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ABSTRACT

The previous study (Eltayeb and Hassan, 1992) of the two-dimensional diffusion equa-
tion of dust over a rough1 ground surface, which acts as a dust source of variable strength, under the
influence of horizontal wind and gravitational attraction is here extended to all finite values of the
roughness height Zo. An analytic expression is obtained for the concentration of dust for a general
strength of the source. The result reduces to the previously known solutions as special cases. The
expression for the concentration has been evaluated for some representative examples of the source
strength g{ X). It is found that the concentration decreases with roughness height at any fixed point
above ground level.
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1. INTRODUCTION

In a previous paper (Eltayeb and Hassan. 1992, hereinafter referred to as EH), we studied
the two-dimensional transport of dust from an infinite line source at ground level. Analytic ex-
pressions were obtained for different functional forms of the source. However, the treatment was
restricted to the case of very small values of the roughness height, to • Here we extend the analysis
to all finite values of zo. Analytic solutions of the diffusion equation arc obtained for general «o and
are shown to reduce to those obtained in EH when za approaches zero. The concentration c{x, z)
is evaluated numerically for some representative examples of the source strength.

The problem is posed and solved in Sec.2 and some numerical results are represented in

Sec.3. Some concluding remarks are made in Sec.4.

2. FORMULATION AND SOLUTION

The model has already been defined in EH and in Hassan and Eltayeb, 1991. The two-
dimensional diffusion equation governing the transport of dust panicles concentration c(x,z) from
a source located on the ground surface along the horizontal line, 0 < x < oo, z = ô (*o being
the roughness height), under the action of a horizontal wind stream U{ z) can be written in the form

dc_ <P_c_

ex = dz2
dc

dz
(1)

Here we have adopted the same assumptions and notations of EH where the unidirectional wind

speed is assumed to have the form U(z) = 0zm (0 and m are constants) X ~ ^"ffl z, Z =

'"^' v ~ V{J)li> i * b^nithe diffusivity constant and W is the falling speed.

Eq.(l) is to be solved subject to the conditions

c ( 0 , Z ) = 0

c(X,oc) = 0

c(X,Zo)g(X), X>0

(2)

Here Zo = z^1 is the roughness parameter and g(X) is a prescribed analytic function defining

the strength of the horizontal infinite line source.

Eqs.(l) and (2) are solved using Laplace transform in X (see, e.g., Watson, 1981). The

transformed solution satisfying the first two conditions in (2) is

KJviz) (3)

where Kv( x) is the modified Bessel function which decays to zero as x tends to infinity.

2

T



At Z = Zo we have

Eqs,(3) and (4) then give

~c(p,Za) =

= G(p,Zo), say

In order to invert (5) to obtain c( X, Z) we first consider ihe case

9(X) = 1 .

Here

and the inverse of H(p: Z) is given by

H(X,Z) = (~

in which

Q(Z,y,Z0) = U,(yZ)Yi/(yZa) -
v {Jv(yZo)}1 + {

Here Ju( x) and KJ x) are the usual Bessel functions. It follows from (5)-(8) that

(4)

(5)

(6)

(7)

(8)

which satisfies all the conditions (2). '

When Zg —» 0, the asymptotic forms of Bessel functions /„( x) and Vw( i ) (see
Abramowitz and Stegun, 1965, p.36O) can be used to show that

where F is the incomplete Gamma function. This expression is identical to that derived in EH (cf.

Next we derive an expression c( X, Z) for the concentration of dust panicles when g(X)
is a differentiate general function. *
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Here we use the result (7) and the convolution theorem to find that

= (~\j gi(t)H(X-t,z)dt

so that

(12)

where the accent denotes differentiation with respect to the argument t. We note here that (12)
reduces to (11) of EH when Zo -> 0.

The analytic expressions for the concentration of dust c(X, Z) obtained here are valid
for all values of the (scaled) roughness height ZQ . The influence of Zo on c( X, Z) is illustrated in
the following section,

3. DISCUSSION

The analytic expressions (9) and (12) have been evaluated numerically to illustrate the
behaviour of the concentration c( X, Z) as a function of X and Z for various values of Zo •

The expression (8) for Q(Z,y; ZD) seems to have a singularity at y = 0. However, when
the full expression is analyzed for small values of j / , we find that

The integrand in (9) is therefore regular at y = 0 provided v > \.

We now evaluate the general expression (12) when g( X) takes the practical form

which is of particular interest to those who perform experiments in dusty fields.

Let

Then
F(X;y) = - l)/a} - \\/(ay2 -

When ay2 - 1 -+ 0, we have

F(X; y) ~ Xja. ,y
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(14)

(15)

(16)

(17)



and F(X; y) is regular at y = \j-Ja.

The numerical integration of (12) used (14) and (17). A sample of the results are shown
inFigs.l and 2.

In Fig. 1 the concentration c( X, Z) is plotted as a function of X for different values of Zo
at various values of the scaled height h = (Z/Zo) - 1. as represented in (a), (b) and (c). In Fig.2
we have done the same thing but for a different value of a. Comparison of these figures shows
that c(X,Z) decreases with height for every given setX, Zt Zo, v, a. For fixed X and Z, c(X, Z)
decreases with the increase in ZQ .

The influence of variations in a can be deduced by comparing Figs.l and 2. As a de-
creases, the concentration approaches that for the case of constant source function, j( X) = 1. In
all cases the increase of c(X,Z) with X is very sharp for small values of X.

4. CONCLUDING REMARKS

In this paper the analytic expression obtained in EH for the concentration fo dust particles
due to a ground level source in the presence of wind action and gravitational settlement is gener-
alized to include all possible values of the roughness height Zo- The two main analytic results are
given by expression (9) when the source function is constant and expression (12) for any source
strength g(X). These general expressions reduce to the previous ones in the limit Zo —* 0.

Numerical computations are presented graphically for a particular source function g(X)
which is of interest to experimental and observational studies in wind erosion and environmental
pollution. For any locality (X,Z), the concentration c(X,Z) decreases with the increase of Zo.
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FIGURE CAPTIONS

Fig. 1 The concentration c(X, Z) as a function of X when Za takes the values 0.0,1.0,2.0

and 3 0 and h = 0.5 (a) and 1.0 (b). Here v = a = 1.0.

Fig. 2 The same as Figure 1 but a = 0.5.
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