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Abstract

An influence of the finite size effect on the fragment-size correlations in the

nuclear multifragmentation is studied using the method of scaled factorial moments

for a 1 - dim percolation model and for a statistical model of the fragmentation

process , which for a certain value of a tuning parameter yields the power-law

behaviour of the fragment-size distribution. It is shown that the statistical models

of this type contain only repulsive correlations due to the conservation laws. The

comparison of the results with those obtained in the non-critical 1 - dim percolation

and in the 3 - dim percolation at around the critical point is presented. Correlations

in the 1-dim percolation model are analysed analytically and the mechanism of the

attractive correlations in 1 - dim and 3 - dim is identified.



1 Introduction

The concept of intermittency was originally developed in the study of classical turbu-

lent flow [1,2] . This concept which provides a tool to investigate fluctuations and their

dependence on the scale, was discussed recently in the relation with the statistical de-

scription of both the rnultiparticle production [3] and the nuclear multifragmentation

[4, 5) . Both in the nuclear multifragmentation process and in the percolation model

the fragment-size distribution exhibits intermittent type of fluctuations [4, 5] and the

inclusive fragment-size distribution n,mc ~ / n,(a)P(a)da , where a is some physical

parameter associated with the "violence" of the collision , has a scale-invariant power-law

behaviour n,mc ~ s~T' [6] . The latter has been used to suggest the possibility of a

phase-transition in the nuclear multifragmentation by drawing the analogy between the

distribution of cluster sizes at the percolation threshold [7] or the droplet sizes at the

critical point [8] and the distribution of nuclear fragments in mass or charge [9, 10, 11] .

However, if for some particular value of a ,n,(a) ~ s~T , and if for some experimental

conditions n.mc ~ s~T then in general T ^ T' and , moreover, the value of r depends

on the experiment. On the other hand, in several cases such as the size distribution of

meteorites [12], 1 / / noise , drop-size distribution in breakup of chaotic flows [13] , or the

size distribution of sandpile slides at a self-organized critical point [14] , the relation of

the power-law behaviour to any kind of the phase-transition is not obvious. In this con-

text, one can ask whether there exists any relation between the intermittent behaviour of

fluctuations and the scale-invariant power-law for the inclusive distributions. The answer

to this question is important for the study of heavy-ion collisions in which one hopes to

find evidence for the liquid-gas phase transition.

To answer this question, we will base on a simplified model of the nuclear fragmenta-

tion which was proposed rec« ,nly by Mekjian [15]. In this model an exact power-law arises

for a specific choice of the partition weights corresponding to a "critical" value of the tun-

ing parameter. Changing the value of this tuning parameter one is capable of generating

all situations in the fragmentation from the fused mode and the evaporation through the



power-law behaviour at a "critical" point until the multifragmentation. By an appropri-

ate mapping, the values of the tuning parameter can be related to the thermodynamic

variables and then the Mekjian's model is an exactly soluble canonical sampling model

of the fragmentation [15] . The correlations among fragments in this model are solely

due to the conservation of the total number of particles (mass). In this sense it contains

the same physics and provides also a testing ground for many other statistical models of

the fragmentation which are more complicated but which generate the correlations in the

same manner. The specific applications of this model to the nuclear fragmentation can

be found in ref. [15] .

The Mekjian's model is exactly soluble in all regimes of the tuning parameter and , as

we shall show below in chapter 2 , it permits exact calculations of the scaled factorial mo-

ments (s.f.m.) and correlation functions without any bias from the Monte Carlo sampling

of fragmentation for a chosen statistical ensemble. In chapter 2, we first illustrate the idea

of Mekjian's model and then show how the finite size correlations in a simple statistical

system influence the factorial moments calculated for the fragment-size distribution. We

emphasize in particular the results at the scaling point of the fragment-size (mass) distri-

bution in this model, i.e. where a scale invariant power-law for the fragment distribution

appears. Moreover, we investigate the effect of mixing of the events corresponding to very

different distributions n,[a) in Mekjian's model.

The Mekjian's model is an example of the statistical system with the "non-interacting"

constituents in the sense that there are no explicit interactions among particles forming

the groups of clusters. Such interactions are contained implicitely by choosing the func-

tional form for the partition weights. At the other extreme are models like the Ising model

or the percolation model in which one postulates the random local correlations among

neighbouring particles generating all partition weigths . In two and more dimensions, the

scale-invariant power-law for the fragment-size distribution is connected in these models

with the phase-transition and moreover, the intermittent pattern of fluctuations associ-

ated with this critical behaviour has been found [4, 16] . These models are much too

complicated to be studied analytically. The percolation problem can be solved exactly



only in the 1 - dim and in the oo - dim on the Bethe lattice (Cayley tree). In chapter 3

we shall analyze analytically the correlations and fluctuations in the 1 - dim percolation

model using the s.f.m. This will help further to identify the mechanism of the appearance

of the attractive correlations in the fragment-size distribution. The 1 - dim percolation

model exhibits the scaling behaviour in the fragment-size distribution as the lattice occu-

pation probability p —» pc = 1 for the bond activation probability q = 1 or, inversely,

as the bond activation probability q —> qc = 1 for p = 1 [17] . Thus the percolation

threshold is unity (pc = 1 or qc = 1 ) and contrary to the situation in higher dimensions

only one side of the phase-transition is accessible. This unusual phase-transition has some

similarities with percolation in higher dimensions and its analytical solution allows the

identification of different types of the correlations in the percolation model. In particular,

the attractive and repulsive correlations can be compared and the scale at which the s.f.m.

changes abruptly with the bin size can be identified. It seems that several aspects of those

1 - dim solutions are valid also in more dimensions and , as we will show in chapter 4 ,

they are helpful in understanding the microscopic mechanism behind the rise of the s.f.m.

in the 3 - dim percolation model at around the critical point. This understanding is es-

sential in the context of recent results showing similar intermittency signal in the nuclear

multifragmentation at 1 GeV/A [4, 18] and in the 3 - dim percolation [4, 5] .

Finally, in chapter 5 we summarize the main results of this work.

2 Mekjian's canonical model of fragmentation

For many problems in astrophysics and nuclear physics , the clustering phenomena and

related to it strong fluctuations are very important. In the studies of the distribution

of luminous matter in the universe, the distribution of fragments produced in medium

energy heavy-ions collisions , the fragmentation or the cascading processes of different

nature, the knowledge of the cluster size distribution plays a fundamental role. This is

also true in model studies like in percolation [7] or in various kinetic aggregation models

[19] . Recently, Mekjian proposed a simple model [15] , which provides an analytical



framework for addressing many of those problems and in particular for understanding the

relation between a power-law behaviour in the distribution of cluster-sizes found in many

of those systems and the local fluctuations in the cluster-size distribution in single events.

In this statistical model one considers the partitions of A particles into groups with

iij clusters of j elements [j = 1,2,..., A). The partitioning of A ohjects into such clusters

can be related to a problem of the decomposition of an integer A into integer summand

[20] . Various statistical models differ one from another by the choice of the weight of

each partition (ni,n2 , . . . , » M ) , where A = £ j n3-, . The weight function which leads to

an exactly soluble model is [15] :

(1)

where m = £ rij is the fragment multiplicity and x is a free parameter of the model. The

probability of a given partition (n l l 7j 2 , . . . ,n^) is then :

(2)

Following ref. [15] , the generalized weight function can be written as :

WA ( K , *;}) = M2({n,}; A) \[ x]> (3)

Now let us define :

w* ({*,-»=E w* (te, x,-}), (4)
'A

where jrJ4=(ln»,2n2,...,i4IM) specifies the decomposition of A elements. Then the

generating function for WA {{XJ}) can be written as :

_. . « • ? + « • ? + ...!. (5)
A=0

The distribution of clusters < n,- > is obtained by the ensemble averaging or, equivalently,

by derivating the generating function :



which gives :
4!

Similarly one obtains :

for j + k > A and j jt k

= 0 for 2j >

or in the general case :

for Yiji> A and j n ^ j n

for p j < A

= 0 for p j > A .

Formulas for the product of factorial moments of the number of fragments in different bins

can be written analogously. When i = 1 , the frequency distribution of the fragmentation

scheme as measured by its mass distribution, is given by a scale-invariant power law

< nj > = 1/j [15]. Morever, the correlations take a very simple form :

< n.tijt > = < il,- >< nk > for j + k < A
(12)

= 0 for j + k> A and j ^ k

<nj(nj-l)> = <nj>2 for 2j < A
(13)

0 for 2j > A

<n>(n> - l)(nj-2)> = < n, >3 for 3j < A
(14)

= 0 for 3j > A



and similarly for higher moments of the fragment-size distribution. Thus, the only dif-

ference between the above correlations and an uncorrelated, Poissonian distribution of

fragments comes from the second case , when the mass of the fragments exceeds the

total mass of the system. Obviously, the non-trivial correlations of this type vanish for

A —* oo . Similar relations are valid also for a general average of the product of the

numbers of fragments iu different bins.

To identify the non-trivial probability fluctuations in the distribution of particles or

fragments which would not be biased by the statistical fluctuations, Bialas and Peschanski

proposed to calculate scaled moments of the observed distribution deconvoluted with

the statistical, uncorrelated fluctuations of the observed number of particles around the

average value in each bin [3]. These uncorrelated fluctuations were assumed to be given by

the Poisson distribution and , hence, the scaled moments of the probability distribution

can be obtained by calculating the s.f.m. for the observed distribution of particles in

single events [3] . Using the Poisson distribution for the uncorrelated noise, Bialas and

Peschanski assumed that the effect of conservation laws is insignificant. The s.f.m. of

rank i in the fragment-size distribution is defined as [3, 4, 5] :

Fi>=

where < N > is the mean fragment multiplicity and M defines the bin size Ss = A/M.

The fragment-size is here identified with its mass, n, in eq. (15) is the number of

fragments in the j th bin and the brackets < > denote the average over many events. For

the power-law distributions we have to divide < Fi > by a normalization factor /?< [21] :

where

P(s) = Ncv-
1dN^/ds , (17)

which removes a possible spurious dependence of s.f.m. on the shape of the inclusive

distribution. Nn and iVi*' in (17) are the total number of events and the total number



of fragments of size s respectively. Using the formula (8) and (9) we can now evaluate

< Ft > for the Mekjian's model. For a bin size 5 = 1 one obtains :

whereas for a bin size 6 = 2 :

^ All Alt

/I

- 2 ( < n2jn2j+i

(-4-l)/2 j

In the general case, for a bin of size S = k we have :

The moment < F3 > can be calculated analogously :

A/k k k k j

2 < N >* £ £ £ (2(j - 1) + k)(2(j - 1) + /)
- 4 ( j - 1) - A r - / + 1/2) (19)

fc< N>
(20)

N >*Utxt*tMJ - 1) + ')(*(J - 1) + m)(fc(i - 1) + «)
0 ( A - 3 f c ( j - l ) - Z - m - n + l/2) (21)

The normalization factor R2 îor S = k becomes :

A A/k k k

whereas for R3 one obtains :

A2 A/k k k k



We present results for a system of A — 216 particles. In fig. 1 we plot the s.f.m.

< Ft >=< Fi > /Hi ( i = 2,3 ) versus the bin size 8s for four different values of

the tuning parameter. These are : x = 0.3 corresponding approximately to the fused

mode ( x « 1 ), x = •> '. for the evaporation mode , the "critical" value x = 1 for the

scale-invariant power-law and x = 3 which corresponds to the dissociation ( x » 1 ) .

We can see that the intermittent pattern of fluctuations does not occur in the canonical

ensemble model of Mekjian. A characteristic for intermittency an exponential growth

of s.f.m. versus the bin size is not seen. For all regimes of the fragmentation process

the values of log < Ff > are negative and approach zero in small bins. Moreover, the

correlations as measured by the values of s.f.m. diminish with increasing rank i . All

these features are distinctly different from those found for the 3 - dim percolation at

around the critical point [4, 5] (see also fig. 7) . We shall return to this point in chapter

3.

A dramatic change in the values of s.f.m. for bins of largest size shows the influence of

the long range correlations due to the mass conservation. This "jump" vanishes when we

increase the size of A (see eqs. (12 - 14) ). For larger values of A the restriction that the

mass of the fragments is less than A becomes less effective and the correlation functions

are on a larger range of fragment sizes equal to the Poissonian ones. Consequently, the

effect of those long range cci:^i.>-..uns on the s.f.m. decreases with the size A of the

fragmenting system.

In fig. 2 we show the correlation plot between < FS > and < FI > . In many

branching and cascade models [22] as well as in the percolation model [23] , the s.f.m.

are strongly correlated and obey a linear relation :

logK = di + ft logFj (i = 3,4,...) (24)

between the logarithms of pairs of moments of any order. ft in this equation is given

by the ratio of the intermitency exponents and grows with increasing rank i . The rate

of this growth is proportional to i for the second-order phase-transition [24] and for the

monofractal distribution like for the fully developed turbulence and becomes proportional



to ~ i2 for the phase-transition in self-similar cascading [25] or for fragment-size distri-

bution in percolation [23] . As seen in fig. 2 the s.f.m. of different rank in the Mekjian's

model are weakly correlated. Moreover, due to the disappearance of fragment-size corre-

lations for high rank moments , as can be deduced from eqs. (12) - (14) and from fig. 1

, the ratio of intermittency exponents /?,• tends to zero. This feature of the model is in

contradiction to the results found in percolation at around the critical point and in the

multifragmentation data at 1 GeV/A [4] . These observations show that the nature of

the fragmentation as given by the "non-interacting" canonical ensemble model of Mekjian

is different than found in the percolation model and in the nuclear multifragmentation.

The presence of repulsive fragment-size correlations due to the finitness of the system

leads to the question whether the s.f.m. provide a good measure of fluctuations if the

boundary effects and conservation laws such as the total mass conservation are important.

For any model of the fragmentation the following conditon is true :

< njn, > = 0 , (25)

for j + I > A . Whenever this condition influences many partitions, the uncorrelated

distribution of the fragment sizes differs from a Poisson distribution strongly [3] . In this

case the s.f.m. reduce fluctuations too strongly , removing more than only statistical

fluctuations due to the random distribution of finite number of fragments in a given

range of cluster sizes. On the other hand, the calculation of the normalization factor Ri

(eq.16) does not take this into account. The simplest way of taking into account that in

a fragmentation event the mass of fragments in a fragmentation event is less or equal to

A is to redefine the normalization factor :

* = M'lT.éiL *••••/.,,*••

sl-...-si))/(As-1j^p(s)dsy . (26)

The above expression is just the s.f.m for the Mekjian's model, because of the relation :

Pi(si,...,s,) = p(sl)...p(si)G(A-si - . . . - s ; ) . (27)

10



The normalized factorial moments for the Mekjian'à model are : < F, > = /?,//?, and ,

obviously, using the definition (26) for the normalization factor would give < F; >= 1 for

all bins. However, as we have shown the difference between R and ft is very small in the

case of the Mekjian's model for which at the scaling point p(s) ~ n, ~ s~l and it is even

smaller for the fragment size distribution in the percolation for which p{s) ~ s~r and

r > 2 . Thus, this correction changes the results for s.f.m only slightly. However this

effect could be important in the case of the one particle distribution p(s) which does not

decrease so rapidly with 5 .

The Mekjian's model provides an analytical expression for the weight function

I V ( { J Ï J } , I ; J 4 ) which , for a particular value of the tuning parameter x = 1 , yields the

power "aw mass distribution with the critical exponent ' — 1 . This value of r differs

strongly from those in the liquid - gas or percolation phase-transitions [7, 8, 9] but the

analytical expressions for weight functions which would provide the power law mass yields

with r > 1 are unknown. One can avoid this difficulty and use the relations (12) - (14)

as the definition of the fragment - fragment correlations at the scaling point of the mass-

yields. In such a way one may define a statistical model with the power-law inclusive

distribution of any T . Below in fig. 3 we show the results obtained in such a model for

which the inclusive distribution is given by the scale-invariant power law distribution with

the critical exponent T = 2.20 . One can notice a great similarity between the results for

the s.f.m. < Fj > = < F\> /fl, ( i = 2,3 ) as calculated in fig. 3 and in fig. 1 for the

"critical" value of the tuning parameter T = 1 .

Analyzing the fluctuations in models like the percolation model or the Mekjian's model

, one can investigate the fluctuation pattern for events of any given class which is defined

Hy the specyfic value of the tuning parameter in each of these models. In the experimental

sii. jsation such a clean separation of events in different classes is difficult and usually

it depends on certain supplementary assumptions about the dynamics of the process

leading to the multifragmentation. Hence, in the experimental analysis one is looking

for Snciuations in the sample of events which may contain events associated with the

varions "violence" of the collision. Mixing in one ensemble events of very different nature,

11



associated for example with different excitation energy or impact parameter and therefore

, characterized by different fragment distribution n^a) , is equivalent to introducing new

, in general attractive correlations and the distribution of fragments in this case may differ

from Poisson distribution strongly. The form of the inclusive fragment-size distribution :

na(a) P(a) da (28)

depends on the experimental condition and is characterized by the probability weights

P{ct) for events of different class. In the following discussion of the Mekjian's model we

shall identify the parameter a with the tuning parameter x . To investigate this phe-

nomenon we shall calculate the s.f.m. averaged over a given range of tuning parameters.

For s.f.m. of rank two and a bin size 6 = 1 one obtains :

11,-to - 1) > (x))/ /*""* dxP(x)Y,(< nj > (x))2 (29)

, where < rij > (x) and < nj(rij — 1) > (x) are given by equations (7) and (9)

respectively. It is straightforward to generalize the above formula to s.f.m. of higher rank

and/or different bin sizes. Fig. 4 presents the results of calculations for the statistical

ensemble composed of events in the range of tuning parameters from xmin = 0.5 to xmax =

3.5 and weighted with the same constant factor P(x) for all x . < F,- > (i — 2,3) in

fig. 4 exhibits a similar non-intermittent dependence on the bin size as seen before in figs.

1-3 but now the values of the moments are positive in the whole range of bin- izes. The

positive values of moments are due to large fragment-size fluctuations between groups of

events distributed according to ns(x) and the average of the total ensemble characterized

by«Lnc (28).

3 The percolation model in 1 - dim

Grouping of particles into composites of different sizes in the Mekjian's canonical ensemble

model is described by the choice of the weight function (3) . In this sense this model

contains non-interacting constituents. In the Ising or percolation models on the contrary,

12



one specifies the probabilistic local connectivity rule (the interaction) between particles

from which the complicated and unknown in general weight function of each partition can

be constructed. As for many problems of physics, the percolation problem can be solved

exactly only in the one and in the infinite ( Bethe lattice ) dimensions. The percolation in

1 - dim model is possible only if all sites of the chain are occupied and all bonds between

them are active. In this sense this model is not critical as it does not exist the phase of

the systems above the critical point. Nevertheless, some aspects of that solution are valid

even in more dimensions and we shall analyze this model as it permits to understand

certain striking features of the clustering phenomenon and of the associated correlations

also in higher dimensional percolation.

We propose to study the bond percolation on a 1-dim chain of sites of length A with

periodic boundary conditions. This model exhibits the scaling behaviour in the fragment

size distribution as q —» qc , however the 1-dim clusters do not posses any notrivial

scaling properties as is the case for the infinite cluster in the percolation transition in

higher dimensionality. However due to its simplicity the s.f.m can be calculated exactly

and the origin of the intermittent-like rise of the s.f.m in this model can be found.

For a given bond activation probability q , the mean number of the clusters of size

j can be directly written :

far

= A(l- q)qA~* +qA far j = A
(30)

Similarly, the average of the product of the number of fragments of two sizes can be

calculated :

< fljHt > =

= 0

(2(l-q) + {A-j-k)(l-q)') far j + k<A

-q)2 far j + k = A

for j + k> A ,

(31)

13



(A-2j)(l-q)'i) for 2 j < A
(32)

= 0 /or 2j > A ,

The evaluation of higher products proceedes analogously :

<n j n f e n i> =

(33)

= 0

for j + k + l<A

for j + k + / = A

for j + k + I > A ,

where

(34)
9 ) 2 for j>k

= 1 for j = k .

Having calculated the averages < n^n^... > of the number of fragments of different

sizes one can proceed analogously as shown in the prevous section and calculate the

s.f.m. The results for < Fj > and < F3 > are shown in fig. 5 for the system of

A = 216 particles. Three plots in fig. 5 correspond to the three different bond activation

probabilities q = 0.5, O.o, 0.9 . The s.f.m show an increase when going to small bins in

the sizes of fragments, but this increase is not of a self-similar type. The dependence of

the s.f.m on the bin size 6s has a jump at some bin width 6jumps and saturates both

for small and large intervals. The source of this behaviour can be found by comparing

the correlations given by eqs. (31) and (32) with those of the Poissonian type for the

uncorrelated system < n,-nfc > = < n,- >< nt >- The second scaled factorial cummulant

14



= (< rijiik > - < rij >< tu >)/ < rij >< nk > is now :

fik = (35)

for j + k < A . The cummulant / j * is built up of two terms. The first term corresponds to

the configuration where the two fragments under consideration are separated only by one

empty link and then the probability of such configuration has a factor ( 1 — q)3 to account

for the empty links and not (1 — q)* as in the product < n,- >< n* > . This is the only

configuration where the correlations are attractive. This term becomes more important

when q approches 1. The second term accounts for the effect of the finite size of the

system where the two fragments are chosen and gives rise to repulsive correlations. There

is also another source of repulsive correlations, namely the case when j + k > A . In this

case fjt = — 1- This effect was analysed before ( see chapter 2 ) for the Mekjian's model

and it was shown to be small. This is also true for any model where the fragment-size

distribution decreases rapidly, as is the case of the percolation in one or more dimensions.

Thus , in the following, we will restrict the considerations to the case j + k < A . Using eq.

(35) one may derive the relation for the scales where the attractive correlations dominate :

2
6s = k-j <

1 - 9
-2j-l(k> j) . (36)

Taking j = 1 in (36) one obtains an estimate of the scale where the attractive interactions

show up :

/n W = Mr^--3). (37)
1 -q

The values of this scale tf,umps are marked with an arrow in fig. 5 for each chosen value

of the bond activation probability q . These estimated values correspond correctly to the

region of scales 6 where the jump in the dependence of s.f.m. on the bin size is present.

As can be seen in fig. 1, the variation of < F2 > and < F3> are correlated (fig.3) .

These correlations can be seen best in fig. 6 where the dependence of < F3 > on < Fj > is

shown. Unlike for the Mekjian's model, this dependence is almost linear and the ratio of

intermittency exponents /? are 3.65, 3.78 and 3.85 for the three values of the parameter

q = 0.5,0.8 and 0.9 respectively, taken from the fit of the relation (24).

15



4 The percolation model in 3 - dim

For comparison we present in the fig. 7 the results for 3 - dim bond percolation model

on the cubic lattice for the same number of sites A = 63 = 216 . Occupied, neighbouring

sites are connected by bonds which are activated with the probability q = 0.24 . A

fragment of size rij is defined as an ensemble of neighboring sites connected by active

bonds. In this model , when the number of occupied sites goes to infinity , one finds a

second order phase-transition at q^ = 0.25 [7] . The geometry of the infinite cluster at

Coo can be characterized by the intermittency exponents [16] . At around this point, the

fragment-size distribution has also the scale-invariant form :

n l(r , f f)~3-T / (ea ' ' ) , (38)

where f{es") is the scaling function, e is a variable characterizing the "distance" from

the critical point. For e > 0 one infinite cluster exists and for e < 0 one finds only

droplets. We can see in fig. 7 that for a cubic percolation lattice in 3 - dim we observe

a linear increase of factorial moments showing the self-similar structure of fluctuations,

which is neither observed in case of the Mekjian's model nor in the 1 - dim percolation.

Similarly as in those models, the finite-size effects show up in 3 - dim percolation through

the negative values of inFi for largest scales. However, unlike in 1 - dim percolation

and in Mekjian's model we observe a linear growth of logarithms of s.f.m. in the whole

range of bin-sizes which permits the calculation of intermittency exponents. Moreover,

the values of s.f.m. of different rank cross at the same value F, = 1 . The intermittency

indices fi of different rank are strongly correlated in 3 - dim percolation and can be fitted

extremly accurately with the formula :

J 2 /_-u _-\ / - n A »
fi = 2 " - 2 v (39)

which was derived before for random cascading models [25] . In this formula /i is the

Levy index [26] and / j is the intermittency exponent for the second s.f.m. The Levy law

approximation introduces a stability concept which yields a generalization of the central

limit theorem and can be parametrized by a single constant 0 < /i < 2 .

16



H — 2 corresponds to the usual log-normal (gaussian) distribution whereas for /* > 2 the

usual central limit theorem can be applied. The values of ft for the cubic lattices of sizes

63, 203, 503, 1003 are 2.2759, 2.1274, 2.0995 and 2.0862 respectively. For small lattices

ft is significantly larger than 2 and approaches asymptotically 2 for lattices of big sizes.

In percolation model in higher dimensions the detailed study of the correlations be-

tween fragments of different sizes is not possible. However the same mechanism of the

clustering phenomenon as discussed before for percolation in 1 - dim operates in higher

dimensions. Thus, the same three contributions to the correlations are present , namely :

• the upper mass bound < n3nk >= 0 for j + k > A, which is numerically not

important,

• the repulsive correlations arising from the fact that the second fragment is chosen

in a smaller system (A — j),

• the attractive correlations arising from the configurations where the two fragments

have one or more common empty links in their perimeters.

For simplicity let us consider the correlations between one large fragment of mass a and

one fragment of mass 1 ( < ntn\ > ). The mean number of clusters of mass n, is [7] :

<n,>=AY,g,tq'(l-qy, (40)
i

wherp g,t is the number of clusters with size s and perimeter t per lattice site. Taking into

aimunt only the configurations where the two clusters have at most one common link in

the perimeter one obtains :

-s-t)
A 1 — q

The perimeter t takes in the percolating point the form [27] :

t = s(l -q)/q + const s" ,

where the second term is not present below pc. From (41) and (42) one obtains :

/ . i ~
const q

(41)

(42)

(43)
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The appearance of those attractive correlations should be linked with the apperance of the

excess perimeter ~ const s* at the percolating point. The magnitude of those correlations

decrease with the increasing size A of the system. Above the percolating point the number

of fragments of "finite" size decreases and consequently the imporance of the correlation

effects between those fragments becomes less important. This is not only true for the

fragments of size s and 1 but for any two fragments of "finite" size. The decrease of the

total number of fragments in favour of the increasing mass of the infinite cluster could be

responsible for the disappearance of the intermittency signal above the percolating point.

The above disscusion shows qualitatively the source of the positive correlations in the

fragment size distribution at the percolating point. This mechanism leads to the rise of

the s.f.m at the percolating point in the higher dimensional lattices (fig. 7). However, the

magnitude and particulary the slopes of this dependence cannot be extracted from such

a simple consideration.

In the finite system there exist several different types of correlations both attractive

and repulsive , which contribute to the fluctuations in the fragment size distribution. We

have been able to identify some of them by performing the detailed analytical investigation

of the Mekjian's canonical model and the bond percolation in 1 - dim. In the more compli-

cated models and in the experimental situation , such a decomposition is hardly possible.

On the other hand the fragment-size distribution of the percolation in 3 - dim close to

9crii i exhibits the intermittent pattern of fluctuations which shows up on top of the

"background" of other non-intermittent fluctuations. The analysis of these "background"

correlations due to large fluctuations between different groups of events and , in particu-

lar , the separation of non-statistical fluctuations within the subgroup of "critical" events

from this "background", may be a very difficult task. Hence, if possible one should try to

avoid admixing events of distinctly different nature as they may lead to non-Poissonian

distortions of the uncorrelated distribution of fragments. The restrictive conditions on

the multiplicity of fragments or on the multiplicity of heavy fragments as used in refs.

[4, 5j could provide a more uniform in nature an ensemble of multifragmentation events.

Similar observations have been made earlier in the percolation model [4, 5] . In the
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bond percolation model for values of the bond parameter q ~ qcrit close to the critical

value goo = 0.25 in the infinite lattice , one finds an intermittent pattern of fluctuations

of the fragment-size distribution in the whole range of bin sizes even in small systems.

Decreasing q below qait , one observes that the s.f.m. become constant for large bin

sizes and grow in a scale-invariant way only for bins of small sizes (see fig. 2 of ref. [4] ) .

This is due to the mass-cutoff for heaviest fragments which in the percolation network

with low q eliminates all heavy-fragments [28] . The growth rate of s.f.m. for small bins

at q < qcrtt was found to be bigger than at q — qcr,t — 9oo [4, 5] . In the random bond

percolation with events selected according to the number of intermediate mass fragments

( NfT > 3,4.... ) , the events with q < g^.t dominate and , hence , the intermittency

slope of s.f.m. are larger than the intermittency slope calculated for events at a fixed

value of q close to qCTi, . The mixing of events with different q -values in the ensemble

of events selected according to the number of intermediate mass fragments leads , in a

quite analogous way as it was found in the Mekjian's model and can be seen in figs. 1 -

4 , to the upwards shift of the values of s.f.m. as compared with the values of s.f.m. at

a fixed q ~ qcrlt . These non-Poissonian corrections to the uncorrelated distribution of

fragments do not wipe out the non-statistical fluctuations seen both at q ~ gCT1( in the

whole range of bin sizes as well as at q < <?„.,( in a much narrower range of bin sizes.

However, they bring up the question about the universality of the intermittency slopes

obtained for different samples of events and their relation to the singularity of s.f.m.

Consequently, it may be extremly interesting to relate the values of the intermittency

exponents to the dynamical conditions of the collision and a subsequent fragmentation

process, to the various degree of "violence" of the collision as characterized e.g. by the

excitation energy, impact parameter, multiplicity of fragments and least but not last to

the size of the fragmenting system. This type of analysis is as yet the "terra incognita".
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5 Conclusions

In this work we have analyzed analytically the correlations and the s.f.m. in the fragment

(cluster) - size distribution for the canonical ensemble of non-interacting constituents as

proposed recently by Mekjian [15] and for the bond percolation model with periodic

boundary condition in 1 - dim. The latter represents the statistical system of particles

"interacting" with its closest neighbours via the random local connectivity rule. For the

statistical fragmentation model we have shown that it contains only trivial repulsive cor-

relations due to the conservation of the total mass of the system. The s.f.m. of different

rank are uncorrelated and bounded from above what excludes this and similar models as

theories for the charge or mass fragmentation in the nuclear collisions. The self-similar

fragment-size distribution as obtained in this model for a particular form of the microstate

counting factors for each partition of A particles into groups of fragments, are not related

to the appearance of self-similar fluctuations in the fragment-size distribution at all scales

as found recently in the gold-fragmentation data at 1 GeV/A [4]. In view of the large

number of phenomena in nature showing a power-law bahaviour in the distribution func-

tion of some quantity it may be highly instructive to study the fluctuation or correlation

properties for those phenomena as they may yield a deeper insight into the nature of the

fragmentation process and help to distinguish among them. The percolation in 3 - dim is

one example where the power-law behaviour in the fragment-size distribution function is

accompanied by the self-similar fluctuations at all scales. Recently, similar features have

been also found in the multifragmentation linked to the liquid-gas phase transition [30] .

By studying the percolation model which can be solved exactly in 1 - dim , we have iden-

tified the source of attractive correlations as being due to the configurations of clusters

with the empty links in their perimeters. This observation leads us to the hypothesis that

the mechanism for the appearance of scale-invariant fluctuations in 3 - dim percolation is

the excess perimeter at the critical point and its power-law behaviour. It is plausible that

this phenomenon appears when the power-law behaviour in the cluster-size distribution

is related to the underlying spatial fractal structure as in the case of the percolation net-

20



work or Ising system at a critical point, which in turn is at the origin of the generation

of the power-law behaviour in the perimeter distribution. Hence, by looking only at the

power-law for the fragment-size distribution and its critical exponents , one should exer-

cise an outmost care when dt during the critical properties of the system. Scale-invariant

power-law feature in the fragment-size distribution , which is a remarkable feature of many

physical systems may be found in systems with distinctly different fluctuation pattern and

, hence, alone it does not yield a sufficient condition for the appearance of the critical

behaviour. The studies of the fluctuation pattern associated with the power-law fragment

size distribution should provide a valuable information which permits to characterize the

physical phenomenon leading to the appearance of scale-invariant power-laws in physi-

cal systems. Interestingly, the intermittent pattern of fluctuations , which manifests the

scale-invariance of fluctuations is related also to the fluctuations of the shape n,(x) of

the distributions contributing the events to the total ensemble of events characterized by

n™c . This opens a new Reid of phenomenological investigations which should aim in the

first place at the comparison of the intermittency pattern of fluctuations for different con-

ditions of the same fragmenting system and through that at the better understanding of

the fragmentation mechanism and multiparticle correlations in various physical systems.
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Figure captions :

Fie l

The . . . -•adence of scaled factorial moments < Fi > ( i = 2,3 ) , on the bin size for differ-

ent values of the tuning parameter x in the Mekjian's model with A = 216 constituents,

i < < 1 correspond to fusion or evaporation modes. For x = 1 one obtains the scale-

invariant power-law for fragment distribution with the critical exponent T = 1 whereas

x > > 1 corresponds to the dissociation of the system.

Fig.2

The scaled factorial moments < F3 > are plotted as a function of < Fj > to test the

linear relation (24) in the Mekjian model ( A — 216 ) for different values of the tuning

parameter x . For details see the caption of fig.l and the description in the text.

Fig.3

The dependence of scaled factorial moments < F* > ( i = 2,3 ) , on the bin size in the

system of .4 = 216 particles for the fragment - fragment correlations given by (8) and

for the power-law fragment distribution with the critical exponent T = 2.20 . For more

details see the discussion in the text.

Fig-4

The dependence of scaled factorial moment < F, > (i = 2,3) calculated for the ensemble

of events in the range of the tuning parameters x f romi m m = 0.5 t o i m a l = 3.5 is plotted

as a function of the size of the bin in the Mekjian's model with A = 216 constituents.

The solid line denotes Fj whereas F3 is depicted with the dashed line. For more details

see the description in text.

Fig.5

The dependence of scaled factorial moments < F2 > (the dashed line) , < F3 > (the

solid line ) on the bin size in the 1 - dim bond percolation model for different values of the

bond activation probabilities q . The value of the scale ln6Jumps at which the attractive

correlations prevail is estimated according to eq. (37) and is denoted by the arrow.
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Fig.6

The scaled factorial moments < Fa > are plotted as a function of < Fj > to test the

linear relation (24) in the 1 - dim bond percolation model for different values of the bond

activation probabilities q .

Fig.7

The dependence of the scaled factorial moments on the bin size in the bond percolation

model with 63 sites in the cubic lattice for the "critical" value of the bond activation

probability q = 0.24 .
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