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ABSTRACT

A new variatianal method without a basis set for calculation of the eigenvalues and eigen-
functions of Hamiltonians is suggested. The expansion of this method for the Coulomb potentials
is given. Calculation of the energy and charge distribution in the two-electron system for different
values of the nuclear charge Z is made. It is shown that at small Z the Coulomb forces disintegrate
the electron cloud into two clots.
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In [1] a new variational method without a basis set for the

calculation of the eigenvalues and eigenfunctions of Hamiltonians was

suggested. However an application of this method to the problems

with the Coulomb potential leads to some difficulties. In this paper

we suggest a modification of this method suitable to the Coulomb

potential problems. The two electron problem for different values of

nuclear charges Z is solved. It is shown that the ground state is

asymmetric at small values of Z.

1.Major ideas of the variational method without a basis set are as

follows. The calculation of wavefunction and energies for stationary

states of electron systems with the help of a variational principle

usually involves a search for a solution in a functional space

constructed by a choice of test or basis functions.The choice of these

functions is based on qualitative considerations and may be successful

or not. The result of the variational calculation depends on the

success of this choice. We develop below a different variational

method, which does not reguire that the test function be expanded in

any basis set.

A foundation of the variational method is the assertion that the

functional

E = <*|H|*>/<*|*> (1.1)
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is stationary (in problems involving real Hamiltonians it is

minimized) if the state |*> is an eigenstate of the Hamiltonian H. By

functional analysis methods one can also prove that, if a certain test

function | *> approaches the exact wavefunction | * > o f t n e

Hamiltonian (in what follows we always consider the ground state of

H), then the value of functional E approaches the energy of this state

Eo, remaining larger than Eo; the closer i. |,> to | V , t h e s m a l l e r

is E; the minimal value of E, equal to E(|, is obtained for |f>. [*Q>.

This leads to a simple rule for using the variational method: after

choosing the test function |*> on the basis of physical considerations

and after calculating the value of the functional E, one must vary

this function in such a way that the value of the functional E

decreases, preferably by a large amount.

Let the Hamiltonian H and the test function *(q) be given. Let the

value E of the functional (1.1) correspond to this test function. We

vary the test function in such a way that it increases slightly by

A*(q,qo) in the neighbourhood of an arbitrary point %. T h e dependence

of A*(q,qo) on q is shown in Fig.i. W e assume that the integral c of

A*(q,qo) over q does not depend on q, and that the scale of the change

A* in q is small; i.e., both the test function and the Hamiltonian H

are nearly constant over the characteristic width of &* (it can be

even assumed that the variation A*(q,qo) i s proportional to the 6 func-

tion: A*(q,qo)= cacq-q,)). Since the functional E is not stationary

for the test function *(q), the given variation will, for small c,

leads to a change in E that is linear in e

AE(qo)= 2E(H-E)«(q)| (1,2)

in this expression it is assumed that the test function *(q) is

normalized. The function AE(q ) describes the response of the

functional (1) to the standard bell-shaped variation of the test wave

function at an arbitrary point and indicates at which point this

functional is most sensitive to such variation. It is natural to

modify the test function *(q) by larger amount at those points where

the functional is the most sensitive, i.e., where AE(q) is large:

therefore, as a correction to the test function, i.e., as its full

(not local) variation, one can take a function proportional to AE(q)

(we have omitted the index zero in the variable q because now it is

not a fixed but a running argument of the variational correction to

the test function). The new test function can thus be represented in

the form

*'(q)= *(q)+ e(H-E)*(q). (i.3)

The parameter c can be determined from the extremum (minimum)

condition for functional (1.1). Substitution of (1.3) into (1.1) gives

E'=
 A+_2CIB:A^+_e!iC:2AB+A^2

1+ e (B- A )

A=E= Jdq*H*, B= JdqfH2*, C= Jdq*H3*. (1.5)

Equating to zero the derivative of E'(e) with respect to c, we

obtain

2(B-
(1.6)

«tr 2(B-~AIJ (1.7)

We need to choose the minimal value from the two possible values of

E' . It can be shown that the value of E' with the minus sign in
extr extr =

front of the square root is smaller than E.

Strictly speaking, the variational method ends here, because we

have constructed a new test function (1.3) and found the corresponding



value of functional (1.1) that is smaller than E. One of the merits of

our method is the property that the whole procedure can be repeated,

i.e., the new test function can be used to calculate the coefficients

A, B and C, and the test function ¥"(q) of the subsequent variational

"generation", and to find a value of functional (1.1) even closer to

the eigenvalue E^. In this way one can construct a series of

systematic variational approximations.

The main merit of this method is the absence of the basis set, with

respect to which the test function is expanded. The choice of such a

basis set is always arbitrary and it is precisely in this choice that

one may introduce errors which are hard to control. It should be noted

that in our method the initial test function is usually given in the

form of a combination of simple analytic functions, which, at first

glance, would seem to be equivalent to the presence of the basis set.

This is especially true for computer calculations, because

differentiating with computers is difficult and it is desirable to

perform it manually. However, in our method, because of the fact that

in (1.3) the Hamiltonian H acts on the test function |*>, the

extension of such a basis set (when it is necessary) takes place

automatically and in the direction leading to an improved

approximation.

2.In [1] a special case of the Poschl-Teller potential was

considered by this method and the wavefunction and the energy of the

ground state were calculated. However in problems with Coulomb

potential this method leads to some difficulties caused by unlimited

behaviour of the correction to the test wavef unction (1.2) in that

points where the Coulomb potential is going to infinity. It is well

known from the hydrogen atom theory that in the point where the

potential goes to infinity the real wavefunction does not go to

infinity but has a break. Therefore the unlimited behaviour of the

correction to the test wave function can be considered as a too high

sensitivity of the method to the incorrect choice of the test wave

function. If the test wave function is taken with necessary break, the

infinity from the multiplication by Coulomb potential will be

compensated by the infinity from the differentiation of the wave-

function break.

In this paper we suggest a modified method without a basis set,

valid for calculations with Coulomb potential. The most valuable

information concluded in the correction to the test wavefunction

(1.3) is the information about its zeroes, i.e., about the location of

those points where the mentioned correction changes its sign. If this

correction is multiplied by some smooth factor which does not change

its sign, the new function will still be a 6ooa correction to the test

wavefunction, since it will have necessary signs on different sides

of its zeroes. In the problems with Coulomb potential it is convenient

to take the distances from nucleus to the electron and between

electrons as such factors.

We shall calculate below the wave functions and energies of some

states of the quantum system consisting of two electrons in the

Coulomb field of the nucleus with the charge Z. This system is

described by Hamiltonian

where A,,Aj- the Laplace operators and r^ry- radii of the first and

the second electrons, r - vector, connecting two electrons. In this

T T"



case it is convenient to use the corrected function in the form

*1(ri,r!)= ¥ < V r 2 ) + c r^r^ (H-E)*(rlfrz); {2.2)

here the correction to the test wave function is multiplied by a

factor rir2ri2, which does not change its sign anywhere. A n e w

function (2-2) does not go to infinity in any point.

The energies and wave functions of two states are calculated below.

The first state is the state with a zero orbital momentum, and the se-

cond one - with the orbital momentum, equal to unity, and its projec-

t s on z-axis equal to zero. We shall call these states symmetrical

and asymmetrical correspondingly. The calculation of a symmetrical

state is given below in details.

As a test function of symmetrical state let us take a normalized

function

where M is a scale factor, for the first tiw introduced by Hylleraas [2]

in application just for the Hamiltonian (2.1). The function (2.3) is

convenient since under action of the HamiltorUan it, multiplication

of it on rir2ri2, and also at the optimization of the scale factor M

it keeps the form (2.3); only the coefficients B and the summation

limits undergo the alteration. Therefore one algorithm will act in all

successive variational iterations.

in (l.i) with the Hamiltonian (2.1) it is convenient to introduce

new coordinates

V " V P12= Mri2 (2.4)
P,= Mr,, p2= M V

and to use below a new Hamiltonian

H= - k
2

The test function (2.3) in this case will have a form

where a notation

is given. The new test function now has a form

*,(P,,P2)= *(P,,P2)+ w R (H-E)*(Pl,p2),

where

W= e/M1,

Introducing ( 2 . 8 ) i n t o (1 .1 ) l e a d s t o e x p r e s s i o n

E(W) = A+_2WB+_W_C
1+ 2WD+ W 2 G'

where

A= <*|H|*>= Eo, B= <#| (H-E0)RH|*>,

C* <*|(H-Eo)RHR(H-E0)|*>, D= <* |R(H-EQ) | *> ,

The minimal value of E(W) is reached at

W = i5ArCi_r_iiGAz^Clf=_4ICD- BG2£B- ADJ.
opt 2(CD- BG)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.U)

(2.12)

pi ",z
(2.S)

Such a modified method without a basis set we shall call a variational

method with multiplication.

3.So all calculations with test functions require implementing

only four operations: the Hamiltonian action on the test function, the

multiplication of the test function on R, the multiplication of two

test functions and the integration of the expressions obtained. The

description of these operations is given below.

As was said above after the Hamiltonian action on the test function

(2.6) a new function of the same form appears, but with other



coefficients and summation limits

and

(3.1)

Here n'=n+2, m'ssm+2, k'=k

so the coefficients C are connected no more than with fifteen

coefficients B. If indexes B in (2.11) are out of limits given in

(2.8), then B equals zero.

The multiplication of a function by R= p p p is very simple. The

result of this operation is

n* •* k*

where n"=n+3, m"=m+3, k"=Jc+l and

<x,0,r" Ca-i,p-i,y-r

The multiplication of (2.8) and (2.9) gives

(3.3)

(3.4)

(3.5)
- •- i r— t - • " f r* § w I „ I

where n""=n+n', m*=m+m', k"'=k+k' and

here it is supposed that if indexes of C are out of the limits shown

in (2.10) then C equals zero.

The last operation is the integration of (3.2). It can be done in

the following manner
n , m , k

( 3 . 7 )

where

^ ^ ^ 13.8,

4.After each iteration by variational method without a basis set an

additional minimization of the functional (1.1) was done by

optimization of the scale factor M [2]. Due to the variational iteration a

new function appears in the form (2.6). Introducing this function and

the Hamiltonian (2.5) into the functional (1.1) one can find a minimum

value of (1.1)

which occurs at

where

E , = -V 2 / (4UW),

M = -V/(2U),
opt

( 4 . 1 )

(4.2]

So a new value of the scale factor is defined and the next iteration

by variational method without a basis set will be fulfilled with the

new value of M in (2.5).

5.Calculations with the asymmetric state are a little more complex,

but their main features are similar to those of the symmetric state. In

some cases the asymmetric state is not the ground one. However the

calculations with it are possible, since it is the ground state in the

same symmetry class of states and the method does not disturb the

10
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symmetry of states.

By these calculations we found the energies of both states and a

charge distribution in these states. The charge distribution is

defined by the average value of the charge density operator

0-(P,P,,P2)= es(p- pt)+ efi(p- p2), ( 5 > 1 )

i.e., this distribution is described by the function

«r(p)>« 2eJdp'*Z(p,p'). (52)

The energies of both states versus the nucleus charge Z are given

in Fig.2. As one can see the curves have a point of intersection at Z=

0.78. At larger values of Z the ground state is symmetric, and at

smaller values of z the ground state is asymmetric. So if in the

future an ion with quark as a nucleus and with two electrons on orbits

will be created, its ground state will be asymmetric. In hydrogen ion

with two electrons and in helium atom the ground states are symmetric.

in the Table b.elow the approximate energy values (in atomic units)

of symmetric states of the negative hydrogen ion and helium atom,

obtained by our successive variational iterations, are given:

Table

iteration

number

0.

1.

2.

3.

4.

5.

6.

hydrogen ion

energy

0.4726562

0.5183848

0.5251284

0.5265418

0.5276454

0.5277312

0.527750614

helium atom

energy

2.8476562

2.8942518

2.9011233

2.9025676

2.90372331

2.90372398

2.903724284

7.

8.

9.

0.527750736

0.527750820

0.527750910

Pekeris results

0.527751014

2.903724288

2.903724297

2.903724321

2.903724376

These data show the quickness of the method. In the last Table line

the data from [3] (without the nucleus motion corrections) are given;

the numbers, necessary for accordance with experiment, are

underlined.Differences of energies, calculated by Pekeris and by us,

equal

for hydrogen ion Ep-E9=1.04*10"
7, for helium atom Ep-E9=5.5*lO

e.

The charge distribution along z-axis in both states is shown in

Fig.3 for Z= 0.6 and Z= 0.7. As can be seen, the weakening of the

nuclear Coulomb potential leads to the disintegration of the electron

cloud into two clots, since such state is more preferrable

energetically. This disintegration is evidently a manifestation of the

well-known Wigner crystallization. Unfortunately in the case

considered this manifestation corresponds to nonrealistic conditions

(Z<1). However this effect can be more realistic in the outer orbits

of negative ions of hard elements in which the nuclear Coulomb

potential is weakened by the inner electrons.

In Fig.4 the process of the charge distribution approximation with

the number of variational iteration is shown. In each case twelve

iterations were done.
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FIGURE CAPTIONS

l.A standard variation of the test function.

2.Energies E (in atomic units) of symmetrical (s) and asymmetrical

(a) states versus the nucleus charge Z.

3.The charge distribution:

in symmetrical state - 1 - Z= 0.6; 2 - z~ 0.7

in asymmetrical, state - 3 - Z= 0.6; 4 - Z- 0.7

4. The process of approximation of charge distribution in the

asymmetrical state: 1 - initial charge distribution, 2 - after the

fourth variational iteration, 3 - after the twelfth variational

iteration.
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