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ABSTRACT

The electric-magnetic duality transformation in four dimensional heterotic string theory

discussed by Shapere, Trivedi and Wilczek is shown to be an exact symmetry of the equa-

tions of motion of low energy effective field theory even after including the scalar and the

vector fields, arising due to compactification, in the effective field theory. Using this duality

transformation we construct rotating black hole solutions in the effective field theory car-

rying both, electric and magnetic charges. The spectrum of extremal magnetically charged

black holes turns out to be similar to that of electrically charged elementary string excita-

tions lying on the leading Regge trajectory. We also discuss the possibility that the duality

symmetry is an exact symmetry of the full string theory under which electrically charged

elementary string excitations get exchanged with magnetically charged soliton like solutions.

This proposal might be made concrete following the suggestion of Dabholkar et. al. that

fundamental strings may be regarded as soliton like classical solutions in the effective field

theory.



1. INTRODUCTION

In a recent paper, Shapere et. al.[l] showed that the equations of motion of the coupled

Einatein-Maxwell-axion-dilaton system, that occur in the low energy effective action in string

theory, is invariant under an electric-magnetic duality transformation [2] [3] that also inter-

changes the strong and weak coupling limits of string theory. In this paper we shall show

that this symmetry is valid even when we include the extra massless scalar and vector fields

that arise from the (toroidal) compactification of ten dimensional heterotic string theory to

four dimensions.

As was discussed in ref.[l], the duality transformation, together with the invariance

under the shift of the axion field, form an SL(2,R) group. One immediate consequence of

this symmetry is that one can use this transformation on known electrically charged classical

solutions to generate solutions carrying both electric and magnetic charges [1]. We apply

these transformations on the known rotating charged black hole solution in string theory [5]

to construct rotating dyonic black hole solutions in string theory. We find that when the

string coupling constant in equal to unity, the spectrum of purely magnetically charged

extremal black holes has a remarkable similarity with the spectrum of electrically charged

elementary string excitations lying on the leading Regge trajectory.

Next we investigate the possibility that the duality symmetry is an exact symmetry

of string theory under which the electrically charged elementary string excitations get ex-

changed with magnetically charged solitons in the theory [6] [7], Since instanton corrections

break the symmetry involving translation of the axion field to the discrete group Z, this

would imply that string theory has SL(2,Z) as its symmetry group. We show that if this

is the case, then points in the configuration space of string theory related by the SL(2,Z)

transformation must be identified, We explore some of the consequences of this identification.

This proposal is made more concrete by following the suggestion of Dabholkar et. al.[8]

that strings themselves can be regarded as (possibly singular) classical solutions of the effec-

tive field theory. In that case, the quantization of the zero modes of this classical solution

should reproduce the full spectrum of the string theory. Thus if the effective field theory

t Although the authors of ref.rl] ctaim that the duality symmetry is valid for a restricted class of back-
grounds for which 2FllfFt ' + IF.pF^ * - C( lvF,,f'" vanishes, it is easy to see that this term vanishes
identically in four dimensions, and does not impose any restriction on the backgrounds.

t The duality symmetry of the effective field theory in the absence of the axion field has been used even
before for this purpose [4]+

has SL(2,Z) symmetry, then the full string theory should also have this symmetry. In this

context we show that in the duality invariant effective field theory that includes the scalar

and vector fields arising due to compactification, the bosonic zero modes of the four dimen-

sional string like solution of ref.[8] are in one to one correspondance to the bosonic degrees

of freedom of heterotic string moving in four dimensions. The fermionic degrees of freedom

of the fundamental string, on the other hand, are expected to arise from the fermionic zero

modes generated by supersymmetry transformation of the original solution. Thus in order

to establish SL(2,Z) invariance of the full (effective) string theory, we need to show the du-

ality invariance of the effective action even after including the fermionic variables and higher

derivative terms in the theory. We do not address this problem in this paper.

2. DUALITY SYMMETRY OF LOW ENERGY EFFECTIVE ACTION

The first part of the section will contain a review of the results derived in ref.[l]. In the

second part we shall generalise the results to a background more general than the one consid-

ered in ref.[l] and show that duality symmetry holds even for this more general background.

We consider critical heterotic string theory in four dimensions with the extra six dimensions

compactified, and, to start with, consider a restricted set of background field configurations

provided by the metric Gg^i t n e antisymmetric tensor field B^, the dilaton field *, and a

single (7(1) gauge field Ap. The effective action at low energy is given by,

S = -

+ ^

where,

(1)

(2)

+ cyclic permutations) -

•V , + cyclic permutations)

(3)

In writing down the action (1), we have set the string coupling constant to unity. We can

represent a background for which the string coupling constant is not unity by having an



asymptotic value of $ different from zero. The subscript S denotes that we are using the

<T-model metric, which is related to the Einstein metric G^ through the relation

— e Gp (5)

From now on we shall express all the quantities in terras of the Einstein metric instead of

the <r-model metric and all the indices will be raised or lowered with the Einstein metric.

The equations of motion derived from the action (1) take the form:

1 1 1 _2t pT 1 ^ f

"" ~ 2 " * ~ 2 "" " ~ 46 *""• " ~ 4 e
 P* * ~

Dp(e'2*H>"'<') = 0

Df,(e-*' + ^e "F"1 = 0

^ i = 0

where Dp denotes covariant derivative. The Bianchi identity for H^/, is given by,

where,

Using eq.(7) we can define a scalar field * such that,

Eq.(lO) then gives,

Let us now define a complex field A as,

A = * + ie'* = Ai + iX2

Eqs.(6), (9), (13) and (8) then gives,

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

where,

F± = F ± iF

In terms of the fields F±, the Bianchi identity for F^ takes the form:

(16)

(17)

(18)

(19)

We now note that eqs.(15)-(17), and (19) are invariant under the following transforma-
tions:

where c is a real number, and,

_ - F+ - -AF+, F_ -» -AF_

(20)

(21)

Invariance of all the equations under (20) is manifest. Under (21), eq.(16) is invariant,

eqs.(17) and (19) get interchanged, and eq.(15) transforms to itself plus an extra term, given

by,

The term given in eq.(22), however, vanishes identically in four dimensions, showing that

(21) is a genuine symmetry of the equations of motion. The two transformations together

generate the full SL(2,R) group under which X ~* (aA + i)/(cA + d) with ad- be = 1, and

F+ -» -(cX + d]F+.

Let us now consider a more genera] class of field configurations where some of the fields

originating due to the dimensional reduction from ten to four dimensions are present. More

specifically, we shall consider heterotk string theory in ten dimensions, with six of the

directions compactified on a torus. Let xa denote the ten coordinates, and Gel, B S

A^1, and *(I0> denote the ten dimensional fields (1 < / < 16). (Note that we restrict our

background gauge fields to the U(l)u subgroup of the full non-abelian group.) The subscript

S of G again denotes that this is the metric that appear directly in the a model. Let p,v

T



denote the four dimensional indices (0 < ft, v < 3), and m,n denote the six dimensional

indices (4 < m,n < 9). We shall restrict to background field configurations which depend

only on the four coordinates x*\ We now define [9] [10],

A' -R -

Aj =

+ ^ + ^

A., -

permutations] - | (

(25)

(26)

(27)

(28)

Fm
1

(29)

In these equations Gmn denotes components of inverse of the matrix Gmn- We also define

22 x 22 matrices M and L as,

P Q R\

S U\ (30)

RT UT vj
(Oh 0

I = /6 0 0

0 0 -hJ
where /„ denotes n x n identity matrix, T denotes transpose of a matrix, and,

pmn =gmn gm^ = ^ ( ^ + ^A!
pA

!
a), RmI = - ^ G 1 " ^

Smn =(Gmp - Bmp +
 l-A<mA'f)G™{Gqn + \AJAi

(31)

(32)

Note that these matrices M and L are related to similar matrices defined in ref.[ll] by a

similarity transformation. In terms of these variables, the action of ref.[ll] (with D = 10,

ill it.JL 1*1 T

p = 16) may be written as [10],

S=J d*x^~ det Gse~* 'GT
S
T'

(33)

Let us now define GMU, * and A through eqs.(5), (12), and (14). We also define F through

eq.(ll) and,

F±liv = -MLF^ ± iFpv (34)

keeping in mind that F now is a 22 dimensional column vector. Using the relations,

MT = M, MTLM = L (35)

the equations of motion derived from the action (33) and the Bianchi identities can be shown

to be invariant under the duality transformation:

i, (36)

Proof of in variance of the equations of motion of the metric, gauge fields, and the dilaton-

axion field follows exactly as before. The only new feature appears in the proof of the

equation of motion of Gmn, Bmn and A!
m. Let {<t>i} denote these set of fields. The dependence

of the action on these fields is through the matrix M appearing in the last two terms in the

action. Of these, the last term is manifestly invariant under the duality transformation, hence

the contribution of this term to the equation of motion 6S/6tj>, = 0 is duality invariant. On

the other hand, the contribution to the left hand side of the equation of motion from the

last but one term is given by,

From eq.(36) we see that under the duality transformation,

F -» -A,F - \2MLF

Transforming eq.(37) by this transformation, and using the equation,

« M r j j r ltT6M
•—- LM + ML— = 0

we see that eq.(37) is invariant under the duality transformation.
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(38)

(39)



3. ROTATING DYONIC BLACK HOLES

In ref. [5] a solution of the equations of motion derived from the effective action given in

eq.(l) was found which represents rotating charged black hole. The solution was given by,

, _ p2 + a? cos2 0 - 2mp 2

- ~ 2 2 2 0 i h 2 § ' P2 + a2 -

4mpa cosh ^ sin 8

P

+ (p* + a2 cosJ 0 + 2m/>sinh2 -)dB£ -

+ {(p2 + a2)(p2 + a2 cos2 9) + 2mpa2 sin2 0 + imp(p2 + a2) sinh2 ^ + 4 m V sinh4 ^}

sin2*

+ o2 cos2 fl + 2mpsinh2

/>2 + a2 cos2 B

2mpasinharsin20

A , = •

(40)

(41)

(42)

(43)

"'* ~ p2 + a2 cos2 0 + Imp sinh2"!

The other components of Â , and B^ t vanish. (Note that da2 here denotes the Einstein metric

which was called ds'J in ref. [5].) m, a and a are three parameters which are related to the

mass, angular momentum, and charge of the black hole. We shall now perform an SL(2,R)

transformation on this solution to construct a new solution, and show that this new solution

represents a black hole carrying mass, angular momentum, and electric and magnetic type

charges. To do this we first need to calculate the various field strengths associated with the

solution given in eqs.(40)-(44). They are given by,

2ma sinh a sin2 9(p2 - a2 cos2 6)
(p' + a'cos'fl + 2mpstnh ^)'

4mpa sinh a(p2 + a2 + 2mp sinh2 | ) sin 0 cos 0

(45)

(46)

2msinha(p2 - o 2

(p2 + a2 cos2 9 + 2mpsinh2 §)2

impa2 sinh a sin 8 cos 6

(47)

(48)

inh2 f cos g

From eqs.(12), (49) and (50) we get,

2ma sinh2 ^ cos C
" p2 + a2 cos2 0

(49)

(50)

(51)

We can now generate a new solution by performing an SL(2,R) transformation on the

above solution in the same manner as in ref.[l]. We consider the SL(2,R) transformation

A —> —(1 + <?)[{\ + c), F+ -+ —(A + c)F+/Vl +c2. The transformed solution is given by,

- - *
(52)

We shall not write out the solution in detail, but only give the asymptotic behavior of the

solution in order to identify its electric and magnetic charges. The leading components of

the electromagnetic field are given by,

2mcsinho 2m sinh a sin $
(53)

With appropriate normalization (which sets the coefficient of F2 term in the action to unity),

the electric and magnetic charges carried by the solution may be identified to,

1 mcsinhet 1 m sinh a
(54)

Since the metric remains the same, the expressions for the mass M and angular momentum

J of the black hole in terms of the parameters m, a and a remain the same as in ref. [5] and

T T



are given by,

= —(1 + cosh a), J = —-(1 + cosh a)

As in ref.[5], the coordinate singularities of the metric occur on the surfaces,

p2 - 2mp + a2 - 0

(55)

(56)

and give rise to the horizons which shield the genuine singularities of the solution. The

extremal limit is approached as \a\ -* m from below, when the horizon disappears leaving

behind naked singularities. Using eqs.(54) and (55) we see that in terms of the physical

parameters the extremal limit corresponds to

(Q«)2 + {Qm,,)2

M2-*\J\ (57)

Let us discuss the purely magnetically charged solutions in some detail, since these

solutions, if present, must be regarded as new states in the spectrum of string theory. These

solutions are obtained by setting c = 0. Also, although so far we have restricted ourselves

to cases where only one U(\) gauge field is present, it is easy to construct a solution where

the gauge field points in an arbitrary direction in the (7(1)16 group. (Note that we are still

considering only abetian gauge field configuration.) The corresponding solution is obtained

by multiplying the expression for the Maxwell field by an arbitrary vector nl satisfying

n2 = 1. The magnetic charge carried by the solution, which is a 16 dimensional vector, is

now given by,

QL, = ^~msinha (58)

In the extremal limit (57) we get,

(59)

We now note the following amusing coincidence. The spectrum of elementary particles

in heterotic string theory on the leading Regge trajectory carrying electric charge Qel and

angular momentum J, is given by,

M2+2 = lJ] + ^l (60)

Here \J\ denotes the contribution to M2 from the oscillators, and Q2J2 denotes the contri-

bution to M2 from the Sugawara part of the stress tensor. For M » 1 (the limit in which
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neglecting the higher derivative terms in the effective action is justified) the two relations

(59) and (60) look identical except for the interchange of Qci with Qem. J in both cases

is quantised to be half integers due to the usual angular momentum quantization rules, Qei

belongs to the Et x Et (or SO(32)/Z2) lattice, and, if the magnetic charge is quantised

according to the rule QmufQtt = integer, then Qmas belongs to the dual lattice which is

also the Et x E% (or 50(32) /^) lattice. This seems to suggest that by including the mag-

netically charged black holes as new elementary particles in the theory we may be able to

establish the electric magnetic duality as an exact symmetry of string theory.

There are of course many caveats, the strongest of them being the fact that both the

mass formula for the black hole and the elementary string excitations are likely to receive

quantum corrections (remember that we are working at ff8tring = 1), and it is not clear if

the similarity in the spectrum holds after we include these corrections. Also we do not yet

have the magnetically charged particles which are dual to the elementary string excitations

away from the leading Regge trajectory. In the next section we shall explore the possibility

of exact electric-magnetic duality in string theory in some more detail.

Finally, we would like to point out that if we start from the action (33), then we can

construct more general dyonic solutions carrying electric and magnetic charges associated

with the gauge fields A^, C™ and Dmli as follows. We start from the charge neutral Kerr

solution as in ref.[5], and then perform the 0(6,1) x 0(22,1) transformation [3] [14 — 16] [11]

(as in ref.[5]) that mixes the time coordinate with the six right moving and twenty two

left moving coordinates. This gives rise to a solution carrying electrical type Aj,, C™ and

Dml, charges. The solution carrying magnetic type charges may then be obtained from this

solution by the SL(2,R) transformation discussed above. Since all the steps involved in this

construction are purely algebraic, we shall not carry out the explicit construction of the

solution here.

* This also indicates that the electrically charged elementary string excitations on the leading R«gge
trajectory become extremal charged black holes at string coupling = 1. Relationship between string
matter and extremal charged black holes has also been observed in a different context in ref.[12].

t The possibility of treating black holes as elementary particles has been discussed in ref.[13]. Although
the magnetically charged black holes of the type discussed here are not of the type that behaves as
elementary particles according to the analysis of ref.[13], we must still include them aa new states in
the spectrum since they cannot be formed as composites of ordinary electrically charged matter.
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4. CAN DUALITY BE AN EXACT SYMMETRY OF STRING THEORY?

In this section we shall explore the possibility that duality is an exact symmetry of

string theory under which electrically charged elementary string excitations get exchanged

with magnetically charged solitons [6] [7]. We begin by discussing the consequences of duality

being an exact symmetry, later we shall come back to the question of how the magnetically

charged states that are required for duality to be an exact symmetry of the theory might be

constructed. We note the following points:

1. The symmetry A —* X + e is broken down to A —> X + 1 by instanton corrections.

Hence the complete symmetry group of the theory can at most be SL{2,Z) and not

SL(2,R) [1].

2. Since the fundamental string is an axionic string [17], the axion field changes by 1 as we

go around the fundamental string. Hence in the configuration space we must identify

the points related by the transformation T : X —t A + 1. If the duality transformation

S : X —* -I /A together with appropriate transformation on the other fields is to be a

genuine symmetry of the theory, then the points in the configuration space related by

the transformation STS'1 must also be identified. Since T and STS'1 can be shown

to generate the full SL(2,Z) group, this shows that points in the configuration space

related by any SL(2,Z) transformation must be idetified.

In order to understand the physical significance of this identification, we note that the

weak coupling perturbation theory is around a vacuum in which the expectation value of

ImX is large, hence the SL(2,Z) symmetry acting on a field configuration around this vacuum

will take it to another field configuration far removed from it (before the identification under

SL(2,Z) is made). As a result, perturbation theory around such a vacuum is insensitive to

the identification of fields under the SL(2,Z) transformation. As an analogy, let us consider

a field theory of a scalar field <f> with potential (^2 - a2)2, with the identification 4> =

—<(>. The vacuum configuration corresponds to <j> — a which is not invariant under the Z2

symmetry, and perturbative quantization of the theory around this point is totally insensitive

to the fact that in the configuration space the points <j> and — 4 are identified. There could,

however, be important non-perturbative effects. For example, without the identification in

the field space, there will be stable domain walls in the system since there is more than one

vacuum configurations. On the other hand, with the identification, there is only one vacuum

configuration, and hence there is no stable domain wall.
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We should also point out that with this identification, at string coupling constant equal

to unity, the magnetically charged solutions that we have discussed in the last section are

not new states. Instead, a physical state is to be constructed as a linear superposition of the

electrically charged state and its duality transform.

The proposal that the SL(2,Z) invariance is an exact symmetry of the full string theory

can be made more concrete by following the suggestion of Dabholkar et. al.[8] that the

elementary string may be regarded as a classical solution of the effective field theory, and that

the collective excitations associated with the zero modes of the classical solution correspond

to the dynamical degrees of freedom of the elementary string. Quantization of these zero

modes would then give rise to the spectrum of the full string theory. In that case, SL(2,Z)

invariance of the effective field theory (after including al! the higher derivative terms) would

automatically imply the SL(2,Z) invariance of the full classical string theory, since, given

any classical string configuration, we can construct its dual by SL(2,Z) transformation on

the corresponding solution in the effective field theory.

In order to implement this idea, we need to ensure that we include enough degrees of

freedom in the effective field theory so that the classical solution describing the string has

enough number of deformations (zero modes) which are in one to one correspondence with

the degrees of freedom of the fundamental string. At the same time, we need to ensure that

this effective field theory is invariant under the duality transformation, and hence should

not, for example, contain any charged field. We shall now show that the solution of ref.[8],

regarded as a solution of the (duality invariant) equations of motion in the effective field

theory described by the action (33), has all the degrees of freedom required to describe the

bosonic dynamical degrees of freedom of the fundamental string. As was shown in ref.[8], the

fermionic degrees of freedom come from the supersymmetry transformation of the original

solution. Thus in order to incorporate these degrees of freedom, we must work with the

full (N = 4) supersymmetric effective field theory by including also the fermionic fields in

the theory, and prove that this theory is invariant under duality transformation. We do not

address this problem in this paper. Nor do we address the question as to whether the SL(2,Z)

symmetry of the equations of motion survive when we include higher derivative terms in the

effective action.

In order to see how the bosonic degrees of freedom of the fundamental string are related

to the zero modes of the classical solution, let us note that the four bosonic zero modes

corrsponding to translation of the solution in the four dimensional space correspond to the

13
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9

variables X* of the fundamental string. The remaining degrees of freedom of the fundamental

string are the six internal bosonic coordinates Xm, and the sixteen left moving internal

coordinates Y1'. Alternatively we can regard them as six right moving and twenty two left-

moving world sheet currents. These degrees of freedom may be identified to the deformation

of the original solution of ref.j8] by the 0(6,1) x 0(22,1) transformation discussed in ref.[ll],

which mixes the left and right components of the time coordinate with the left and right

components of the internal coordinates respectively. Such deformations are possible since

the original solution is independent of time, as well as internal coordinates. A particular

example was already discussed in ref.[l8], where by using an 0(1,1) transformation of the

solution of ref.[8], a charged string solution was constructed.* To see how the counting of

the degrees of freedom work, note that the 0(6) x 0(22) transformation that mixes the

internal coordinates do not modify the original solution. Hence the number of independent

deformations generated by the O(6,1) x 0(22,1) transformation is equal to the dimension of

the coset space (0(6, l)/0(6)) x (0(22, l)/O(22)), which is equal to 6 + 22.1 This way we can

identify the bosonic dynamical degrees of freedom of the fundamental string to the bosonic

deformations of the classical solution in the effective field theory. Construction of the general

solution deformed by all the bosonic zero modes involves purely algebraic manipulations, and

will not be given here.

5. SUMMARY

In this paper we have shown that the electric-magnetic duality transformation is an exact

symmetry of the equations of motion of the low energy effective field theory arising in string

theory. Using this symmetry we have constructed rotating black hole solution in string theory

carrying both, electric and magnetic charge. We have also analyzed the possibility that the

duality transformation is an exact symmetry of string theory, by regarding the fundamental

string as a classical solution in the effective field theory. We found that in order to make

this proposal more concrete, we need to establish that the full supersymmetric effective field

* I wish to thank A. Strominger for pointing out the relation between this deformation and the degrees
of freedom of the fundamental string.

t Actually in this case there is also a set of deformations belonging to the coset space O(6,22)/O(6) x
0(22) [19] which correspond to changing the lattice of compactification and putting constant back-
ground Amj and Bma fields in the theory [20]. The O(6,22) transformations leave the equations of
motion invariant, and it is quite likely that the duality transformation discussed in the text may need
to be accompanied by some O(6,22) transformation in order that it is an exact symmetry of string
theory.
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theory is invariant under duality transformation. We hope to return to this question in the

near future.

We conclude by mentioning that if the duality symmetry indeed turns out to be an exact

symmetry of string theory, it wilt undoubtedly give us information about non-perturbative

features of string theory, since the duality transformation interchanges the strong and weak

coupling limits of string theory.
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