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RESUME

On envisage actuellement Finclusion d'une source froide d'hydrogene ou de deuterium
liquide dans la cuve de remplacement du NRU. Le present rapport fait partie d'une etude de
thermalisation neutronique en cours dans une source froide de ce type. On y elabore un
modele analytique simple pour le noyau de l'integrale de diffusion de liquides mono-
atomiques et diatomiques. On y presente egalement les resultats de calculs numeriques
approfondis reposant sur ce modele pour Fhydrogene liquide, le deuterium liquide ainsi
que pour des melanges des deux. Ces calculs demontrent que le noyau de diffusion est
dependent des Energies incidente et des neutrons diffuses, du comportement pres au
voisinage des seuils rotationnels, des correlations de paires du centre de masse, de la
concentration ortho et de la concentration de deuterium dans les melanges H2/D2. Les
sections efficaces de diffusion totale sont egalement calculees et comparees avec les
resultats experimentaux dont on dispose.

Service de physique theorique
Laboratoires nucleaires de Chalk River

Chalk River, Ontario KOJ1J0

1990 Janvier

AECL-10056



ATOMIC ENERGY OF CANADA LIMITED

ANALYTIC SCATTERING KERNELS

FOR NEUTRON THERMALIZATION STUDIES

by

V. F. Sears

ABSTRACT

Current plans call for the inclusion of a liquid hydrogen or deuterium cold source in the
NRU replacement vessel. This report is part of an ongoing study of neutron thermal-
ization in such a cold source. Here, we develop a simple analytical model for the scat-
tering kernel of monatomic and diatomic liquids. We also present the results of extensive
numerical calculations based on this model for liquid hydrogen, liquid deuterium, and
mixtures of the two. These calculations demonstrate the dependence of the scattering
kernel on the incident and scattered-neutron energies, the behavior near rotational
thresholds, the dependence on the center-of-mass pair correlations, the dependence on the
ortho concentration, and the dependence on the deuterium concentration in H2/D2
mixtures. The total scattering cross sections are also calculated and compared with
available experimental results.
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1. INTRODUCTION

To understand neutron thermalization in a liquid hydrogen cold source (or, indeed, in any
moderator) the first things one needs to know are the scattering kernel and total scattering
cross section which occur in the neutron transport equation. For an isotropic system, the
relevant scattering kernel is obtained by integrating the double differential scattering
cross section over all scattered-neutron directions. The total scattering cross section, in
turn, is obtained by integrating the scattering kernel over all scattered-neutron energies.

In the present report we develop a simple model for the double differential scattering
cross section of liquid hydrogen and deuterium, which allows us to calculate the scat-
tering kernel analytically. This enables us to demonstate many properties of the scattering
kernel in a very simple and direct way. These properties include:

• the dependence on the incident and scattered-neutron energies,
• the behavior near rotational thresholds,
• the dependence on the center-of-mass pair correlations,
• the dependence on the ortho concentation,
• the dependence on the deuterium concentration in H2/D2 mixtures.

The emphasis in this work is on the physical insight into the basic physics of the
scattering kernel that is obtained from an analytical approach. We want to see what the
scattering kernel looks like, and how it depends on its various parameters. The price one
must pay for this insight is a certain degree of oversimplification. For example, we
assume freely rotating molecules and use the convolution approximation and the impulse
approximation to describe the translational motion. These approximations are quite
adequate for our puposes since they still retain what we consider to be the essential
physics of the problem.

They would, of course, not be adequate if our purpose was to learn something new about
the microscopic structure and dynamics of liquid hydrogen from a comparison of the
theory with neutron inelastic scattering measurements, or to generate a highly accurate
database for numerical solutions of the transport equation. But this is not our purpose; we
simply want to know what the scattering kernel for liquid hydrogen looks like and why.
This information is apparently not available elsewhere, in spite of the large number of
theoretical and experimental studies carried out over the years.

The theory of thermal neutron scattering by hydrogen was first developed by Schwinger
and Teller1 in their classic 1937 paper that introduced the concept of spin incoherence.
The modern theory began with Young and Koppel,2-3 who developed the general theory
of the double differential scattering cross section for an ideal gas model. This was later
extended by Sears to arbitrary diatomic4-5 and polyatomic6 liquids, taking into account
both intermolecular interference effects in the scattering and the effect of the hindered
translational and rotational motions that are present in real liquids.

Detailed numerical calculations of the scattering cross sections of liquid hydrogen in the
context of neutron thermalization in cold sources have been performed by, for example,
Yoiiivj; and Koppel,2-3 Utsuro,7 Keinert and Sax,8 and Granada et al.9-10 There have also
been many transmission measurements11-14 to determine the total collision cross section,
as well as a number of neutron inelastic scattering experiments.15"18 However, none of
these calculations or experiments provides a detailed picture of the scattering kernel itself.



Concerning the present work, we note that, to the extent that the molecules are freely
rotating, the center-of-mass motion in liquid hydrogen is the same as in a monatomic
liquid. Thus, it is useful to preface our discussion of the scattering kernel of liquid
hydrogen with a treatment of monatomic liquids, which we give in Section 4. We begin in
Section 2 by defining the scattering kernel and discussing some of its general properties.

2. SCATTERING KERNEL

2.1 Kinematics

We consider the scattering of a neutron of mass m from an initial state with momentum
and energy

po=fiko, £o = ̂ ^ , (2.1.1)

to a final state with momentum and energy

p = fik, EJ^-. (2.1.2)

The momentum and energy transferred from the neutron to the system are therefore given
by

. (2.1.3)

Since q = ko - k , it follows that

2 2 2 (2.1.4)

where 9 is the angle of scattering, i.e., the angle between k0 and k. Finally, we note for
future reference that, since

qdq = kok s\n0d6 , (2.1.5)

the increment of solid angle is given by

dQ = sin 0d6d0 = —dqdip , (2.1.6)
KQK

where (6,tp) are the polar angles of k with respect to k0 as polar axis.

2.2 Double differential scattering cross section

An experiment in which one measures both the energy and angular distribution of the
scattered neutrons is described by the double differential scattering cross section d2o,
which is defined as the average number of incident neutrons scattered into the solid angle
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dQ with energy in dE per unit time per unit incident flux. This quantity is given in
general by an expression of the form19

•^S(q,co). (2.2.1)
dQdE

Here, os is the bound scattering cross section per atom, which characterizes the neutron-
nucleus interaction, and S(q,co) is the scattering function, which characterizes the
structure and dynamics of the scattering system in the absence of the interaction with the
neutron. We assume the system is isotropic so that S(q,a>) depends only on the magnitude
of q.

2.3 Differential scattering cross section

An experiment in which one measures only the angular distribution of the scattered
neutrons is described by the differential scattering cross section do, which is defined as
the average number of incident neutrons scattered into the solid angle dQ per unit time
per unit incident flux. This quantity is given by

do= I _£a_dE , (2.3.1)
dQ Jo dQdE

and can be expressed with the help of (2.2.1) in the form

dQ

where

[41-°" ' '-^S(q<,E)ME))dE , (2.3.2)

(2.3.3)

According to these equations, the integral in (2.3.2) extends along a parabolic curve in
(q,co) space.

2.4 Scattering kernel

The transport equation that describes the thermalization and diffusion of neutrons in an
isotropic system contains a scattering kernel given by the differential scattering cross
section

=\ ) . (2.4.1)
LdQdE
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This is the quantity of primary interest in the present work. The scattering kernel can be
expressed with the help of (2.1.6) and (2.2.1) in the form

2M0
2Iko + k

S(q,O))Qdq , (2.4.2)
* o - * |

which is an integral over q at constant CO. This is the expression one would use when
calculating the integral numerically from tabulated values of S(q,co). However, to
calculate such an integral analytically, it is useful to express it in a slightly different form.
We begin by introducing the recoil energy

Er =*<* = &£-, (2.4.3)

where M is the mass of an atom in the system. Since

M (2.4.4)M-dEr,

we see that (2.4.2) can be expressed equivalently as

S{q{Er),co)dEr, (2.4.5)
IE

in which A = Mfm is the atom/neutron mass ratio. Also,

(2.4.6)

and

q(Er) = ~ fME~T. (2.4.7)
n

2.5 Total scattering cross section

Another quantity that occurs in the neutron transport equation is the total scattering cross
section, which can be expressed in a number of equivalent forms:

ff f f°° f°°
= \\-^-dQdE= te-dQ= %dE= os(E0,E)dE. (2.5.1)

JJ dQdE UndQ Jo dE JQ
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3. SIMPLE EXAMPLES

3.1 Bound atom

We begin by considering the scattering of a neutron by a single bound atom. Since the
scattering is elastic by definition, we have Eo = E, k$ = k , and q = 2ko sin(0/2). Thus, it
is evident that S(q,aS) = 0 unless co = 0. Since the scattering function is, by convention,
normalized such that

I S(q,O))do)=l, (3.1.1)

it then follows that

(3.1.2)

and, hence, from (2,4.5) that

os(E0,E) = os5(E-Eo). (3.1.3)

The total scattering cross section is therefore given by

<js(E0) = <js. (3.1.4)

This verifies our assertion in Section 2.2 that as is the bound scattering cross section.

3.2 Free atom

When a neutron collides with a free atom that is initially at rest, the requirement that
energy and momentum are both conserved in the collision gives

E0 = E + Er, (3.2.1)

where Er is the recoil energy (2.4.3). This means, for example, that the magnitude of the
momentum transfer is uniquely determined by given values of £0 and E,

E). (3.2.2)
n

Equation (3.2.1) also implies that S(q,aS) - 0 unless <w= co,.. It then follows from the
normalization condition (3.1.1) that

,0)) = S(co-cor). (3.2.3)

In this case the scattering kernel (2.4.5) becomes
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VS(EQ,E) = %£-] 8[Er-{EQ- E)]dEr
4£b JE.

0, otherwise.

The above inequality is equivalent to

where

T]E0 < E < EQ ,

\A-\\
A+ 11

The total scattering cross section is therefore given by

os(E0) =
A+ 11

In other words,

a = iA±±Va(ree
\ Pi t

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

This well-known result was originally obtained by Fermi20 in 1936. It also follows from
(3.2.4) that the average energy of the scattered neutron is given by

E =
2

A2

lf\

(3.2.9)

EQ.

Some typical values for the above quantities are listed in Table 1.
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Table 1. Properties of free-atom scattering.

Nuclide

H

D

He

C

N

Ne

Pb

A

1

2

4

12

14

20

208

0.000

0.111

0.360

0.716

0.751

0.819

0.981

EIEQ

0.500

0.556

0.680

0.858

0.876

0.909

0.991

abound irfree

4.000

2.250

1.563

1.174

1.148

1.103

1.010

4. MONATOMIC LIQUIDS

4.1 Double differential scattering cross section

For a monatomic liquid the double differential scattering cross section per atom is given

dQdE
1 <TcSc(q,co)], (4.1.1)

in which Si{q,co) is the incoherent scattering function, which describes single-particle
properties such as diffusion, and Sc{q,co) is the coherent scattering function, which
describes collective properties such as phonons. The corresponding scattering cross
sections are o\ and <TC, and the total bound scattering cross section per atom is

Alternatively, we can write

os = Oi

Sc(q, CO) = Si(q, (O) + Sd(q, CO),

(4.1.2)

(4.1.3)

where SJ^q,co) is the contribution from interatomic interference effects. Then (4.1.1)
becomes

d2a =

dQdE
1

AitH
ocSd(q,co)]. (4.1.4)

Finally, we note that the scattering functions obey the following sum rules:
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I Si(q,co)dco=\, I Sc(q,co)da) = S(q), (4.1.5)
J-eo J-oa

where S(q) is the static structure factor.

4.2 Scattering kernel

The simplest model that takes the static pair correlations in the system into account is the
convolution approximation,21

. (4.2.1)

In addition, we shall use the expression (3.2.3) to describe the incoherent scattering,

(4.2.2)

This expression assumes the atoms are at rest in the initial state (T = 0), and that they
recoil freely following the collision with the neutron. This is the impulse
approximation22"24 which is asymptotically correct in the limit of large momentum
transfer.

With the above two simplifications the scattering kernel becomes

as(EQ,E) = i
0 , otherwise.

(4.2.3)

In this equation the value of q is again given by (3.2.2) and the inequality is equivalent to
(3.2.5).

4.3 Total scattering cross section

Since the static structure factor, and hence the scattering kernel (4.2.3), does not have a
simple analytic expression, the total scattering cross section,

• (

os(Eo)=\ os(Eo,E)dE, (4.3.1)

must be calculated numerically.

Apart from a few heavy nuclides such as 113Cd, which have an (n,y) resonance at thermal-
neutron energies, the absorption cross section is independent of chemical-binding effects
and obeys the 1/v law. Thus, we can write
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where <xa(25.3) is the value at 25.3 meV, which is listed in tables of neutron cross
sections. The total collision cross section is then given by

+ aa{EQ). (4.3.3)

5. HOMONUCLEAR DIATOMIC LIQUIDS

5.1 Rotational energy

In a homonuclear diatomic liquid such as hydrogen or nitrogen, the molecules remain
permanently in their ground electronic and ground vibrational states, so that only the
translational and rotational degrees of freedom of the molecules are thermally excited.
We shall assume that the molecules are freely rotating in the liquid phase. In this case, the
rotational energy of any one molecule is given by

Ej = BJ(J+l), 7 = 0,1,2, . . . , (5.1.1)

where B is the rotational constant,

(5.1.2)

in which M is the total mass of the molecule and r the internuclear distance. The increase
in rotational energy that accompanies the transition 70 —> J is therefore given by

EJ0J = -HCOJOJ = EJ-EJ0. (5.1.3)

The small mass of the hydrogen atom produces an anomalously large value of B with the
result that the rotational excitation energies in the liquid are much larger than the
anisotropic part of the intermolecular potential, and the assumption of free rotation is
valid to a good approximation. This is not true for any of the other homonuclear diatomic
liquids (e.g., nitrogen). For these, the rotational excitation energies are always smaller
than the anisotropic intermolecular potential and the rotational motion is strongly
hindered.

When a neutron collides with a free molecule that is initially at rest, the requirement that
energy and momentum are both conserved in the collision gives

E0 + EJo = E + Ej + Er , (5.1.4)

where Er is the recoil energy (2.4.3), in which M is now the total mass of the molecule.
The above relation can be expressed equivalently as

(O=(Qr + (Oj0j. (5.1.5)
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5.2 Double differential scattering cross section

If the molecules are assumed to be freely rotating, the double differential scattering cross
section per atom is given by an expression of the form4

dQdE
1 JL Oj0j(q)Si(q,(0- CO,oJ) + ad(q)Sd(q,0»

UoJ

(5.2.1)

Here, oj0j(q) and ad(q) are effective cross sections which will be discussed in detail in
Section 6, and the scattering functions Si(q,oif and Sdiq,(o) describe the translational
motion of the molecules. Comparing the expression (5.2.1) with (4.1.4) we see that, as far
as their effect on the form of the double differential scattering cross section is concerned,
the rotational degrees of freedom in a homonuclear diatomic liquid are analogous to
nuclear spin in a monatomic liquid.

5.3 Scattering kernel

The scattering kernel corresponding to (5.2.1) is given by

os(E0,E) = ,E) + od(E0,E),
Ja.J

where

od(E0,E) = f , of) dEr,

and

(5.3.1)

(5.3.2)

oJoj(E0,E) = <Jj0Aq)Si(q,<o- coJoj) dEr. (5.3.3)

Making the same convolution approximation (4.2.1) and impulse approximation (4.2.2)
as before, we then find that

Gd(E0,E) =
0,

E_<E0-E<E+,

otherwise,
(5.3.4)

in which q is given by (3.2.2) and the inequality is equivalent to (3.2.5). Similarly,

E_ < £ 0 - E - EjoJ < E+ ,

aJnj(Eo,E) =;
0 , otherwise,

(5.3.5)
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where

and the inequality is equivalent to

in which

rj_£b < E < TJ+EO ,

Here,

=A<\j\- ^ ,

and

5.4 Total scattering cross section

The total scattering cross section corresponding to (5.3.1) is given by

where

OS(EQ) = X oJoJ(Eo) + ad(E0),
Jo.J

-[
Jo

_ A

ed(E0,E)dE

•£o

Jfto

T)Eo

(5.3.6)

(5.3.7)

(5.3.9)

(5.3.10)

(5.4.1)

(5.4.2)

and
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r
h

,E)dE

J WJEa

7]-fciQ

(5.4.3)

5.5 Rotational transitions

Considering the rotational transitions that can occur in a homonuclear diatomic liquid, we
see there are three special cases, which we can summarize as follows:

(1) J = J0, EJoJ = O, WJoj = 0, A=A,

(2) J<J0, EjoJ<O, WJoJ<Q, A>A,

I (a) EO<WJOJ, A imaginary,
(3) J>J0, EJQJ>0, WJoJ>O,

(b) E0>Wj0j, A<A.

Case (1)

In this case there is no change in J and, hence, in the rotational energy of the molecule.
We then find that

A-\\
(5.5.1)

and the inequality (5.3.7) reduces to the result (3.2.5). In other words, when there is no
change in the rotational energy the neutron scattering is formally the same as in a
monatomic liquid, and the rotational degrees of freedom simply add to the effective
incoherent scattering.

Case (2)

Here, the molecule makes a rotational transition from a higher to a lower-energy state.
This can occur for any incident-neutron energy Eo, even in the limit Eo —» 0. In this limit,

Eo '

and the scattered-neutron energy is

(5.5.2)

(5.5.3)

In this case, the scattering kernel is given by



- 1 3 -

oJoJ(E0,E) = Oj0j(E0)

and the corresponding total scattering cross section is

in which

<7 =

E0 '

(5.5.4)

(5.5.5)

A + 1
(5.5.6)

As an example, Figure 1 shows the total
scattering cross section O\o (£p) for the
1 —> 0 rotational transition in ortho-
hydrogen gas. The full line was calcul-
ated from (5.4.3), as described later in
Section 7, and the dashed line shows the
asymptotic behavior represented by
(5.5.5).

Case (3)

In this case the molecule makes a
rotational transition from a lower- to a
higher-energy state. This can occur only
if the incident-neutron energy Eo is
sufficiently high. In case (3a) A is imag-
inary and the inequality (5.3.7) cannot
be satisfied. Hence,

aJoJ(Eo,E) = O for all E

= 0

Orthohydrogen Gas

1—>0

Asymptotic
Behavior

2 4 6 8
ENERGY (meV)

Figure 1

10

•I if Eo<WjoJ. (5.5.7)

The quantity WJBJ is therefore the threshold energy for the transition JQ-*J. At
threshold,

and the incident-neutron energy is

EJOJ.

(5.5.8)

(5.5.9)

Note that the threshold energy is greater than the energy difference between the rotational
states: the incident neutron must provide not only the rotational excitation energy, but
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also the energy for the center-of-mass recoil of the molecule. The scattered-neutron
energy at threshold is given by

£
{A + lf [A(A + l)\

and the recoil energy is

Er = Eo-E-Ejoj = \ ^ Y ) EJOJ .

In the neighborhood of the threshold, the scattering kernel is given by

go 1
= <7/0/(E0) E —

and the total scattering cross section is

o, Eo<WJoJ ,

in which

q=r
\)-MJ0+i)

Figure 2 shows the total scattering cross
section Obi (£b) for the 0 -> 1 rotational
transition in parahydrogen gas. The full
line was calculated from (5.4.3), as des-
cribed later in Section 7, and the dashed
line shows the asymptotic behavior
represented by (5.5.13). The threshold
energy is W01 = 22.1 meV.

12

10

§ 6

u
£ 4

g 2

Parahydrogen Gas

0—

(5.5.10)

(5.5.11)

(5.5.12)

(5.5.13)

(5.5.14)

Asymptotic
Behavior

20 22 24 26 28

ENERGY (ITMV)

30

Figure 2
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5.6 Ortho versus para states

In a homonuclear diatomic molecule, the Pauli exclusion principle leads to correlations
between the rotational states and the nuclear spin states. To see how this occurs, we note
first that if the nuclei have spins I] and I2, where /] = l^ = /, then the total nuclear spin,

T = I 1 + l 2 , (5.6.1)

has eigenvalues T = 0, 1, 2,... 21.

Since the nuclei are identical particles, the Pauli exclusion principle requires that the total
wave function of a molecule remain invariant under an interchange of the nuclei when
they are bosons (/ = integer), and that it change sign when they are fermions (/ = half-
integer). It can be shown that, in both cases, this means that J and 7 are restricted to
values such that J + 7 is even. To see what this implies, let us consider two specific
examples.

Hydrogen (H2)

Here / = 1/2 so that 7 = 0, 1. Thus:

if 7 = 0 then J = 0, 2, 4,... (para states),
if 7 = 1 then 7= 1,3, 5,... (orthostates).

In general, the ortho states are the ones with the highest statistical weight, and the ortho
concentration, c, is defined as the fraction of molecules in ortho states.

Deuterium (D2)

Here / = 1 so that 7 = 0, 1, 2. Thus:

if 7 = 0,2 then/ = 0, 2, 4, ... (ortho states),
if 7 = 1 then J = 1, 3, 5,... (para states).

For a molecule to make a transition from an ortho to a para state it is necessary to flip one
of the nuclear spins. However, the intermolecuiar forces are virtually independent of the
nuclear spins so that ortho «-» para transitions are forbidden. Thus, if a molecule is
initially in, say, an ortho state, it will remain permanently in an ortho state. As a result,
hydrogen is effectively a mixture of two different substances: orthohydrogen and
parahydrogen.

Ortho <-> para transitions can, however, occur in the presence of a ferromagnetic catalyst,
in which case the ortho concentration rapidly acquires its equilibrium value at the
temperature of the catalyst. If the hydrogen is subsequently removed from the catalyst,
the value of c will remain constant even if the temperature of the system is subsequently
changed.

Ortho <-> para transitions can also occur in neutron scattering processes as a result of the
spin dependence of the neutron-nucleus interaction. This will be discussed in Section 6.

At 7 = 0 all the molecules will be in their lowest allowed rotational states. Thus, for H2,
all the para molecules will be in the 7 = 0 state and all the ortho molecules in the J = 1
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state. This is a metastable state if c > 0. However, if the system is in true thermodynamic
equilibrium at T = 0, then all the H2 molecules will be in the J = 0 state and c = 0.

In the high-temperature limit, on the other hand, all nuclear spin states are equally
probable when the system is in thermodynamic equilibrium. A simple calculation then
shows that the ortho concentration is given by

2/+1
(5.6.2)

For most practical purposes this situation applies at room temperature, so that this is
called the normal ortho concentration and has the value 3/4 for H2 and 2/3 for D2.

6. LIQUID HYDROGEN

6.1 Hydrogen properties

Table 2 lists some of the relevant properties of the hydrogen and deuterium molecules,
and the corresponding rotational excitation energies (5.1.3) and threshold energies
(5.3.10) are given in Table 3. The triple points and boiling points for some representative
modifications of hydrogen and deuterium are given in Table 4.

The boiling point of hydrogen depends slightly on the ortho concentration but is
approximately 20.4 K, which corresponds to an energy of 1.76 meV. This is a factor of 25
smaller than the energy separation of the ./ = 0 and .1 = 2 rotational states. Consequently,
virtually all of the para molecules in liquid H2 are in the 7 = 0 rotational state, and
virtually all of the ortho molecules are in the J - 1 state. In other words, liquid H2 is
effectively at T - 0 as far as the rotational Motion of the molecules is concerned. The

Table 2. Properties of hydrogen and deuterium.1S2(>

Quantity

Nuclear Spin

Internuclear Distance

Molecular Mass
Molecule/Neutron Mass Ratio

Rotational Constant.

Coherent scattering cross section

Incoherent scattering cross section

Absorption cross section (25.3 meV)

Symbol

/

r

M
A

B

oc

<*i

Unit

A
u

meV

barn/atom

barn/atom

barn/atom

H2

1/2

0.742

2.0157

1.9983

7.35

1.758

79.91

0.333

D2

1

0.742

4.0280
3.9934

3.71

5.592
2.04

0.00052
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Table 3. Rotational excitation energies EJOJ and threshold
energies WJQJ for various rotational transitions Jo —>7 in
hydrogen and deuterium. (Both quantities are in meV.)

Jo

0

1

J

0
1
2
3
4
5
6

0
1
2
3
4
5
6

H2

0.0
14.7
44.1
88.2

147.0
220.5
308.7

-14.7
0.0

29.4
73.5

132.3
205.8
294.0

wJoJ

0.0
22.1
66.2

132.3
220.6
330.8
463.2

-22.1
0.0

44.1
110.3
198.5
308.8
441.1

EJOJ

0.0
7.4

22.3
44.5
74.2

111.3
155.8

-7.4
0.0

14.8
37.1
66.8

103.9
148.4

wJoJ

0.0
9.3

27.8
55.7
92.8

139.2
194.8

-9.3
0.0

18.6
46.4
83.5

129.9
185.6

Table 4. The triple points and boiling points of the ortho
(o), para (p), and normal (n) modifications of hydrogen and
deuterium.27

Triple Point (K) Boiling Point (K)
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equilibrium ortho concentration at the boiling point is c = 0.002, which is only slightly
above the ideal value c - 0 at T = 0.

The boiling point of deuterium is about 23.6 K, which corresponds to an energy of 2.03
meV. This is a factor of 11 smaller than the energy separation of the 7 = 0 and 7 = 2
rotational states. Consequently, virtually all of the ortho molecules in liquid D2 are in the
7 = 0 rotational state, and virtually all of the para molecules are in the 7 = 1 state. In other
words, liquid D2 is also effectively at T = 0 as far as the rotational motion of the
molecules is concerned. The equilibrium ortho concentration at the boiling point is
c = 0.963, which is only slightly below the ideal value c = 1 at T = 0.

6.2 Scattering kernel

According to (5.3.4) and (5.3.5), the scattering kernel of a homonuclear diatomic liquid
depends on the quantities <7d(q) and cxjoj(q), which are given in our earlier notation4 by

Gd(q) = Anu{q), (6.2.1)

and

O-j0j(cf) = 4xa2(q;J0,J). (6.2.2)

In particular, <Td(q) can be expressed in the form

od(g) = XdFdiq), (6.2.3)

where

Xd = 4oc, (6.2.4)

and

Fd(q) =h(qr/2f , (6.2.5)

in which j\y(x) denotes the zeroth-order spherical Bessel function. The quantity Oj0j(q) has
been calculated in Ref. 4 for an arbitrary value of the nuclear spin, and the result can be
expressed in the general form

oJoj{q) = CJo XhJ Fj^q). (6.2.6)

Here, CjB is the fraction of molecules in state Jo so that

0 = l . (6.2.7)

In Section 6.1 we saw that liquid hydrogen and deuterium are both effectively at T - 0 as
far as the rotational motion of the molecules is concerned. Thus, for hydrogen,
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n-c yo = o ,
CJo = [ c , 7 o = l ,

(O, J0>2,

where c is the ortho concentration, and for deuterium,

ic, Jo = O,
Cjo = ll-c, Jo = 1,

l , J0>2.

(6.2.8)

(6.2.9)

The quantity XJoJ can be called the transition cross section, and the relevant values are
given for hydrogen by

XOJ =
4<r c ,

and

Xu =

J = even,
7 = odd,

/ = even ,

(6.2.10)

(6.2.11)

and for deuterium by

XOJ =

I f -
(6.2.12)

and

J = odd,

= even,
= odd.

The numerical values of these quantities are listed in Table 5.

(6.2.13)

Finally, the quantities Fjoj(q) can be called the transition form factors, and the relevant
values are given by

(6.2.14)

(6.2.15)

and

Fu(q) = (J-

in which jiix) is the /-th order spherical Bessel function.
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Table 5. The transition cross sections XJ0J for
hydrogen and deuterium (in barns). The values
have been computed from the cross section data in
Table 2.

H2

XOJ X\J
D2

X\J

even 7.03 106.55 27.47 6.12

odd 319.64 220.13 3.06 24.41

7. NUMERICAL CALCULATIONS

In this final section we present the results of numerical calculations of the scattering
kernel and total scattering cross section of hydrogen and deuterium, based on the
analytical model we have developed in the preceding sections. We also compare the
results with some available experimental data and describe a calculation of the properties
of a parahydrogen filter for thermal neutrons.

Owing to the anomalously large incoherent scattering cross section of hydrogen, these
two liquids have very different scattering kernels and, hence, very different behavior as
cold-neutron moderators. For example, we shall find that the rotational motion of the
molecules has a very large effect on the scattering kernel of liquid hydrogen, but a
relatively small effect on that of liquid deuterium. On the other hand, intermolecular pair
correlations have only a small effect for liquid hydrogen, but a large effect for liquid
deuterium.

7.1 Scattering kernel

The scattering kernel as(Eo,E) is given by (5,3.1) and includes terms GJOJ(EO,E) from
rotational transitions plus an intermolecular interference term Od(Eo,E). The rotational
terms, given by (5.3.5), depend on the quantity 0joj(q), which can be calculated from
(6.2.6). The intermolecular interference term is given by (5.3.4) and depends on the static
structure factor 5(17) and the quantity o^q), which can be calculated from (6.2.3).

The static structure factor S(q) describes the center-of-mass pair correlations and cannot
be measured directly, because neutron or X-ray diffraction distributions for diatomic
liquids include contributions from both the center-of-mass and orientational pair
correlations.5 An approximate estimate of S(q) for liquid hydrogen or deuterium, which is
certainly adequate for our present puposes, can be obtained by scaling the measured static
structure factor of liquid neon2^ in accordance with the principle of corresponding
states.29*30 The resulting distribution (with q in A"1) is shown in Figure 3. We shall also
present results for the gas phase where S(q) = 1.
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The calculations are based on the impulse
approximation (4.2.2) for the center-of-
mass incoherent scattering function
Si(q,o), which tacitly assumes that the
molecules are at rest in the initial state, i.e.,
that T = 0. It would, of course, be relatively
easy to use a more realistic model for
5,(<7,G>), one that takes properly into ac-
count both the finite temperature of the
liquid and the effect of intermolecular
forces on the motion of the molecules.
However, one would then no longer be
able to calculate the scattering kernel anal-
ytically, which is the main purpose of the
present work. Consequently, the results
presented below are not expected to be
accurate in every detail.

CO

Figure 3

Figure 4 shows the scattering kernel for
parahydrogen gas calculated as described
above. The contours in this figure corres-
pond to cr5(£p,£) = 0.01, 0.02, ... Here,
as elsewhere in this section, the scattering
kernel is given in units of barns per atom
per meV. The lines of discontinuity in the
scattering kernel (c.f. (5.3.4) and (5.3.5))
have a jagged appearance owing to the
finite mesh size in the calculations. Else-
where, the dark regions are where the scat-
ering kernel is largest.

For the energy range shown here, only the
0 -»0 and 0 —> 1 rotational transitions give
non-vanishing contributions. The latter
transition is particularly intense for para-
hydrogen as a result of the very large trans-
ition cross section (see Table 5) which, in
turn, is due to the very large incoherent
scattering cross section of hydrogen.

I

Figure 4
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The corresponding scattering kernel for
liquid parahydrogen is shown in Figure 5
for the same contour interval as before.
The main effect of the static pair correl-
ations in the liquid is to concentrate the 0
—» 0 contribution along a narrow diagonal
band in energy space. In the present model,
where the molecules are assumed to be
freely rotating, the contribution from the 0
—» 1 rotational transition is the same in the
liquid as it is in the gas.

Figure 5

Figures 6 and 7 show the calculated scat-
tering kernel for orthohydrogen gas. In
these figures the contours correspond to
os(E0,E) = 0.1, 0.2, ... For the energy
ranges shown here, only the 1 -> 1 and 1
—> 0 rotational transitions give non-
vanishing contributions. In contrast to
parahydrogen, the contribution to the scat-
tering kernel from the ortho <-» para
transition is relatively weak in ortho-
hydrogen except for incident energies
below 1 meV, where it becomes very in-
tense and produces the 1/V£o divergence in
the total scattering cross section as Eo —»0,
which we saw earlier in Figure 1.

Figure 6



- 2 3 -

0 -
0 10 20

E0 (meV)

30

Figure 7

The corresponding scattering kernel for
liquid orthohydrogen is shown in Figure 8.
The static pair correlations in the liquid
simply produce a small ripple in the 1 —> 1
scattering, which follows a narrow diag-
onal band in energy space. This is in
cr.itrast to liquid parahydrogen (Figure 5),
where the intermolecular pair correlations
produce a very large distortion of the 0 -»
0 scattering.

Figure 8
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The contours in Figures 9 to 12 correspond
to cs(E0,E) = 0.01, 0.02, ... Figure 9
shows the scattering kernel for ortho-
deuterium gas. For the energy range in this
figure, the 0 -» 0, 0 -> 1, and 0 -> 2
transitions all have nonvanishing intensity.
The 0 -» 1 rotational band is, however,
very weak as a result of the small value of
the transition cross section (see Table 5).

Figure 9

The corresponding scattering kernel for
liquid orthodeuterium is shown in Figure
10. The main effect of the static pair cor-
relations in the liquid is to concentrate the
0 —» 0 contribution along a narrow diag-
onal band in energy space. This is some-
what similar to, but even more pronounced
than, the case of liquid parahydrogen in
Figure 5. £ 20t-

Figure 10
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The scattering kernel for paradeuterium
gas is shown in Figure 11, where the 1 -»
0, 1 —> 1, and 1 -» 2 transitions all have
nonvanishing intensity for this energy
range. As in orthodeuterium, most of the
intensity in paradeuterium is in the non-
rotational scattering.

Figure 11

The corresponding scattering kernel for
liquid paradeuterium is shown in Figure
12. The main effect of the static pair
correlations in the liquid is to concentrate
the 1 —> 1 contribution along a narrow
diagonal band in energy space. This is
similar to the result for liquid ortho-
deuterium in Figure 10.

Figure 12
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7.2 Total scattering cross section

The total scattering cross section <JS(EQ) is given by (5.4.1) and includes terms o70y(£b)
from rotational transitions plus an intermolecular interference term Od(Eo)- The rotational
terms were calculated by a numerical integration of (5.4.3), and the intermolecular
interference term by a numerical integration of (5.4.2). According to (2.5.1), the
calculation of the total scattering cross section is equivalent to integrating the scattering
kernels in Figures 4 to 12 along a vertical line in energy space.

Figure 13 shows the total scattering cross : ; i
section of parahydrogen gas as a function
of energy up to 100 meV. By far the so Parahy<lroflen G« O
dominant feature in this figure is the con-
tribution from the 0 —» 1 rotational
transition, whose threshold is at 22.1 meV. f
Below this energy, the scattering is due §
entirely to the non-rotational 0 —> 0 | 20

transition. The 0 —> 2 transition is so weak
that there is no perceptible kink in the |
cross section at the threshold, 66.2 meV.
The above behavior arises because the 0 —> 10
1 transition is due to the incoherent scat-
tering cross section while the 0 —> 2
transition is due to the coherent scattering
cross section (see (6.2.10)).

0 . . .
0 20 40 60

Eo (meV)

Figure 13

Figure 14 shows a comparison of the total
scattering cross section of liquid
parahydrogen (solid line) with that for the
gas (dashed line). The two curves differ
significantly only for energies below 8 f
meV, where the static structure factor for ~
the liquid falls to a very small value. i

0 •

0 20 40 60 SO 100

Eo (meV)

Figure 14
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The total scattering cross section of
orthohydrogen gas is shown as a function
of energy in Figure 15. Below the
threshold for the 1 —> 2 rotational trans-
ition at 44.1 meV, the scattering is due
mainly to the 1 —> 1 transition but with a
small contribution from the 1 -* 0 trans-
ition. As EQ —» 0, the former transition
accounts for 90% of the total intensity and
the latter for 10%.

1—r

1 • 0 (10%)

1 . 1 (90%)

I

1

Orthohydrogcn

. 2

1

G M

1

-

-

4 0

Efl

60

(n»V)

8 0
: j

100

Figure 15

Figure 16 shows a comparison of the total
scattering cross section of liquid
orthohydrogen (solid line) with that for the
gas (dashed line). As in Figure 14, the two
curves differ significantly only for energies
below 8 meV.

6 0 - - F" T

o '•-

o 20 40 60
EQ (meV)

Figure 16
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Figure 17 shows a comparison of the total
scattering cross section of orthohydrogen
gas (solid line) with that for parahydrogen
gas (dashed line) for energies up to 1000
meV. Above 50 meV, the two curves are
roughly equal and independent of energy
but for energies below this value the cross
sections are radically different.

20

I " T ' " T " r" " i i

Hydrogen Gat

Orlho
P«r»

l J I i
400 600

Eo (meV)

800 1000

The total scattering cross section of liquid
hydrogen is shown as a function of energy
in Figure 18 for various values of the ortho
concentration c. As in Figure 17, above 50
meV the curves are roughly equal, but for
energies below this value the cross sections
depend very strongly on the value of c.

Figure 17

6 0

20

I T r r i

Hydrogen Liquid

c= 1.00
\
\

o.so

0.25 j

J
40

E0

J

c

1
60

wV)

1 .1.
80

J 1
100

Figure 18
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Figure 19 shows the total scattering cross
section of orthodeuterium gas as a function
of energy up to 100 meV. As a result of the
larger moment of inertia of the deuterium
molecule, there are four rotational thresh-
olds in this region (see Table 3), whereas
for parahydrogen, there are only two (see
Figure 13). On the other hand, only the
first two thresholds in Figure 19 are clearly
resolved, and neither is as pronounced as
the 0 —» 1 threshold in parahydrogen.

10r

"\0

\

OrthodwMiiuin Gn

\ o
0 - . 3

,L
20 40 60

E0 (meV)

80 100

Figure 19

Figure 20 shows a comparison of the total
scattering cross section of liquid ortho-
deuterium (solid line) with that for the gas
(dashed line). The two curves differ sig-
nificantly only for energies below 20 meV
where the effect of the static structure
factor of the liquid is important. This effect
is very much larger in deuterium than it is
in hydrogen (see Figure 14) because, in
deuterium, the coherent scattering cross
section is much larger than the incoherent
scattering cross section.

• T -

— r

OrthodcuMrlum

Liquid

40 60
E0 (n»V)

.1
80

Figure 20
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The total scattering cross section of para-
deuterium gas is shown as a function of
energy up to 100 meV in Figure 21. There
are three rotational thresholds in this
region (see Table 3). Below the threshold
for the 1 -» 2 transition at 18.6 meV, the
scattering is due mainly to the 1 —> 1
transition, but with a small contribution
from the 1 - • 0 transition. As Eo —> 0, the
former transition accounts for 96% of the
total intensity and the latter for 4%.

r - - r - T

Paradautwlum Gat

\ i

(4%)

(96%)

1 . 3

I
40

E0 <meV)

Figure 21

Figure 22 shows a comparison of the total
scattering cross section of liquid para-
deuterium (solid line) with that for the gas
(dashed line). The two curves differ sig-
nificantly only for energies below 20 meV,
where the effect of the static structure
factor of the liquid is important. These
results are very similar to the ones for
orthodeuterium in Figure 20.

! 1 f I

Paradcutcrium

Liquid
Gas

|

I

2f

40 SO

E 0 (meV)

Figure 22
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Figure 23 shows a comparison of the total
scattering cross section of paradeuterium
gas (solid line) with that for ortho-
deuterium gas (dashed line) for energies up
to 1000 meV. The two curves are roughly
the same for all energies and, above 50
meV, are largely independent of energy.

10

8f~ OcuMrium G n

P«r«
Ortho

,L._L
400 600 800 1000

Figure 23

The total scattering cross section of liquid
deuterium is shown as a function of energy
in Figure 24 for various values of the ortho
concentration, c. In contrast to hydrogen
(Figure 18), the cross sections for deu-
terium do not depend strongly on the ortho
concentration.

8 !--

• I- A

OtuMrium Liquid

, i 1 I L_
20 40 60

E0 (m«V)

100

Figure 24
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Finally, Figure 25 shows the total
scattering cross section of liquid mixtures
of normal hydrogen and deuterium for
various values of the deuterium concen-
tration, x. In calculating these results, it
was assumed that the cross sections were
simply additive:

(7.2.1)

This is probably a very good approx-
imation, and is certainly adequate for our
present purposes, because the intermolec-
ular forces are independent of the isotopes
involved. The most serious error in (7.2.1)
most likely lies in the fact that it ignores
the possible effect of a partial conversion
of the mixture to HD.

Normal Liquid Mixturu

<H2)i-x <D2),

(meV)

Figure 25

7.3 Comparison with experiment

In order to obtain an analytic expression for the scattering kernel, three simplifying
assumptions were made:

• The molecules are freely rotating.

• The intermolecular interference effects can be described by the
convolution approximation.

• The center-of-mass incoherent scattering can be described by the
impulse approximation.

As a result of these approximations, the results presented in Sections 7.1 and 7.2 cannot
be expected to be accurate in every detail. In the present section, we investigate their
accuracy by comparing them with some available total collision cross sections obtained
from neutron transmission measurements. In doing this, the effect of absorption was
included in the calculated cross sections, as described in Section 4.3.

Figure 26 shows the total collision cross section 0} (£b) for liquid parahydrogen. The dots
are values obtained from the neutron transmission measurements of Seiffert1* at T = 14 K
and the solid curve is the calculated result. There is good agreement above 40 meV but
there is serious disagreement below this energy. This is more or less what we would
expect because the impulse approximation, on which the calculations are based, is only
valid in the limit of large momentum transfer.
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The most notable discrepancy in Figure 26
is that the experimental threshold for the 0
—» 1 rotational transition is significantly
smaller than the value calculated from the
model. In particular, the observed thresh-
old occurs at the position of the rotational
excitation energy, £01 = 14.7 meV , which
is indicated by the arrow in Figure 26, and
not at the threshold Wo\ =22.1 meV pre-
dicted by the model. This means that the
incoherent scattering function for the
center-of-mass motion, S,(<7,*y), is not
given correctly by the impulse approx-
imation at energies below 40 meV, but has
a strong quasi-elastic peak around <o = 0.
In other words, the hydrogen molecules do
not recoil freely following collisions with
neutrons of these low energies, but are
essentially held fixed by the intermolecular
forces.13

I

in
CO

to

o
5

30

20

10
Parahydrogen Liquid

T = 14K

20 40 60 80 100
ENERGY (meV)

Figure 26

The total collision cross section oj (£b) for
liquid normal hydrogen is shown in Figure
27. The dots are values obtained from
neutron transmission measurements14 at T
= 16 K and the solid curve is the calculated
result. We see that the model is in reason-
able agreement with experiment above 15
meV, but that it underestimates the cross
section at lower energies. i

(0

s

Normal Hydrogen Liquid

= 16K

20
40 60

ENERGY (meV)
100

Figure 27
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Finally, Figure 28 shows the total collision
cross section Oi(Eo) for liquid normal
deuterium. The dots are values obtained
from neutron transmission measurements14

at T = 19 K and the solid curve is the result
of the model calculation. The calculated
curve is in reasonable agreement with
experiment above 5 meV but underestim-
ates the cross section at lower energies.

Normal Deuterium Liquid

20 40 60 80 100
ENERGY (meV)

Figure 28

7.4 Parahydrogen filters

Figure 26 shows that the total collision cross section of liquid parahydrogen is very large
(^ 20 barns/atom) at energies above 40 meV and very small (^ 2 barns/atom) at energies
below 15 meV. Consequently, as first suggested many years ago by McReynolds and
Whittemore,13 liquid parahydrogen is potentially useful as a filter for thermal neutrons.

This is illustrated in Figure 29, where we
show the calculated transmission of a 5.0-
cm thick sample of liquid parahydrogen at
T = 14 K as a function of wavelength. For
this thickness, the transmission is about 1%
below 1 A and roughly 65% above 2.5 A.
If the thickness were increased to 8.0 cm,
the transmission at small wavelengths
would be reduced to 0.1%, while at large
wavelengths it would be reduced to about
50%. On the other hand, the transmission
at large wavelengths would be increased to
almost 80% if the thickness were 3.0 cm,
but the small-wavelength transmission
would then be about 8%, which is too large
for use as a filter. Thus, the appropriate
thickness is roughly in the range 5 to 8 cm.

0.8

0.6

CO

1 0.4
CO

0.2

0.0

Parahydrogen Liquid

T = 14K D = 5.0cm

2 4 6 8
WAVELENGTH (A)

10

Figure 29
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What makes such a filter of special interest is the fact that the cutoff in the transmission
occurs at about 2 A. There are many polycrystalline filters with cutoffs above 4 A, and
many resonance filters below 1 A, but there is no known material other than para-
hydrogen that has a cutoff between 1 and 4 A.
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