = mv. + M £ щ + P (2.29) 

Therefore, the difference between the ordinary and the Medvedev systems of iden¬ 

tical particles is measured by a single mass parameter M. For singular Medvedev 

systems, for which det A/a* = 0, the mass parameter M is fixed by the "inertial" 

mass m, because for n identical particles we have 

det M«t = (m - M)""1 [ m + (n - 1)M ] (2.30) 

which vanishes either for M = m or for M = —^zj • 

П1. The Galilean mass of bodies. 

In the last section we have defined many body Medvedev systems. For such 

systems the relations between momenta and velocities of the mass points are given 
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by (2.23). But it is known that for arbitrary physical systems the notion of mo¬ 

mentum, as well as other physical quantities, can be introduced by using group 

theoretical methods [2]. In this approach the particle (as well as any massive 

or massless body) is defined by a corresponding representation of the symmetry 

group of space-time. Following this approach we may define momentum, kinetic 

energy and mass in classical mechanics as quantities arising in the construction of 

representations of the Galilean group [9]. The mass parameters which appear in 

that way have fundamental meaning and are independent from other mass param¬ 

eters appearing in the theory. The mass of a body which arises in the construction 

of the single body representation of the Galilean group we shall call the Galilean 

mass of the body to stress its conceptual difference from the notions of the iner-

tial, gravitational active and gravitational passive masses. In this way the Galilean 

mass ft of the body enters physics through the following transformation rules for 

its momentum p and kinetic energy T: 

(3.1) 

T(t) - T'(i') = T(t) + Rftt) •« + i/ш* (3.2) 

where R is the orthogonal 3 x 3 matrix describing rotation of the coordinate axes 

used in two inertial reference frames, t?is the relative velocity of these two reference 

frames and 

(3.3) 

with T - the time displacement between clocks tightly connected with the two 

reference frames. 

For bodies constituting the Medvedev systems the transformation rule (3.1) 

must be consistent with the relation (2.23) when we use in it the transformation 
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rule for the velocities 

This requirements leads to the following transformation rule for the rest momenta 

P.: 

P. - Ą = ЯР. + L. - £ (3.5) 

where ца is the Galilean mass of the a-th body. From this transformation rule it 

is seen that the standard assumption Pt — 0 is Galileaa invariant provided only 

the masses satisfy the relations 

Р« = £Л/.» (3.6) 

If the Galilean mass of bodies is different from the sum on the right-hand side of 

(3.6) the condition P, = 0 may be satisfied only in one particular reference frame. 

In particular, for systems with diagonal mass tensors the diagonal masses are equal 

to the inertia! masses. It implies that if the inertial mass of a body is different 

from its Galilean one, then, in general, the rest momentum does not vanish [7]. 

Theoretically, the rest momenta P. may have many realizations. For example, 

it is possible to consider models in which P, is proportional to the velocity va(to) 

of the body at some fixed time t0 [10]. The value of t0 becomes then a new 

parameter of the theory. Another, more universal realization for P., is given by 

the assumption 

(3.7) 

where t\ is the initial and ti the final moments of the motion. In such models, for 

free motion we always have the standard relations between momenta and velocities 
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in the form 

p. =(*.$. (3.8) 

because for free motion 

ДЙ* (У~5 (>1) (3.9, 

It is interesting to note that in (3.8) the usual inertial mass is replaced by the 

Galilean one. From the physical point of view, this is just the correct result, 

because the inertial mass is well defined only for accelerated motions. For free 

motion there is no need to introduce it because in that case both accelerations 

and acting forces vanish and it is meaningless to speak of any relations between 

them. On the contrary, since any free motion may be simulated by the passage 

to another Galilean reference frame, it is not strange that for free motion we see 

just the Galilean masses arising from the Galilean transformation rules and not 

the inertial ones. 

For Medvedev systems with the rest momenta given by (3.7) the free motion 

serves as a reference motion. In such a spirit we may introduce a nice generalizatson 

of the standard notion of the center of mass. For any mechanical system the center 

of mass moves under the influence of the total external force with the inertia given 

by the total mass. In general, the trajectory of the center of mass, is given by 

X(t) = Y, A«*«(*) + A + Bt (3.10) 

where Aa, A and В are constants to be determined. In the standard mechanics 

Ao = ma/Y^am* an<^ A = В = 0. We shall show that for Medvedev systems, 

for which the free motion serves as a reference motion with the Galilean masses 
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instead of the inertial ones, is not true. Indeed, summing the equations of motion 

(2.25) over the index a ve get 

Differentiating twice (3.10) we get 

•£ = £*.£«(*) (3.12) 

In the case when all parts of the system are equally accelerated the center of mass 

should have the same acceleration. This will be satisfied only if 

£>. = ! (3.13) 

and comparing (3.11) with (3.12) we see that the total force will determine the 

acceleration of the center of mass only if 

A. = J M £ . (3.14) 

Substituting into (3.10) the trajectories of free motions 

j # w . + t m 5 ) 
t2 —ti t2 — и 

we see that in this case the center of mass will be determined by the Galilean 

masses only if 

7_V-[ ft C.A/.J *»(*tfo-Jfrfofr 

Substituting all that into (3.10) we finally get 
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E./*« 
(3.18) 

It is easy to verify that the long expression (3.18) has correct transformation 

properties under the Galilean transformations and for free mrtion it reduces to 

the usual definition of the center of mass. 

The Galilean mass of a body enters not only the transformation rule for 

momentum but also the transformation rule for the kinetic energy T. Usually this 

quantity is given by one of the three expressions 

T=Ł?2= mv2 

Ąę.s (3.19) 

which are all equivalent for vanishing rest momentum and equal Galilean and 

inertial masses. In general, however, none of the expressions (3.19) transforms 

according to (3.2), and we cannot prove the conservation law 

^=F-v (3.20) 

without using the relation between momentum and velocity. For general Medvedev 

systems the situation is even worse since momentum of each body of the system 

depends not only on its velocity but also on the velocities of other bodies present in 

the system. For this reason it is impossible to derive any relation between energy 

and velocity or momentum for an individual body of the Medvedev system. What 

can we do is to find the relation of the total kinetic energy of the system in terms of 

the momenta and velocities of the bodies present in the system. As we shall see the 
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reason for that are just the collective correlations present in any Medvedev system 

and defined by the non-diagonal elements of the mass tensor. This does not mean 

however that the kinetic energy of an individual body in the Medvedev system has 

no sense. It is a well defined quantity which has to satisfy the transformation rule 

| = Т.(О + Я Й ( г ) - * + ^ . и г (3.21) 

and the conservation law 

^jp- = F.(t)v.{t) (3.22) 

This conditions are sufficient to find TJt) up to an additive constant. The only 

thing which we cannot do is to express Tt(t) in terms of pa(t) or vt(t) in any 

universal way. 

The total kinetic energy for every mechanical system transforms under the 

Galilean transformations according to the rule 

T(t) - ГЦ') = T(t) + J ? £ £(*) • t?+ l- £>eff2 (3.23) 
a « 

aud satisfy the conservation law 

(*) •«.(<) (3-24) 

In order to express T in terms of p«(t) and v,(t) we shall start from the general 

bilinear form 

T = £ И«» А "Л + Я«» v, • щ + С.» ра pt] (3.25) 
«* 

Requiring the transformation rule (3.23) we may express the coefficients Bti and 

Cat in terms of Л.» and reduce (3.25) to the form 
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vi] (3.26) 

which has the correct transformation property for arbitrary A.*. For the case 

when (3.8) is satisfied (3.26) takes the usual form 

( 3 2 7 ) 

The conservation law (3.24) for the general relation (2.23) is satisfied if the sym¬ 

metric matrix A formed from the 4«» is equal to 

A = i ( p - A / ) - 1 (3-28) 

where M is the symmetric matrix formed from M«» and ft is the diagonal matrix 

with the matrix elements fiut = /<«£•*. Using this and the relation (2.23) we finally 

?» ( 3 2 9 ) 

In the case when the inverse matrix in (3.28) does not exist we must put Рл = 0. 

For P c ф 0 the matrix A should be positive definite to ensure the positivity of the 

energy (3.29). 

Concluding this section we would like to note that the first term in (3.29) 

cannot be obtained from the Lagrangian (2.22) what means that for the Medvedev 

systems the Hamiltonian cannot be defined as the Legendre transformation of the 

Lagrangian. The second term in (3.29) in general is not diagonal in the particle 

indices. From the standard point of view the под diagonal elements in the energy 
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mean the presence of some interaction. In the approach presented here these terms 

have nothing to do with any interaction. They are purely of the kinematical origin 

because we did not assume any form of the asymptotic additivity and therefore 

there is no reason to exclude the non-diagonal terms from our considerations. 

rV.IHuetrative example. 

In this section we illustrate our general considerations, presented in previous 

sections, on the simple example of a two body system. Before going to specify the 

acting forces we shall make some general remarks. Denoting the trajectories of 

the bodies by x\(t) and Ą(t) we have the following Newton's equations 

(4-1) 

(4-2) 

(4.3) 

where pi(t) and pt(t) are the momenta of the bodies related to their velocities by 

the relations 

Й(г) = Mut?i(t) + M\2V2(t) + P\ (4.5) 

A(f)«MMĄ(<)+ #»$(<) + £ (4.6) 

and Мц = A*2i. Substituting (4.5) and (4.6) into (4.2) and (4.4) we get 

(t) = Fi (4.7) 
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(«) + M22X2 (t) = F2 (4.8) 

We shall first discuss the singular case when det M«» = 0. In this case the acting 

forces do not determine the motion in a unique way and even more, they cannot 

be independent but must satisfy the condition 

This means that a singular two body Medvedev system does not react to the 

art ion of arbitrary forces and it feels only forces satisfying the condition (4.9). For 

identical particles, the condition det M.t = 0 may be satisfied in two ways. In 

the first way Mu = M22 = M12 = M2i = M and from (4.9) it follows that both 

particles always feel equal forces because Fi — F2 = F. The force F determines 

only the motion of the center of mass because (4.7) and (4.8) are now the same 

equation from which it follows that 

We get no information on the relative motion of the bodies. This motion has to 

be specified in some other non-dynamical way, because we have already used all 

equations of motion and did not get any restriction on this motion. Note that in 

this case there are no internal forces at all, because the equality F\ = Ft excludes 

them. Otherwise we would violate the third law of mechanics. Since the external 

force F does not influence the relative motion there is no way to disconnect such 

Medvedev systems into its component bodies and this is just the confinement on 

the level of classical mechanics. All these means that the additional conditions 

specifying the relative notion should use only coordinates and velocities of the 
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bodies and not their accelerations. It turns out that the only linear Galilean 

invariant relation of that type is the relation of 

v2(t) - «?,(*) = Я[r2(ł) - ?y(t)\ (4.11) 

which is the famous Hubble law used in cosmology [11]. Since this law is valid for 

our Universe it is suggestive to think that our Universe is just a singular Medvedev 

system! 

There is also a second way to realize the condition det Мль = 0 for identical 

bodies for which Мц = Мы = — М\г — —Mi\ = M. In this case the condition 

(4.9) gives Fi = Fx and instead of (4.10) we get now 

*, (*)-ł2 ( * ) = J (4.12) 

Therefore, the dynamical equations describe only the relative motion. For a com¬ 

plete description of the system it is necessary to specify in a non-dynamical way the 

motion of the center of mass. To avoid any contradiction with the first law of me¬ 

chanics we should assume that the center of mass moves freely because Medvedev 

systems in this case do not feel any external force. 

For non-singular Medvedev systems for which det Маь ^ 0 there is one case 

with apparent paradoxical properties. It is provided by systems for which Мц = 

M%2 = 0. In this case, as is seen from (4.7) and (4.8), the force F\ acting on the first 

body determines the motion of the second one and, vice-versa, the force F? acting 

on the second body determines the motion of the first one. This evidently shows 

that in Medvedev systems of that type there are strange correlations between 

bodies. 

For arbitrary Medvedev two body system with Pa = 0 and arbitrary internal 

force F(t), the energy given by (3.2Э) is equal to 
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f F(t)dt (4.13) 
2 detM.» 

where the simplifying assumption that v\(to) = V2C0) =.O is made. For identical 

bodies it reduces to 

where m is the inertial mass of the bodies and M is the mass which measures the 

correlations in the Medvedev system. The positivity of (4.11) requires that 

M<m (4.15) 

and if M approaches m the kinetic energy becomes bigger and bigger. This shows 

that the contribution from the correlations is essential. 

V. Conclusions. 

We have shown that in classical mechanics there exist many body systems for 

which the momentum of each body depends on velocities of all other bodies. This 

leads to appearance of new terms in the expression for the kinetic energy of the 

system. These new terms reflect the existence of some non-dynamical correlations 

in the system. Simultaneously, we have taken into account the possible difference 

between the Galilean and inertial masses of the bodies. This leads to the appear¬ 

ance of both rest energy and rest momentum for each body. It would be naive to 

expect that these quantities will play essential role on the level of classical theory. 

We treat our paper rather as the introductory one to a quantum mechanics in 

which the momenta and velocities of bodies are treated as independent quanti¬ 

ties not related by the usual relations. On the quantum level we would like to 

introduce relations between quantum observables which one satisfied either for all 
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states or for some states only. In particular, we hope that in this way the mass 

of the body - the basic quantity present in all relations between momentum and 

velocity • will acquire only quantized values. This hope was the main motivation 

for our investigation. 
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