
RE! •••: v - ~ r . IC/92/159

flffiRNATIONAL CENTRE FOR
THEORETICAL PHYSICS

ARE THERE MISSING CONVECTIVE CURRENTS?

C.Y. Chen

INTERNATIONAL
ATOMIC ENERGY

AGENCY

UNITED NATIONS
EDUCATIONAL,

SCIENTIFIC
AND CULTURAL
ORGANIZATION

MIRAMARETRIESTE





Abstract
It is revealed in this letter that as far as distribution functions obtained from

gyrokinetic equations axe concerned, the standard formulae to evaluate currents in
plasmas are not applicable due to the fact that those distribution functions are given
in a moving coordinate frame and the moving is essentially related to perturbed fields.
With heuristic and analytic approaches, appropriate formulae are obtained to evaluate
several types of currents in plasmas of which some have been missing in previous
approaches.

Conventional wisdom tells us that if electric currents in a plasma are of interest,

the following two formulae

j (1)
and

y " (2)
can be employed to yield the unperturbed and perturbed current densities respectively.
When gyrokinetic theories for uniform or ununiform magnetized plasmas[l-3] were set
up, Eq. (2) was invoked to formulate the Ampere's law, with which the gyrokinetic
equation and quasi-neutrality condition served as a closed set of equations for gyro-
dynamics. In one of our previous paper [4], although it was proposed to make some
necessary modification in the existing gyrokinetic equation, we reexpressed, without
hesitation, that the perturbed current density should be evaluated with Eq. (2).

Very recently, while Eqs. (1) and (2) may seem still adequate in general situations,
several compelling evidences lead us to believe that with using Eq. (2) in gyrokinetic
theories several types of perturbed convective currents (by "convective currents" we
mean the currents are due to real motion of charged particles) have long been omitted
without consciousness.

The first hint for such missing can be seen in the following exemplary fact. If
there is an one-component uniform magnetized plasma and a wave-like perpendicular



electrostatic field <$ exp(ikx • r) exists in it (we purposely set u> ~ 0 to simulate the

situation with low-frequency perturbations), a Hall current across unperturbed mag-

netic lines is supposed to be there. Oddly enough, with the solution /i obtained from

the standard gyrokinetic theory[2,3], as well as the solution f\ from the newly pro-

posed gyrokinetic theory[4], no such currents, characterized by being proportional to

E x b/Bo, emerge from Eq. (2). Similarly, a wave-like perturbed field B\\ exp(ikj_ • r)

can, in a real magnetized plasma, induce a certain type of convective current due to

its gradient (VB / 0), while the gyrokinetic equations and Eq. (2) fail to yield a

corresponding result.

The other inkling of the involved complication, independent of what kind of gy-

rokinetic solution one likes to use, is that in the plasmas discussed above gyrating

particles, immersed in the perturbed field, must be all involved in drifting across mag-

netic field lines while Eq. (2) only relates to a small fraction of the particles there

(/ i / /o~<0.

Now one question may come to one's mind: is it possible that in macroscopically

neutralized two-component plasmas currents due to electron drift can always cancel out

currents due to ion drift? After all, both electrons and ions are subject to similar E x B

and VB drift (the charge sign does not appear in the expression of the drift velocity

formula). If it is the case, less changes are needed in usual formalisms and in our

notions. To precisely answer the raised question, we suggest to investigate an idealized

example in which a uniform magnetized plasma contains two species: electrons all

having zero cyclotron radius and ions all having an identical finite cyclotron radius

(which will be denoted by pi). If, again, there exists a perturbed field expressed by

$exp(ikj_ * r), the current density of electron drift can be easily determined as

^ ^ e < (3)

where e^ = kx x b/|fcj_| and n denotes the particle density. However, evaluating the

current density of ion drift is a little tricky. If we assume that the guiding center

approximation holds really good in the situation (we will come back to further justify

the assumption) and the particles' perpendicular velocity can expressed by

(4)

where vj is the averaged drift velocity and vg = vg cos tpei + vg sin y?e2 represents the

pure cyclotron motion, the ion convective current density in the case can be written

as

l\() j \ i (5)



where R is the guiding center of the involved particle. Note that the average process
here is averaging over velocity at a fixed point r and the guiding center R is a function
of v which is associated with a specific velocity element-volume <Pv.

The ion drift velocity Vd(R) in Eq. (5) can be evaluated by gyro-averaging the
velocity E x b/BQ[4, 5], which yields in the situation

Vd(R) = - % ^ c * * * J o ( i b x « ) e « . (6)

So, the ion current density is now obtained as

Ij(*,r) = -'-—-n^e^^JUkxp^. (7)
•DO

By checking Eq. (3) and Eq. (7), we easily find out difference between the electron
drift current and the ion drift current. In particular, when the wave length A of the
perturbation happens to satisfy the condition

A = 2* pi /2.4048 (8)

all ions in the plasma no more make drift motion and only the electron drift current
remains there. This rather artificial example shows that: 1) Perturbed convective cur-
rents can exist in two-component plasmas and have macroscopic effects there. 2) Such
convective currents are truly a kinetic phenomenon. When temperature of ions is zero
the ion drift is locally the same as the electron drift. 3) Wave-length of perturbation
plays an essential role in determining strength of the local effective currents.

However, it is aguable that the guiding center approximation Eq. (4) is accurate
enough for determining local currents since v^ is a result of a gyro-averaging process
while the integral of Eq. (5) should relate to the velocity at which the particles pass
the position r with a specific gyro-phase angle <p. In order to formulate the current
more convincingly, we introduce an unaveraged drift velocity as

VUna(R, f) = VI - Vg (9)

with which Eq. (5) becomes

I[(t, r ) = q{ J <*Vo(R)vUIU1(R, <p). (10)

In Fig. 1, we schematically depict how several gyrating particles deviate from
their pure cyclotron orbits. If one observes from a given point r, many particles make
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cyclotron motion along the cycle and give contribution to the current there. Without
perturbation particles gyrate trivially and the current is zero due to the contribution
from particles of all other cycles. With the perturbation particles get the additional
velocity vuna. when they reach the point r and by starting from a different point
in the cycle, the acquired additional velocity is different̂  For instance, the velocity
Vuna(ri —+ r) tends to be smaller than the velocity vuna(r2 —• r). Because of the
statistic nature of the current, only the average velocity (vuna) is relevant to Eq. (10)
and the average should be taken over the motions with starting points around all
the cycle and ending point at r, which slightly differs, in concept, from the ordinary
process to determine the gyro-averaged drift velocity. For the sake of evaluating the
relevant average velocity here, we consider time-reversal of the motions, which can be
carried out by reversing the direction of Bo and making the starting point be at r
(keeping the perturbed field unchanged), and compare the velocity changes involved,
the following equivalence relationship

<vttna) = vd (11)

is then found, which shows that the guiding center approximation Eq. (4) holds good
in the context to formulate drift currents.

So far, we have shown the existence of missing perturbed convective currents based
on heuristic approaches. However, it has not been entirely clear how to systematically
formulate all the related currents and why Eqs. (1) and (2) fail to do so. To fully solve
the problems, we now go back to look at the very beginning. Suppose that an exact
distribution function F = /o + / i + • • • is somehow obtained in terms of gyrokinetic
variables, such as the energy e, magnetic moment fi, guiding center R and gyro-phase
tf, and the total current density is, without doubt,

I(t, r) = q J d3vvF(t, e, (i, *>, R). (12)

Since the integral is taken at a fixed point r and F is given in the gyrokinetic variable
system which is a moving coordinate system, Eq. (12) should not be handled in a
simple straightforward way. Furthermore, it is necessary to note that involved per-
turbations change the distribution functions and the employed variable system at the
same time. For instance, the gyro-phase tp, defined as

= (vj.-Ydo-Vdi)-e1

(vi - vdo - vdi) • e2



where Vdo is the equilibrium drift velocity and v<u is the perturbed drift velocity,
does have some thing to do with perturbations in terms of how it is expressed by the
basic variables r, v. In the sense, not only both the distribution functions /o and / i

are virtually given in a moving coordinate system but also the moving is related to

perturbations. Such subtle things, while making no difference when / 0 and fa are

used to calculate densities, do have substantial effects when currents are of interest.

Fortunately, as far as Eq. (12) is concerned, there exists a way to make all the effects

be expressed simply. We rewrite Eq. (12) as

I(t, r) = q J d3v(vg + vd0 + vdl + V|,)(/o + /i + • • 0 (14)

and then the distribution functions, such as f0 and / j , can be treated simply as though

they are in the ordinary space. In Eq. (14) vd0 and Vdi are unperturbed and perturbed

drift velocities respectively, and vg and VJI are essentially functions of vg and y? which

relate to the velocity element-volume d3v = dvgd(pdv\\vg.

Each term in Eq. (14) can be interpreted as one type of specific current in plasmas.

While the parallel current term is kind of trivial and the term

/
(15)

(uff,y)/o(r,ufl,t;j|)

has been discussed intensively, the terms

(16)
=q I d3v(vg va

and
q / <*3uvdo/o = qno(r)vdo(r) (17)

represent the unperturbed diamagnetic current and unperturbed drift current,

q fM
3 (18)

=q I d3v(vgg cos v?ei + v

stands for the perturbed diamagnetic current and

q I cf3uvdo/i = «ni(r)vdo(r) (19)
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may be called "perturbed equilibrium drift current". In writing these equations, /o
and VJO have been assumed to be slowly-varying in space, and, generally speaking,
currents expressed by Eqs. (18), (19) and (15) are in the same order.

The fact that the convective currents were missing illustrates that when dealing
with moving coordinate frame, such as the guiding center system, necessary caution is
quite important. From the application point of view, the more complete picture about
drift motion and currents described in this letter can have rather strong impact on
various plasma subjects, such as those in instability and wave propagation researches.
Even the existing dispersion relation for uniform magnetized plasmas[1][6], which was
not derived formally within the guiding center frame, has to be reconsidered.
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Fig. 1. Particle's gyro-motion affected by a perturbed electrostatic field.
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