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ABSTRACT

We regard the manifold f defined by the equations of motion (EM) of the gauge and ghost
fields w.r.t. the gauge-fixed action as a fiber bundle over the manifold F defined by the EM of the gauge
fields only w.r.t. the classical action. Accordingly, the BRST operator is interpreted as the nilpotent
exterior derivative on F ; the ghost field appears as the differential 1-form. This fiber bundle setup
allows us to prove that any gauge condition on f is equivalent to another one on the base manifold F
and does not break the BRST symmetry of the quantized theory.
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1. INTRODUCTION

Because of the gauge invariance, the quantization of gauge theories leads to imposing a gauge
condition and hence to introducing a gauge-fixing term in the Lagrangian which allows to write the
free propagators of the gauge fields. This term implies the presence of non-phyical degrees of freedom
which are cancelled by means of the Faddeev-Popov Lagrangian of the ghost fields [1,4]. Different
gauge choices at this level lead to different BRST invariant effective Lagrangians and hence to different
Hamiltonian operators in the quantum linear space in which the gauge field and the ghost operators are
realized. Nevertheless, these different (up to aBRST-exact term) Hamiltonians possess identical matrix
elements between physical states, thus leading to the same physical observables which define a gauge
theory [6]. On the other hand, there is a satisfactory geometrical setting for this quantization scheme,
in which the gauge group is interpreted as the structure group of a fiber bundle T which is defined as
the space of all gauge fields that satisfy the equations of motion. These gauge fields are determined by
the connection form on the fiber bundle while the ghost fields are regarded as "vertical" 1-forms on
the gauge orbits, i.e. fibers of T. These encounter the constraint surface, a submanifold of T defined
by the gauge constraint, at a set of points (fields) over which we should integrate in the path integral
defining the partition function of the gauge theory.

At the end of the quantization procedure, which consists of breaking the gauge invariance,
the resulting effective action determining the corresponding gauge theory is still invariant under the
by-product BRST symmetry [1,8], At this level, we address the question of whether imposing another
gauge constraint that involves gauge as well as ghost fields, will alter the physical content of the quan-
tized theory by eventually breaking the BRST invariance and thereby introducing a new "generation"
of ghost fields. However, the aim of this work is to show that due to the nilpotency of the BRST sym-
metry the "second level" gauge condition adds no new constraints on the effective action (see [9] for
discussions). We prove that, in fact, this second constraint reduces to the "first level" gauge condition.
For this purpose we proceed as follows.

At the classical level we define a manifold T by the EM of the gauge fields A(x),x £ M4
w.r.t. the classical action So . T can be seen as a principal fiber bundle over the space-time manifold with
the gauge group orbits as its fibers and the gauge field A( x) as its local section [2,10]. Furthermore,
we choose a (suitable) gauge condition, F{A) = 0 to construct the effective action. This defines a
submanifold ZF of T *>. Then we define another manifold f as the space parametrized by the gauge
field A and the "extended" ghost field V satisfying the EM w.r.t. to the effective action. At this level,
we impose another gauge G(A,if>) which defines a submanifold XG of f. We regard f as a line bundle
over T and the ghost ^ as the local coordinate of its fiber over a point A G I \ The BRST operator,
being nilpotent, is interpreted as the exterior derivative on T where, following Witten [11], the ghost
is the 1-form. Therefore, V is a section of the "canonical" line bundle f. Finally, regarding the gauge
G{ A, V») as a function on V, we show that it reduces to the initial gauge F( A) on T up to a BRST-exact
term and thus inducing equivalent gauge theory.

*> Here T is considered as the set of all Lie algebra-valued smooth maps of the space-time manifold MA .
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2. GAUGE-ORBIT FIBRATION OF THE STATIONARY SURFACE r

The study of the geometrical structure of the BRST symmetry has established a close relation
between its cohomology and the physical content of the BRST-invariant gauge theory. Indeed, the
BRST cohomology at ghost number zero H°( s) is isomorphic to the set of all physical observables of
the theory, whereas the first cohomological group Hl(s) yields all its anomalies [7]. However, here
we only consider the first isomorphism and exhibit the corresponding geometrical setting.

Accordingly, let / denote an infinite dimensional functional space of all possible field histo-
ries. When considering the EM, we define a subspace r of I called the stationary surface, i.e.,

o, (i)

where 5b (A) is the classical action of the gauge field A.

The observables of the gauge theory are smooth functions on r , i.e. the elements of C°°( F ).
On the stationary surface F gauge transformations are integrable, i.e. they obey the Frobenius integra-
bility condition [3, 5]. Therefore, these transformations generate well-defined surfaces called gauge
orbits [5]. The set of all these orbits can be regarded as a vertical fibration of F . In other words, F is
a set of equivalence classes parametrized by the gauge orbits, and this provides F with the structure
of a fiber bundle over the space-time manifold with the group of gauge transformations as its structure
group, while the gauge field A is its section. Thus, the gauge invariant functions are constant along
gauge orbits [7] and thereby the space of all observables is more precisely the space of smooth func-
tions defined on the quotient space T (P, i.e., C°°( F / P ) , where P denotes a gauge orbit. Therefore,
the gauge invariant observables are obtained in two steps. One first goes from I to F , then from F to
F / F . This is shown in the literature [5,6,7] to be implemented through the cohomology of the BRST
operator s, i.e.,

H°{s)- C°°{r/P) = {equivalence classes of physical observables} . (2)

However, to quantize the theory defined by the gauge invariant classical action So one should choose
only one representative from each gauge group equivalence classes. This is equivalent to picking a
point from each gauge orbit. To do so one chooses a gauge condition

F(A) = 0 , (3)

where F is a local function of the generic field A as the local coordinate of F . Eq.(3) defines a sub-
manifold I F to which we refer as F-constraint surface. It crosses the stationary surface F at a set of
points each one of which is a representative of one gauge orbit. The set of these representative points
yields fields over which we should integrate in the path integral defining the partition function.

Having chosen a gauge condition, one constructs the effective action Stff, which is the sum
of the gauge invariant classical action So and the gauge fixing and the Faddeev-Popov terms. This
involves the Faddeev-Popov ghosts to cancel the non-physical degrees of freedom and thus to restore
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the unitarity of the 5-matrix. Here, following Witten [11], our ghost field denoted by ij> is an extended
one which is the covariant derivative of the usual Faddeev-Popov ghost C, that is,

Vv=-A,C. (4)

However, in the following, we will deal with the anticommuting 1-form iff = ^ dx^, with values in
the Lie algebra of the gauge group. Thus the BRST transformation of the gauge field A reads [11]

[Q,A] = j>. (5)

Q is the BRST operator, nilpotent up to a gauge transformation. Indeed,

2 -Dli<t>. ( 6 )

Eq.(6) gives the infinitisimal gauge transformation of A with <f> as the gauge parameter. This is a com-
muting zero-form with values in the Lie algebra of the gauge group. But since we have fixed the
gauge invariance of the theory, $ is in fact Q-invariant. This is, of course, compatible with the expres-
sion in Eq.(4). In addition to ghost fields, one also has the corresponding antighost fields, and there is
much freedom to choose them since their BRST transform is proportional to the gauge fixing condition.
However, with the only requirement that the resulting action must be non-degenerate or that, in some
conventional cases, the gauge fixing term can be written as {Q, A } [6,11]. This implies that different
gauge conditions on the manifold F are in fact equivalent to each other.

3. EQUIVALENCE OF THE FIRST AND SECOND LEVEL GAUGE CONDITIONS

Here we consider the explicit dependence of the effective action Sea only on A and ^. Of
course, Sdt also depends on the antighost field »̂, however this is already incorporated by its depen-
dence on the ghost field fj>. The reason is that whenever one adds a term to Sat that involves the ghost
ip, it must include the antighost as well since S^tt must have ghost number zero. Moreover, the ghost
together with the antighost constitute only one degree of freedom.

Now we define a manifold f by the set of pairs (A, 0) of fields that satisfy the EM w.r.t.
Sett, that is

F : (7)

By regarding 0 as the local coordinate of a fiber /A over A E F , f is interpreted as a supermanifold
over F [11]. From Eq.(5) we see that every element of /A is, by construction, Q-exact, then Q is a
surjective map from a neighbourhood UA of A € F into the fiber /A oft. Moreover, if we define the
projection map it: F —»• F by 7r( A, 0) = A, we see that TI oQ = idy. Hence, the BRST operator Q
can be seen as a local section of f as a fiber bundle over F . On the other hand, according to Witten

[11]
[Q,A} =



and hence Q is the nilpotent ** exterior derivative on T, i.e.,

Q = dAd/dA. (9)

From this we see that the fiber / ^ is in fact a cotangent space to F at A and hence f is a "canonical"
line bundle over F , whose section is the 1-form if>.

Now we come to consider the problem of the "second" gauge fixing. For this we choose, at
the end of the quantization producedure, a "BRST-gauge" condition involving the gauge as well as the
ghost field,

fr) = 0. (10)

This defines a "G-constraint" surface I g c F . On the other hand, G is a regular function on F and
hence can be expanded in power series of ̂  as follows,

= G0(A)+Gl(A)dA,

where Go (A) and Gi(A) are respectively even and odd regular functions on F.

Now if we project Eq.(ll) on F , Le., put V' = 0, we get the gauge condition GQ( A) = 0
defined on F ***. However, as it was mentioned earlier, all gauge conditions on F are equivalent in
the sense that they mainly lead to the same gauge theory, then basically we have GQ(A) - F( A).
Moreover, if we put Gi(A) = - % ^ . with H(A) a primitive of G\(A) of ghost number —1, we
rewrite G as follows,

(12)

Note that if we alternatively consider Go(A) as atmost equivalent to F( A), i.e.,

GQ(A) = F{A) + {Q,A}, (13)

Eq.(12) will change to
GU,il>) = F(A) + {Q,H + A}

(14)
{QH'}

which is still equivalent to Eq.(12).

Moreover, Eq.(12) tells us that the gauge conditions on f and on F are equivalent In other
words, this shows that the gauge fixing after the quantization of a gauge theory, i.e., after the construction
of the effective action, does not alter the physical content of the quantized theory. This is fundamentally
based on the nilpotency of the BRST operator. Indeed, it is this crucial property that allowed to give an
explicit expression of the BRST operator as an exterior derivative on F .

From another point of view, Eq.(12) also shows that the G-constraint surface ZQ, which
consists of the points (fields) defined by the constraint (10), projects by TT onto the F-constraint surface
I.F and then yields the representative fields determined by the first level gauge condition F( A) = 0.

*J Here the nilpotency is on-shell since we are working on F and F where the EM hold.
**> This is indeed a gauge condition since G( A, ip) = 0 is assumed to be an admissible gauge constraint,

i.e., it yields a non-degenerate Lagrangian.
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4. CONCLUSION

It is shown that the second level gauge conditions are equivalent to the first level ones which
are, in their turn, equivalent to each other. This was done by formulating the gauge fixing procedure
using the language of fiber bundles. We interpreted the manifold f defined by the EM of the fields A
and V> (w.r.t. the effective action) as a canonical line bundle over the principal bundle F defined by the
EM of the gauge field A only (w.r.t. the classical action).

The fibers of F are the gauge group orbits while those of f are 1-dimensional spaces with
the extended ghost ij> as their local coordinate. In this setting the BRST operator is a local section of F ,
On the other hand, due to its nilpotency, it is written as the exterior derivative on F where the ghost $
is the 1-form [11]. Then expanding the second level gauge, as a function of F , in power series of V> we
see that it reduces to the first level one up to a BRST-exact term. This extends the equivalence relation
of the first level gauges to the second (or quantum) level.

Finally, this shows that once a first gauge is fixed and a quantized theory is constructed, any
other gauge constraint is, by the nilpotency of the BRST symmetry, redundant as it induces no more
changes as to the physical content of the gauge theory under study, namely, its field content and its
BRST symmetry.
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