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Abstract

Microscopic calculations of both the normal and the superdeformed rotational

bands have been performed for a number of Rare Earth nuclei. The "universal''

Woods-Saxon potential and the extended Strutinsky method have been used. Ex-

cited bands up to a prescribed energy limit E* (usually 2.5 to 3.5MeV) have been

calculated individually by minimizing the corresponding nuclear energies over the

quadrupole and hexadecapole deformations. This turns out to be essential, when

comparing with experimental results for the known discrete bands. An important in-

fluence of the superdeformed neutron (N = 86) shell closure on the microscopically

calculated rotational-level densities is illustrated and discussed.
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A general interest in studying the high-spin behavior and the structure of the

superdeformed nuclei reaches deeply into the nuclear quantum mechanics. Struc-

tural properties of superdeformed nuclei provide an extremely important test ground

for theories of complex nuclear objects and, more generally, for theories of many-

body systems. This is, among others, because of special unique features appearing

in the superdeformed configurations: the manifestations of the so-called pseudo-SUs

symmetry1"2, pseudo-spin symmetry3"6 and the "cleanliness"' in terms of the single-

particle structure due to rather weak pairing correlations. So far the high-spin su-

perdeformed configurations provide by far the best conditions for studying the nuclear

"nearly unpaired'' phase.

Unfortunately, the extensive experimental studies of these very interesting nuclear

states are significantly hindered by the fact that the superdeformed configurations

are very difficult both to populate and to detect with the present day techniques.

While the detection conditions will be significantly improved most likely only with the

advent of the detection systems of the new generation (Eurogam. Gammasphere) the

population conditions depend in a sensitive way on the relevant level-densities and can

be optimised if the latter are sufficiently well known.

In order to optimise the experimental population conditions (selection of beam

energies, optimisation of the angular momentum transfer between the colliding heavy

ions) one needs to know at least two essential features: 1. the rotational-level densities

in function of the intrinsic excitation energy at a given angular momentum, and: 2.

the relative positions ( in the energy scale) of the superdeformed bands of interest

with respect to the competing other rotational states. Both these properties are the

subject of the present investigation and are going to be discussed as follows. We begin

by a brief presentation ot I lie method of calculations followed by the illustrations

of the rotational-band features, their relative positions etc.. for a couple of selected

nuclei considered to be well known from the experimental point of view. Then, the

microscopically calculated rotational level densities in l
h?"Dys4, '^Dysti and ',^Dv,,,



are compared, thereby illustrating the effect of the two-neutron holes (N = 84) and

two-neutron particles (N = 88) around the supeideformed neutron closure at N = 86

on the densities of rotational bands. Corresponding implications for the population

properties of superdeformed nuclei will be discussed.

In the calculations we use a number of well established nuclear average-field tech-

niques which need not to be presented in any detail. Calculations are performed

according to the following scheme. First, the single-particle levels in a deformed

Woods-Saxon potential7 are found by expanding the solutions in terms of a deformed

single-particle harmonic-oscillator basis. The suitable diagonalisation gives the spec-

trum {e;} of the corresponding Hamiltonian Kw- '•

Hws *i = e; *; . (1)

The nuclear rotation is taken into account by means of the cranking approach which

implies solving the eigenvalue problem

( H w s - - / J x ) I f = <*!*. (2)

where the eigenfunctions of Eq. (1 ) serve as a convenient basis. (The usual stability

conditions are checked at this point but no technical details are presented here). The

u; and Jx refer to the frequency of rotation about the Ox axis and the x-component of

the single-particle angular-momentum operator, respectively.

The total energies necessary to calculate the corresponding nuclear high spin

spectra are provided by the generalised Strutinsky formula'* as discussed in detail e.g.

in Réf.9:

E w (de f . .N ,Z) - F,,,,cro ( d e f . . N . Z ) - E^cro ( d e f . , X , Z ) (3)

where the first, macroscopic term is calculated like in Réf.10 while the second, mi-

croscopic term, is obtained using the .standard techniques (see e.g. Réf.1 for detai ls) .



Finally, the conversion between the rotational frequency u? and spin is introduced in

terms of the expectation values of the single-particle Jx operators

N

(symbols TT and v refer to proton and neutron contributions, respectively), what allows

to represent the final results in terms of spin rather than the auxiliary variable u;.

The characteristic features of the rotational bands calculated using Eqs. (3-4)

are illustrated in Fig. 1 for the 1UDy^6 nucleus. Several aspects deserve noticing.

First, the lowest superdeformed (SD yrast) band crosses the lowest normal deformed

band (ND yrast) at a characteristic spin Ic = 54. very close to the value estimated

from experiment. Secondly, the presence of the ''doubly-magic" superdeformed shell

closures at Z = 66 and N = 86 manifests itself by a pronounced gap between the SD-

yrast and superdeformed excited bands. Thirdly, the characteristic difference between

the "density" of the normal and su perde formed states (which amounts to a few orders

of magnitude, as illustrated below) is clearly visible. Finally, a test with experiment is

provided by comparing the so-called dynamical moments of inertia. J I 2 ) = :d2E/dI2]~1 .

The existence of superdeformed 1^Dy1515 nucleus may be considered as a manifes-

tation of the strong, double (i.e. simultaneously neutron and proton) SD shell closures.

The presence of the characteristic energy gap. cf. Fig. I (of the order of 1 MeV" and

extending over more than ~ > 0 f i ) between SD-yrast and all other SD bands merely ex-

presses the fact that the corresponding single- particle routhian spectra present the gaps

Ae?v (86) _> 1 MeV and Aez (66) ^ 1 MeV over a long range of rotational frequency o>.

The traditional spherical double shell-closure nuclei (e.g. 2^Pb126) may in principle

be considered as analogs to 152Dy except, that the corresponding saps in the single-

particle spectra are .'J to 4 times larger, and tha t the "shell closecleness" can not, for

obvious reasons of symmetry, extend over HO/) . It may therefore appear as a surprise.

that several nuclei in the v ic in i ty of ' ' "Dy present q u a l i t a t i v e l y similar SD-band spec-

tra. at least in the sense tha t the SO yrast remain well separated from the other bands.

An illustration for a "two proton-hole one neutron-hole" nucleus of ',J5,' C Ids 5 i-s shown



in Fig. 2. Many overall features characteristic of 152Dy, Fig. 1, present themselves

there: well separated SD-yrast band, characteristically lower (compared to normal)

SD-level densities, characteristic crossing between ND-yrast and SD-yrast at lc •>- 54

etc. appear also in 149Gd. Moreover, there are more superdeformed nuclei in the

neighborhood which present similar features, but there is no ''single rule prescription"

to say appriori which of the neighbors of 152Dy will present such similarities. The

underlying mechanism is that of a self-adjusting deformation to locally minimize the

energy or, often, just to maximise the gaps at the given proton and neutron numbers.

Despite similarities in terms of some global features listed above, theie exist quan-

titative differences between the two discussed cases whose possible importance derives

from the fact that they can be related to the existing experimental data. For instance

in the spin range from I ~~ 60 fe to ~ ~oh. i.e. where the SD bands are populated in ex-

periment, the calculations give all together 3 excited bands entering the AE ~ 0.5 MeV

energy window above the yrast line in 149Gd and none in the respective 152Dy case.

Two excited SD-bands arc experimentally known in 149Gd (in addition to the SD-

yrast) and none of the excited ones in 152Dy although several efforts have been made

to find them. This observation indicates that the excited SD bands populated with

the present day techniques are most likely separated from the SD yrast bands by not

more than AE -~ 500keV. at high spins where the population takes place.

In the limit of high level-densities it is obviously more appropriate to represent

directly the calculated number of levels per energy window (MeV) rather than with

the E vs. I representation of Figs. 1-2. Such an illustration is given in Figs. 3 and 4 for

three already mentioned nuclei at their two characteristic spin values: a. I = 54 (at this

spin value the SD and ND minima appear at approximately the same energy in 152Dy),

and b. I = 66, the spin at which the SD and ND densities are approximately equal, in

'7 2Dy (while the ND minimum lies approximately 2 MeV above the SD minimum). In

Figs. 3 and 4 we compare the relative level densities for the three different Dysprosium

nuclei. This is why the normalisation adapted is U = O for the yrast lines. In order to



compare directly between the ND and SD configurations, i.e. the densities from the

left-hand side and from the right-hand side figures, the relative positions of the ND and

SD yrast band energies have to be taken into account. They are for 150Dy: E(ND) —

E(SD) = 225keV; 152Dy: E(ND)-E(SD) = OkeV; 154Dy: E(ND)-E(SD) = 2400keV

at I = 54. Similarly, at I = 66 we have for 150Dy: E(ND) - E(SD) = 1700 keV;

152Dy: E(ND) - E(SD) = 1800keV,- 154Dy; E(ND) - E(SD) = OkeV.

By comparing the results for the SD configurations, we can conclude that both

2 neutron-hole nuclei and 2 neutron-particle nuclei produce the factor of ~ 10 higher

level densities (compared to the doubly magic 1UDySe nucleus). While the normal-

deformed states present similar densities (no particular shell-effects appear in these

nuclei at the normal deformations) the densities of the superdeformed states are much

more sensitive to the N = 86 gap. This feature does not depend very much on

spin. This calculation gives, to our knowledge, the first quantitative estimate of the

influence of the superdeformed double shell closures on the rotational state densities.

(The calculations for 102Dy nucleus performed in Réf. 11 using a similar principle are

technically different from ours: yet they give similar densités for 152Dy, a result that

strengthens the conclusions from both calculations).

To be more sensitive to the local variations in p = p( U ). we define p as the number

of states in 300 keV energy window: this density drops to zero for U — O if the double

shell closures exceed this range (obviously the conclusions do not depend on any details

of choice of such an energy window). In order to compare the densities of the normal

and superdeformed bands at a given excitation energy E* = Eyrast -f- U one has to

apply the energy shifts E(XD) - E(SD) as indicated in the caption to Fig. 4. These

shifts are decisive in obtaining; the relevant density ratios.

In summary: the systematic calculations of the deformation-minimised total en-

ergies and the corresponding band structures give good agreement wi th the known

superdeformed bands while at the same t ime they provide the level densities in func-

tion of the intrinsic excitation energy and the relative energy difference between the



normal and superdeformed yrast bands at a given spin. The latter are very important

when estimating e.g. the relative population probabilities of the superdeformed and

normal configurations using the results of Figs. 3-4.
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Figure Captions

Fig. 1: The over-all rotational-band structure in the normal- and super-deformed config-

urations of 152Dy nucleus. VVe use purposly the E-VS.I representation which allows

to illustrate global features of about a hundred of the lowest-lying su^erdeformed

bands (nearly parallel lines in the upper part of the figure), despite the fact that

the normal-deformed ones appear at too high a density and thus can not be rep-

resented individually in the scale of the figure ("black stripe" near the diagonal of

the figure). The insert illustrates the quality of comparison with experiment on

the J(2) moments of inertia for the only known SD band in this nucleus; calculated

results correspond to the deformations obtained by minimisation. (In addition,

some ion-collective states appearing low in energy are also given).

Fig. 2: Illustration similar to that in Fig. 1 but for 149Gd nucleus in which three su-

perdeformed bands are known experimentally. Comparison between Figs. 1 and

2 illustrates the fact that the superdeformed shell closures (in contrast to the *

"traditional" spherical ones) may manifests themselves by a charac* eristic low-

ering of one single superdeformed band in several neighboring nuclei. Secondly,

the comparison between theory and experiment appears good for all the three

known bands, the result which brings more confidence to the applied calculation

techniques.

Fig. 3: Comparison between the calculated level densities of the normal and superde-

formed states in function of the intrinsic excitation U for three neighboring Dys-

prosium nuclei indicated. The spin value I = 54 corresponds to the crossing

between the yrast normal- and super-deformed bands. Normalisation of the V-

scale is common for all the cases ( t h e lowest energy state corresponds to L = O).

Fig. 4: Similar to that in Fis;. 3 but tor the spin I = H6. This spin value corresponds to

the situation where the densities in normal and in superdeformed conf igura t ions



are approximately equal in 152Dy. Recall that the figure presents the normalised

U-scales. In order to compare directly between the left- and the right-hand side

figures e.g. compare between the dehsities of the normal- and the super-deformed

bands at the common value of the excitation energy E* = Eyrast -j- U, the differ-

ences between the corresponding yrast energies must be taken into account (they

are given explicitly in the text).

IO

1



- O

CO LO OO W ^

(T+1)1 0900'0-AOHSNa



c CO cv
IO
d

(T+1)1 090CTO-A3H3N3

-*r

i



T

CO TP CO
CO CD CO

Q Q Q
S to OCD coco

(O toco «to

CQ
(U

8
O)
Q

CO

(C (D CO

>. >, I^
Q Q Q
MCO OCD ^tO
toco loco toco

GO
O)

CO

O)
Q

I)

Js

3 T»< CO CM *H O
0 0 0 0 0 0

CO

to



T
to •*• »
(D CO CO

Q Q Q
•»<£> OCD W<Dm co ioco ioco

CQ

09
ti

2

CO

IO

O)00

CM

CD (D
(D 33

Q Q Q
CU0O «CO OCD
IO CO IO CO IOCD

CQ

g
(D
Q

co
O

(M
O

CO

to

i


