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Abstract

A class of nonlinear dynamical systems is introduced: it is aimed to be a tool in

order to study anomalous transport and percolation phenomena. We study a simple

example of this system, and explore different regimes of transport exhibited.

1 INTRODUCTION

Many unsolved problems in physics, astrophysics or biology can be

summarized as a discrepancy between experimentally observed fluxes of a quantity

U and the fluxes which an elementary theory would predict. This class of problems

is usually referred to as "anomalous transport". In many cases, there exists evidence

for discrete localized structures or processes in the system, which act to enhance the

transport, sometimes in a very irregular way. Such structures, evolving self-

consistenly across the system, realize intermittent percolation pathes. Interesting

examples of such systems are island structures in plasma magnetic turbulence,

enzymatic processes at cells interfaces, Kelvin-Helmotz-induced vortices in

astrophysical accretion disks, etc...; we will call "beasts" these localized processes,

which themselves may depend- on U. To study them, and to test nonlinearly and

self-consistently models of the elementary processes which constitute those

systems, we will introduce a Von Neumann object [1] with two sets of variables

(whereas cellular automata consider only one set of -usually integer- variables) [2].
One of these sets of variables is the quantity U, and the other is a measure 5 of the

amplitude of the beasts.

Most of the literature in the field of dynamical systems falls into one of the

two following classes:

- Systems with few degrees of freedom and few parameters, for which some

theoretical treatment can be available [3].

- High-dimensional systems (Wolfram's cellular automata for instance [2]) where

spatiotemporal patterns may be defined [4] and where the boundary conditions can

usually be disregarded.



The Beasts' Model may involve up to tens of real-valued variables divided into
two nonlinearly coupled sets ({Uj)and {5j}, ie[l,n]), thus lying in the middle of

these two extreme classes. As we want to study transport across the system,

boundary conditions (source and sink) are important, and therefore, as it is a non-

closed system, this model is not well suited for an analytical treatment. A

phenomenological study is necessary in order to understand the model's behaviour

and its relation to reality. We show on a simple case that a wide range of behaviours

is obtained.

2 MODEL DESCRIPTION

2.1 Geometry

Let us consider here a ID space (slab or cylinder) with n sites {xj)je M ni.

The variables U and S take their values in R and are functions of space and rime,

which are both discretized. The "beasts" are assumed to be located on these sites

along a direction z, which is also the direction along which the quantity U is

transported (see Figure 1).

We have two sets of time-dependent real variables:
- ( U j ( O ) J e M n I form adiscrete profile of U along the zdirection.

- (Si(OHe [i,n] characterize the state of every beast i (i.e. its local action on the

diffusion of U) and are graphically represented as the width of the beasts (see

Figure 1).

2.2 Model dynamic

The evolution of U is given by a classic diffusion equation:

dU/dt = -V.<j>

Discretization yields the following set of equations:

Uiit+1) - Uj(O = (-dt/dz)(0i+i(t) - WO),

with <|>i(t) = -Xi(OVUj(O (Fourier's law),

- oi(t))/dt = T,(t) =r(Uj, oj)je [0,n],

Xi = K(Uj, 5j)J6 r0,n],



where <|>i is the flux and Xi is the diffusion coefficient between site i and site i+1.

The model is completely described if we prescribe F, K and the initial and boundary

conditions. Evolution is followed with the help of a digital computer.

Such a model can be used as a test bench to see whether a type of localized

physical phenomena can be held responsible for the global behaviour of a system.

We will now study the model in a simple case.

3 A SIMPLE EXAMPLE

3.1 Physical problem

We address the problem of anomalous transport linked with magnetic

turbulence, as is possibly the case in tokamaks and in some astrophysical plasmas:

microturbulence develops at particular sites on the magnetic structure and, under

certain conditions, drastically enhance the local transport of particles across the

magnetic field lines, which is otherwise limited to collisional diffusion.

In this context we assume the magnetic structure to be made of parallel

surfaces, each one being labelled by its helicity which is the ratio between the two

components of the magnetic field -the longitudinal and the azimutal ones

respectively- on the surface. This leads to a situation where rational surfaces (i.e.

with a rational helicity) are intermingled in a bulk of irrational ones. On these

rational surfaces, also called resonant surfaces, plasma instabilities (tearing,

microiearing, rippling or thermal filamentation for instance) can lead to the creation

of magnetic islands (see [5]). Theory predicts that for a rising level of instability

more and more surfaces will break down, and that for a given size of the islands

large scale stochasticity will set in, thus considerably enhancing the local transport.

In this case the quantity being transported, U, may be a density of monokinetic

electrons and the beasts are the magnetic islands, located on rational magnetic

surfaces. As a first approximation these surfaces will be assumed to be equidistant.
For the local diffusion coefficient Xi between site i and site i+1, we will use a

formula taking into account the diffusion in a semi-broken magnetic topology and

based on the typical case of the standard (Chirikov-Taylor) mapping (see [6]). This
diffusion coefficient exhibits a nonlinear increasing dependency on Sj and Sj+1 (the

size of two neighbouring islands):

X=XlX2/(Ximin(l,k/kc)l/2+X2(l-min(l,k/kc)l/2)),

where Xi = Xcollisions and X2 = k2/4 (l/(l+pk-7)),

with p = 32, Y = 3 and k = ((ôj+ôj+i V(X1-+i-xj))2.



For the evolution law of the SjS we take, as an example, the following law:

where c and GQ are constants. Therefore:

o IVUj I > GQ ==> Sj increases,

o IVUj I < GO ==> Sj decreases,

o IVUj I = GO => Sj remains constant.

This simple law allows self-regulation of the system. GQ is a gradient threshold for

which the beasts are marginally stable (y = O).

We prescribe starting conditions for the system: (Uj(O), 6j(0))je [i>n] and the

following boundary conditions:
o A constant entering flux, (J)Jn, of the quantity U at site 1 is provided by a source.

o At the last site n, we have: Un(O = constant = O: i.e. a totally absorbing sink.

3.2 Phenomenological study

Among the parameters involved in the Beasts' Model (n, GC, c, 4Un), it appears

that the two leading control parameters are c and <t>in (we consider the system's

asymptotic behaviour for which the U-prollle has reached a slope close to GO; the

value of GO acting mainly on the duration of the relaxation).

- c defines the reactivity of a beast to the local profile of U, It is an internal

parameter.

- fan, the entering flux of U at site 1, which here is set constant in time, acts as an

exterior forcing parameter.

In the rest of the paper we will set n and GO constant and consider c and (JIin as

the only control parameters of the system. We place ourselves in a parameter range

such that the self-regulation of the system is maintained (we do not examine

divergent regimes).

The system's evolution is illustrated by a graph depicting the beasts' temporal

evolution and a 2D projection of the system's trajectory in the following space,

which we will call the integral map:

W « £U; (horizontal axis),

T = SSj (vertical axis).

This allows a better visualization of the model's behaviour and can be physically

understood as the integral of the energy (conveniently normalized) against a global

measure of the level of turbulence (see figure 2, for example, where the beasts are



located along a vertical axis and evolve with time along an horizontal direction, the

black patterns illustrating the beasts activity and the grey patterns indicating

overlapping between two neighbouring beasts). For the sake of clarity we only plot

the first 500 iterations of the beasts'evolution (l.a), but the trajectory in the integral

map is plotted for 104 iterations. To complement the analysis we will see later that

other representations can be useful.

The Beasts' Model exhibits a number of regimes of evolution (i.e. stationary

regimes obtained after a transition phase). We suggest the following classification:

1. Convergence towards a point: the trajectory is attracted by a single point.

2. Convergence towards a cycle: the trajectory tends to or oscillates around a

limit cycle.

3. Many modes: the trajectory consists of the superposition of several modes.

4. Chaos: the trajectory seems to wander randomly in a bounded area that we

call attraction basin.

Figures 2 to 4 illustrate these regimes. We show the beasts'evolution and the

trajectory in the integral map for regime 2 (Figure 2-a and 2-b respectively), the

same graphs for regime 4 (Figure 3-a and 3-b), and only the trajectories for regime

1 (Figure 4-a) and 3 (Figure 4-b). Once again the previous remark applies and the

beasts'evolution graph shows only the first part of the trajectory.

We observe that the above classes are not clearly disconnected: the system

goes from one type of regime to the other in a continuous fashion as the control

parameters are varied. We can even observe intermediate classes and subclasses

intermingled in the main ones: between class 1 and class 2, the system goes through

a spiraling regime (Ibis) where it is not yet possible to assert whether it will

converge toward a point or toward a cycle for the chosen number of iterations; class

2 can be separated into a subclass of smooth convergence (2) and one of perturbed

convergence (2bis); etc...In this situation, it is difficult to have a global

understanding of the system: running the system and classifying its regimes for a

large number of parameters values becomes a time-consuming process.

If we plot the outgoing flux, <|>out (the flux of U leaving the last site), as a

function of time, we observe that this quantity's temporal evolution follows closely

the beasts' activity. An interesting feature is the fact that this outgoing flux profile

may be very regular in some cases: for regimes of type 1 it tends towards a constant

value and for regimes of type 2, it is a nearly perfect sinusoidal (figure 5a); while it

may be highly variable in others: jets of U seem to be ejected from the system as a

bursty process, mainly in regimes of 4 (see figure 5b). This behaviour illustrates the



role of barrier played by the last site as well as the drastic temporal changes of the
gradient of the quantity U, VU. (This type of bursty behaviour of the outgoing flux

has suggested an application to accretion disks in compact objects [J. Kuijpers, M.

A. Dubois, in progress].)

3.3 Exhaustive exploration of a parameter space: Explorer

In this situation where we deal with a high-dimensional dissipative system

exhibiting a great richness of unpredictable regimes, we feel that an analytical study

is impracticable but that a systematic exploration of the system's regimes in a large

parameter space may lead to key results. In fact the Beasts' Model is meant to be a

workbench: i.e. we want to test rapidly a number of evolution laws and parameters

in order to see whether a type of localized physical phenomena can be responsible

for the global behaviour of a system. We also want to reach a better understanding

of each parameter's role. Therefore this approach will give a global picture of the

model's behaviour and allow for comparison with "real" phenomena, before

starting a more detailed quantitative analysis.

We make use of a new intelligent numerical tool dedicated to this aim,

"Explorer" [B. Fromont and P. Beaufumé, "Learning dynamical behaviors with

Explorer", M.I.T. Research Report 91-15, submitted to Computers in Physics

1991], which will perform a fast exhaustive study of a given parameter domain.

Explorer is a neural-network-based learning system capable of

- performing experiments on a dynamical system;

- learning how to interpret the results;

- analyzing in stand-alone a large number of experiments and producing a

classification of the various regimes encountered.

In the first stage, we match every class of behavior with an appropriate set of

criteria. The second stage consists in teaching those criteria to Explorer. Then when

Explorer is ready (i.e. when it can identify all of the encountered regimes with a

good reliability), we can launch an automatic exploration of a given parameter

space. The first step includes the reduction of the initial amount of data for each case

(lOMO4) to a more reasonable number: a neural-network capable of handling this

huge input would be too slow. The trajectory in the integral map described in 3.2

already is a data reduction; we push further in this direction by taking a Fourier

transform, and an histogram (a discrete repartition function) of (W2VT2 - f(t)), with

x and y defined in (3.2). The Fourier transform points out periodicities for the

evolution of the system (modes) and the histogram allows for a final

discriminatation, when needed. The Fourier transforms and histograms are given

for each of the four regimes in Figure 5. The Fourier transform allows to clearly



discriminate regimes 1 (or 2) and 4, and less easily regime 3. But it fails to

distinguish between regimes 1 and 2, while the histogram provides a neat

discrimination. A combination of these techniques serves as input for Explorer.

The map shown in Figure 6 shows Explorer's result in a parameter domain:
(J)InS [0.3,3-3] with 100 points on the horizontal axis, and ce [1,20] with 150 points

on the vertical axis. Each color corresponds to one of the various regimes or

subregimes described in (3.2), and black dots indicate Explorer's inability to

identify with certainty the system's behaviour: pink is for regime 1 "convergence

towards a point"; dark-blue is for regime Ibis "spiraling"; light-blue is for regime 2

"convergence towards a cycle"; grey is for regime 2bis "perturbed convergence

toward a cycle"; yellow is for regime 3 "superposition of several modes"; and green

is for regime 4 " chaotic".

This chart allows one to locate precisely each regime in the parameter domain.

The result for the present example of the Beasts' Model (with the evolution laws

given in 2.2) shows 3 main regimes (1, 2 and 4) and an intermediate class (Ibis)

between 1 and 2, distributed along the diagonal that joins the lower right corner to

the upper left one, while the subclass (2bis) and surprisingly regime (3) take the

opposite orientation inside the regime 2 zone. The boundaries between the various

zones are far from being straight lines, which reflects the nonlinear character of the

system.

4 DISCUSSION AND CONCLUSION

The richness of behaviours of this class of systems is perhaps great enough to

justify a dedicated study. We are more interested in its value as a general tool to

study intermittent percolation processes in very different physical systems where

transport is not fully understood: for each one of these systems, the choice of the

proper geometry, growing rate for the beasts, diffusion coefficient for U and of the

physical measuring of U and 8 will allow to test in a fully nonlinear regime various

possible mechanisms. This is the "test bench" vocation of the model. Moreover,

comparison of the regime charts of very different physic,?! systems can be useful

and enlightening as the role played by each parameter is clearly pointed out:

- As c -which is related to the characteristic growth rate of the instability- increases,

the system's behaviour follows a route to chaos (convergence to a point, then to a

cycle, superposition of many modes and eventually chaos).



- On the other hand the entering flux <j>in -which is the total heating power provided

to the plasma- forces the system from chaos into order: as the value of ((Jin increases,

the "level of chaoticity" decreases.

The present behaviour can be intuitively understood from the strong correlation

of the diffusion coefficient % with the beasts'amplitude 8, and the rather weak

dépendance of the beasts' growth rate P upon (IVU/Gol - 1). It is likely that such a

chart is not always identical: other systems may have more complexe regimes with a

clear two modes trajectory in the integral map. The integral maps themselves,

exhibiting complex behaviours of integral variables (the integral of the transported

quantity U versus the total activity of the beasts), are a powerful diagnostic of the

behaviour of the whole system. A measure of the percolation efficiency (or
conversely of the confinement efficiency) is given by WAj)Jn: in a fusion plasma, this

would be analogous to the energy confinement time TE-

The example we have treated is too idealized and simplified to be usefully

compared to the experimental situation envisionned (i.e. transport of energy in

tokamaks).We are presently applying this model to study anomalous energy

transport in tokamaks in cylindrical geometry with magnetic turbulence due to

thermal filamentation of the plasma [M. A. Dubois, M. S. Mohamed Benkadda

submitted to Plasma Physics and Controlled Fusion, EUR-CEA Report n°1434,

1991], [P. Beaufumé, M. A. Dubois and M. S. Mohamed Benkadda, in progress].

By taking into account the real locations of resonant surfaces for realistic plasma

profiles and real plasma instabilities, the model will hopefully lead to predictions

likely to be directly compared to the experiment.
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FIGURE CAPTIONS

Figure 1: Geometry of the Beasts' Model; the quantity U is transported across the

n sites of the beasts.

Figure 2: The system converges towards a cycle.

(a) Evolution of the beasts (distributed on the vertical axis) with time (horizontal

axis). Dark grey and black are used alternatively for the beasts while light grey is

used to show overlapping between two neighbouring beasts.

(b) 2D trajectory in an adequate projection space: W (the integral of U conveniently

normalized) on the horizontal axis and T (the total activity of the beasts) on the

vertical axis.

Figure 3: Chaotic behaviour of the system.

(a) Temporal evolution of the beasts.

(b) 2D trajectory in the above space.

Figure 4: 2D trajectories of the other regimes.

(a) Convergence towards a point.

(b) Superposition of many modes.

Figure 5: Outgoing flux of the quantity U, (J)0Ub as a function of time when

(a) the system converges towards a cycle (type 2);

(b) the system exhibits a chaotic evolution (type 4).

Figure 6: Fourier Transform and Histogram for the following regimes:

(a) convergence towards a point;

(b) convergence towards a cycle;

(c) superposition of many modes;

(d) chaos.

Figure 7: Exhaustive exploration of the parameter space (c, 0Jn) using Explorer,

on the vertical axis: ce [1,20] and on the horizontal axis: <fone [0.3,3]. Each color

indicates a par*i>,ular behaviour: pink is for the convergence towards a point, dark

blue is for the spiraling regime, light blue is for the convergence towards a cycle,

grey is for the convergence towards a cycle with perturbations, yellow is for the
superposition of many modes and green is for chaos.
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