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Abstract

Multiplicity distributions for hadrons and for jets are studied in QCD parton
cascades. The colour dipole fonnalism is used and earlier results in the double
log approximation are generalized to include terms which are suppressed by
colour factors or factors of In s. The result is a set of coupled differential
equations, together with appropriate boundary conditions.



1. INTRODUCTION

In this paper we will discuss multiplicity distributions of hadrons and of jets in QCD parton

cascades. In particular we discuss colour suppressed terms and terms which are small at

very high energies.

In a previous article we defined an infrared stable measure, called A, on a partonic state

[1]. This measure is related to the final state hadronic multiplicity. Using the dipole

formalism for the QCD cascade [2] it was possible to derive a differential equation together

with appropriate boundary conditions [1]. In these relations terms which are suppressed by

factors 1 / Vin s were neglected, which corresponds to the double leading log

approximation (DLLA). Also colour suppressed terms of relative magnitude 1 / N2 were

disregarded.

The number of gluons can be calculated in a similar way. The results are analogous to those

obtained by other methods [3]. It is also possible to calculate the number of gluons with

transverse momenta above a certain value k^, which corresponds to the number of jets

obtained with a jet resolution given by kUu!.

In the present paper we will include the effects of both colour suppressed and kinematically

suppressed terms. The result is a set of coupled differential equations, together with

boundary conditions. The use of the dipole formalism facilitates vizualizing the results and

the properties of the cascades.

Including only terms which at high energies are suppressed by at most one factor of

1 / Vin s, we reproduce earlier asymptotic results in the "modified leading log

approximation" (MLLA) [4,5]. However the equations can be used also at nonasymptotic

energies, where also other terms give important contributions. A detailed analysis of the

solutions will however be postponed to a later publication.

The dipole formalism for QCD cascades is also suitable for MC simulation. Such a

simulation program called ARIADNE is developed by Lönnblad and Pettersson [6]. Here

kinematical coastraints and recoil effects are properly taken into account, and thus it

includes the In s suppressed terms discussed here. The difference between the MC and the

analytic DLLA results was studied in ref. [7]. This reference also studied the relative

influence of the soft hadronization on the hadron multiplicity distribution. It was seen that

at high energies the multiplicity fluctuations are dominated by the fluctuations in the parton

cascade, while the fluctuations in the soft hadronization give a smaller contribution.

However, also in the MC simulations the colour suppressed corrections have not been

included.

The outline of the paper is as follows. First we shortly discuss the dipole formalism, the

multiplicity measure and the old results in ref. [1 ]. In sections 4-6 we describe the



corrections from colour suppressed and his-suppressed terms, and in section 7 we discuss

some asymptotic results. In section 8 we discuss a different approach in which one studies

the variation of the distributions when one changes the resolution scale instead of the total

energy. This approach illuminates the properties of the cascade, and may be more suited for

some problems. A summary is given at the end.

2. DIPOLE FORMALISM AND THE MULTIPLICITY MEASURE

Dipole formalism

A high energy qq -system radiates gluons according to the distribution

i t idn = CF ^-T2n (1)

N
with CF - -f ( -1 / N;) and JC, and x} the usual scaled momenta of the recoiling quark

and antiquf ». •/?: define the transverse momentum k± and rapidity y of the gluon by

means of

= ft-

y=
(2)

(This s< i s a particular direction. For soft gluons, where the recoils are small and thus the

direction an be unambiguously specified, this agrees with the direction of the qq -pair.)

For soft . jons we have x, , *, = 1 and x] + x\ - 2. With this approximation and

neglectii: - the term proportional to 1 / N^ in CF, eq. (1) can be written in the form

""in k} y (3)

with

K-)nk[fA2

2rt
ao=6/{ll--Nf) (4)

The argument in as{k\) is chosen to be k], which takes into 'account higher order

corrections. The expression in eq. (3) is analogous to the emission of photons from

separating positive and negative charges in classical electrodynamics. We call this dipole

emission.



Energy-momentum conservation implies the constraint

2coshv
(5)

Thus the allowed phase space region is approximately a triangular region in the

(y, K = h\(kx / A )) -plane, as shown in fig. la. The density in this plane is proportional to
a,, wh;/:h in turn is proportional to 1 / K.

If two gluons are emitted, then the distribution of the hardest gluon is described by eq. (1)
or (3), while the distribution of a second, softer gluon corresponds to two dipoles, one
stretched between the quark and the first gluon and one between this gluon and the
antiquaik [8]. In the restframe of each dipole, the distribution is given by a distribution
similar to eq. (3). There is also a colour suppressed correction term which corresponds to a
dipole between the quark and the antiquark. This term has the relative weight -\ IN]. The
negative sign implies that it is difficult to include in a computer simulation.

This procedure can be generalized [2] so that the distribution of a third, still softer gluon
corresponds to three dipoles. With n gluons the emission of gluon number n +1 is given
by a chain of n +1 dipoles. We note that the dipoles connect the gluons in the same way as
the string in the Lund fragmentation model.

Each dipole radiates independently. The emission distribution is given by the expression

dk\ I k\ • dy in the restframe of each dipole. This implies that in the overall cms soft gluoas
are suppressed, corresponding to the socalled angular ordering from soft gluon coherence.

Let us study the phase space for the second gluon in case two gluons are emitted. If g, is
the first gluon and the masses of the qgt and g,^ systems are ^[s^2 and •yjs^ respectively,
then the transverse momentum ku and rapidity y, of this gluon arc given by the relations
(cfeq. (2))

s k2
u

(6)

For fixed k]_x the rapidity range Ay available for the second gluon with transverse
momentum kL2 (measured in the restframe of the parent dipole) is given by

Ay *
(7)

I
This corresponds to the dashed line in fig. lb. The phase space available for the second



gluon thus corresponds to the folded surface in fig. lb , with the constraint /t|2 < Jfc|, as the

first gluon is assumed to be the hardest one.

With many gluons the gluonic phase space can be represented by the multifaceted surface in

fig. lc. Each gluon adds a fold to the surface, which increases the phase space for softer

gluons.

Hadron multiplicity

In string fragmentation (or a longitudinal phase space model) the hadronic multiplicity for a

simple qq -system is proportional to ln(s / m^). Here the parameter mQ is of the order of

one or a few hadron masses. For a qqg -system, we obtain in the Lund string

fragmentation model a bent string with two straight segments. The energy in the segments

is ^lsn and /̂ s r , where ^js~ = (k: + k} f and fc,, k^ and &3 are the momenta of the q, g

and q respectively. Thus the average hadron multiplicity, n, is given by the relation

(n)~ ln(sn (8)

Here k± is the transverse momentum of the gluon (cf eq. (6)). We also note that this

expression is equal tc the length of the baseline of the surface in fig. lb. For a multigluon

state we find in the same way

= ln(s/mjj) + o) = (9)

where the first sum goes over all dipole masses and the second over all gluon transverse

momenta (measured in the restframe of the parent dipole). This expression, which we call

A, is an "effective rapidity range". It is given by the length of the baseline in fig. lc, or
2 2

more precisely the baseline obtained if we cut the surface in fig. lc at \nk± = In wig.

Distribution in X

It is possible to calculate the distribution P(X,s) in A for fixed 5 [1]. Also for a limited

region A in y we have a similar distribution /^(A) for the piece A of the baseline which

belongs to this region (cf fig. 2). We note that all such subregions are independent. Thus

for the sum of regions A, and A2 we find

(10)

Introducing the Laplace transform

(ID



we obtain

(12)

which means that lnPA is simply additive. For an infinitesimal region A, lnP^ must then
be proportional to A, and because different y -regions are independent it can only depend
upon the height l-L- 2|yj of the triangle at the relevant value of v. Thus we can define

(13)
A-»» A

As lnP(/J,L) is the sum of lnP^ over all the subintervals A it can be written as an integral

U2
lnP(/U)= \dyR{fi,l = L-

~LI2

This implies

(14)

(15)

Similarly for a finite region A we find

(16)

We now consider the change in R when / is increased to / + 8. There is a certain
probability equal to 8 • A • a011 to have a gluon with (y, K") within the hatched area in fig.
3. If there is such a gluon, the increase in Å is described by the funaion P(X,l) because
with all its folds and subfolds it corresponds just to an isolated system with L = I. The
remaining probability l-8Aao/l corresponds to cases with no extra gluons in which
thus A is unchanged. Thus we find for small values of A and S

(17)•Hl-SAag/l)P&a,l) •

Subtracting <°A(A,/) and taking the Laplace transforms we find (changing the variable / to

L)

d_
dL

(18)



If this equation is combined with eq. (15), we obtain the relation

d2

dU
(19)

To specify the function P this differential equation must be supplemented with boundary

conditions. For L close to L^ = \n(n£ I A2) the contribution from gluon emission is

small. Thus we have P(X ,L) ~ 8{X - (L -£,,)), which implies the following boundary

conditions

, A.) = 1
(20)

(XL

L0=ln(m0
2/A2)

Eqs. (19) and (20) fully specify the distribution P(X;L). Relations for moments of the
X -distribution arc obtained by expanding V(fi) in powers of fi.

(21)

Thus we find e.g.

dL

with the solution

For large energies the asymptotic behaviour of A is given by

X ~ Lm

(22)

(23)

(24)

2

For the variance of the distribution V - A - A , we obtain in the same way for high
energies



(25)

The full A -distribution can be obtained by numerical calculations. It is found to be well
approximated by a F -function.

J

3. GLUON OR JET MULTIPLICITY

Before we generalize the formalism to include corrections suppressed by colour factors
1 / N* or extra factors 1 / In s we note that it is also possible to study the distribution in the
number of dipoles N, or the combined distribution in A and N, called P{ A ,N,s). We
note that if N is the number of dipoles the number of gluons is given by N — 1. The
double Laplace transform

(26)
N

satsifies the same differential equation (19) as P{fi,L), but the boundary conditions are
different. For L = LQ we have

P=S(X)S(N-l) and dl /dL = l , dN

This implies

(27)

dv
dL

(28)

It is also possible to study the distribution in A and N obtained if we cut the surface in

fig. lc at a different value of K equal to KC = ln(/t|<.tt/ / A
2) (cf refs. [9.10]). In this case

N +1 would be the number of jets resolved with a resolution given by kj_cul. (Besides the

N - 1 gluon jets the quark and antiquark give one jet each.)

We stress that the natural variable to use for specifying the resolution is the transverse
momentum. This is the case also in other approaches [11]. Thus to compare the results
with experimental data a jet clustering algorithm based on k± should be used, such as the
socalled "Durham algorithm" [11] or the "Lucius" algorithm [12].



By expanding V in powers of ft and y we can calculate various moments A , N or

A N . As an example the average number of dipoles, N, satisfies the same differential
equation as A (eq. (22)) but with different boundary conditions.

dl}

(29)

dL

The solution has the following form

N =

(30)

Obviously the number of gluons (= N -1) and the number of jets (= N +1) have the same
asymptotic behaviour. Asymptotically also the relative width of the distribution in N

satisfies the same relation as the A -distribution, i.e. V = - N , in agreement with the

results in ref. [3J.

4. COLOUR-SUPPRESSED TERMS

As discussed in section 2, the emission of a second sorter gluon after a primary harder

one corresponds to two dipoles. stretched between the quark and the gluon and between

the gluon and the antiquark. This corresponds to the surfaces ,4 + 0 and C + D + E

respectively in fig. 4. The density in these surfaces is given by A'r
a.v / ^n- There is also a

correction term, corresponding to a dipole between the quark and the antiquark. This

corresponds to the surface A + D + E. The correction term has a relative weight -1 / N(.,

and thus the density in surface ADE is reduced to Nc{\ - 1 / N^)as 12n.

The surface in fig. 4 describes the magnitude of the phase space for the second gluon. To
get the momentum of an emitted gluon in the overall cms, we must take into account the
motion of the emitting dipole. However, in a situation where the k± of the second gluor



is small (measured in the restframe of the emitting dipole). the direction of this gluon will
be close to either the parent quark or gluon in any Lorentz frame. Thus, for the the quark-
gluon dipole (surface A + B) the region A can be identified with the quark jet and region
B with (one half of) the gluon jet. Only in a limited region along the border between A
and B the soft gluons are significantly affected by the boost. This region corresponds to
the transition between the quark jet and the gluon jet.

The relative suppression in surface A is of course related to the fact that the gluon
emission from a quark is proportional to CF and thus a little smaller than one hah7 of the
emission from a gluon, which is proportional to Nc.

The surface D corresponds in a sense to emission from the combined jet of the quark and
the primary gluon. In this region the rapidity is smaller than the rapidity of the primary
gluon. Thus the opening angle 6' between the secondary gluon and the main jet axis is
larger than the angle 6 between the primary gluon and the quark. In this region colour
coherence [ 13] implies that the jet formed by the quark and the primary gluon radiate >
coherently as a single colour charge, corresponding to the parent quark. Thus we can say
that the surface A+D+E corresponds to the quark and antiquark jets, while the surface
B+C corresponds to the jet from the primary gluon.

From this discussion we conclude that also for the subsequent emissions in the cascades,
gluons in the original triangle in fig. la, i.e. the background surface in fig. lc, should be

distributed with the density Cpas In- c s (1 - 1 / N*). On all the extra sheets in fig.

lc, corresponding to the previously emitted gluons, the density should be Ncccs / In.

We note that for the emission of three gluons this recipe reproduces the emission
probability obtained from the exact matrix element in the soft limit
£3 « £j « £, - E^ ~ E- (see ref. [14]). Here £,, £j and £, are the energies of the
gluons. (Tliere are, however, some very small colour-suppressed contributions which are
not lnlcuded. Ther* socalled colour monsters [5] originate from colour interference in

non-planar diagrams with a crossed gluon square. Besides the colour factor 1 / /V~ they
are also strongly suppressed by kinematical factors.)

To treat this situation we study two different distributions Pl q} and P[s \ Here P1 q'
corresponds to an initial £<?-pair, i.e. the situation discussed above, while

P *\k ,N\ k±) gives the distribution in A and N from a gluon jet with transverse
momentum k±. Neglecting the 1 / N* correction we would have P^q) = />**', according to
the discussion in section 2, as the two sides of the gluon surface (B and C in fig. 4) just
match the background surface for an initial qq system.

An initial colour neutral two-gluon system (from a heavy P-wave quarkonium state in case

10



the heavy quark did not decay weakly) would give two surfaces of the type in fig. lc. In
case the initial gluons are red-antiblue and blue-antired respectively, these surfaces would
correspond to the red-antired and blue-antiblue colour dipoles. Each of these surfaces

corresponds to a distribution P(g). To obtain the full distribution P(gg^ we must add the
logarithms of the Laplace transforms of these two contributions. Thus our notation
implies

s) = 21nP(*'(s) (31)

Similarly an S-wave quarkonium state decaying into 3 gluons would give a distribution

P'3" given by

(32)

where ^ st, are the invariant masses of the three gluon pairs.

We note that a gluon jet is never isolated, it is always connected to other gluons or a quark
and an antiquark. Therefore it is not obvious how the multiplicity should be defined.
Study a qqg -system in a Lorentz frame where the quark and the antiquark go with high
energies in opposite directions, and the gluon perpendicularly to this axis with momentum
/tx. Our notation implies that the borderline between the three jets is along the bisectrix

between the jets. Thus the distribution P{g\kl) describes essentially what is inside a
cone with half opening angle 45° around the gluon direction. For a two-gluon system with
cms energy \ s , one half of the system is described by the distribution /*'*'(s). Half of
this system also corresponds to one gluon jet with momentum p = \ s 12, but with 90°
half opening angle. The larger opening angle is taken into account by the larger argument

With these definitions we can now generalize the results in eqs. (15,18). Let R q) and

R • denote the distributions analogous to R in eq. (13), but for a narrow strip in a qq -
surface with low densiy ~ CF and a gluon-surface with high density ~ .V{. / 2
respectively. We then obtain

dL
—
dL

dL

±
dL

(33)

where
q ^CFas(kL)

nln(A|/A2)
(34)

11



We conclude that P"* satisfies exactly the old relation in eq. (19)

dLT

while /**' K given by

(35)

dL a0

(36)

5. GLUON SPLITTING INTO qq -PAIRS

When a gJuon is split into a qq -pair, g—*qq, the colour dipole chain is cut in two pieces
(cf ref. [15]). (In the string fragmentation model also the corresponding string is cut in
two pieces.) The probability for pair production is given by the expression

(37)

where N. is the number of flavours and i and 1 - z are the energy fractions taken by the

quark and the antiquark respectively

The Gribov-Lipatov-Altarelli-Parisi (GLAP) splitting function {[z* +(1 - z)2] is not

singular for r equal to 0 or 1, and thus the distribution in rapidity, y = In(2rp / k±). (with

p equal to the momentum of the parent gluon) is concentrated to values close to the

maximal value ymax = ln(2p / k^). Consequently the effect of gluon splitting is to cut the

gluon fold along the edge as shown in fig. 5.

The regions F and G in fig. 5 correspond to the new q- and i?-jets. The density of softer
gluons is here given by ot^o^Cf The total area F+G thus corresponds exactly to an initial
qq -event with total energy s' given by k\ In the region H+I in fig 5. clue to the colour
coherence theorem, the q and the q radiate coherently in the same way as the parent
gluon. Thus in this region the density of softer gluons is given by an « jV. / 2

The contribution from a narrow strip in the region FG is given by /?'*' and from a strip in

region HI by /?'*'. Consider a gluon jet with transverse momentum given by tf|, which
splits at the level Ki as shown in fig. 5. In this case we obtain the following distribution
(cfeq. (14))

12



"1

R(q)(K)dK+ JR{g)(K)dK (38)

For the full distribution P^ we now have to average over the kL of the splitting point,

given by K2. The distribution in K2, called / (*2)»* s obtained from eq. (37), by

integrating over z. (The index p for af is used as it describes the pair production of

quarks.)

1 = ^
*2

where

(39)

iNf

C

(40)

The origin of the exponential factor in eq. (39) is the fact that if the gluon splits once it

cannot split again.

The final result for P^g is now given by

j
K2

* c *2

+exp JRig)(K)dK (41)

Kr

The last term corresponds to the possibility that the gluon does not split between v, and

KC . Taking the derivative with respect to K] , and changing the variable from v, to L, we

obtain

d_

dL
(42)

This equation should replace the corresponding one in eq. (33). The correction term is

colour suppressed because the difference between P q) and P gi is proportional to \ I Nc .

It is also suppressed at high energies by a factor 1 / V i = 1 / ^ns, as can be seen from

13



the asymptotic expressions in eqs. (24,30).

The statement that the effect of gluon splitting is colour suppressed only means that a qq-

pair radiates approximately as many softer gluons as the original gluon would do. Here

possible effects from a heavy quark mass are neglected, and of course observable effects

from the quark flavour quantum number are not suppressed (ef ref. [15]).

6. ln(s)-SUPPRESSED TERMS

Correction terms which are suppressed by factors 1 / ^ln(s) appear because gluon

emission is not quite evenly distributed, with a density aq / K, in the whole of the triangle

in fig. la. Similarly in the gluon triangles it is not quite evenly given by a0 / K .

Firstly the kinematically allowed region is limited by a hyperbola given in eq. (5). This

hyperbola has the sides of the triangle as asymptotes, but does not reach the top of the

triangle. The maximum value of k\ is s 14 and thus the distance to the top is In 4.

Secondly close t" the sides of the triangle either xx or x} is small (*, and xi are the scaled

energy variables in eq. (1) and y = j In —). This implies thlt the factor X\ + x$ in

eq. (1) is suppressed. Integrating over y for fixed kL does not give exactly 2ln(.s / k[).

With xi = 1 - k±e~y / W and JC3 = 1 - k±ey / W we find instead

j (43)

y\

Here Vj 2 are the kinematical limits from eq. (5), and the correction term 6q is given by

-4*!/*)/2] (44)

For soft gluons, i.e. for small k±,5q equals 3/2. It is remarkable, however, that 6^ varies

very little between k[ = 0 and k^^ = s 14. For k]_miX we have 5y = In 4 = 1.39 , and

8^ is everywhere between 1.3 and 1.5. The effect of the term <5? is to reduce the effective

phase space area in fig. la. An "effective phase space region" is obtained if we cut off a

strip along the edges of the triangle as indicated in fig. 6. The width of these strips is

5 ^ / 2 , but as <5fl varies very little, this can be well approximated by the asymptotic value

for small kl,i.e 3/4. In the following we use the notation cq 12 for this quantity

(45)

14



It is interesting to note that because 5^ varies so little, the approximation with a constant

cq works well in the whole lcx -range; in particular it cuts out the kinematically forbidden

range kl >s/4.

If we have a colour dipole stretched between two gluons, instead of the factor x\ + XT, in

eq. (1), we have the factor x\ + xj. This expression is derived in ref. [2]. In the collinear

limit it reproduces the correct GLAP splitting function Pgg{z). For collinear emission

along the gluon with momentum given by the parameter x$, we have jq = 1. With the

variable substitutions Q = s^ipoie (l-X\) and z = 1 - XT, , we find

dQ2

az (46)

From the neighbouring dipole we have a similar expression with the substitution

z —»1 - z. Together these two contributions add up to the splitting function

Integrating over rapidity to get an "effective rapidity range" we get in analogy to eq. (43)

(\s is the mass of the emitting dipole)

(47)

with
2

s

The variation of dg is somewhat larger than for 8q. In the soft limit we have

8.(*i = O)* c, = 11/6*1.83 (48)

and for k± - k±mäX we have the same limit In4 = 1.39 as for Sq . However, in the most

important range k± < * i m a x / 2, 5% varies very linle (it is here always larger than 1.1)

and thus it is a rather good approximation to replace it by the constant ct - 11 / 6.

For a dipole between a quark and a gluon we have a factor (JC,: + x\) which gives a

correction term (S^ + Sf) / 2. Thus to take these correction terms into account and obtain

an effective phase space region, we must cut off a strip with width c 12 on all gluonic

edges, and a strip with width cq 12 on all quark (antiquark) edges (cf fig. 6j.

15



The effects of the reduced effective phase space corresponds to the socalled modified

leading log approximation (MLLA) [4,5]. In the collinear limit, kx —»0, the dipole

expression reproduces the GLAP splitting funcrion Pgg as discussed above. In the same

way the expression in eq. (1) reproduces the splitting function Pgq. Thus the constants c

and cg are related to the splitting functions Pgq and Pggty the relations

1

e

l-e
IPgg(z)dz-[ln(l/e)-cg/2] (49)

The effect of the modified effertive phase space is a change in the relations for dR^ I dL

and dR{g) I dL in eq. (33). Fig. 3 will be changed into fig. 7. When / is changed to

/ + 6, the limit of the allowed region for gluons is changed from / - cq g to / — cq g + 8.

Thus, the relations in eq. (33) is replaced by the following relations

dL

(50)

From the asymptotic expressions in eqs. (24,30) we see that including only correction
terms with relative magnitude 1 / Vin s we have the following approximation

f
L [

Including also correction terms of relative magnitude 1 / In s we find instead

dL

dL

( S I )

dL 2 dL1

(52)



There is a somewhat similar correction term to eq. (42). When a gluon splits into a qq -

pair, the q (and the q) has less energy than the parent gluon. Therefore we should cut off

a strip of the q and q sheets as shown in fig. 8. The width of this strip, denoted cp 12, is

given by {-lnz; where z is the energy fraction taken by the quark. The distribution in z

is given by the GLAP splitting function Pqg = A z + ( l - z ) , which gives the result

cp=-2(lnz) = (53)

(We note that this strip should be removed before the strip of width cq 12 discussed

earlier. They must both be subtracted to obtain the size of the effective phase space for

further gluon emission.)

In the same way as eqs. (33) were modified in eqs. (50), this implies that eq. (42) is

changed into

—

(54)

In the last relation we have used eq. (33), R^ = d(h\P^) I dL. As this is a correction

to a correction term, it is a small effect, with relative magnitude proportional to 1 / In 5.

In principle also a quark (or gluon) looses energy when it emits a gluon. If z is the energy

fraction of the emitted gluon, the quark is left with energy fraction 1 - z. However, as the

GLAP splitting function is singular for z = 0 the average value of ln(l - z) vanishes in the

soft limit. For larger fc^-values we have a cutoff zm jn = (1 - -\/l - 4A£ I s)ll (where V*

is the mass of the emitting dipole) and thus a finite value for (ln(l - z)}. However, to take

this into account would need a change in the structure of the equations, in the same way as

the inclusion of the variation in 8q(k\) or 8g(k±) in eqs. (44,47).

To summarize we collect the final results in eqs. (33,50,54)

d_

dL

dL
(55)
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where

c?) ; ap = cc0Nf/3Nc

• cq=3/2 ; cp = l3/6 (56)

To specify the distributions, these equations must be supplemented by boundary

conditions, like eq. (28), for L = L$ or, in case of jet multiplicities, for L - Kc. (As eq.

(55) also involves arguments smallei than LQ or KC we define V to be constant for

L < LQ or KC .)

We note, however, that when the process g -^ qq is included, the number of jets is not

directly determined by the number of dipoles. Therefore we split the number of dipoles N

into two parts

= NO+Nn (57)

where Ng is the number of gluons and Nq is the number of qq -pairs. As both the quark

and the antiquark in a pair will give a jet, the number of jets, N ;et, is given by

Njet=Ng+2Nq (58)

The set of equations (55) is applicable both for the distribution in A, in N, the combined

(A.AO-distribution and also for the combined distribution P{\,Nq,Ng;L,Kc) in A, Nq

and Ng. Only the boundary conditions are different.

We write the Laplace transform in the following form

P(p,Yq,Yg;L,Kc)= P{k,Nq,Ng;L,Kc) (59)

For an initial qq -system (described by f t ' " ) we have the initial conditions N = 1 and

Ng=0, while for a gluonic dipole or a gluon jet (described by P(g)) we have Nq - 0 and

Ng — 1. Therefore we have the following boundary conditions (cf eq. (28))

= e ; P(g)(L=Kc) = e

d_

dL L=Kr dL

(60)

L=KC
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7. MOMENTS AND ASYMPTOTIC BEHAVIOUR

From eqs. (55) we obtain equations for various moments by expanding
of/?, y^and yg.

in powers

(61)

Here /V*17 denotes the average number of gluons in a qq -system, etc. There is a similar
o

expansion for P ' * \

As an example we study the average value of A. We eliminate R{q^ and Rig) from eq.
(55), and extract the terms proportional to 0. In this way we obtain

2

dL

d2

dL2

L-c

L-ca

(62)

j
dL\ L

Neglecting terms suppressed by the factor 1/L we obtain in analogy with eq. (51)

dL
A"»<M-c,-S-

(63)

From these equations it follows that both
behaviour

and k{g) have the same asymptotic

'8) ~(lri5)pcxp(2-/a0"inj) (64)

where

(65)
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Also Ng and A' satisfy the same equations as A , and thus they also have the same
asymptotic behaviour. Only the normalization is different, due to the different boundary
conditions. We note that the expression in eq. (64) agrees with the growth of the gluon
multiplicity in ref. [4].

We note that including terms in the equations, which are suppressed by the factor 1 / Vln 5
changes the power of Ins in the solution in eq. (64) (cf eq. (24)). Thus the earlier result
does not give the correct asymptotic behr.viour, only the correct exponential factor.
Including also terms in the equations suppressed by the factor 1 / In5, as in eq. (52), will
not change this asymptotic behaviour, but will add a term 0(1 / -\/lns) to the normalization
constant. (Such a change is also obtained if we change the parameter AQQD. We note that
this parameter cannot be identified with e.g. &&<•, as we have not introduced a
renormalization scale, but has to be fitted to experimental data.)

In the same way we obtain the width of the A -distribution (or N -distribution) by studying

the terms proportional to fi . Thus we find, neglecting terms in the equations of relative

magnitude 1 / VIii7 (cf ref. [3])

(66)

Note that V * corresponds to an initial qq system while V^*' corresponds to a gluon jet.

For a gg-system from heavy quarkonium decay we get from eq. (31) V = A / 6. The

same relations are obtained for the JV-distributi -»ns, and it is straightforward to include the

corrections of order 1 / Vins and also to calculate higher morr ;nts (cf ref. [16]).

It is shown in ref. [17] that including only the leading correction of order 1 / -yjlns gives a
poor description of higher moments. It is therefore interesting to study eq. (55)
numerically, without any expansion in Ins (or equivalently eq. (62) and the
corresponding equations for higher moments). Such an anlysis will, however, be
postponed to a later publication.

8. VARIATIONS OF THE RESOLUTION SCALE

It is also interesting to study how the probability distributions change when the cutoff
k±£Ut k va ried. This was studied in ref. [10J (cf also ref. [9]) for the DLLA case and

neglecting the 1 / A^ terms. Here we will use a somewhat different formalism, which can
easily be generalized fo inlcude the colour and In 5-suppressed tenns along the lines
discussed above.
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As illustration we first repeat the arguments of ref. [10] and study the distribution

P(X,N;L, KC) in the DLLA case and neglecting the 1 / N^ terms. We will study how a

situation with specified values of X and N is changed when K:C is varied to KC — 5. If n< -

new gluons are emitted in this KC -range, the number of dipoles, N, will be unchanged,

but A will be modified according to

The probability for gluon emission within the K -range is given by — X5. If a. gluon is
Kc

emitted, N is increased by one unit.

Thus the distribution P(X,N;L,KC - S) is given by

Kc

(67)

From this relation we can calculate dP I C)KC. Suppressing variables which are not

changed one finds [10]

dKc dX KC

(68)

At high energies N is approximately a continuous variable and the bracket is

approximately equal to dP I dN.

To generalize this result we first separate the total rapidity range, X, for gluon emission

into two parts Xq and Xg. Here Xq and Xg correspond to the ranges in which the

emission is proportional to aq and (XQ respectively. Thus Xq corresponds to the range

withing the surface ADE in fig. 4, and Xg to the range within in the surface BC . The sum

of Xq and Xg gives the original quantity X

X — Xq (69)

and we will investigate the combined probability distribution P(Åq,?>g,Nq,Ng;L,Kc).

We suppress the superfix (q) or (g), which denotes the initial system, as this does not

affect the evolution when KC is decreased.
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We want to study how a situation with specified values for Xq, Xg, Nq and Ng is changed

when Kc is varied to KC - 8. If no new gluons or quarks are emitted in this K -range, the

quantities Nq and Ng will be unchanged, but Xq and Xg will be modified as follows

Xq-*Xq+Nq-8 ; Xg-*Xg+Ng-8

The probability for gluon emission is

P(gluon emission) = —^(A,, - NQcq)5 + —̂ -(Xg - Ngcg)8 (70)

If a gluon is emitted, Ng is increased by one.

The probability for gluon splitting into a qq -pair is

P(gluon splitting) = —— Ne • 8 (71)

and in this case Ne,Na and Xa are changed according to

Combining these three possibilities we obtain

Paq,Xg,Nq,Ng;L,Kr-S) =

•P(Xq-Nq8.Xf,-Nf,S.NrNg-L.Kr) +

-(Ne - l)ce)S

(72)

a
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From this relation we can calculate dP I 9KC. Suppressing variables which are not

changed we find

dp

^-[NgP(Ng,Nq)-{Ng+l)P(Ng+l,Nq-l)]

(73)

In the last terni, taking into account the effect of die parameter cp, in principle the

variables Ng and Nq should also be varied. Because this term is very small, we have

suppressed the shifts in Ng and Nq, which could easily be included if desired. In most

cases it would also be sufficient to approximate the bracket in this term by the expression

cp dPldXq.

We have not written the superfa (q) or (g) explicitly in eq. (73), as the equation does
not couple the two distributions. They are distinguished by the different boundary
conditions in eq. (60).

For high energies, when Nq and Ng are large, the discrete distribution in Nq and Ng can

be replaced by a continuous distribution. In this case we find

L

dp
\dNo

Kc\ dNg

^ (74)

From eq. (73) we obtain relations for moments of Xq,Xg,Nq,Ng by multiplying with

Xa
qXgNqNg and integrating or summing over the variables. We here note that e.g.

23



-\ (75)

As an example we find for the first moments

£

9Nn
(76)

If we neglect the terms proportional to Cq,cg and cp, which are small for large values of

KC , and also neglect the difference between aq and ÖQ, which is colour suppressed, then

we recover the old result (cf refs. [9,10])

dk
9KC

= -N
dN
dtcr

(77)

where A = kq + kg and N = Nq + Ng.

Asymptotically we find from eq. (76) for L » KC »1 that Xq and Nq are smal.

compared to kg and Ng, which have the following behaviour (p is defined in eq. (65))

N~N~(L/KC

(78)

The two sets of equations (55) and (73) or (62) and (76) contain the same physical
information. One set or the other may, however, be more suitable for a particular
problem. We note that the set of equations (55) does not mix the different quantities
k,Ng,Nq but couples the distributions for initial ^-systems with initial gluon-systems.
This contrasts with eq. (73) which does not mix different initital systems, but couples the
quantities kq kg,Nq and Ng.
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9. SUMMARY

We have studied multiplicity distributions for hadrons and for jets in QCD parton

cascades. For the hadron multiplicity we have looked at the infrared stable measure, X,

introduced in ref. [1] (cf also ref. [7]). This meas'ire can be interpreted as an "effective

rapidity range", such that the number of final state hadrons is proportional to X , with (at

high energies) only limited fluctuations from the soft hadroruzation

The parton cascade is treated by means of the dipole formalism. In this formalism it is

easy to visualize the properties of the cascade. The results in ref. [1] are generalized to

include also colour-suppressed terms and terms which at high energies are suppressed by

powers of Vlns . (Terms which are suppressed by one power of \'ln s do not change the

exponential factor in the multiplicity growth, but they do change the power of In 5 in the

normalization function and thus affect also the asymptotic behaviour.) The result is a set

of coupled differential equations (eq. (55)), which connect the distributions for an initial

qq system and an initial gluon jet. The equations are supplemented by appropriate

boundary conditions.

The distribution in the number of gluons and the number of jets (defined by a jet

resolution measure k±cuf ) satisfy the same set of differential equations. Only the

boundary conditions are different.

Asymptotically we reproduce previous results in the modified leading log approximation.

The equations can, however, also be used at nonasymptotic energies. A numerical

analysis of the solutions will be presented in a future publication.

In the differential equation discussed here the total energy, s, is varied. We also describe

a different approach in which instead the resolution scale ^ j ^ , , , is varied. The result is

then a partial differential equation (eq. (73)) which connects the distribution in the four

variables Nq, Ng, Xq and Xg. Here iV^ and Ng are the number of qq -pairs and the

number of gluons, and we have split the measure X = Xq + Xg in two parts, as described

in section 8. This contrasts to the first approach in which these variables are not mixed hut

where instead the distributions for different initial systems (quark or gluon jets) are

connected. For this reason one or the other method may be most suited depending on the

problem under consideration.

Acknowledgement

I want to thank Dr F. Cuypers for interesting discussions, which initiated this

investigation.



REFERENCES

[I] C. Andersson. P. Dahlqvist. G. Gustafson. Phvs. Lett. B214 (1988) 604
[2] G. Gustafson, Phys. Lett. B175 (1986) 453

G. Gustafson. U. Pettersson, Nucl. Phys. B306 (1988) 746
[3] Yu.L. Dokshitzer, V.S. Fadin, V.A. khoze, Z. Physik C15 (1982) 325. C18

(1983)37
A. Bassetto, M. Ciafaloni. G. Marchesini, Phys. Rep. C100 (1983) 201

[4] AH. Mueller. Nucl. Phys. B213 (1983) 85 [Erratum B241 (1984) 1411, B228
(1983)351
Yu.L. Dokshitzer, S.I. Troyan in Proceedings of the XIX Winter School of the
LNPI, v.I. 144 (1984); preprint LNPI-922 (1984)

[5] For a recent review, see Yu.L. Dokshitzer, V.A. Khoze, A.H. Mueller. S.I.
Troyan. Basics of perturbative QCD, Editions Fronitéres, 1991 or Yu.L.
Dokshitzer, V.A. Khoze, S.I. Troyan, Coherence and physics of QCD jets. In
A.H. Mueller, editor, Perturbative QCD, World Scientific, Singapore 1989

[6] L Lönnblad. U. Pettersson. ARIADNE 2, Lund preprint LU TP 88-15
L Lönnblad, ARIADNE 3, Lund preprint LU TP 90-10

[7] B. Andersson, P. Dahlqvist, G. Gustafson, Z. Physik C44 (1989) 455
[8j Ya.I. Azimov, Yu.L. Dokshitzer, V.A. Khoze, S.I. Troyan, Phys. Lett. B165

(1985)147
[9] G. Gustafson. A. Nilsson, Nucl. Phys. B355 (1991) 106
[10] B Andersson, Nucl. Phys. B360 (1991) 109
[II] S. Catani et al.. Phys. Lett. B269 (1991) 432

S. Catani, Yu.L. Dokshitzer, F. Fiorani, B.R. Webber, CERN preprint CERN-TH
6328/91

[12] T. Sjöstrand, Computer Phys. Comm. 39 (1986) 347
T. Sjöstrand, M. Bengtsson, Computer Phys. Comm. 43 (1987) 367

[13] A.H. Mueller. Phys. Lett. B104 (1981) 161;
B.I. Ermolaev, VS. Fadin, JETPLett. 35 (1981) 269;
A. Bassetto, M. Ciafaloni, G. Marchesini, A.H. Mueller, Nucl. Phys. B207
(1982) 129
G. Marchesini, B.R. Webber, Nucl. Phys. B238 (1984) 1

[14] Yu. L. Dokshitzer. S.I. Troyan, V.A. Khoze, Sov. J. Nucl. Phys. 47 (1988)
881

[15] B. Andersson, G. Gustafson, L. Lönnblad, Nucl. Phys. B339 (1990) 393
[16] E.D. Malaza, B.R. Webber, Nucl. Phys B267 (1986) 702
[17] F. Cuypers, K. Tesima. Z. Physik C52 (1991) 69

26



FIGURE CAPTIONS

Fig-1: (a) The phase space available for a gluon emitted by a high energy qq system is
a triangular region in the y - K plane (K = In*] /A2; L - \ns I A2).
(b) If one gluon is emitted at (V,,JC,) the phase space for a second (softer) gluon is
represented by the area of this folded surface.
(c) Each emitted gluon increases the phase space for the softer gluons. The total gluonic
space can be described by this multifaceted surface. The length of the baseline
corresponds to the quantity K(L).

Fig. 2. It is also possible to define the measure corresponding to a limited region in y.

Fig. 3. For a small y-region A the measure depends on the height I = L- 2\y\ of the
triangle at this v-value. When / is increased lo 1 + 8 there is a probability 8 A CCQ 11 to
have a gluon within the hatched area of size 8 A.

Fig. 4. The different parts of the phase space for gluon emission from a qqg system
can be associated with the different jets. Area A corresponds to the quark jet, B+C to the
gluon jet and E to the antiquark jet. In the region D the quark and the gluon radiate
coherently with a total colour charge equal to the charge of the parent quark.

Fig. 5. When a gluon is split into a qq -pair, the gloon fold is cut along the edge. The
transverse momentum of the pair (with respect to the parent gluon direction) is given by

Fig. 6. The effective phase space is suppressed at the ends of the rapidity range, the
dashed regions.

Fig. 7. Modification of fig. 4. When / is changed to 1 + 8 gluon emission will be
allowed also in the dashed region.

Fig. 8. When a gluon splits in a qq -pah the quark and the antiquark have lower energy
than the parent gluon. Therefore the dashed region of width cp 12 should be removed
from the phase space in the quark and antiquark jets.
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