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Abstract
A brief introduction to Gauss-Bonnet type generalisations of the Einstein-Hilbert
gravity action in more than four dimensions is given and the structure of associated
(effective) theories obtained by dimensional reduction is discussed.

1 Introduction

The Einstein-Hubert action fu R J\det(g)\ d*z of General Relativity is the simplest

example of a Gauss-Bonnet action. In a specific dimension d, a Gauss-Bonnet ac-

tion yields (up to some normalization constant) the Euler-Poincare characteristic of the

manifold M. This is known as the Gauss-Bonnet-Chern theorem [1]. In higher dimen-

sions, Gauss-Bonnet actions are the only gravity actions for which there are at most

second derivatives of the metric in the Euler-Lagrange variational equations [2]. Their

appearance in the low energy effective field theory of heterotic superstrings [3,4,5] and

supersymmetrization of the gravitational Chern-Simons term [6] (which is important for

anomaly can eclat ion) motivated several studies of these special curvature terms during

the last four years. In Kaluza-Klein theory (see [7] for reviews) the generalized field

equations allow spontaneous compacUfication over the flat four-dimensional space-time

[8], and it can be understood how four among the d > 4 dimensions are distinguished

[9]. The usual way to derive four-dimensional physics from a higher-dimensional theory

consists of choosing a classical solution which could represent the ground state. Particles
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are then identified with certain fluctuations about this ground state. If the 'internal'

dimensions of the ground state space-time form a homogeneous (coset) space, higher-

dimensional gravity leads to gravity and Yang-Mills fields (and scalar fields or a-models)

in four dimensions [7]. Nonlinear curvature terms in the form of Gauss-Bonnet actions

in this way lead to non-trivial interaction terms in the associated four-dimensional ac-

tion which also have the property that their contributions to the field equations are of

second order only. In this way one recovers [10] generalisations of the Einstein-Maxwell

and Einstein-Yang-Mills theories which have been constructed earlier in a different way

(demanding second order field equations and gauge invariance) [11,12]. Similar theo-

ries are obtained as effective theories taking quantum effects in curved space-time into

accout [13]. The appearance of such generalizations of the well-established theories in

the four-dimensional effective field theory derived from strings and the fact that these

theories do not show the ususal problems of higher-derivative theories [14,15] motivates

the investigation of their mathematical structure and physical consequences.

In the following sections we will briefly describe a few aspects of Gauss-Bonnet

actions and the theories derived from them by dimensional reduction. For further

results on Gauss-Bonnet actions we refer to [9] (spontaneous compactification on coset

spaces), [17] (supersymmetric extension), [18] (cosmology), [19] (Cauchy problem), and

the references cited there.

2 Gauss-Bonnet Actions

The Gauss-Bonnet-Chern theorem [1] states that the Euler-Poincare characteristic of an

even-dimensional compact manifold Atf (without boundary) can be calculated by taking

any Riemannian metric g on AÍ and integrating a certain differential form involving the

curvature of g over M :

X(M) = [ ( 4 ^ P r jMC, (2.1)

with

£ , = ClAl M A . . . A (IA"-* **' A tAx ...Mw (2.2)

if the dimension of M is 2j>. e^,...^ is totally antisymmetric with «i...^ = yj\det(g)\ and

(1AB denotes the curvature 2-form.

In d > 2p dimensions, the definition (2.2) still makes sense if we set

, ...A, = (2.3)
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where 9A is the coframe dual to the frame to which the indices refer. The integrals
of these dimensionally continued (Eultr) forms Cp are called Gauss-Bonnet actions, in
particular if the metric g is taken with Lorentzian signature. In a given dimension there
is only a finite number of these terms. The following identity is very helpful:

P**At..Ak=6Í*At.-Aé.l-6Í_lul^-tAk + ...-{-ir6l*M.-A> • (2.4)

As an example,

£, = SI** MAB^R^CDF *9° MAB

= \RABcD9C*(6%eA-62eB) = RAcf!/\eA = Re. (2.5)

This is just the Binstein-Hilbert Lagrangian (e is the volume form). Similarly we find

C2 = (R^^RABCD - 4 R^RAB +R2)e = L2e. (2.6)

Prom nonlinear curvature actions we expect to get field equations with higher than
second derivatives of the metric and therefore the associated problems with 'classical
stability' [14,15]. However, in case of L, the field equations are still of second order only,
since the higher derivatives appear in the form of the Bianchi identity Dil = 0 (where D
is the covariant exterior derivative). For example, taking the frame to be orthonormal,
we find

6C2 = Siíl** A SlCD A CABCD) = 2 (D&a*3) A QCD A eABCD + VAB A nCD A 6eABCD

= 2 SwAB A D(ilCD A €ABCD) + d(26Lj*B A SlCD A tABCD) + &AB A (lCD A SeABCD

= (SB8) A (I*3 A nCD A ejiBCDB + total divergence. (2.7)

In the last step we have used Dn = 0 and D0 = 0 (vanishing torsion). u>A
B denotes the

Levi-Civita connection 1-form (ÍÍ = Du).

3 Gauss-Bonnet Lagrangians and Strings

An effective field theory from string theory (5j can be obtained in two different ways:
(a) 5-matrix approach [16,4].
One calculates string scattering amplitudes of the massless particles in the tree ap-
proximation (for strings in a flat background) and constructs an effective field theory
Lagrangian which reproduces these amplitudes. Since so far it is only known how to
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calculate string scattering amplitudes on-shelL, the field theory Lagrangian is not com-

pletely determined by this procedure (freedom of field redefinitions [20]).

(b) CT-model approach [21].

Here one regards string theory as a 2-dimensional quantum field theory with an ar-

bitrary curved target space and possibly other background fields (corresponding to

massless string modes). Quantum corrections in general spoil the classical conformai

invariance of the theory. The requirement to maintain conformai invariance also in

the quantized theory (vanishing conformai anomaly) leads to field equations for the

background fields. An ambiguity corresponding to that which appears in the 5-matrix

approach is related to possible redefinitions of the background fields (which play the

role of coupling 'constants') and the choice of a renormalisation scheme.

Modulo the field redefinition freedom the results obtained so far using both methods

agree. For the 10-dimensional heterotic superstring the bosonic part of the effective

action up to including four-point and four-derivative interactions but without terms

involving the antisymmetric tensor field H can be written as follows [4]:

~^'{RAB - \RgAB)V*V* + -Ê-
09 2 y/Bg

[TT{FBFFOH) - ^Tr(RBrRoH)) + ^ « - ^ ( V ^ V * » ? } e . (3.1)

Here, * is the dilaton field and F the Yang-Mills field strength, K and g denote the

gravitational and gauge coupling constant (in ten dimensions), respectively. They are

related to the string coupling constant 0/ by K = gyJaf/2. Furthermore, the symbol

IABCDEFGH and the modified curvature tensor RABCD arc defined by

tABCDEFGHtfBfíDffFfíH = \ \Tr(MMi) - jT^/i/^aVÍ/,/*)] + cyclic perms
(3.2)

RAB0D = RABCD - ^ # Va, VD i* . (3.3)

Two of the Gauss-Bonnet Lagrangians appear in the effective string Lagrangian (3.1).

The special non-linear curvature term L% does not contribute to the linearized theory

(about the flat space) and therefore does not lead to the well-known unitarity and

'classical stability' problems of higher-derivative theories. There were speculations [3]
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that the higher curvature corrections from string theory are also of the Gauss-Bonnet

form (modulo field redefinitions). This is not the case and, of course, one cannot expect

an approximation to some theory to be unitary, in general.

4 Field Theories with Second Order Field Equa-
tions

The previous sections suggest the following problem. Given a set of fields (like a metric

g, a Yang-Mills potential Aa, ...). What are the possible (coordinate-independent,

gauge-invariant) Lagrangians leading to at most second order field equations ?

All the successful theories (like Yang-Mills and Einstein's theory) fall in this category.

It is of some interest to see what are the possible generalizations in this category and to

what extent the well-established theories are distinguished within this class. We are thus

separating the possible field theories into those with second order field equations (which

turn out to be quite restricted) and those with higher-derivative equations. The latter

are commonly expected to be 'classically unstable' ('Poltergeister' [14]) and acceptable

only as approximations to some underlying more fundamental theory.

We list a few cases in which the general answer to the questk raised above has

already been obtained.

1. Gravity in d dimensions.

According to Lovelock [2], the general linear combination

4 ? ] = £ * P 4 > (4-1)
p=0

of the Gauss-Bonnet Lagrangians is (up to terms which do not contribute to the field

equations) the most general coordinate-in variant Lagrangian with at most second deriva-

tives of g in the Euler-Lagrange equations.

2. Gravity and Electromagnetism in d = 4 dimensions.

Horndeski [11] proved that (up to terms which do not contribute to the field equations)

the most general Lagrangian with second order field equations is given by

C[g,A] = [R + fi'R^ F~ F«> + f(F)) J\det(g)\ fx
w (4.2)

where 'R^x denotes the double dual of the curvature tensor and /3 is an arbitrary

constant. The Latin indices refer to some arbitrary coframe 0* and F* = F*j 9J ,
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F = dA. Furthermore, f(F) stands for the most general scalar constructed only from

the electromagnetic field strength F and the metric. Terms which are similar to the

'non-minimal coupling' between gravity and electromagnetism in the Lagrangian above

appear as corrections due to QED vacuum polarization effects in a curved background

[13).

3. Gravity and Yang-Mills in d = 4 dimensions.

Horndeski [12] found that the most general Lagrangian with second order field equations

is just the obvious generalization of the previously considered abeliaa

C[g,A] = [R + 0 'R^ rr(F- F**) + /(F)]

The three cases above are actually related in the sense that the nontrivial couplings

of cases 2 and 3 can be obtained [10] by dimensional reduction (à la Kaluza-Klein [7]).

The crucial point is the following. Since the variation of a Gauss-Bonnet Lagrangian

with respect to the metric leads to only second order field equations, the same holds if

we restrict the metric to a certain form, evaluate the Lagrangian for this form of the

metric and consider only variations compatible with the restriction. As an example we

consider dimensional reduction from d to d — 1 dimensions. The «/-dimensional metric

is restricted to the Kaluza-Klein form

^)=(9"+/A
A'A- ***) (4.4)

\ <f>Au 4> )
where the fields g^, Au and 4> only depend on the d—l coordinates zM. In the following

we will make the simplifying assumption <f> = 1. Inserting this ansatz into the Gauss-

Bonnet Lagrangian CT (and integrating over the compactified spacelike d-th coordinate)

we find after some manipulations (see [22] for details)

P p • • • A A**-1*» A di,...^

j - \ p A"" A • • • A ̂ - ^ P - D A F**-1' F{ A Ci,...„,_,

'I'-'- with

$ £ ( M = F" A- AF1* AÍÍ*1**""*1 A-An^-'^Aii,...^ (4.6)

\ , A1' = -lifF+lrfiF*). (4.7)
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This is an expansion in terms of powers of the field strenth F, so that we can conclude

that the Lagrangians £(*,) separately lead to only second order field equations. They

generalise Horndeski's non-minimal coupling term (4.2) which corresponds to £(1.2) - In

the non-abelian case, we have to take the trace of the right hand side of (4.6).

Conjecture: The £(*,,) are all possible non-minimal couplings between curvature and

field strength with second order field equati

The Lagrangians C{k*) can be taken in turn as the starting point of a dimensional

reduction to generate more complicated Lagrangians with second order field equations.

If we drop the restriction #> = 1 and peifbtui in addition a reseating of the (d — !)•

dimensional metric g^, by some power of ft, we can generate nontrivial couplings (with

second order field equations) between the scalar field and the curvature. The quadratic

Gauss-Bonnet term yields [22]

P* - I Rj') € (4.8)

and furthermore a self-interaction term for ^ :

= - 2 P W V * ViV>*e - 7 ?-X (ViTS V>) a € + exact form (4.9)

with a constant 7. It is interesting that both terms also appear in the heterotic super-

string effective action (3.1).

The results reviewed in this section are only a first step towards the effective four-

dimensional action to be derived from the (higher-dimensional) superstring effective

action (3.1) with a coset space compactification.

5 Discussion

In section 4 we have outlined how nontrivial actions with second order field equations

can be constructed by dimensional reduction of Gauss-Bonnet actions. The resulting

theories generalize Einstein's theory and have the desirable property that the flat space

is still a 'classically stable' solution (if the 'cosmological constant' is set to zero).

Some oi these theories, however, have a problem with acausal propagation which is

related to the existence of spacelike characteristics of the field equations. This applies in

particular to the four-dimensional generalized Einstein-Maxwell Lagrangian (4.2) with

0^0 [23]. It shares this problem with the very similar 1-loop effective Einstein-Max well
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Lagrangian which results from taking QED vacuum polarisation effects in a curved

space-time into account [13]. Since the latter has to be regarded as an approximation

to the complete (non-local) effective action, it might be that these causality problems

are simply a result of the approximation. But it is hard to understand how these

problems can be cured by adding terms which are 'of higher order* (in the sense of some

perturbation expansion).

Similar causality violations are to be expected, in general, from the other generalisa-

tions of Einstein's theory considered in this work. This raises the question whether the

causality requirement singles out Einstein's theory (with —«««MI coupling of matter

fields and gravity) within the class of field theories with second order field equations.

The other theories may, of course, still have a significance as an approximation to sonv

more 'fundamental' theory (like string theory) with a decent causal behaviour.
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