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RESUME

Énergie atomique du Canada Limitée (EACL) étudie le concept de
stockage permanent des déchets de combustible nucléaire dans un enceinte en
roche plutonique. On réalise des modèles pour préduire le comportement
mécanique de la roche par la suite de l'excavation et de chaleur des dé-
chets. Le mécanisme dominant de déformation à des températures inférieures
à 150°C est la microfissuration entraînant le fluage de la roche et la
diminution de sa résistance. On a construit un modèle pour examiner la
perturbation de l'état de contrainte de la roche intacte pour une ouverture
cylindrique verticale. On se sert des renseignements sur la croissance
lente des fissures pour évaluer des variations dépendantes du temps de la
résistance de la roche à partir desquelles on peut évaluer le mouvement
(fluage) de la paroi de l'ouverture et la déformation radiale de la masse
rocheuse.
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ABSTRACT

Atomic Energy of Canada Limited (AECL) is studying the concept of
disposing of nuclear fuel waste in a vault in plutonic rock. Models are
being developed to predict the mechanical behaviour of the rock in response
to excavation and heat from the waste. The dominant mechanism of deforma-
tion at temperatures below 150°C is microcracking, which results in rock
creep and a decrease in rock strength. A model has been constructed to
consider the perturbation of the stress state of intact rock by a vertical
cylindrical opening. Slow crack-growth data are used to estimate time-
dependent changes in rock strength, from which the movement (creep) of the
opening wall and radial strain in the rock mass can be estimated.
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NOMENCLATURE

A

»i

bi

E

,2

,2

Constant

Values of X

Values of Y

Elastic modulus

f(X)A Functions of X at t > 0,
derived from g(X)

g(X)

K

Kc

L

n

Q

r

r0

t

tf

Function of X at t = 0

Stress intensity factor

Critical stress intensity
factor

Crack length/dimension

Constant (slow crack-growth
exponent)

Measure of the in situ
stress state

Constant

Radial distance

Original radius (radius at t
= 0)

Time

Time to failure

Ur Radial displacement

V Crack-growth velocity

X Normalized radial direction
<r/r0)

Y Stress "safety factor"

Z Geometry constant

P Value of X where ar = az

er Radial strain

3 Principal stresses

Maximum principal stress at
failure

ffA Applied stress

<7C Uniaxial compressive
strength

ai Instantaneous breaking
stress

ffr Principal stress—radial
direction

a0 Principal stress-hoop
direction

ffz Principal stress-axial
direction

12
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1. INTRODUCTION

Atomic Energy of Canada Limited (AECL) is studying the concept of
disposing of nuclear fuel waste in a vault in plutonic rock. The stability
of the rock openings and the rock surrounding the vault is of interest from
several points of view. For example, changes that alter the rock permea-
bility are important since they could affect water flow and, hence, the
transport of waste components to the biosphere. Also, changes in the di-
mensions of an opening could squeeze the waste form.

The mechanism of rock deformation at temperatures below 150°C
(including creep) is microcracking. Other mechanisms are possible but are
insignificant at these low temperatures. Rock joints are important to the
stability of openings and to water flow. Here, they are ignored and the
rock mass is assumed to be intact. The model MCDIRC was developed to as-
sess the stability of rock around an opening in terms of microcracking only
[1]. The model assumes that pre-existing microcracks are extended and can
open, and that new microcracks can be created. The result is that the rock
becomes weaker and can dilate, allowing the opening to shrink with time
(the opening walls creep inward) and introduces the possibility of rock
spalling.

This report explains the model in more detail and gives numerical
examples.

2. MICROCRACKING AND CREEP

Essentially, plutonic rock is an elastic solid containing many
cracks of various shapes and sizes. Its matrix is an aggregate of crystals
of several minerals, which are incapable of plastic behaviour at low tem-
peratures.

Each crack alters the local stress state. The important para-
meter is the stress intensity factor (K), which is a measure of the magni-
tude of the stress at a crack tip. At a critical value (Kc) the energy
required for the crack to grow is less than the energy released in the
growing process. Hence, the crack becomes unstable and grows rapidly.

When K < Kc, slow crack-growth is possible through a corrosion
mechanism [1]. Crack velocity (V) is given by

V = dL/dt = AKn (1)

where A and n are constants that vary from rock to rock and with the envi-
ronment (temperature, presence of moisture), 2L is the crack length and t
is time. The value of n is independent of the stress state. This has been
demonstrated with Lac du Bonnet granite by comparing the results of testing
rectangular-beam specimens in four-point bending and cylindrical specimens
in uniaxial compression [2,3]. Values of n for Lac du Bonnet granite and
for other rocks are given in Table 1 [4-8].
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TABLE 1

VALUES OF n FOR DIFFERENT ROCKS

Rock

Anorthosite (Quebec X)

Granite (Lac du Bonnet)

Gabbro (Quebec Y)

Granodiorite (Quebec Z)

Syenite (Grenville Quebec J)

Dry 20°C

36

50

33

42

35

Vet 20°C

40

40

28

-

-

Wet 80°C

17

29

19

28

24

In rock mechanics it is common to refer to a strength "safety
factor" as the ratio of the principal stress at failure to the applied
principal stress, i.e., (fflf/ff1). In this report, the safety factor is
referred to as Y for convenience. The derivative of Y with respect to time
is given by

dY/dt = [Y<3"n)Q(2"n)]/(n-2) (2)

where Q is a constant whose dimensions are t1/(n"2) [4]. The derivative of
Y with respect to time and the origin of Q are discussed further in
Appendix A.

Given the distribution of the safety factor Y around an opening,
its derivative with respect to time (dY/dt), and a value for n, it is pos-
sible to estimate the movement of the opening boundary, radial displace-
ments and strain, and changes in the Y distribution, all as a function of
time.

3. THE MODEL MCDIRC

3.1 ASSUMPTIONS

The main assumptions made in MCDIRC are:

(1) the opening is a vertical shaft of circular cross section,

(2) microcracking occurs with time around the shaft, causing ac
and, therefore, Y to decrease,

(3) the rock around the shaft creeps inward towards the shaft
centreline because of microcrack dilation,

(4) when Y = 1, the rock spalls and falls into the shaft, and

(5) the final value of Y is specified at the shaft wall.
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A negative radial strain is needed for the shaft wall to creep
outward. Initially, to achieve this, microcracks and other voids in the
rock must close, and finally, vertical elastic displacements must occur as
the negative radial strain increases. However, vertical displacements are
opposed by gravity, and outward movement of the rock is opposed by other
forces in the earth's crust (plate tectonics). Nevertheless, the shaft may
increase in diameter because microcracking produces spalling of the rock.

The balance between creep movement inward and outward movement
because of spalling is not determined by MCDIRC. However, both phenomena
can be estimated separately to provide bounds on the behaviour.

3.2 STRESS STATE PERTURBATION DUE TO THE SHAFT

For convenience, a vertical shaft of circular cross-section is
considered as the rock opening. The mechanical properties of the rock are
considered to be isotropic, and the elastic modulus (E) is the same every-
where after the excavation of the shaft is completed. Figure 1 shows the
stress state before and immediately after the excavation of the shaft, and
defines the components (principal stresses) of the stress state [9J. After
excavation, the stress state is given by

ac = -p[l - (ro/r) ] (compression is negative) (3)

OQ = -p[1 + (ro/r) ] (4)

oz = -Pz (5)

where p is a measure of the stress state (which is a function of depth), r
is distance in the radial direction and r0 is the radius of the shaft at
t = 0.

The principal stresses are usually expressed as \a1\ > \o2\ >
\o3\. In the shaft problem,

a1 - OQ always (6)

<73 = or for 1 < X < p (7)

and ff3 = ffz for /? < X < ~ (8)

where X = (r/r0) and /f determine the X value above which ox > oz (/? is
defined further in Figure 1).

Hoek and Brown [10] showed that

alt = \o3\ + oc[m(o3/oc) + s]
1 / 2 (9)

where oc is the uniaxial compressive strength of the rock, and m and s are
constants. Hence, the safety factor (Y) (at t = 0) is given by

Y = g(X) = Olf/Od for 1 < X < * . (10)



surface

AFTER

X ( = r / r 0 )

RADIAL DIRECTION

FIGURE 1: Stress State Before and After Excavation of the Vertical Shaft
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3.3 OUTWARD MOVEMENT (SPALLING/DECREPITATIONI OF THE SHAFT WALL

Microcracking occurs with time around the shaft, causing ac and,
hence, Y to decrease with time. The elastic moduli of the rock and the
stress state in the rock are assumed to remain unaltered as long as Y > 1.
The derivative of Y with respect to time [Equation (2)] and the distribu-
tion of Y around the shaft [Equation (10)] show that Y will decrease to
unity first at X = 1, i.e., at the shaft wall. The model assumes that the
rock fails and vanishes where Y = 1. In practical terms, this means the
rock spalls and falls into the shaft, causing its radius to increase.

Integrating dY/dt produces

t =
(n"2) - Y

( n - 2 ) . ( n - 2 )
(11)

Y2 > Yx > 0, and t is the time required for Y2 to decrease to Yx. The
value of Q depends on the time units used. When t is in seconds, Q = 1
(see Appendix A). For the remainder of this report, Q = 1 and the time
units are seconds.

Figure 2 shows the distribution of Y at t = 0 and at t > 0, i.e.
Y = g(X) and Y = f(X)1( respectively. The function f(X)i is derived di-
rectly from Equation (11) and is given by

= [g(X) ( n-2> - g ( a ) ( n - 2 ) (12)

Y g(x)

f (x) ,

X(=r/r0)

Normalized radial direction
FIGURE 2: Safety Factor vs. Normalized Radial Direction for t = 0, [g(X)]

and t > 0, [f(X)!)J
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where (a,!^) are the X,Y coordinates of a point through which f(X)x passes.
If b2 = 1, the radius of the shaft wall has become roa.

Inspection of Equation (12) shows that f(X)x does not exist where
either X or Y is negative. This is as it should be, because negative val-
ues of the safety factor are not possible and the radius of the shaft must
exceed zero.

Equation (11) becomes

t = g(a)(n-2) - b<n-2) . (13)

3.4 INWARD MOVEMENT (CREEP) OF THE SHAFT WALL

Now the radius of the shaft is considered to decrease with time
such that X = alt where 0 < ax < 1. This means Y must now exist for ax < X
< ». Figure 3 shows Y versus X to demonstrate two possible examples, Y =
f(X)2 and Y = f(X)3. In both examples, Y appears to increase with time.
This is an illusion. In fact, Y decreases for any specific piece of sur-
rounding rock because the rock moves inward with the shaft wall. This is
an essential result, otherwise microcracks would disappear with time, which
is contrary to the idea that rock creep depends on the creation and growth
of microcracks. This is explained further in Appendix B.

FIGURE 3: Two Examples of Safety Factor vs. Normalized Radial Direction
for t > 0, i.e., f(X)2 and f(X)3
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The time required to move the wall to an inward location follows
from Equation (13). However, the procedure is more complicated than before
as more than one time step may need to be summed. For example, the re-
quired time for f(X)3 is the sum of two time steps. Details of how to
evaluate the time steps are given in Appendix C.

The functions f(X)2 and f(X)3 are given by

f(X)«n-2) = g(X)<n"2) - g( a i)
( n- 2 )

 + b
(n"2) (14)

and f(X)3
n-2) = g(X)(n-2> - g( a i)

( n- 2 ) + b«n-2) . (15)

Like f(X)2, the functions f(X)2 and f(X)3 do not exist where either X or Y
is negative.

At^ time t = 0 the function Y = g(X) does not exist for X < 1.
Hence g(a1)

<n ' in Equations (14) and (15) cannot be evaluated. However,
this difficulty can be circumvented, e.g., by extrapolating Y = g(X) to
values of X < 1, using a curve-fit approach. Details of how this can be
dealt with are discussed in Appendix D.

3.5 DISPLACEMENT AND STRAIN

Displacements in the horizontal plane can be found by fixing
positions in the rock, at different times, using the local stress state as
a marker. At time t = 0, positions relative to one another are described
by their corresponding X values and, hence, Y values. At time t > 0 the
new positions of the same Y values are estimated and displacements are
found. The strain in the radial direction can then be calculated.

Figure 4 shows a possible form for g(X) and its transform f(X)2.
Two values of Y are selected (b5 and b 6). In g(X) they correspond to
X = a44 and a5, respectively. In f(X)2 they correspond to X = a n and a3,
respectively. The radial displacement (Ur) is given by

a n ) - (a5-a44)] , (16)

the radial strain er is given by

er = [(a3-au) - (a5-a44)]/(a5-a4.4) , (17)

and (l-ax) > er > 0 as 1 < X < «.

If f(X)2 was replaced by f(X)3 (Figure 3), (a3-an) would be
smaller, i.e., Ur and er would both be smaller.

4. ESTIMATES MADE

The original shaft radius was set at 2.5 m (the radius of the
shaft extension at AECL's Underground Research Laboratory), and the follow-
ing estimates were made:
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- the time required for the shaft wall to move out 0.25 and 0.5 m (to
X = 1.1 and 1.2) to produce a shaft 2.75 and 3.0 m in radius, respec-
tively.

- the time required for the shaft wall to move inward by 2.5 mm (to
X = 0.999). Two times were calculated: the shorter time corresponds
to the situation where Y remains constant at the wall [as with f(X)2],
and the longer time is for where Y falls to unity at the shaft wall
[as with f(X)3]. The associated radial strains expected between 0.1
and 0.5 m, and 0.5 and 1.0 m into the shaft wall were also calculated
for Y kept constant at the wall. These positions correspond to X
values of 1.04, 1.2 and 1.4, respectively.

Table 2 describes the cases considered, i.e., the combinations of
parameters for which calculations were made. The curve-fitted expressions
for Y = g(X) are given in Appendix D for the cases set out in Table 2.
Appropriate values of m and s for granite are 28 and 1, respectively [10].

The time estimates are shown in Tables 3 and 4.

TABLE 2

KEY FOR ESTIMATES SHOWN IN TABLES 3 TO 4

Case

1
2
3
4
5
6

n

20
40
20
40
20
40

ac

320
320
140
140
320
320

"x,y

40
40
40
40
80
80

Oz

10
10
10
10
20
20

Case

7
8
9
10
11
12

n

20
40
10
10
10
10

oc

250
250
320
140
320
250

80
80
40
40
80
80

az

20
20
10
10
20
20

TABLE 3

TIME ESTIMATES FOR A SHAFT OF 2.5-m RADIUS

TO INCREASE BY SPALLING TO RADIUS OF 2.75 AND 3.0 m

Case

1
2
3
4
5
6

2.75

l.lxlO6

> io10

17.2
> io10

91.7
> 1010

Time
m

a 1
a
a
a
a
a

3.0 m

.9xlO7

> 1O1U

600
> io10

2900
> 1010

a
a
a
a
a
a

Case

7
8
9
10
11
12

2.75

4.3Q

> 4.7x10
288
2.1
4.5
1.1

Time
m

a
a >
h
h
h
h

3.0

170
1010

1000
10.3
20.6
5.8

m

a
a
h
h
h
h
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Y
f(X),

g(X)

FIGURE 4: Examples of Safety Factor vs. Normalized Radial Direction

TABLE 4

TIME ESTIMATES FOR A SHAFT OF 2.5-m RADIUS TO CREEP INWARD BY 2.5 mm

(to a new radius of 2.4975 m)

AND THE ASSOCIATED RADIAL STRAINS INTO THE SHAFT I/ALL

Case

1
2

3
4
5
6
7
8

125 a

> 1010 a

< 1 h

11 a

7 h

1.6xlO3 a

< 1 a

< 1 a

Time

2.3xlO3

> io10

7
66
79

io3

< 1

< 1

a
a
h
a
h
a
h
a

Microstrain
O.I and 0.5 m

336
12
37
< 1

58
< 1

25
< 1

between:
0.5 and 1.0 m

2.6
< 1

< 1
< 1
< 1

< 1

< 1

< 1

The associated radial strains into the shaft wall are between the
0.1 and 0.5 m, and between 0.5 and 1.0 m (with Y kept constant at
*he shaft wall). The shorter times correspond to the situation
where Y remains constant at the wall, as with f(X)2, and the long-
er times are for where Y falls to unity at the shaft wall, as with
f(X)3.
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5. DISCUSSION AND CONCLUSIONS

MCDIRC tends to overestimate changes in the safety factor and
shaft-wall movements. There are several major causes for this.

(1) The model ignores the reduction of elastic moduli caused by
microcracking. At t > 0, microcracking will reduce the value
of E around the shaft and so will reduce the local stress
concentration. Therefore, the expected reduction in Y there
will be less. The model disregards this and, consequently,
overestimates the reduction in Y.

(2) The rock fails to vanish when Y = 1. Anything present in the
shaft (such as backfill) that can exert a force on the shaft
wall will keep a3 > 0 and reduce the extent of spalling and
microcracking.

(3) The use of Q = 1, which is appropriate to four-point bending,
rather than Q > 1, which is appropriate to triaxial compres-
sion. Hence, the derivative of Y with respect to time is
underestimated (see Equation (2)).

For a given inward movement of the shaft wall, the results given
in Tables 3 and 4 show that as n decreases, the time (t) to achieve the
movement decreases and er increases; as in situ stresses decrease, t and
ec increase; as the compressive strength of the rock decreases, t and er

decrease.

The results are very sensitive to the value of n, the strength of
the rock and the stress state. Therefore, the extent of microcracking is
likely to be quite variable at any given location. In general, the in situ
stresses increase and Y decreases with depth. Hence, the rate of micro-
cracking is enhanced significantly, and greater and more immediate changes
(creep and spalling/decrepitation) will occur with increasing depth.
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APPENDIX A

THE DERIVATIVE OF Y WITH RESPECT TO TIME
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Equation (1) from the main text, V = dL/dt = AKn, where V is
crack-growth velocity, K is the stress intensity factor at the crack tip,
and A and n are constants, may be rewritten as

V = dL/dt = A(ZffAL
1/2)n (A-l)

because K = Z<7AL
1/2, where Z is a geometry constant and ffA is the applied

stress. For a constant crack extension, say between Lx and L2, Equation
(A-l) may be integrated to produce

«*Ki/°*2)
{n'2) = ta/tt (A-2)

where the growth times tl and t2 correspond to applied stresses ahl and ak2,
respectively. The constant crack extension could be replaced by a given
amount of creep damage. For example, tx becomes the time to the onset of
tertiary creep due to stress aA1.

A statistical method (A1,A2,A3) has been developed to find theh
constants A and n. In that method, Lx and L2 were replaced by (Kc/^n)

 an<*
(Kc/ffi2)

2, respectively, and Equation (A-l) was integrated to produce

(^i2)'°' 2' = tfl/tf2 (A-3)

where aL1 and ai2 are the instantaneous breaking stresses, and tfl and tf2
are the failure times under the same applied stress, ak. The same applied
stress means the same specimen dimensions and the same mode of loading and
load.

The experimental data for different rocks in Reference A.I (i.e.,
Y versus tf for various ffA values) were fitted to the expression

log(l/Y) = [-l/(n-2)]log(tf) + log(Q) (A-4)

to obtain values for n and Q directly. The dimensions of Q are t1/(n'2).
For all the experimental data sets examined, Q was close to unity when tf
was in seconds. Note that the value of Q depends on the nature of the
stress state and on ah, and is related to the constant A. It increases
with the degree of compression and as oh decreases. The constant A was
obtained indirectly using the expression

A = {2Kc
(2n)[l - Y(n2|]}/{(2-n)tfffA) . (A-5)

From Equation (A-4), the derivative of Y with respect to time, is

dY/dt = [Y(3n)Q<2n)]/(n-2) . (A-6)

However, changes in the safety factor, defined as Y = alt/a1 or Y = aJaK,
can evolve from changes in either olf(ai) or aA.

Consider Figure A-l, where again ffA1 and aA2 are applied stres-
ses, ail and a i2 are instantaneous failure stresses, and tfl and tf2 are
failure times. Equation (A-l) is integrated again and produces

(^A2^AI) 2 = tei'tfj • (A-8)
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CT\

'Al °A2
CT:il cr.\z

t fi t f2 tf
FIGURE A-l: Reciprocal of Safety Factor (0^0^ vs. Time to Failure (tf)

for Constant Applied Stress (ffA)

In other vords, the time required for a given decrease in the safety factor
is proportional to aK

1/2. For example, a change in ffA(ffx) of about 30%
leads to a factor of two change in the time required for a given change in
the safety factor. In the vertical shaft problem, the maximum ox change is
about 30%, and it occurs when the shaft wall is considered to move outward
from a radius of 2.5 m to 3.0 m.
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THE SHAFT WALL GOES PWiRD
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Consider Figure B-l. After an interval of time, the distribution
of Y is transformed from g(X) to f(X)2 with the position of the shaft wall
set at X = a u where ax < 1. The shaft radius has decreased and all the
rock has moved inward towards the shaft centre. Now, a specific piece of
rock, where Y = b22, has moved from X = a4(k) to X = a6(k'). The wall,
where Y = b(b n), has moved from X = l(j) to X = a^j').

The model requires Y to decrease for any specific piece of rock.
Then, it follows that (ag-aj) > (a4-l), i.e., the distance increases be-
tween the piece of rock being considered and the shaft wall. To show that
Y does decrease, it is necessary to superimpose f(X)2 on g(X) and show
that the slope of f(X)2 is less than the slope of g(X) for 1 < X < ». In
other words, it is necessary to show that f'(X)T < g'(X), where f(X)T =
f(X)2 + (1-aj) for 1 < X < ».

When b = b u we have

= g(X)(n-21 - g< a i)
( n- 2 )

 + b
(n"21 . (B-l)

Then

f(X)T = [g(X)(n7 - g( a i)
( n- 2 )

 + b ' " - 1 1 ] " 1 ' 1 - 2 1 1
 + (1-a,) (B-2)

and f'(X)T/g'(X) = g(X)
(n-3)[g(X)(n-2)

+ b <B-2) J,,3-n)/«n-2,j ( B 3 )

If f'(X)T < g'(X), then

[g(X)'nV " gCa,)'-2' + b
(n-2)JI1/in-2)1 > g(X) (B-4)

that is, g(aj) < b . (B-5)

A look at Figure B-l shows that if b = bllt the inequality (B-5) is always
true. If b u > b, still f(X) < g'(X), but obviously Y will have increased
at and near the shaft wall. If either b > g(ax) > b n or b > b n > g(a1), Y
will have decreased for every specific piece of rock.
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FIGURE B-l: Examples of Safety Factor vs. Normalized Radial Direction
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APPENDIX C

SUMMING THE TIME STEPS
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Figure C-l shows Y versus X to demonstrate several possible out-
comes of the model. Y = f(X)x is where the safety factor has fallen to
zero at the shaft wall and the rock has spalled away, enlarging the shaft
radius.

Y = f(X)2 3 4 are where the shaft wall has crept inward.

The times (seconds) required to reach the various combinations of
shaft wall position and Y distribution [f(X)1(2j3/4] are given by

t(l) = g(a)<n"2> - 1 (C-l)

t(2) = f(l)2
n"2) - g(l)(n"2) 'C-2)

or t-(2) = b2 - b

or t(2) - g[l+(l-a1)] - b

t(3) = t(2) + b ( n 2 )- 1 (C-3)

or t(3) = b2
n'2) - 1

Similarly, t(4) = b^n'2) - 1 (C-4)

Looking at Equation (C-3), it is evident that getting to f(X)3 from g(X) is
achieved in two steps, i.e., g(X) to f(X)2 and then f(X)2 to f(X)3. Simi-
larly, f(X)4 is reached via f(X)3. In both examples, f(X)3 terminates at
the shaft wall. In the first example, the wall is at X = a1. In the se-
cond example, the wall is at X = a2.

It is instructive to realize that f(X)3 (terminating at ax) can
be reached from f(X)4 via f(X)3 (terminating at a 2). Following this route,
the time required to reach f(X)3 (terminating at ax) from g(X) is given by

t(33) = [b'n~2) - b(n"2>] + [b(n'2) - 1] + [b(n'2) - 1] (C-5)

or t(33) = b 3
n 2 )

 + b
(n"2)) - 2 .

The proof that t(3) = t(33) follows, i.e., that the two routes
from g(X) to f(X)3 (terminating at ax) are equivalent. Similar to Equation
(16) in the main body of the report,

f(X)2 = [g(X)
<n-2) - g( a i)

< n- 2 ) + b
( n - 2 ) ] I 1 / ( n - 2 ) ] (C-6)

and f(X), = [g(X)(n-2) - g( a i)
( n- 2 > + l] t l / ( n - 2 ) 1 . (C-7)

Hence, using Equations (C-6) and (C-7),

t(3) = t(33) = 2b(n'2) - g ( a 1 )
( n 2 ) - 1 • (C-8)
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FIGURE C-l: Examples of Safety Factor vs. Normalized Radial Direction
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APPENDIX D

FINDING f(X) FOR 1 > X > 0
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Figure D-1 shows a possible form for Y = g(X) and its correspond-
ing transform f(X) 2. The line segment (j'k') represents f(X) 2 for ax < X <
1. As g(X) does not exist for X < 1, the form of the segment j'k' must bn
assumed. A reasonable assumption is that it is similar to segment (jk) of
g(X). If this is so, the time required for the shaft wall to move from X =
1 to X = a : is given by

t =g[l +(l-a 1)]
( n- 2 1 - b(n-2) . (D-l)

Another approach is to curve-fit Y = g(X) to obtain a form that exists
where 1 > X > 0. This can be done using a form for g(X) such as

Y = g(X) = Ya, + kx/X + k2/X
2 + k3/X

3 (D-2)

where kx 2 3
 are constants, which provides for g(X) to increase monoton-

ically with X, and where Y = Y at X = », and Y = b at X = 1.

Now, t is given by

t = b(n"2) (D-3)

Table D-2 gives the curve-fit form for Y = g(X) for the cases
shown in Table D-l (Table 2 in the main report).

FIGURE D-l: Examples of Safety Factor vs. Normalized Radial Direction



- 23 -

The time required for the shaft wall to move inward by 2.5 mm (to
X = 0.999) has been calculated both ways to allow che results obtained from
the similar-segment and the curve-fit approaches to be compared. For both
approaches, two times ^ave been calculated. The shorter time is for where
Y remains constant at the shaft wall [as with f(X)2]. The longer time is
for where Y falls to unity at the shaft wall [as with f(X)3J. Table D-3
gives both sets of results, and shows that the estimates based on the
curve-fit approach, using g(X) given by Equation (D-2), are more conserva-
tive, i.e., they give shorter times. However, the differences are marginal
when the nature of the calculations is considered.

In this paper, Ur and er are estimated using the curve-fit ap-
proach because the similar-segment approach can only yield Ur = er = 0,
which is not a useful result.

TABLE D-l

CASES (PARAMETER COMBINATIONS^ CONSIDERED

Case

1
2
3
4
5
6
7
8
9
10
11
12

n

20
40
20
40
20
40
20
40
10
10
10
10

320
320
140
140
320
320
250
250
320
140
320
250

"x, y

40
40
40
40
80
80
80
80
40
40
80
80

oz

10
10
10
10
20
20
20
20
10
10
20
20

TABLE D-2

CONSTANTS DERIVED FOR EQUATION (D-21 FOR CASES 1 TO 12 IN TABLE D-l

Cases

1
3
5
7

,2,9
,4,10
,6,11
,8,12

Y

11.204
6.312
6.883
5.875

-3.4578
-2.9483
-3.0322
-2.8771

k2

0.5484
4.0628
3.7444
4.2799

-4.
-5.
-5.
-5.

2951
6767
5955
7153
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TABLE D-3

TIME ESTIMATES FOR A 2.5-m RADIUS SHAFT TO CREEP INWARD BY 2.5 mm

to a new radius of 2.4975 m) USING THE CURVE-FIT AND SIMILAR-SEGMENT

METHODS FOR CASES 1 TO 8 IN TABLE D-l

Case

1
3
4
5
6
7
8

Time, a (h)

curve-fit

f(X)2

125
(< 1)
11
(7)
1.6xlO3

(< 1)
< 1

f(X)3

2.3xlO3

(7)
66
(79)
io"
(< 1)
< 1

similar-segment

f(X)2

193
(1.2)
23.7
11.9

3.3xlO3

« 1)
< 1

XT f XT \

\ r 3

2.4xlO3

(7.8)
78.2
84.7
1.2x10"
(1.03)
1.1
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